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Abstract

We show that light Primordial Black Holes (PBHs) develop non-negligible

spins through Hawking emission of a large number of Axion-Like Particles

(ALPs) (typically referred to as the axiverse and predicted in string theory

compactifications) and their spin distributions could be measured by future

gamma-ray observatories yielding a probe of the total number of light scalars

in the fundamental theory, which is independent of how these interact with

Standard Model (SM) particles.

In this scenario, we show also that a heavy axion may trigger superradiant in-

stabilities, and study the coupled dynamics of superradiance and evaporation

finding that the BH mass-spin distribution should follow the superradiance

threshold condition if a superradiant cloud forms. Furthermore, we show that

the decay of the heavy axions within the superradiant cloud into photon pairs

may lead to a distinctive line in the black hole’s emission spectrum.

Motivated by the string axiverse scenario, we propose three distance-independent

methods to infer the mass and the spin of PBHs. Namely, for energies tested in

colliders, we propose methods suitable in the case of low Black Hole (BH) spin

(0 ≲ ã ≲ 0.5) and one for high BH spin (ã ≳ 0.6) and based on the energy of

specific features of the photon Hawking spectrum. The third method extends

the possibility of measuring the mass and the spin of PBHs to temperatures

typical of Beyond the Standard Model (BSM) physics and is independent of

the interaction of the new physics with the SM since it relies on a multi-

messenger approach where the primary emitted photons and neutrinos are

simultaneously measured. In this context, we also show how the evolution of

a PBH reveals information about the underlying theory of particle physics,

namely the particle content of the theory at a characteristic energy.

Finally, we study a regular rotating BH, described by the Kerr-black-bounce

metric, evaporating under the Hawking emission of a single scalar field, and
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compare the results with a Kerr black hole evaporating under the same con-

ditions. We show how the combined contributions of the changes in the Gray-

Body Factors (GBFs), the surface gravity and therefore the temperature affect

the lifetime, evolution, and primary scalar emission of the Kerr black bounce.

We also briefly comment on the possibility of investigating the beyond-the-

horizon structure of a black hole by exploiting its Hawking emission.

Keywords: primordial black holes; Hawking evaporation; superradiant in-

stabilities; beyond the standard model of particle physics
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Resumo

Nesta tese mostramos que os buracos negros primordiais leves desenvolvem

valores substanciais de spin através da emissão por efeito de Hawking de

um grande número de espécies de axiões (conjunto conhecido como o “ax-

iverso” e previsto pela teoria de cordas) e que a sua distribuição em termos

de valores de spin poderá ser medida por futuros telescópios de raios-gama,

constituindo uma forma de testar o número de part́ıculas escalares leves na

teoria fundamental, que é independente da forma como estas interagem com

as part́ıculas do Modelo Padrão. Neste cenário, demonstramos também que

um axião pesado pode desencadear uma instabilidade superradiante, e estu-

damos a dinâmica acoplada da superradiância e da evaporação, concluindo

que a distribuição de massa e spin dos buracos negros deve seguir o limite

da condição de superradiância caso ocorra a formação de nuvens superradi-

antes. Para além disso, mostramos que o decaimento dos axiões pesados numa

nuvem superradiante em pares de fotões origina uma linha caracteŕıstica no

espectro de emissão de um buraco negro. Motivados pelo cenário do axiverso

da teoria de cordas, propomos três métodos independentes da distância para

determinar a massa e o spin de buracos negros primordiais. Em particular,

para energias já testadas em aceleradores propomos métodos apropriados aos

regimes de baixo spin (0<∼<0.5) e de spin elevado (ã>0.6) e baseados na

energia de caracteŕısticas espećıficas do espectro de emissão de Hawking elec-

tromagnético. O terceiro médodo estende a possibilidade de medir a massa

e o spin de buracos negros primordiais a temperaturas t́ıpicas da f́ısica para

além do Modelo Padrão. Este método é independente das posśıveis interações

entre as novas part́ıculas e as part́ıculas conhecidas uma vez que é baseado

numa abordagem multi-mensageiro, em que os espectros primários de fotões e

neutrinos são medidos em simultâneo. Neste contexto, mostramos igualmente

como a evolução de um buraco negro primordial pode revelar informação sobre
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a f́ısica de part́ıculas subjacente, nomeadamente o conteúdo de part́ıculas da

teoria em cada escala de massa. Finalmente, estudamos um buraco negro regu-

lar em rotação, descrito pela métrica de um “Kerr black-bounce”, evaporando

através da emissão de Hawking de um único campo escalar, comparando com

os resultados obtidos para um buraco negro de Kerr nas mesmas condições.

Mostramos como a combinação das alterações nos factores de “corpo cinzento”,

na gravidade superficial e, portanto, na temperatura influenciam o tempo de

vida, a evolução e o espectro de emissão escalar primário do Kerr black-bounce.

Também discutimos brevemente a possibilidade de investigar a estrutura para

além do horizonte de um buraco negro através da exploração do seu espectro

de emissão de Hawking.

Palavras-chave: buracos negros primordiais; evaporação de Hawking; insta-

bilidade superradiante; f́ısica de part́ıculas para além do modelo padrão;
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1 Introduction

Primordial Black Holes (PBHs) are hypothetical black holes formed in the

early universe from the direct collapse of density fluctuations in the primor-

dial plasma. They were first suggested in 1967 by Zel’dovich and his student

Novikov in the contest of hot cosmological model [1] and later proposed by

Hawking [2] who also studied their production mechanisms. Their formation

in the early universe has been intensely studied in the last decades and a

plethora of different production mechanisms has been proposed. PBHs are

promising candidates for addressing many open questions in physics such as,

but not only, the dark matter problem, the dynamics of galaxy formation,

and supermassive black hole formation. Insight and constraints on the nature

of PBHs may be achieved by many proposed experiments that are nowadays

in different stages of development. These include presently gravitational wave

detectors, space-based telescopes, sky surveys, very large arrays, fast radio

bursts observatories, MeV-GeV-TeV gamma-ray telescopes and observatories,

Cherenkov telescopes, and neutrinos observatories. Moreover, the study of BH

physics received two important boosts in the last years: the detection of binary

mergers through gravitational waves [3] and the first images of supermassive

BH shadow [4–10].

In this vibrant context, we exploit light PBHs as laboratories for new physics.

We use the term new physics in a broad sense and, even if we will mainly

consider physics Beyond the Standard Model (BSM) of particle physics, we

will also show how it is possible to investigate local solutions beyond vacuum

General Relativity (GR).

This thesis is organized as follows: chapters 2 to 6 contain a review of the

concepts used in the original part which is presented in chapters 7 to 11. The

original contribution of this thesis can also be found in the articles [11–16],

mostly written in collaboration with my thesis supervisor, Prof. João Rosa,
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but including also a single author paper and collaborations with Prof. John

March-Russell (U. Oxford, UK) and MSc student Filipe Serrano. These arti-

cles are a part of my production which includes also [17–21] mostly written in

collaboration with my friend Dr. Lorenzo Sebastiani and my MSc supervisor

Prof. Massimiliano Rinaldi, but including collaborations with Prof. Orlando

Luongo (U. Rome, IT) and Dr. Alessandro Casalino.

In chapter 2 we present a synthetic introduction to quantum field theory

in curved spacetime together with examples. Chapter 3 contains an informal

introduction to the concept of tetrads outlining the practical example of how

to extend spinors to curved spacetime. Subsequently, a more formal presen-

tation of the tetrad formalism is given together with some examples of useful

tetrad, namely, the spin tetrad and the Newman-Penrose tetrad. In Chapter 4

we discuss the so-called Newman-Penrose formalism leading to the unification

of different quantum field equations in the so-called Teukolsky equation, for

the case of a Kerr spacetime. We also describe a numerical procedure to solve

the scattering problem of quantum fields in such a spacetime. In Chapter 5,

we discuss Hawking radiation through Bogoliubov transformations. We show

that the concept of vacuum is not generally invariant, and derive the Unruh

and Hawking effects in (1+1)-dimensions. Here we also outline the theoretical

aspects of BH evaporation, emission and superradiance. In Chapter 6, we give

some examples of extensions of the Standard Model (SM) such SUperSYmme-

try (SUSY), Kaluza-Klein (KK) theories, QCD axions, Axion Like Particles

(ALPs), and the Hidden Sector (HS). Chapter 7 is based on [11] and there we

show that PBHs develop non-negligible spins through Hawking emission of a

large number of ALPs, and that hot, MeV-TeV, axions would be a smoking

gun for evaporating PBHs. In Chapter 8, which reports the results of [12], we

study the coupled dynamics of superradiance, triggered by heavy axion, and

evaporation, in the scenario described in the previous chapter. We show that

once the superradiant threshold is crossed, superradiance processes dominate

the evolution for the majority of the remaining PBH lifetime. Furthermore,

we show that the decay of the heavy axions within the superradiant cloud

into photon pairs may lead to a distinctive line in the black hole’s emission

spectrum. Chapter 9 is divided into two sections, each of which contains the

major results of [13], and [14] respectively. We analyze distance independent

methods to infer the mass and spin of light PBHs using their Hawking radi-

ation spectrum. Motivated by the scenario of Chapter 7, we analyze the low
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and high range of the adimensional BH spin parameter. Chapter 10 is based

on [15] and shows how BSM physics affects the last stages in the evolution

of a BH, and how with a multi-messenger approach it may be possible to ac-

curately measure the mass and spin of a PBH from its Hawking photon and

neutrino primary emission spectra, independently from any putative interac-

tions between the new degrees of freedom and the SM particles, as well as from

the Earth-PBH distance. In Chapter 11 we investigate local solutions beyond

the one of vacuum General Relativity. We compare the evolution, under the

emission of a single scalar field, of a BH described by the Kerr metric and a

regular black hole described by the black-bounce metric. We show that there

are differences in the gray-body factors, temperatures, and primary emissivity

and comment on the possibility of investigating the beyond-the-horizon struc-

ture of a black hole by exploiting its Hawking emission. This chapter is based

on [16]. Finally, we summarize our main conclusions in chapter 12.

We use units of G = c = ℏ = kB = 1 and a metric signature given by (−+++)

if not otherwise specified.
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2 Notions of QFT in curved space-

time

This chapter briefly synthesizes the lines of thought leading to the formulation

of Quantum Field Theory in curved spacetime, outlining the limits of validity

of such a theory. The second part of the chapter is devoted to some examples

of generally covariant quantum field Equations of Motion (EoMs).

2.1 Quantum fields and curved spacetime

The Physics of the 20th century has been characterized by radical changes of

paradigm leading to the quantum theories and the theories of relativity. The

rejection of the Galilean group as the group of symmetries of spacetime and its

substitution with the Lorentz group, as suggested by Maxwell’s equations, led

Albert Einstein to formulate its special theory of relativity. Later the equiva-

lence principle forced Einstein to further enlarge this group to the invariance

under diffeomorphisms (or general linear invariance) and formulate the the-

ory of General Relativity (GR). On the other hand, the contribution of many

physicists led to abandoning the deterministic paradigm of classical physics

and adopting the probabilistic one of quantum mechanics. In fact, a key con-

cept of the first formulations of quantum mechanics was the wavefunction and

its probabilistic interpretation. These quantum theories were not compatible

with special relativity since they are a quantized version of Galilean mechanics

and respecting the mass-shell equation E = p2/2m. The development of equa-

tions respecting the special relativistic mass-shell relation, E =
√
p2c2 +m2c4,

forced the community to abandon the interpretation in terms of wavefunctions

in favor of a new one in which the central concept is the quantum field. The

theory emerging is known as Quantum Field Theory (QFT) and it is one of
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the most successful theories ever developed. In this context, several distinct

relativistic equations describe massive or massless fields of different spin. The

simplest is certainly the Klein-Gordon (KG) equation, obtained as a sort of

squared Schrödinger equation by imposing the relativistic mass shell equation.

Table 2.1 reports a list of relativistic field equations.

Spin Name Equation

0 Klein-Gordon (∂a∂
a −m2)ψ = 0

1/2 Dirac (iγa∂a −m)ψ = 0

1 Proca (∂a∂
a +m2)Bn = 0

3/2 Rarita-Schwinger (ϵakpnγ5γk∂p − imσan)ψn = 0

s Joos-Weinberg (i2sγa1...a2s∂a1 ...∂a2s +m2s)ψ = 0

Table 2.1: Collection of relativistic quantum equations for different spin.

The milestone around which GR is built is the equivalence principle. As a con-

sequence, it is always possible to locally find a Minkowskian observer, i.e. an

observer who does not describe spacetime as curved, but rather as a Minkowski

spacetime. This observer is the one in free fall (it belongs to the family of free-

falling frames), who does not experiment any accelerations and for which the

laws of special relativity hold. Such an observer will describe the quantum

fields according to QFT with the above-mentioned field equations. Since the

goal is to extend the validity of QFT to any curved spacetime, it seems natural

to induce a mapping between the flat Minkowskian spacetime and any curved

spacetime that allows us to write more general field equations. In a more re-

fined way, one can say that we aim to pass from the Lorentz invariance of the

equations in Tab. 2.1 to a generally covariant formulation of these (the latter

reducing to the former only in the case of flat spacetime).

The generally covariant extension of QFT takes usually the name of QFT

in curved spacetime. In this theory, spacetime is a fixed background, not per-

turbed by the presence of matter fields, and on which fields dynamically evolve.

Adopting a metaphoric allegory it is possible to imagine the metric as a back-

ground stage on which the actors, in the form of the fields, play their role. This

approximation ignores the back-reaction that fields may have on the structure

of spacetime. In fact, the field energy density, giving an active contribution to

the stress-energy tensor Tmn in the Einstein equations, changes the structure

of the metric itself. Nevertheless, spacetime is a very stiff material, ensuring
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that non-negligible modifications to its structure have to be imputed to very

large energy densities. Almost the entire set of applications that will follow

in this thesis lies in the fruitful approximation of QFT in curved spacetime.

Nevertheless, it is important to keep in mind that the approximation is valid if

fields are small perturbations. Nonetheless, any quantitative change in a phe-

nomenon implies a qualitative change in the landscape in which it is embedded

(Hegel). Some examples of quantitative changes that cause crossing the line of

validity of QFT in curved spacetime and imply changes in the landscape (the

theory describing the phenomenon) are represented by the last instants of a

BH evaporation or in the first instants of the Universe. These cases lie in the

realm of Quantum Gravity (QG) which is beyond the scope of this thesis.

2.2 Examples of generally covariant field equations

Let us now sketch a few examples of the general covariant generalization of the

field equations of motion. We will consider only the Klein-Gordon and Dirac

fields, namely s = 0, 12 .

The minimally coupled Klein-Gordon equation is characterized by a scalar

function ψ, a scalar quantity m, and the only non-scalar components are the

derivatives. Scalar quantities are by definition generally invariant. The deriva-

tives are 4-vectors in a Minkowskian spacetime and need to be modified. The

partial derivatives ∂µ take into account the variation of a quantity with re-

spect to the position, but, in a curved spacetime, the vector basis changes

with respect to the position. A derivative operator that takes into account the

variation of the basis with respect to the position is the covariant derivative

∇µ := ∂µ + Γν
µρ, where Γν

µρ is the affine connection that in a Riemannian

theory (metric compatible and torsionless) reduces to the Christoffel symbols.

Here, the indices of the connection contracts according to the field types the

covariant derivative is acting on. Finally, the minimally coupled Klein-Gordon

equation in curved spacetime reads

(∇µ∇µ −m2)ψ = (∇µ∂
µ −m2)ψ = 0. (2.1)

The general covariant formulation of the Dirac equation is a more involved

task. The gamma matrices need to respect the Clifford algebra of a curved

spacetime and ψ is a spinor, transforming, under the Lorentz group, according
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to the spinor representation. This problem is overcome by taking advantage of

the fact that we can formulate the Dirac equation in flat spacetime and with

the use of the tetrad formalism and the spin connection ωmn
µ = emν ∂µe

νn +

emν Γν
ρµe

ρn we can connect different patches of spacetime. We denoted with

Greek letters the spacetime indices and with Latin letters the spin indices. The

covariant derivative of a spinor in such a formalism reads ∇µ = ∂µ− i
4ω

mn
µ σmn

where σmn = iγmn = 1
2 [γm, γn]. The Dirac equation in curved spacetime reads

(iγmeµm∇µ −m)ψ = 0. (2.2)

The tetrad formalism is described in the next chapter where it is also used to

justify (2.2) and it will also play a central role in chapter 3.

One can notice that both equations are explicitly solvable once the metric

tensor is fixed. This statement remains true also in the cases of Proca, Rarita-

Schwinger, or Joos-Weinberg generally covariant equations.
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3 The tetrad formalism

The first question to address when introducing a new formalism is the moti-

vation to do so, especially since GR works well in the good old coordinates

formalism. The answer in this case is three-fold. First, and probably the least

interesting, for a utilitarian scope: much of the literature in GR is written

in this formalism (and it is so for the next two reasons). Secondly, as it will

soon become evident, this is a natural way to describe spin-12 particles in GR

and in general produces remarkable simplifications in the description of quan-

tum fields in curved spacetime. Finally, because physics is more evident, it is

possible to overcome the deformation of coordinates in curved spacetime and

work in locally inertial frames. Moreover, the tetrad formalism allows us to

express physics in a more intuitive frame, emphasizing desired characteristics,

and obtaining great simplification.

The term tetrad comes from the Latin tetras and has its origin in the an-

cient Greek word τετρας, which means grouped by four. Usually, a tetrad is

denoted as eµm and it is also called Vierbein from the German “four legs”.

The letter e is chosen because in German this is the first letter of the word

unity: Einheit. However, since physicists interested in QFT in curved space-

time also developed theories with more than four dimensions sometimes eµm is

called Vielebein, or n-Bein (Viele being the German word for many). Finally,

mathematicians being less constrained by dimensionality more rationally call

it simply field frame.

The first section of this chapter proposes an informal introduction to this for-

malism which outlines the practical example of how to extend the concept

of spinor to a general curved spacetime. The second section contains a more

formal presentation of the tetrad formalism. Subsequently, some examples of

useful tetrad are given in the form of the spin tetrad and the Newman-Penrose

tetrad.
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3.1 The importance of tetrad in curved spacetime

In Minkowski spacetime (from now on denoted as M4) a spinor transforms as a

spin-12 object, according to the spinorial representation of of the Lorentz group.

In order to proceed and mathematically write the line above some definitions

and conventions need to be outlined:

• The metric of M4 is denoted as ηmn and the convention on its sign is

(− + ++).

• A Lorentz transformation Λ is a transformation which leaves invariant

the metric tensor of M4:

Λq
mΛp

nηpq = ηmn. (3.1)

• The gamma matrices are 4 × 4 matrices respecting the Clifford algebra

[22–24] of M4 :

M4×4 ∋ γm|{γm, γn} = 2ηmn ⊗ I4 (3.2)

where In is the n × n identity matrix. The chosen Dirac representation

is the one in which γ0 is anti-symmetric and γi with i = 1, 2, 3 are

hermitian:

γ0 =

(
I2 0

0 −I2

)
aaa; aaaγi =

(
0 σi

−σi 0

)
(3.3)

where σi are the Pauli matrices.

• The generators of the Lorentz group then read

Lmn =
1

2
γmn (3.4)

where γmn = 1
2 [γm, γn]. A tedious calculation may convince the reader

that Lmn do commute correctly according to the rules of the Lorentz

group.

Then a spinor under the action of a Lorentz transformation:

ψ(x) → ψ′(x′) = S(Λ)ψ(x′) (3.5)
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where x′ = Λx and S(Λ) = e
1
4
γmnλmn is the spinorial representation of the ele-

ment of the Lorentz group with λmn the anti-symmetric infinitesimal Lorentz

transformation. (Spinorial and Minkowskian indices have been omitted in (3.5)

for simplicity).

How is it possible to generalize the concept of spinor to a curved spacetime?

Let us start with denoting the manifold of GR with E4. In this manifold the

static metric ηmn is substituted by the more dynamic gµν . Here, Latin let-

ters denote Minkowskian indices, i.e. indices belonging to the space M4, while

Greek letters denote spacetime indices, belonging to E4.

The equivalence principle ensures that at each point of spacetime, it is possi-

ble to construct a local inertial frame, where the spacetime metric reduces to

the Minkowskian one. This is the free-falling coordinate system, in which no

acceleration is measured. One can build the local inertial frame by choosing a

specific event in spacetime and considering the coordinate transformation such

that the metric tensor gµν reduces to ηmn. A general coordinate transformation

reads

xm → x′m(xm)aaa; aaagµν → g′mn = Aµ
mA

ν
ngµν (3.6)

where Aµ
m = ∂xµ

∂x′m are the matrices of the partial derivatives of the coordinate

transformation and xµ, x′m are sets of coordinates. The equivalence principle

ensures that at each point of spacetime, there exists Aµ
m=Aµ

m such that g′mn =

ηmn. The limitation of this approach resides in its local nature: at each point

of E4 the matrices Aµ
m will change. For example, in the presence of a spherical

gravitational source, each value of the radial coordinate possesses a free-falling

observer with a different acceleration with respect an observer standing still

at a fixed position in the field. Each different radial value corresponds to a

different class of inertial observers and so different Aµ
m. If the gradient of

acceleration of the free-falling frame vanishes then Aµ
m gains a general role.

In order to have a general transformation mapping locally between E4 and M4

and valid at each spacetime point one needs to construct something similar to

ηmn = Aµ
mA

µ
ngµν , and such that

ηmn = eµme
ν
ngµν (3.7)

is valid everywhere. The operations represent a generalization of the concept of

change of basis, in which the coordinate basis changes continuously in moving
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from one point to another. This new particular basis is called tetrad (or tetrad-

base, tetrad-frame), τm(xµ) = (τ0, τ1, τ2, τ3) and the indices are called tetrad

indices. In order to achieve the goal, at each point in spacetime τm takes the

values such that the metric induced by the local coordinates is the one of

the local inertial frames. This means that the metric induced by the tensor

product of the tetrad basis, which is in general called tetrad metric, is the one

of Minkowski.

τmτn = ηmn. (3.8)

One can notice that there is a parallelism between coordinates and change of

bases, and tetrad-bases and Vierbein. This operation should not be mistaken

for coordinates changes since the objects eµm are not built as matrices of partial

derivatives, which may not exist in general. Only in trivial cases or at a local

level does the interpretation as coordinate transformation hold.

It is possible to raise and lower indices by manipulating separately spacetime

and Minkowskian (or tetrad) indices using the spacetime and Minkowski (or

tetrad) metrics, respectively:

emµ = ηmneµnaa; aaeµn = ηnpe
pµaa; aaeµm = gµνe

ν
maa; aaemν = gνµe

µm. (3.9)

Whenever thinking about symmetries in GR, one always mentions local co-

ordinate invariance. The tetrad formalism helps in remembering a forgotten

symmetry, local Lorentz invariance. This is explicit because a Lorenz trans-

formation carried out at a particular spacetime point on a Vierbein leaves the

Minkowski metric unchanged. Explicitly:

eµme
ν
ngµν = ηmn

= Λp
mΛk

nηpk

= Λp
mΛk

ne
µ
pe

ν
kgµν

= (Λp
me

µ
p )(Λk

ne
ν
k)gµν

= ẽµmẽ
ν
ngµν ,

making it clear that any Lorentz transformation of the frame field gives the

frame field itself.

Λp
me

µ
p = ẽµm = eµm. (3.10)
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Furthermore, since Λp
m is in general a local function of the position, Λp

m =

Λp
m(x), then

ηmn = Λp
m(x)Λk

n(x)eµpe
ν
kgµν . (3.11)

In other words, the general local invariance of M4 is inherited by E4 as a local

Lorentz invariance.

It is now possible to answer the question about a spinor in GR. Given the

tetrad formalism where the tetrad metric is the Minkowskian one, a spinor

is an object that transforms under the spinorial representation of the Lorenz

group under the action of local Lorentz transformations.

Now, to better understand the meaning of (2.2) let us introduce the concept

of derivative in this new formalism.

In the coordinate formalism of GR, the concept of differentiation was con-

nected to the covariant derivative. The simple derivative was not sufficient.

It was necessary to take into account not only how a quantity changes by

changing the coordinates value, but also how the quantity changes because

of changes in the spacetime structure in changing the value of the “rigid”

coordinate system. For this reason, it was necessary to introduce the metric

connection (under the hypothesis of a torsion-free and metric-compatible the-

ory of gravity) in the form of the Christoffel symbols.

In the tetrad formalism, we need to do something similar. In order to define

a covariant derivative one needs to take into account how a quantity changes

upon changing the values of the tetrad basis and how a quantity changes be-

cause of a modification of the basis itself. This is done with the aid of the

tetrad connection, also called the spin connection.

Let us do it considering the Vielbein which has a spacetime and a Lorentz

index. Under coordinate transformation, it transforms as a 4-vector (tensor).

Under Lorentz transformation, it transforms as a Lorentz vector (tensor). So,

if one wants to consistently build something like ∇νe
µ
m, one has to ensure that

this object transforms as a (1,1) tensor and a Lorentz vector. Since GR is both

metric compatible and torsion-free, it would be nice if the properties of ∇ν

were consistent with the idea that the spacetime metric is associated with a

13



symmetric connection. (This is not necessary, just convenient!)

0 = ∇νgρκ

= ∇ν(emρ e
n
κηmn)

= emρ e
n
κ∇ν [ηmn] + emρ ηmn∇ν [enκ] + enκηmn∇ν [emρ ].

The first term is identically 0 since ηmn is a Lorentz tensor but a spacetime

scalar. So for the metric compatibility to hold, we must have

∇νe
µ
m = 0. (3.12)

The standard covariant derivative of the Vierbein is composed of the partial

derivative and connection (Christoffel symbols) but this is not enough to en-

sure that (3.12) holds. We are not taking into account the local indices, namely

we are not considering how the local Lorenzian bases are changing. We can

use simple linear algebra, add a new piece, denoted by ω and known as the

spin connection or tetrad frame connection, for accounting the Minkowskian

index ignored, and guarantee that (3.12) is verified. Thus

∇νe
m
µ = ∂νe

m
µ − Γρ

νµe
m
ρ + ωm

nνe
n
µ. (3.13)

Solving for the spin connection:

ωm
nν = −enµ∂νeµm − enµΓµ

νρe
ρm. (3.14)

The tetrad formalism introduces a local inertial coordinate system at each

point of the curved manifold. The spin connection relates a vector located at

one point with components in the local basis at that point, with the one at

another point with a new local basis. The new covariant derivative will now

take into account: the bare variations of the quantity, the variations of the

rulers with which we measure it, and the variation in the definition of the

local Lorentz frame. Using the spin connection for defining a Riemann tensor

as in differential geometry, one obtains

Rmnρκ = ∂mωnρκ − ∂nωmρκ + ωaσ
maρωmσκ + ωaσ

naρωmσκ, (3.15)
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which is antisymmetric under the exchange of m↔ n and ρ↔ κ but does not

seem to share anything with the conventional Riemann tensor. Nonetheless, it

is possible to demonstrate that given the choices of metric compatibility and

vanishing torsion

Rµνρκ = emµ e
n
νRmnρκ (3.16)

the explicit calculation is straightforward but long and tedious and can be

found in books introducing differential forms [25,26].

Now we can have an intuitive idea of why in the covariant derivative of a

spinor (2.2) only the spin connection and no affine connection is present: the

spinor does not carry any spacetime or Minkowskian indices, but only spinorial

ones. In fact, it transforms according to the spinorial representation under

the action of a Lorentz transformation. Certainly, the covariant derivative of

a spinor has to transform as a spacetime vector times a spinor. Thus, the

partial derivatives of a spinor do not correctly transform under a Lorentz

transformation and require the addition of a second piece to behave correctly.

This second piece cannot be the only ωm
nν as in (3.12) since ∂nψ + ωm

nνψ is

clearly wrong, because of the indices in its second term. Moreover, nothing

suggested that the covariant derivative of a Vierbein should be the same for

a spinor. If we want to have the covariant derivative of a spinor, we need to

consider also the rules of the parallel transport for spinors (as for example

done in (7.7) of [27]). This derivation is proposed in section (3.3) after a more

formal introduction to the tetrad formalism.

3.2 A more formal introduction to tetrad formalism

This section takes many thoughts and follow the formalis of [28]. A tetrad

τm(x) = (τ0(x), τ1(x), τ2(x), τ3(x)) is a set of axes at each point of spacetime.

Each component τ0, τ1, τ2, τ3 is itself a four-vector and for this reason sometime

in the following formulas a contraction/scalar inner product is understood. In

the previous section, we outlined a particular choice called an orthonormal

tetrad, in which the axes formed a local inertial frame at each point of space-

time. This choice was made explicit by Eq. (3.8) which in the general case may

be rewritten as

τmτn = Θmn (3.17)
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and Θmn takes the name of tetrad metric. If Θmn = ηmn we are back to the

orthonormal tetrad. In general, the choice of a specific tetrad is taken to em-

phasize characteristics and obtain simplifications of specific problems. Some

examples of useful tetrads, which will be later considered, are the spin tetrads

and the null tetrads.

Given a coordinate frame defining the metric through eµeν = gµν one can de-

fine the Vierbein as the transformation matrix between tetrad and coordinate

frames according to

eµ = emµ τmaa; aaτm = eµmeµ. (3.18)

It is also valid that

emµ e
µ
n = δmn aa; aaemµ e

ν
m = δνµ, (3.19)

and

eµmenµ = ηmnaa; aaemµ emµ = gµν . (3.20)

This way

gµν = Θmne
m
µ e

n
µ, (3.21)

and one recovers

ds2 = eµeνdx
µdxν = gµνdx

µdxν = Θmne
m
µ e

n
νdx

µdxν . (3.22)

In order to define what to call a tetrad vector/tensor we need a set of transfor-

mations preserving some interesting properties, such as, for example, a set of

transformations acting on τ and leaving Θmn unchanged. This is certainly an

arbitrary choice but for what concerns the orthonormal, spin, and Newman-

Penrose tetrads, and more in general for what concerns most applications in

the field of physics, this choice is a quite standard one: the tetrad transfor-

mations are the Lorentz transformations τm → τ ′m = Λn
mτn. For such cases, it

holds that

Θ′
mn = τ ′mτ

′
n = Λq

mτqΛ
p
nτn = Λq

mΛp
nΘqp = Θmn. (3.23)

Note that the Lorentz transformation may change for distinct points in space-

time and therefore Λq
m is a dynamical object.

In this framework, it is possible to define a tetrad vector Vm = (V0, V1, V2, V3)

as the object that under a Lorentz transformation transforms as Vm → V ′
m =
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Λn
mVn. More generally for a tetrad tensor we have:

V ′m1···
n1··· = Λm1

q1 · · · Λp1
n1

· · · V q1···
p1··· (3.24)

Raising and lowering the indices of a tetrad vector is an operation mediated

by the tetrad metric Θmn in the very same way that in a coordinate frame, it

was mediated by the coordinate metric gµν . In fact, it is valid that

δnk = ΘkmΘmn, (3.25)

V m = ΘmnVn ; Vm = ΘmnV
n, (3.26)

τm = Θmnτn ; τmτn = δmn ; τmτn = Θmn. (3.27)

It is possible to go from tetrad to coordinate component description of a

vector/tensor using the Vierbein:

Vµ = emµ Vmaa; aaVm = eµmVµ. (3.28)

This ensures that the scalar product is unchanged in the two formalisms and

it is possible to define the invariant concept of abstract vector

V = τmV
m = eµV

µ, (3.29)

V ·U = V mUm = V µUµ. (3.30)

It is worth now making a clear distinction between vector/tensor nomenclature

and definition:

• Coordinate vector: is denoted with Greek indices and changes under

spacetime coordinate transformations without changing the spacetime

structure. It does not change under tetrad transformations and is there-

fore a tetrad scalar.

• Tetrad vector: is denoted by Latin indices and changes accordingly un-

der tetrad transformations. It is not influenced by coordinate transfor-

mations and so it is a coordinate scalar.

• Abstract vector: denoted with a bold font, it is the abstract idea of
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vector, and does not change changing the formalism of its description.

It is therefore both a coordinate and tetrad scalar

In analogy with the coordinate partial derivatives, it is possible to define the

tetrad formalism counterparts, namely the directional derivatives along the

axes τm, which we may call directed derivatives:

∂m = τm∂ = τmeµ∂µ = eµm∂µ. (3.31)

These operators do not satisfy the Schwartz theorem, in fact:

[∂m, ∂n] = [eµm∂µ, e
ν
n∂ν ]

= eµm∂µ[eνn]∂ν − eνn∂ν [eµm]∂µ

= (dqmn − dqnm)∂q (3.32)

where

dqmn = −Θqke
k
κe

ν
n∂ν [eκm] = Θqke

µ
me

ν
n∂ν [ekµ] (3.33)

with dqmn = Θqkd
k
mn.

The tetrad covariant derivative is obtained through a straightforward process,

similar to its coordinates counterpart. The requirement for a tetrad covariant

derivative operator is to generate tetrad vectors/tensors. In the case of a scalar

function it is effortless since ∂mΦ is a tetrad vector, so the tetrad covariant

derivative of a scalar function is just the tetrad derivative

∇mΦ = ∂mΦ. (3.34)

The derivative of a tetrad vector is not as simple since ∂mV
m is not a tetrad

tensor (it does not transform correctly under Lorentz transformations). The

same situation occurred in the coordinates frame and led to the introduction of

the Christoffel symbols. Let us consider this known situation to find a possible

way out of our problem. The derivative of an abstract vector is a coordinate

tensor and reads

∂νV = ∂ν(eµV
µ)

= V µ∂ν(eµ) + eµ∂ν(V µ).
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By the definition of the affine connection

Γρ
νµeρ := ∂ν(eµ). (3.35)

It is then possible to define the coordinates, covariant derivative of a vector

∇νV
µ = ∂νV

µ + Γµ
νρV

ρ. (3.36)

In a free-torsion theory, the commutator of two coordinate covariant deriva-

tives vanishes and the connection is symmetric with respect to the exchange

of the lower indices. As we have seen in the previous section another desirable

feature of the theory is also to be metric compatible. In this case, the affine

connection reduces to the Christoffel symbols.

Let us now perform the same steps in the tetrad formalism in order to define

the tetrad covariant derivative of a vector and the tetrad connection.

∂nV = ∂n(τmV
m)

= V m∂n(τm) + τm∂n(V m),

Γp
nmτp := ∂n(τm), (3.37)

∇nV
m = ∂nV

m + Γm
npV

p. (3.38)

The extension to contravariant vectors is quite trivial. There is a little abuse

of notation in the precedent section where the tetrad connection was denoted

with ω. Here the letter with which it is denoted is changed to underline the

parallelism between the two connections. The relation between the two con-

nections can be calculated considering

Γκ
µνeκ = ∂νeµ

= ∂ν(emµ τm)

= τm∂ν(emµ ) + emµ ∂ν(τm)

= emµ e
n
ν (dpmn + Γp

mn)τp

and reads

Γpmn + dpmn = eρpe
µ
me

ν
nΓρµν (3.39)
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where the indices of the connections are raised and lowered using the respec-

tive metrics. It is possible to use the symmetry of the coordinate connection

together with (3.39) to obtain the relation that the tetrad connection needs

to respect for a vanishing torsion tensor,

Γpmn + dpmn = Γpnm + dpnm. (3.40)

If the tetrad metric is constant, and this is the case for orthonormal, spin, and

null tetrads, the tetrad connection is antisymmetric, and it holds

0 = ∂p(Θmn)

= ∂p(τmτn)

= τm∂p(τn) + τn∂p(τm)

= Γmnp + Γnmp.

In Riemannian differential geometry, once the connection is known, it is pos-

sible to calculate the Riemann tensor which in the tetrad frame reads:

Rqpmn = ∂qΓmnp − ∂pΓmnq + Γa
mpΓanq − Γa

mqΓanp + (Γa
qp + Γa

pq)Γmna. (3.41)

The symmetries of the tetrad frame Riemann tensor are the same as its coor-

dinate frame counterpart, being

Rqpmn = Rmnqp, (3.42)

Rqpmn = −Rpqmn, (3.43)

Rqpmn = −Rqpnm (3.44)

Rqpmn +Rqmnp +Rqnpm = 0, (3.45)

∇aRqpmn + ∇qRpamn + ∇pRaqmn = 0. (3.46)

All the building blocks of GR have now been defined in the new formalism

and it is possible to write the GR equation of motion in the tetrad formalism

Gmn = 8πGTmn (3.47)
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where the Einstein tensor is

Gmn = Rmn − 1

2
R, (3.48)

and the Ricci scalar and tensor are

R = ΘmnRmn, (3.49)

Rmn = ΘqpRmqnp. (3.50)

Finally, metric compatibility ensures the covariant conservation of the Einstein

tensor and therefore the conservation of the energy-momentum tensor,

∇mGmn = 0, (3.51)

∇mTmn = 0. (3.52)

One could also consider mixed coordinate-tetrad objects such as the coor-

dinates covariant derivative of a tetrad vector (or the tetrad derivative of a

coordinate vector)

∇αVm = eaα∇aVm = ∂aVm − Γn
mαVn (3.53)

where

Γm
nα = eaαΓm

na

and Γmnα = ΘmpΓ
p
nα. It is also valid that:

Γmnκ = −epκdmnp + eµme
ν
nΓµνκ (3.54)

so that we may rewrite the Riemann tensor and so on in a mixed coordinate-

tetrad frame.

3.3 Dirac Equation in curved spacetime

We now have all the elements to derive the Dirac equation in curved spacetime.

We restart where we left off in section 2.1: Θmn = ηmn and for building the

covariant derivative of a spinor field we want to consider the parallel transport

of a spinor. Let us consider formerly a coordinate or spacetime vector V µ and
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a local or Lorentzian or Minkowskian vector V m and analyze their parallel

transport from x to x+ dx

V µ(x→ x+ dx) = V µ(x) − Γµ
νρ(x)V ρ(x)dxν , (3.55)

V m(x→ x+ dx) = V m(x) − ωm
νp(x)V p(x)dxν . (3.56)

In (3.55) Γ is the usual affine connection defining the parallel transport of

a vector on the manifold, while in (3.56) ω needs to involve both the affine

connection and the Vierbein since it has to relate the local inertial coordinates

of x to the one of x+ dx. Meanwhile, it must hold true that

V µ(x) = eµm(x)V m(x), (3.57)

V µ(x→ x+ dx) = eµm(x→ x+ dx)V m(x→ x+ dx). (3.58)

The expansion at the first order eµm(x→ x+dx) ∼ eµm(x)+∂νe
µ
m(x)dxν is valid

since the considered displacement is infinitesimal. Inserting this expansion and

(3.56) into (3.58) and again keeping only the linear terms in dx we have

V µ(x→ x+ dx) = eµm(x)V m(x→ x+ dx) + ∂νe
µ
m(x)dxνV m(x→ x+ dx)

= eµm(x)V m(x) − eµm(x)ωm
νp(x)V p(x)dxν + ∂νe

µ
m(x)dxνV m(x)

= eµm(x)V m(x) −
[
eµm(x)ωm

νp(x) + ∂νe
µ
p (x)

]
V p(x)dxν

= eµm(x)V m(x) −
[
eµm(x)ωm

νp(x) + ∂νe
µ
p (x)

]
epρV

ρ(x)dxν

(3.59)

and using (3.55) we can identify

Γµ
νρ =

[
eµm(x)ωm

νp(x) + ∂νe
µ
p (x)

]
epρ (3.60)

from which it is not hard to find (3.14). It is easy to convince ourselves that

the spin connection needs to be anti-symmetric with respect to the Lorentz

indices if we want a metric-compatible theory (namely a theory preserving the

magnitude of a vector when parallel transported):

V m(x)Vm(x) = V m(x+ dx)Vm(x+ dx) ⇒ ωmnν = −ωnmν . (3.61)
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Equivalently one can consider a metric compatible theory, therefore Γµ
νρ are

the Christoffel symbols and we have

0 = ∇µηmn = ∂µηmn − ωp
µmηpn − ωp

µnηmp = −ωµmn − ωµnm. (3.62)

We can now consider the parallel transport of a spinor. A priori we do not

know how it behaves when parallel transported, so we introduce the most

general linear transformation

ψ(x→ x+ dx) = ψ(x) − Ων(x)ψ(x)dxν (3.63)

where Ων is a suitable connection having a consistent number of indices. To

find the explicit form of Ων we can consider the parallel transport of a known

quantity: the scalar S = ψ̄ψ and a vector V m = ψ̄γmψ. From (3.63) we have

S(x→ x+ dx) = S(x) − ψ̄(x)(γ0Ω†
n(x)γ0 + Ωn(x))ψdxν (3.64)

and to ensure the invariance of the scalar when parallel transported we need

to have

γ0Ω†
νγ

0 = −Ων . (3.65)

Analogously, the vector is parallel transported correctly when:

[γm,Ων ] = ωm
nνγ

n. (3.66)

Using those last two equations and some algebraic calculations one can con-

clude that

Ων =
1

8
ωmnν [γm, γn] =

1

4
ωmnνγ

mn = − i

4
ωmnνσ

mn. (3.67)

Thus,

∇µψ = (∂µ − i

4
ωmnµσ

mn)ψ. (3.68)

To prove that it transforms correctly one can perform a Lorentz transformation

and a coordinate transformation (or have a look at Weinberg’s books [29–31]

where he does it).

In the tetrad formalism, it is fairly simple to obtain the curved spacetime
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representation of the Clifford algebra

2gµν ⊗ I4 = {eµmγm, eνnγn} = {γµ, γν} (3.69)

and one can generalize (iγm∂m−m)ψ = 0 by taking γm → eµmγµ and ∂m → ∇µ.

This justifies Eq. (2.2).

3.4 The spin tetrads

In section (2.1), we outlined explicitly the orthonormal tetrad, i.e. the one for

which the tetrad metric is the Minkowski metric

Θmn = ηmn =


−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 . (3.70)

Let us now consider a different tetrad system.

GR is a classical theory, nevertheless, it encodes spin properties in the behavior

of classical waves, such as electromagnetic or gravitational waves. Moreover, to

each quantum field and related particles, is associated with a spin. A legitimate

question may then be if there exists a way to project objects into their spin

components. The answer is clearly yes and involves the spin tetrad.

Spin describes how objects transform if rotated around a preferred axis. In

the case of electromagnetic and gravitational waves, this axis is the one along

which they propagate. The values of the possible spins (or helicities since

they are massless particles) are ±1 and ±2, respectively. For simplicity let us

say that the direction of propagation of the wave is along the z-axis of the

orthonormal tetrad (τt, τx, τy, τz). It is now possible to define the spin tetrad

as (τt, τz, τ+, τ−) where

τ+ =
1√
2

(τx + iτy) (3.71)

τ− =
1√
2

(τx − iτy) (3.72)

are called the spin axes. It is not difficult to verify that

τ+ · τ− = τ− · τ+ = 1 (3.73)
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as well as

τ+ · τ+ = τ− · τ− = 0. (3.74)

The non-vanishing components of the tetrad metrics are the diagonal compo-

nents τ2t = Θtt and τ2z = Θzz and the off-diagonal components τ+τ− = Θ+−

and τ−τ+ = Θ−+. The spin tetrad metric reads

Θmn =


−1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 . (3.75)

One can notice that under a counterclockwise rotation of an angle θ around

the z-axes, the spin axes τ± transforms as

τ± = e∓iθτ±. (3.76)

It is also possible to say that τ± possesses a spin ±1. To better motivate this

last sentence let us remember that an object of spin s is an object that behaves

under a rotation of an angle θ according to e−isθ. In this way, scalar objects

are unaffected by rotation, and spin-12 objects return to the same configuration

after a 4π rotation while just a π rotation is needed for spin-2 objects. The

components of a tetrad tensor inherit the spin properties of the bases and a

general tensor reads

Vmn =


Vtt Vtz Vt+ Vt−

Vzt Vzz Vz+ Vz−

V+t V+z V++ V+−

V−t V−z V−+ V−−

 . (3.77)

25



Each entry of Vmnwill have a spin given by the number of plus/minus in its

subscript, that is

s = −2 : aaV−−

s = −1 : aaVt−, Vz−, V−t, V−z

s = 0ii : aaVtt, Vzz, Vtz, Vzt, V+−, V−+

s = 1ii : aaVt+, Vz+, V+t, V+z

s = 2ii : aaV++

3.5 The Newman-Penrose tetrad

A Newman-Penrose (NP) tetrad (τv, τu, τ+, τ−) is a double null tetrad. It is

built along the ingoing and outgoing light-like directions v and u and the

complex light-like vectors of the spin tetrad τ±. In terms of the orthonormal

tetrad denoted with (τt, τx, τy, τz) it reads

τv =
1√
2

(τt + τz) (3.78)

τu =
1√
2

(τt − τz) (3.79)

τ+ =
1√
2

(τx + iτy) (3.80)

τ− =
1√
2

(τx − iτy) (3.81)

or equivalently 
τv

τu

τ+

τ−

 =
1√
2


1 0 0 1

1 0 0 −1

0 1 i 0

0 1 −i 0



τt

τx

τy

τz

 . (3.82)

It is easy to verify that

τv · τv = τu · τu = τ+ · τ+ = τ− · τ− = 0, (3.83)

τv · τu = τu · τv = −1, (3.84)
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τ+ · τ− = τ− · τ+ = 1, (3.85)

and all other products vanish. Thus, the NP tetrad metric reads

Θmn =


0 −1 0 0

−1 0 0 0

0 0 0 1

0 0 1 0

 . (3.86)

This tetrad will play a central role in the next chapter. It will allow us to de-

velop the Newman-Penrose formalism through which it is possible to condense

field equations of different spin into a single master equation if the background

metric is the Kerr one.
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4 Perturbations of the Kerr metric

In this chapter, we make use of concepts developed in the previous one and

show how in the formalism provided by Newman and Penrose, the adoption

of a double null tetrad implies the unification of quantum field equations in

the so-called Teukolsky equation in the case of a Kerr spacetime. We provide

an explicit example for the case of the electromagnetic field which is then

generalized to an arbitrary spin-s field. We also describe a numerical procedure

to solve the scattering problem of quantum fields in the Kerr spacetime.

4.1 The Newman-Penrose formalism

We aim to describe fields of different spin propagating at the speed of light

in a spacetime described by a vacuum solution of GR (propagating in the

vacuum). Intuitively, we need to find a way to gather together in a smart way

3 different concepts: different spin, speed of light, and vacuum. The concept of

spin seems well represented in the NP tetrad given the + and − components.

The same can be said for the speed of light, since in the NP tetrad the u and v

components are in-going and out-going light-like surfaces. For what concerns

GR in a vacuum the key object is the Weyl tensor Cmnpq. Let us see what

happens when combining those ingredients.

The energy-momentum tensor vanishes in a vacuum. Therefore the Einstein

and Ricci tensor and the Ricci scalar also vanish. The Einstein equations in

vacuum read Rµν = gρσRµρσν = Rρ
µρν = 0. Thus, the trace of the Riemann

tensor is forced to vanish and the surviving part of this tensor is trace-free.

In this case, we have that Cµνρσ = Rµνρσ where the Weyl tensor Cµνρσ is

the trace-less part of the Riemann tensor. Cµνρσ encodes all the gravitational

phenomena in vacuum such as gravitational radiation, waves, tidal forces, and

so on. The equation of motion for the Weyl tensor reads Cρ
µρν = 0 everywhere
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in spacetime, with or without the presence of mass-energy. The Riemann tensor

possesses up to 20 degrees of freedom of which only 10 survive in the Weyl

tensor. More precisely, the symmetries that the Wayl tensor inherited from

the Riemann tensor such as the cyclic first Bianchi identity, together with it

being trace-free, makes it is possible to show that some components vanish

while others remain related, leaving us with ten degrees of freedom. We can

classify the non-vanishing components of the Weyl tensor according to their

spin-s behavior

s = −2 : aaCu−u−

s = −1 : aaC+−u−, Cuvu−

s = 0ii : aaCuvuv, Cuv+−, C+−+−, Cv+−u

s = 1ii : aaCvuv+, C−+v+

s = 2ii : aaCv+v+

The representation of a vector/tensor component with the NP tetrad always

introduces complex scalars possessing therefore 2 degrees of freedom each. As

a consequence the 10 components above are not linearly independent and we

have:

s = −2 : aaψ−2 = Cu−u−

s = −1 : aaψ−1 = C+−u− = Cuvu−

s = 0ii : aaψ0 = Cv+−u =
1

2
(Cuvuv + Cuv+−) =

1

2
(C+−+− + Cuv+−),

s = 1ii : aaψ1 = Cvuv+ = C−+v+

s = 2ii : aaψ2 = Cv+v+

The 10 degrees of freedom of the Weyl tensor are encoded in 5 complex com-

ponents labeled with ψs according to their spin-s behavior.
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The interesting quantities are hence:

s = −2 : aaCu−u− = Cµνσρe
µ
ue

ν
−e

σ
ue

ρ
− = ψ−2

s = −1 : aaC+−u− = Cµνσρe
µ
+e

ν
−e

σ
ue

ρ
+ = ψ−1

s = 0ii : aaCv+−u = Cµνσρe
µ
ve

ν
+e

σ
ue

ρ
− = ψ0

s = 1ii : aaC−+v+ = Cµνσρe
µ
−e

ν
+e

σ
ve

ρ
+ = ψ1

s = 2ii : aaCv+v+ = Cµνσρe
µ
ue

ν
+e

σ
ve

ρ
+ = ψ2

where Cµνσρ is the usual spacetime Weyl tensor and eµu is the part of the

Vielbein eµα for which α = u or α = 1. In four dimensions eau is then a vector

of four components and we have that eau = (τu)a. A similar argument on the

other components of the Vierbein leads to

s = −2 : aaCu−u− = Cµνσρ(τu)µ(τ−)ν(τu)σ(τ−)ρ = ψ−2

s = −1 : aaC+−u− = Cµνσρ(τ+)µ(τ−)ν(τu)σ(τ+)ρ = ψ−1

s = 0ii : aaCv+−u = Cµνσρ(τv)µ(τ+)ν(τu)σ(τ−)ρ = ψ0

s = 1ii : aaC−+v+ = Cµνσρ(τ−)µ(τ+)ν(τv)σ(τ+)ρ = ψ1

s = 2ii : aaCv+v+ = Cµνσρ(τu)µ(τ+)ν(τv)σ(τ+)ρ = ψ2.

For a better comparison with the existing literature on this topic, let us now

rewrite the relevant quantities in the notation first introduced in the original

article of Newman and Penrose [32]:

• The tetrad basis (τv, τu, τ+, τ−) is renamed (l, n,m, m̄) and we have

l2 = n2 = m2 = m̄2 = 0

l ·m = l · m̄ = n ·m = n · m̄ = 0

l · n = m · m̄ = 1

gmn = lmmn + nmln + mmm̄n + m̄mmn

• The directive derivatives will be denoted by

D = ∇l = ∂v, aa∆ = ∇n = ∂u, aapδ = ∇m = ∂+, aa p̄δ = ∇m̄ = ∂−
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• The convention on the scalars of the Weyl is not ψs but ψs+2 so that

ψ−2 → ψ0, aaψ−1 → ψ1, aaψ0 → ψ2, aaψ1 → ψ3, aaψ2 → ψ4, aa

• The decomposition of the Weyl into the five complex scalars then reads

ψ0 = −Cµνσρl
µmν lσmρ

ψ1 = −Cµνσρl
µnν lσmρ

ψ2 = −Cµνσρl
µmνm̄σnρ

ψ3 = −Cµνσρl
µnνm̄σnρ

ψ4 = −Cµνσρn
µm̄νnσm̄ρ

• The non-vanishing components of the tetrad connection are grouped into

12 objects called spin coefficient:

κ = Γ131aa, aaπ = −Γ241aa, aaϵ =
1

2
(Γ121 − Γ341)

ϱ = Γ134aa, aaλ = −Γ244aa, aaα =
1

2
(Γ124 − Γ344)

σ = Γ133aa, aaµ = −Γ243aa, aaβ =
1

2
(Γ123 − Γ343)

ν = Γ−242aa, aaτ = Γ123aa, aaγ =
1

2
(Γ122 − Γ342) (4.1)

It is possible to write the Weyl tensor as the linear combination

1

4
Cµνσρ =ψ0VµνVσρ − ψ1(VµνWσρ +WµνVσρ)

− ψ2(UµνVσρ + VµνUσρ +WµνWσρ)

− ψ3(UµνWσρ +WµνUσρ) − ψ4UµνUσρ + c.c. (4.2)

Where Uµν = l[µmν], Vµν = m̄[µnν], Wµν = l[µnν] − m̄[µnν].

The study of the Weyl tensor and its complexified version led to Petrov’s

classification of vacuum spacetimes [33] (1954). The very same classification

was also independently discovered by Felix Pirani in 1957. Black hole solutions

are “type D” spacetimes in Petrov’s classification, for which

κ = σ = ν = λ = 0 (4.3)
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and

Cµνσ[ρlκ]l
ν lσ = Cµνσ[ρnκ]n

νnσ = 0 (4.4)

implying

ψ0 = ψ1 = ψ3 = ψ4 = 0 (4.5)

This topic has been extensively studied by William Morris Kinnersley in his

PhD thesis [34,35] which was inspired by [36]. He found the explicit represen-

tation of the NP tetrad basis for D-type spacetimes (Namely, spacetime with

two double principal null directions). A rotating black hole is described by

the Kerr solution which is a Petrov D-type solution, and in Boyer-Lindquist

coordinates (t, r, θ, φ) reads

ds2 =

(
1 − 2Mr

Σ

)
dt2 +

4Mar sin2 θ

Σ
dtdφ+ (4.6)

− Σ

∆
dr2 − Σdθ2 −

(
r2 + a2 +

2Ma2r sin2 θ

Σ

)
sin2 θdφ2,

where M is the hole mass, a = J/M is the BH angular momentum, ∆ =

r2 +a2−2Mr, and Σ = r2a2 cos2 θ. This solution has an inner Cauchy horizon

and an outer event horizon at r = r± (∆(r±) = 0). For a spacetime described

by the Kerr metric, we than have

l =

(
r2 + a2

∆
, 1, 0,

a

∆

)
(4.7)

n =
1

2ρ2
(
r2 + a2,−∆, 0, a

)
(4.8)

m =
1

2ρ̄2
(ia sin θ, 0, 1, i csc θ) (4.9)

where ρ̄ = r + ia cos θ, and ρ2 = |ρ̄|2 = ρ̄ρ̄∗.

4.2 Explicit example: the electromagnetic pertur-

bation (s=1)

In the NP formalism, the Kinnersley tetrads, in particular the tetrad of the

Kerr metric, opens the possibility of studying the general relativistic fields

equations conveniently, being able to condense them into a single separable

master equation: the Teukolsky equation. This section contains as an example
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the derivation of the Teukolsky equation in the case of the spin-1 field. The

general case is discussed in the next section. Let us now study explicitly the

electromagnetic radiation in the NP formalism. Maxwell equations in vacuum

read

∇mF
mn = 0aa, aaF[mn;p] = ∇[pFmn] = ∇p(

1

2
ϵmnuvF

uv) = 0 (4.10)

The 6 degrees of freedom of the electromagnetic tensor can be written in terms

of the 3 complex NP scalars

ϕ0 = Fµν l
µmνaa, aaϕ1 =

1

2
Fµν(lµnν + m̄µmν)aa, aaϕ2 = Fµνm̄

µnν (4.11)

Maxwell equations in the Kerr background then read

Dϕ2 − p̄δϕ1 = −λϕ0 + 2πϕ1 + (ϱ− 2ϵ)ϕ2 (4.12)

∆ϕ1 − pδϕ2 = νϕ0 − 2µϕ1 + (2β − τ)ϕ2 (4.13)

Dϕ1 − p̄δϕ0 = (π − 2α)ϕ0 − 2ρϕ1 + κϕ2 (4.14)

∆ϕ0 − pδϕ1 = (2γ − µ)ϕ0 − 2τϕ1 + σϕ2). (4.15)

The choice of the Kinnersley tetrad then guarantees that κ = σ = λ = ν = 0,

and therefore after explicit substitution of the spin coefficients,(
D +

1

ρ̄∗

)
ϕ2 =

(
p̄δ +

2ia sin θ√
2ρ̄∗2

)
ϕ2 (4.16)(

∆ − ∆

ρ2ρ̄∗

)
ϕ1 =

(
pδ +

1√
2ρ̄

(
cot θ − ia sin θ

ρ̄∗

))
ϕ2 (4.17)(

D +
2

ρ̄∗

)
ϕ1 =

(
p̄δ +

1√
2ρ̄∗

(
cot θ − ia sin θ

ρ̄∗

))
ϕ0 (4.18)(

∆ − ∆

ρ2

(
1

ρ̄∗
− 2(r −M)

∆

))
ϕ0 =

(
pδ +

2ia sin θ√
2ρ̄ρ̄∗

)
ϕ1. (4.19)

The stationarity and axial symmetry of the Kerr metric allow for a wave

decomposition of the form ϕj ∼ e−iωteimφ. Therefore, the differential operators

D,∆, pδ, and p̄δ must involve the radial coordinate and the remaining angular

coordinate. One can verify that D and ∆ are radial operators and δ and δ̄ are
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angular operators. In fact,

D = D0, aa∆ = − ∆

2ρ2
D†

0, aapδ =
1√
2ρ̄

L†
0, aa p̄δ =

1√
2ρ̄∗

L0

where

Dn = ∂r + 2n
r −M

∆
− iK

∆
aaaaD†

n = ∂r + 2n
r −M

∆
+
iK

∆
(4.20)

Ln = ∂θ + n cot θ −QaaaaaaaaL†
n = ∂θ + n cot θ +Q (4.21)

and K = (r2 + a2)ω −ma, Q = aω sin θ −m cot θ.

Useful properties of the operators Dn and Ln valid for any integer number n,

p, and q are

Dn∆ = ∆Dn−1 (4.22)

Ln sin θ = sin θLn+ 1 (4.23)(
Dn +

q

ρ̄∗

)
1

ρ̄∗p
=

1

ρ̄∗p

(
Dn +

q − p

ρ̄∗

)
(4.24)(

Ln +
iaq sin θ

ρ̄∗

)
1

ρ̄∗p
=

1

ρ̄∗p

(
Ln +

i(q − p)a sin θ

ρ̄∗

)
(4.25)(

Dn +
q

ρ̄∗

)(
Ln +

iaq sin θ

ρ̄∗

)
=

(
Ln +

iaq sin θ

ρ̄∗

)(
Dn +

q

ρ̄∗

)
(4.26)

(4.27)

Defining

Φ0 = ϕ0, aaaaΦ1 =
√

2ρ̄∗ϕ1, aaaaΦ2 = 2ρ̄∗2ϕ2 (4.28)

it is possible to rewrite Maxwell’s equations as(
D0 −

1

ρ̄∗

)
Φ2 =

(
L0 +

ia sin θ

ρ̄∗

)
Φ1 (4.29)

∆

(
D†

0 +
1

ρ̄∗

)
Φ1 =

(
L†
1 −

ia sin θ

ρ̄∗

)
Φ2 (4.30)(

D0 +
1

ρ̄∗

)
Φ1 =

(
L0 −

ia sin θ

ρ̄∗

)
Φ0 (4.31)

∆

(
D†

0 −
1

ρ̄∗

)
Φ0 =

(
L†
0 +

ia sin θ

ρ̄∗

)
Φ1. (4.32)
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After some manipulation, exploiting the properties of the differential opera-

tors, it is possible to gain further simplification by eliminating Φ1, and obtain-

ing (
∆D1D†

1 + L†
0L1 + 2iω(r + ia cos θ)

)
Φ0 = 0 (4.33)(

∆D†
0D0 + L0L†

1 − 2iω(r + ia cos θ)
)

Φ2 = 0 (4.34)

The two quantities Φ0 and Φ2 are related to the spin ±1 components of the

Maxwell tensor (the same way ψ were related to the spin of components of the

Weyl tensor). It is then reasonable to separate the radial and angular variables

as Φ0 = R+1(r)S+1(θ) and Φ2 = R−1(r)S−1(θ) such that(
∆D0D†

0 + 2iωr
)

∆R+1 = λ∆R+1 (4.35)(
∆D†

0D0 − 2iωr
)
R−1 = λ̂R−1 (4.36)(

L†
0L1 − 2aω cos θ

)
S+1 = −λ̂S+1 (4.37)(

L0L†
1 + 2aω cos θ

)
S−1 = −λ̂S−1 (4.38)

where λ̂ is the separation constant, which must be real. One may also ob-

tain the equations relating spin plus and minus functions called Teukolsky-

Starobinsky identities. Equations (4.33) and (4.34) can be rewritten as special

cases (s = ±1) of

1

∆s
∂r(∆

s+1∂rΥs) +
1

sin θ
∂θ(sin θ∂θΥs) −

(
(r2 + a2)2

∆
− a2 sin2 θ

)
∂2t +

− 4Mar

∆
∂t∂φΥs −

(
a2

∆
− 1

sin2 θ

)
∂2φΥs + 2s

(
M(r2 − a2)

∆
− r − ia cos θ

)
∂tΥs+

+ 2s

(
a(r −M)

∆
+
i cos θ

sin2 θ

)
∂φΥs − (s2 cot2 θ − s)Υs = 0 (4.39)

[37–41], where Υs = e−iωteimφυs(r, θ) and υs = Rs(r)Ss(θ) with υ+1 and υ−1

corresponding to Φ0 and Φ2 respectively.

4.3 General case: The Teukolsky equation

The line of reasoning employed in the previous section can be extended to any

value of the field spin. The electromagnetic and gravitational perturbations
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are rigorously discussed in [37–41]. The calculations for the spin-1/2 field are

described in [38,42–46]. It has to be noticed that prior to these studies the NP

formalism had been applied to the spin-1/2 field without deriving the master

equation in [47], while [48] considered the spin-1 case reaching a single second

order partial differential equation which they considered non-separable. In the

case of a scalar field, the NP scalar is the field itself [49,50]. Finally, references

for the Rarita-Schinger perturbation in the Kerr background can be found

in [51–59] and considerations regarding different spin fields can be found in

several textbooks and articles [60–64].

Despite the different equations governing the dynamics of massless (test) fields

in curved spacetime, in the case of the Kerr metric a unified description can

be obtained with the aid of the Newman-Penrose (NP) formalism [32, 35, 36],

and one can condense all these equations into the so-called Teukolsky master

equation, which in Boyer-Lindquist coordinates reads exactly as (4.39), where

the functions Υs encode the NP scalars, obtained by contraction of the original

tensor fields with the Kinnersley tetrad null vectors [35]. This equation thus

encodes the dynamics of Klein-Gordon scalar fields (s = 0), Weyl fermions

(s = ±1/2), vector fields (s = ±1), Rarita-Schwinger fields (s = 3/2) and

gravitational perturbations (s = ±2) in the massless limit. Moreover, the

Teukolsky equation can be solved by the separation of variables, with the NP

scalars admitting a mode decomposition of the form:

Υs =
∑

e−iωteimφSs(θ)Rs(r) , (4.40)

where ω is the perturbation frequency, m is the azimuthal angular momentum

quantum number. Υs represents a general perturbation of spin s and it is

defined by the NP-scalars relative to the respective perturbation. Namely, the

NP-scalars involved in the definition of Υs are ϕ, χ0,1, ϕ0,2, Ω0,3, ψ0,4 for spin

0, 1/2, 1, 3/2, 2 respectively and they compine according to Tab. 4.1 in the

definition of Υs.
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Υs s

ϕ 0

χ0 +1/2

ρ−1χ1 -1/2

ϕ0 +1

ρ−2ϕ2 -1

Ω0 +3/2

ρ−3Ω3 -3/2

ψ0 +2

ρ−4ψ4 -2

Table 4.1: Newman-Penrose scalars.

The angular functions Ss(θ) are the so-called spin-weighted spheroidal har-

monics, which satisfy the equation [65–68]

1

sin θ
∂θ (sin θa∂θSs) +

(
a2ω2 cos2 θ − m2

sin2 θ
− 2aωs cos θ + (4.41)

−2ms cos θ

sin2 θ
− s2 cot2 θ + s+ sA

m
l

)
Ss = 0 .

These functions reduce to scalar spherical harmonics for s = 0 and a = 0, and

generalize conventional spin-weighted spherical harmonics to the more general

case of axial symmetry. sA
m
l = sA

m
l (aω) are the eigenvalues of (4.41) and

cannot be expressed analytically in terms of the spherical angular momentum

quantum numbers l,m. Nevertheless, for aω ≪ 1 they can be computed using

a perturbative expansion [68], yielding:

sA
m
l (aω) = l(l + 1) − s(s+ 1) − aω

2ms2

l(l + 1)

+ (aω)2
{

2

3

[
1 +

3m2 − l(l + 1)

(2l − 1)(2l + 3)

]
− 2s2

l(l + 1)

3m2 − l(l + 1)

(2l − 1)(2l + 3)

+ 2s2
[

(l2 − s2)(l2 −m2)

l3(2l − 1)(2l + 1)
− [(l + 1)2 −m2][(l + 1)2 − s2]

(l + 1)3(2l + 1)(2l + 3)

]}
+ O

[
(aω)3

]
. (4.42)

The functions Rs are the radial part of the NP scalars and satisfy the radial
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equation

∆−s∂r(∆
s+1∂rRs)+((K2−2is(r−M)K)∆−1+4isωr−sQ

m
l )Rs = 0 , (4.43)

where sQ
m
l = sA

m
l + a2ω2 − 2aωm and K = (r2 + a2)ω−ma. These functions

take the following form far away and near the BH horizon:

Rs ∼ Rin
s

e−iωr∗

r
+Rout

s

eiωr∗

r2s+1
, r ≫ r+ (4.44)

Rs ∼ Rhole
s ∆−se−ikr∗ , r ∼ r+ (4.45)

where r∗ is the tortoise coordinate, defined via dr∗/dr = (r2 + a2)/∆, and we

have imposed in-going boundary conditions at the horizon such that we have

no outgoing radiation from the black hole. We note that the solutions Rs and

R−s for the same spin are, in general, distinct, but are nevertheless related

through the Teukolsky-Starobinsky identities [69, 71–74] that can be derived

from the original field equations:

∆s(D†)2s∆sRs = C∗
sR−s , (4.46)

(D)2sR−s = CsRs , (4.47)

where D = ∂r− iK∆ . The Starobinsky constants Cs (omitting the l,m quantum

numbers for simplicity) for the fields of interest are given by:

C2
0 = 1 (4.48)

C2
1/2 = Q1/2 +

1

4
(4.49)

C2
1 = Q2

1 + −4a2ω2 − 2aωm (4.50)

C2
3/2 =

(
Q3/2 +

3

4

)(
Q3/2 +

1

4

)
− 16a2ω2

(
Q3/2 −

7

4

)
+ 16amω

(
Q3/2 −

3

4

)
(4.51)

|C2|2 = (Q2
2 + 4aωm− 4a2ω2)((Q2 − 2)2 + 36aωm− 36a2ω2)+ (4.52)

+ (2Q2 − 1)(96a2ω2 − 48aωm) + 144ω2(M2 − a2) .

Note that C0, C1/2, C1, and C3/2 are real, while C2 is complex.

Through the redefinition Ys = ∆s/2(r2 + aa)1/2Rs we may also write (4.43) in
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a Schrödinger-like form:

(∂2r∗ − V (r∗))Ys = 0 , (4.53)

where the effective potential V =sV
m
l vanishes both at the horizon, where

r∗ → −∞, and at infinity, for r∗ → +∞. The form of Eq. (4.53) guarantees

that the Wronskian does not change if calculated at different radial positions.

In particular, there is a conserved current:

[
Y ∗
−s∂r̃Ys − Ys∂r̃Y

∗
−s

]
r=r+

=
[
Y ∗
−s∂r̃Ys − Ys∂r̃Y

∗
−s

]
r=∞ . (4.54)

Substituting the asymptotic and near-horizon solutions in the Teukolsky-Staro-

binsky identities yields the relations between R+|s| and R−|s|, while (4.54)

yields an energy conservation law.

It is possible to investigate the scattering problem. Namely, to radially send a

wave from infinity to the event horizon and calculate what is scattered back to

infinity due to the potential V , and what is transmitted and falls into the event

horizon. This way one obtains the transmission coefficient for each (l,m)-mode

of the wave with spin s as a function of the energy of the wave for a given

spin of the BH. It is worth noticing that the computed transmission coefficient

has to be the same if one imagines the reverse scattering problem in which a

wave emerges from the event horizon and is scattered back and transmitted

to infinity. As we will explain in the next chapter, this is the picture that an

observer at infinity would draw by observing an evaporating BH. In the wave

scattering problem, the transmission coefficient is given by the ratio between

the energy flux into the BH horizon and the incoming energy flux at infinity:

Γ =
dEhole/dt

dEin/dt
. (4.55)

These energy fluxes can be computed from the form of the energy-momentum

tensor for each field as described in [38,40,70]. As said, this transmission coef-

ficient depends on the frequency, spin, and angular momentum quantum num-

bers of each field mode, as well as on the BH spin parameter, Γ = sΓ
l
m(a, ω). In

the context of Hawking emission, it usually takes the name of gray-body fac-

tor, since it quantifies the filtering of field modes by the BH effective potential

as they propagate away from the event horizon.
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4.3.1 Numerical computation of gray-body factors

Transmission coefficients can be computed analytically only under very strin-

gent approximations [71–73, 75–80], so numerical methods are in general re-

quired to compute them for different wave modes. Here, we will use a shooting

method similar to the one employed in i.e. [70] and first used to calculate the

quasi-normal modes of the Schwarzschild black hole by Chandrasekhar and

Detweiler in 1975 [81]. The first step is to write Eq. (4.43) in terms of the

re-scaled radial coordinate x = (r − r+)/r+:

x2(x+ τ)2∂2xR(x) + (s+ 1)(2x+ τ)x(x+ τ)∂xR(x) + V (x)R(x) = 0 , (4.56)

where the effective radial potential can be written as:

V (x) = k2 − is(2x+ τ)k + (4isω(x+ 1) −Ql,m
s )x(x+ τ) , (4.57)

where k = (2 − τ)(ω − mΩH)r+ + x(x + 2)ωr+, ΩH is the angular velocity

of the black hole horizon and τ = (r+ − r−)/r+. Imposing ingoing boundary

conditions at the horizon, the near-horizon solutions of Eq. (4.56) can then be

expressed in a Taylor expansion [70,82] of the form

R(x) = x−s−iϖ/τ
∞∑
n=0

anx
n, (4.58)

where ϖ = (2− τ)(ω−mΩH)r+ and the coefficients an can be determined by

substituting the power series (4.58) into (4.56) and solving iteratively the re-

sulting algebraic equations. The near-horizon solution is then used as a bound-

ary condition for numerically integrating the radial Teukolsky equation up to

large distances, where the general form of the solution is known and reads:

R(x) → sR
lm
in

r+

e−iω̄x

x
+

sR
lm
out

r2s+1
+

eiω̄x

x2s+1
, (4.59)

where ω̄ = ωr+. It is then possible to extract the coefficient sR
lm
in (ω) in order

to evaluate the transmission coefficient. The normalization of the scattering

problem is set by i.e. a0 = 1 which is equivalent to

|sRlm
hole|2 = (2r+)2s(a2 −M2)2 . (4.60)
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This then yields the transmission coefficients for the different spin fields:

Γlm
0 =

ϖ

ω̄
|0Rlm

in |−2 (4.61)

Γlm
1/2 = τ |1/2Rlm

in |−2 (4.62)

Γlm
1 =

τ2ω̄

ϖ
|1Rlm

in |−2 (4.63)

Γlm
3/2 =

τ3ω̄2

(ϖ2 + τ2/16)
|3/2Rlm

in |−2 (4.64)

Γlm
2 =

τ4ω̄3

ϖ(ϖ2 + τ2/4)
|2Rlm

in |−2 , (4.65)

or, in a more compact way,

Γlm
s = δs|sRlm

in |−2 (4.66)

with

δs = −ieiπsω̄(2s−1)

(
1

2

)1−2s Γ(1 − s+ i2ϖ
τ )

Γ(s+ i2ϖ
τ )

τ . (4.67)

We applied this method and numerically calculated the Γlm
s for the different

values of the spin of the field up to the modes l = 4 (l = 7/2) included for

bosons (fermions) by solving (4.56) with Ql,m
s and (4.58) up to the fifth order,

for different values of the BH spin by taking 600 equally distributed points

between ωr+ = 0 and ωr+ = 2.4. This maximum frequency is sufficiently large

so that all relevant transmission coefficients for our calculations are already

close to unity. In addition, higher frequency modes are Boltzmann-suppressed

in the calculation of the Hawking emission spectra as we will see in the next

chapter.

It has to be noted that the gray-body factors are computed for massless fields.

In principle, this can also be done for massive fields, but given that the emission

of particles with masses, m, above the Hawking temperature (see next chapter)

TH = κ/2π ≃ 1 GeV(1010kg/M) is exponentially suppressed we will work in

the approximation where particles are considered massless for TH > m and

are otherwise absent from the emission spectrum.

In chapter 9, Fig. 9.18 shows some examples of gray-body factors for a spin-1

massless field as a function of ω̄. Fig. 9.18 also shows that the transmission

coefficient is negative when ω < mΩH . Only bosons are characterized by the

possibility of having negative transmission coefficients that we can interpret

42



as stimulated emission. The phenomenon takes the name of superradiance and

may lead to instabilities as it is discussed in the next chapter.
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5 Hawking radiation

In curved spacetime, different observers do not necessarily agree in their def-

inition of what is the quantum vacuum state, i.e. the state with the lowest

possible energy. This is due to the use of different time coordinates to perform

the separation between the positive and negative frequency modes that under-

lie the field quantization procedure. While in flat Minkowski space, all inertial

observers perform this mode separation in an equivalent way due to Lorentz

invariance, in spacetime manifolds that include regions with non-negligible

curvature, particularly event horizons, this is typically not the case.

In particular, Hawking showed in 1974 [83,84] that a stationary (and therefore

non-inertial) observer standing far away from a BH horizon will measure an

outgoing flux of particles with a nearly thermal spectrum if the associated

quantum field is in the vacuum state as defined by an observer freely falling

into the BH, or equivalently the vacuum state as defined in the asymptotic

past well before the collapsing matter formed the BH. He took into account the

collapse of gas and the consequent formation of an event horizon and counted

the accessible frequencies before and after the formation of the horizon. This

Hawking radiation is, therefore, a purely gravitational effect, such that a BH

essentially emits all the particle degrees of freedom related to the temperature

characterizing the radiation, called Hawking temperature, TH ≃ M2
P /8πM ,

where MP =
√

ℏc/G ∼ 2.17645 × 10−8 kg is the Plank mass, for a slowly

rotating BH. In practice, all the particle species with masses below the Hawk-

ing temperature are emitted. In this process only the BH and the Hawking

radiation are involved, so, imposing the conservation of the energy one con-

cludes that the radiation is emitted at the expense of the mass and angular

momentum of the BH (as measured by an asymptotic observer), thus leading

to its evaporation.

This chapter does not follow Hawking’s original idea. Nonetheless, we will de-
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rive the Hawking radiation using the Bogoliubov transformations. We will see

that the concept of vacuum is not generally invariant, and define the Unruh

and Hawking effects in (1+1)-dimensions. We will outline the theoretical as-

pects of BH evaporation, emission, and superradiance.

5.1 The Bogoliubov transformations

As said, different observers in curved spacetime do not necessarily agree on the

definition of the quantum vacuum state, i.e. the state with the lowest possible

energy. This is due to the use of different proper time definitions they will adopt

in performing the separation between positive and negative frequency modes, a

procedure at the base of the field quantization process. In Minkowski spacetime

the Lorentz transformations ensure that all inertial observers perform this

mode separation equivalently, writing the creation operators of one observer

as a linear combination of creation operators of another observer (and the same

holds true for the annihilation operators). This is not the case if accelerations

are involved or if spacetime has a non-negligible curvature.

The elements of the proper, orthocronous Lorentz group SO+(1, 3) link inertial

observers describing the manifold according to the Minkowski metric. Given

two inertial observers, Alice and Bob, we want to describe their creation and

annihilation operators in the simplest relativistic quantum theory: a massless

and minimally coupled scalar field. The difference in the two descriptions lies in

how the Lorentz transformations change the operators. Elements of SO+(1, 3)

do not change the sign of the frequencies associated with creation/annihilation

operators used for defining the quantum field. As a result, the annihilation op-

erators of Bob correspond to a linear combination of the annihilation operators

of Alice, and vice versa

b̂
k⃗′ =

∫
â
k⃗
n
k⃗,⃗k′d

3k, (5.1)

â
k⃗

=

∫
b̂
k⃗′n

∗
k⃗′ ,⃗k

d3k′, (5.2)

and the very same can be said about the creation operators. This implies that

Alice and Bob will agree on the vacuum definition:

b̂
k⃗′ |0⟩ = â

k⃗
|0⟩ = 0. (5.3)
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Let us now consider two observers experimenting with different acceleration

in a Minkowskian spacetime or locally equivalently to two observers in dif-

ferent positions in a gravitational field. Such observers are linked by trans-

formations belonging to a group much larger than SO+(1, 3): the general

linear group, GL(1, 3). One may reproduce the previous steps: considering

a minimally coupled massless scalar field for Alice and Bob, and writing the

creation/annihilation operators of one observer as a linear combination of cre-

ation/annihilation operators of the other. As a result, one finds that the ele-

ments of GL(1, 3) may map positive frequencies into negative and vice versa.

This means that in general the creation/annihilation operators of one observer

are given by a linear combination of both creation and annihilation operators

of the other according to:

b̂
k⃗′ =

∫ (
â
k⃗
A∗

k⃗,⃗k′
− â†

k⃗
B∗

k⃗,⃗k′

)
d3k (5.4)

â
k⃗

=

∫ (
b̂
k⃗′Ak⃗,⃗k′ + b̂†

k⃗′
B∗

k⃗,⃗k′

)
d3k′. (5.5)

These are the famous Bogoliubov transformations and entail a profound con-

sequence: Alice and Bob will disagree on the vacuum definition! They will be

defined respectively as:

|0A⟩ : â
k⃗
|0A⟩ = 0 ∀k⃗ (5.6)

|0B⟩ : b̂
k⃗′ |0B⟩ = 0 ∀k⃗′ (5.7)

and we have that:

⟨0A|b̂k⃗′ b̂
†
k⃗′
|0A⟩ =

∫
|B

k⃗,⃗k′ |
2d3k (5.8)

⟨0B|âk⃗â
†
k⃗
|0B⟩ =

∫
|A

k⃗,⃗k′ |
2d3k′. (5.9)

In a more refined way, it is possible to say that the concept of vacuum is not

generally covariant.

The normalization of the operators imposes that

[â
k⃗
, â†

k⃗′
] = δ3(k⃗ − k⃗′) (5.10)
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and implies the normalization of the Bogoliubov coefficients:

δ3(k⃗ − k⃗′) =

∫ (
A

k⃗,⃗k′′A
∗
k⃗′ ,⃗k′′

+B∗
k⃗,⃗k′′

B
k⃗′ ,⃗k′′

)
d3k′′ (5.11)

5.2 The Unruh effect

Let us consider a 1 + 1 flat spacetime in which we have an inertial observer,

and a Rindler observer, i.e. an observer moving at a constant acceleration α

with respect to the inertial one. The line elements of the two observers read

ds2 = −dT 2 + dX2 (5.12)

ds2 = e2xα(−dt2 + dx2). (5.13)

These two line elements are related by a conformal transformation so that the

consequent massless, minimally coupled Klein-Gordon equation is given by

(−∂2T − ∂2X)ϕ = (−∂2t + ∂2x)ϕ = 0. (5.14)

It is possible to write the field in terms of plane waves for the two observers

ϕ =

∫
dΩ

2π
(âΩfΩ + â†Ωf

∗
Ω) (5.15)

ϕ =

∫
dω

2π
(b̂ωgω + b̂†ωg

∗
ω), (5.16)

where

fΩ =
ei(−ΩT+KX)

√
4πΩ

=
e−iΩ(T−X)

√
4πΩ

=
e−iΩU

√
4πΩ

(5.17)

gω =
ei(−ωt+kx)

√
4πω

=
e−iω(t−x)

√
4πω

=
e−iωu

√
4πω

, (5.18)

since Ω = K and ω = k. It is understood that all the considerations regarding

the Bogoliubov transformations hold, in particular

gω =

∫ ∞

0
dΩ(AωΩfΩ +BωΩf

∗
Ω) =

∫ ∞

0

dΩ√
4πΩ

(AωΩe
−iΩU +BωΩe

iΩU ) = gω(U)

(5.19)
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It is possible to express this last quantity as a Fourier transform

gω(U) =
1

2π

∫ ∞

0
g̃ω(−W )eiWUdW +

1

2π

∫ ∞

0
g̃ω(W )e−iWUdW (5.20)

and identify AωΩ =
√

Ω
π g̃ω(Ω) and BωΩ =

√
Ω
π g̃ω(−Ω).

Considering the line elements in light-cone coordinates ds2 = dUdV = e2xα(dudv)

it is easy to obtain

U = −α−1eαu ; u = α−1ln[−αU ] (5.21)

and the relations

gω(U) =
1√
4πω

e−iω
α
ln[−αU ] if U < 0, (5.22)

gω(U) = 0 if U > 0, (5.23)

hold.

Using the inverse Fourier transformation one has

g̃ω(−Ω) =

∫ ∞

−∞
gω(U)e−iΩUdU =

1√
4πω

∫ 0

−∞
e−iω

α
ln[−αU ]e−iΩUdU (5.24)

It is possible to solve this integral by exploiting the residue theorem and the

fact that the logarithmic function of a complex argument is multi-valued,

obtaining:

g̃ω(−Ω) = −e−
ω
α
π g̃ω(Ω) (5.25)

Eq (5.25) allows to set the important relation AωΩ = −BωΩe
ω
α
π.

Using Eqs. (5.8) and (5.11) one then arrives at

⟨0A|b̂k⃗′ b̂
†
k⃗′
|0A⟩ = ⟨N̂b⟩ =

∫
|B

k⃗,⃗k′ |
2d3k⃗ =

δ3(0)

(e2
ω
α
π − 1)

. (5.26)

Equation (5.26) represents the number of particles that one observer measures

when the other measures the vacuum. This is a divergent quantity due to the

presence of a δ. This is a sign that we are considering an infinite volume

space. The constant and meaningful quantity is the particle number density

49



that takes the value

nb =
1

(e2
ω
α
π − 1)

. (5.27)

Equation (5.27) represents manifestly a Bose-Einstein statistics corresponding

to a thermal bath at the Unruh temperature:

TU =
α

2π
=

ℏα
2πckB

. (5.28)

It is possible to obtain the number density of the Fermi-Dirac statistics by

imposing anti-commutation relations in the definition of the Bogoliubov trans-

formations.

To underline the relation between the Unruh and Hawking effects it is worth

emphasizing that the acceleration of the Rindler observer causes the formation

of an apparent horizon the closer to the observer the higher the magnitude of

the acceleration.

5.3 The Hawking effect

Let us consider the non-flat situation where a BH is present, and let us analyze

the (1 + 1) dimensions case. We aim to explore how an observer at an infinite

distance will regard the vacuum defined by an observer free-falling near the

horizon. For this reason, we consider the (1 + 1) Schwarzschild geometry with

Schwarzschild radius in Planck units, rS = 2M

ds2 = −
(

1 − rS
r

)
dt2 +

(
1 − rS

r

)−1
dr2 (5.29)

and we rewrite it into two different coordinate systems: the tortoise coordinates

are good for describing an observer at a fixed radial position

ds2 =
(

1 − rS
r

)
(−dt2 + dx2)

r→∞−−−→ (−dt2 + dx2) (5.30)

where dx = (1− rS/r), and the Kruskal coordinates are good for describing a

free-falling observer

ds2 =
rs
r
e
1− r

rS (−dT 2 + dX2)
r→rS−−−→ (−dT 2 + dX2), (5.31)
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where

v = t+ x , u = t− x

V = κ−1eκv , U = −κ−1e−κu

T = U + V , X = V − U

and κ = (2rS)−1 is the surface gravity of the black hole, the acceleration that

an observer would experiment while standing still arbitrarily close to the event

horizon.

The related Klein-Gordon massless, minimally coupled equations will read

identically to (5.14). Performing the same steps as we did for the Unruh effect

one reaches very similar conclusions. There is only a significant difference

concerning the light-cone coordinates “u” and “U” that will differ from (5.21)

and read

U = −κ−1eκu ; u = κ−1ln[−κU ] (5.32)

One therefore concludes that (5.27) and (5.28) are modified and give a Bose-

Einstein distribution at a Hawking temperature:

n =
1

(e2
ω
κ
π − 1)

. (5.33)

TH =
κ

2π
=

ℏκ
2πckB

≃ 1 GeV

(
1010kg

M

)
. (5.34)

Similar reasoning leads to writing the Hawking temperature of a Kerr BH as

TH =
1

(2 + (
√

1 − ã)−1)

M2
P

8πM
, (5.35)

where MP is the Planck mass and ã = J/M2 is the dimensionless spin pa-

rameter of the BH. Note that Hawking’s original derivation [83,84] takes into

account the gravitational collapse of a massive star into a black hole and the

dynamical evolution of field modes through the whole spacetime and reaches

the same results presented above.
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5.4 Black hole emission spectra

In this section, we outline the methodologies adopted for computing the pri-

mary and secondary components of the spectra emitted by a BH. The primary

component of the spectrum is the one given by the particles directly emitted

by the black hole due to Hawking radiation, while the secondary component

results from all the processes the particles may undergo after being emit-

ted and which produce further particles. We consider different methods for

computing the secondary component according to the energies of the emitted

particles and therefore to the mass of the PBH. We have, in particular, used

the BlackHawk [93–96] code to determine the secondary photon spectrum. It

makes use of Hazma [97] and PYTHIA [98,99] codes for low and high-energy

primary particles. For low-temperature PBHs (≲ 20 MeV), we employ the

semi-analytical method described in [100] to compute the secondary spectrum

which is dominated by the electron Final State Radiation (FSR). These meth-

ods rely on different approximations and have different ranges of validity, which

we discuss in each case. When taking into account the very energetic emission

coming from light PBHs, we decided not to consider the approximation given

in [101] for calculating the secondary component. In fact, to compute the sec-

ondary emission [101] extends the known particle physics to energies beyond

the ones tested in colliders. This procedure may be spoiled by the presence of

new physics at these energies which may lead to different fragmentation pro-

cesses and different spectra. Therefore, we assumed an agnostic position and

based our considerations at those energies only on the primary component.

5.4.1 Black Hole primary emission

As already discussed there are differences in the quantum vacuum definition

by a near horizon free-falling observer and a distant observer at rest in the

BH frame. In principle, such differences should lead to a perfect thermal flux

described by equation (5.33). However, the presence of a gravitational poten-

tial will filter differently the different modes of the fields. As a result, a net

nearly-thermal flux at infinity emerges. For a Kerr BH with dimensionless spin

parameter ã and angular velocity at the horizon ΩH , a particle species i with
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spin s is emitted at a differential rate [87,88,102]:

d2NP,i

dtdEi
=

1

2π

∑
l,m

Γs
l,m(ω)

e2πk/κ ± 1
, (5.36)

where P stands for primary, ω = Ei is the mode frequency (in natural units),

Γs
l,m are the transmission coefficients or gray-body factors discussed in 5.4

encoding the deviations from a black-body spectrum for each (l,m)-mode in

a spheroidal wave decomposition, k = ω −mΩ and κ =
√

1 − ã2/2r+ is the

surface gravity of the Kerr BH with event horizon at r+. The reader may have

noticed that in (5.36) the angle defining the line of sight between the Earth

and the BH is not explicitly mentioned. If one considers a Schwarzschild BH

this does not represent a problem since the spherical symmetry of the problem.

This holds true as an approximation in the case of slow rotation of the BH,

but it is otherwise not true. In fact, a Kerr BH being axially symmetric shows

a non-trivial dependence on the angular variable θ inherited from the angular

part of the field equations. In fact, the angular differential emission rate is

given by [42,103–107]:

d2NP,i

dtdEidΩ
=

1

4π

∑
l,m

Γs
l,m

e2πk/κ ± 1
(|S−s

l,m(θ)|2 + |Ss
l,m(θ)|2) , (5.37)

where dΩ is the infinitesimal solid angle element.

5.4.2 Black Hole secondary emission

It is worth noticing that among the plethora of emitted particles, we are inter-

ested in the ones that may reach the Earth, and be used as a probe, namely,

the stable and uncharged components of the SM, the photons, and the neu-

trino. For the scope of this thesis, in the next chapters, we will consider the

neutrinos spectrum only in relation to energies beyond the SM for which we

will consider only the primary emitted neutrinos. Therefore, we will not dis-

cuss the secondary component of the neutrino spectrum and focus only on the

secondary component of the photon spectrum. An evaporating PBH emits sev-

eral different charged particles that radiate photons as they travel away from

the PBH. Photons also result from the decay of unstable particles, like neutral

pions. These photons are naturally less energetic than those emitted directly
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by the Hawking effect, but nevertheless yield a very significant contribution

to the total photon spectrum, in some cases a few orders of magnitude above

the intensity of primary emission. The full spectrum can then be obtained by

convoluting the primary emission rate in Eq. (5.36) with the number of pho-

tons radiated by each charged/unstable primary particle. This is, generically,

a non-trivial procedure that has to be performed using numerical tools, par-

ticularly in the case of quarks and gluons that hadronize as they move away

from the PBH, for Hawking temperatures roughly exceeding the QCD decon-

finement temperature ΛQCD.

We have chosen to use the publicly available BlackHawk code for numerical

calculations of the secondary spectrum. In fact, this code gives the full pho-

ton spectrum for a given PBH mass and spin, and we have checked that the

primary component yields results in agreement with our independent calcula-

tion. We must note that the latest version of BlackHawk relies on two different

particle physics codes to compute the number of photons radiated by primary

particles: Hazma for primary particle energies below a few GeV and PYTHIA

for energies > 5 GeV.

Let us note that the PBH primary emission has a near blackbody shape, im-

plying that peak emission occurs for energies about five times larger than the

Hawking temperature. In particular, a PBH with temperature TH ∼ 1 GeV

emits more intensely particles with an energy ∼ 5 GeV. Taking into account

that the Hawking temperature is given by (5.35) and that for the PBHs away

from extremality the first multiplicative factor is close to unity, we conclude

that the use of PYTHIA is appropriate for PBH masses ≲ 1010 kg (TH ≳ 1

GeV). We note that PYTHIA offers the possibility of extending its operative

range via extrapolation tables. However, as described in [100], this may lead to

unreliable spectra. In particular, a comparison of the PYTHIA extrapolated

spectra with the ones obtained using Hazma, for M > 2.5 × 1010 kg, reveals

the failure of the former method in describing physical features such as neu-

tral pion decay, π0 → γγ, which should yield a symmetric emission peaked

at energies corresponding to half of the pion’s mass that is not well repro-

duced by the PYTHIA-based spectra. The contribution of pion decay to the

photon spectrum is significant for PBH masses in the range 2.5 × 1010 − 1011

kg (TH ∼ 100 − 400 MeV) since for lighter PBHs it is overcome by other

secondary photon sources, while for heavier PBHs primary pion emission is

Boltzmann-suppressed.
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For these reasons, we employ PYTHIA for PBH masses M = 5×107−2.5×1010

kg (low mass range). We considered a lower bound in masses in the use of

PITHYA since it corresponds to a higher bound on the energies at roughly

1 TeV ensuring us to operate within tested particle physics. For the interval

M = 2.5 × 1010 − 5 × 1011 kg (intermediate mass range) we use Hazma. In

principle, Hazma can be used also for higher BH masse. Nonetheless, for such

masses, it is also possible to perform a semi-analytical computation that we

can perform ab initio and which is in agreement with Hazma. In both cases,

PITHYA and Hazma are implemented through the BlackHawk code.

For PBH masses M = 5 × 1011 − 1012 kg (high mass range), for which the

Hawking temperature TH ≲ 20 MeV, we have chosen to use the semi-analytical

method considered in [100], since secondary emission is in this case fully dom-

inated by electron FSR, with no muons, pions, or QCD degrees of freedom

being significantly emitted by the PBHs. In this case, the secondary photon

spectrum is given by convoluting the primary electron and positron spectrum

given in Eq. (5.36) with the Altarelli-Parisi splitting functions at leading order

in the electromagnetic fine-structure constant αEM [108,109]:

d2NFSR
S,γ

dtdEγ
=

∑
i=e±,µ±,π±

∫
dEi

d2NP,i

dtdEi

dNFSR
i

dEγ
, (5.38)

where for completeness we have also included the (sub-dominant) contribu-

tions from muons and charged pions and:

dNFSR
i

dEγ
=
αEM

πQi
Pi→iγ(x) log

(
1 − x

µ2i
− 1

)
, (5.39)

Pi→iγ(x) =


1+(1−x)2

x for i = e±, µ±

2(1−x)
x for i = π±

, (5.40)

with x = Eγ/Ei, µi = mi/2Ei. With these analytical expressions for the

splitting functions, we have computed the convolution integrals numerically for

the high mass range, using the primary emission spectrum given in Eq. (5.36)

for the corresponding particles.

It is possible to extend the validity range of the above calculation by taking into

account the π0 double photon decay, which is non-negligible for M ≲ 5× 1011
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kg as done and described in [100,110]

d2Nγ,tot

dtdEγ
=
d2NP,γ

dtdEγ
+
d2NFSR

S,γ

dtdEγ
+
d2Ndecay

S,γ

dtdEγ
. (5.41)

Here P and S stand for primary and secondary. The third term on the right-

hand side of Eq. (5.41) is given by the decay of the neutral pion and reads:

d2Ndecay
S,γ

dtdEγ
= 2

∫
dEπ

d2NP,π

dtdEπ

dNdecay
π

dEγ
, (5.42)

with
dNdecay

π

dEγ
=

Θ(Eγ − E−
π )Θ(E+

π − Eγ)

E+
π − E−

π
(5.43)

where Θ is the Heaviside step function and E±
π = (Eπ ±

√
E2

π −m2
π)/2.

Nonetheless, given the proximity of the pion rest mass and the ΛQCD energy we

preferred to leave the treatment of these temperatures to the fully coputational

treatment of Hazma.

5.5 BH evaporation

In the previous chapter, we described the emission of field quanta in the Hawk-

ing radiation. If one enforces the conservation of energy one must conclude that

such emission comes at the expense of both the BH mass and angular momen-

tum. Following the procedure described in [87–89] and later in [90–92] it is

possible to compute how much energy and angular momentum is extracted by

each field mode (l,m) by spin s. Therefore, summing over all (l,m)-modes we

obtain the rates of mass and angular momentum loss due to a specific field of

spin-s, fs, and gs respectively:(
fs

gs

)
=
∑
l,m

1

2π

∫ ∞

0
dx

sΓi,l,m

e2πk/κ ± 1

(
x

mã−1

)
, (5.44)

where x = ωM and we removed the dependence on the BH mass. Tab. 5.1

reports the numerically calculated values for functions fs and gs, while Tab.

5.2 contains the parameters obtained by fitting the functions fs and gs to 11th

order polynomials in the BH spin ã, of for different values of field spin s. Since

we are working in the massless approximation one may notice that the inte-
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gral in (5.44) spans all energies going from 0 to infinity. As discussed later in

this section, we will take into account the field mass by considering or not the

presence of a specific field in the set of fields characterizing the evaporation of

the BH at a fixed temperature.

If one sums over all the particle degrees of freedom accessible at the temper-

ature of the BH one has the functions determining the PBH mass and spin

evolution F ≡ −M2dM/dt and G ≡ −(M/ã)dJ/dt(
F
G

)
=

(
n0f0 + n1/2f1/2 + n1f1 + n3/2f3/2 + n2f2

n0g0 + n1/2g1/2 + n1g1 + n3/2g3/2 + n2g2

)
(5.45)

=
∑
i,l,m

1

2π

∫ ∞

0
dx

sΓi,l,m

e2πk/κ ± 1

(
x

mã−1

)
, (5.46)

where the sum is taken over all particle species i and angular momentum

quantum numbers (l,m). The upper/lower sign corresponds to fermion/boson

fields. The function

H =
G
F

− 2 =
d log ã

d logM
(5.47)

determines whether a black hole spins up or down during its evolution, taking

into account the relative magnitude of mass and angular momentum loss rates.

If there is a value ã∗ for which H(ã∗) = 0, the PBH spin parameter will tend to

this stable value provided that ∂ãH|ã=ã∗ > 0. We note that for ∂ãH|ã=ã∗ ≤ 0

the equilibrium point is unstable but that we will not find such cases in our

analysis.

57



0.
01

0.
05

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

0
.9

9

f 0
0.

74
43

0
0.

74
37

9
0.

74
14

7
0.

73
46

5
0.

72
23

1
0.

70
62

7
0.

69
35

5
0.

68
48

2
0.

69
45

9
0.

74
34

4
0.

90
67

0
1
.4

5
6
0

g 0
0.

88
85

5
0.

89
24

1
0.

90
25

0
0.

94
35

9
1.

01
39

1.
11

72
1.

26
30

1.
46

10
1.

73
36

2.
12

78
2.

77
18

4
.0

6
0
1

f 1
/
2

0.
81

85
5

0.
82

24
1

0.
83

44
9

0.
88

34
2

0.
96

71
9

1.
08

97
1.

25
84

1.
48

68
1.

80
33

2.
27

74
3.

14
0
5

5
.7

8
3
3

g 1
/
2

6.
16

15
6.

16
49

6.
17

55
6.

22
00

6.
30

11
6.

43
12

6.
63

26
6.

94
64

7.
45

35
8.

33
81

10
.1

5
5

1
5
.8

1
4

f 1
0.

33
66

0
0.

34
11

8
0.

35
81

2
0.

42
66

1
0.

55
25

9
0.

75
75

6
1.

07
99

1.
59

37
2.

44
92

4.
00

48
7.

47
79

2
0
.4

2
2

g 1
4.

79
47

4.
81

88
4.

89
47

5.
20

63
5.

75
71

6.
60

30
7.

84
49

9.
66

83
12

.4
44

17
.0

11
26

.1
8
1

5
5
.6

1
9

f 3
/
2

0.
11

92
8

0.
12

29
5

0.
13

47
3

0.
18

69
2

0.
29

42
5

0.
49

71
0

0.
87

95
1

1.
62

52
3.

18
34

6.
84

26
17

.9
5
1

8
4
.7

3
1

g 3
/
2

2.
50

20
2.

53
36

2.
63

37
3.

05
73

3.
85

40
5.

19
31

7.
40

21
11

.1
38

17
.8

58
31

.4
00

65
.8

9
5

2
2
9
.3

7

f 2
0.

03
83

9
0.

04
03

4
0.

04
67

4
0.

07
72

5
0.

11
49

3
0.

31
10

0
0.

68
44

6
1.

57
00

3.
89

65
10

.8
33

40
.7

0
3

3
4
7
.0

4

g 2
1.

06
20

1.
08

65
1.

16
50

1.
51

28
2.

22
96

3.
59

68
6.

22
51

11
.5

22
23

.1
44

51
.8

45
15

3.
1
4

9
2
8
.8

1

T
ab

le
5.

1:
V

al
u

es
of

fu
n

ct
io

n
f s
,g

s
×

10
−
4

fo
r

d
iff

er
en

t
va

lu
es

of
fi

el
d

sp
in
s

an
d

B
H

sp
in
ã
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It is of extreme interest to focus on the single field hs functions stating the

contribution to each field to the definition of an asymptotic value of ã

hs =
gs
fs

− 2 (5.48)
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Figure 5.1: hs functions computed from the data in Tab. (5.1).

Notice that only the scalar field possesses a value such that h0(ã∗) = 0 and it

is ã∗ ∼ 0.555. This result is in agreement with what was found in [90–92]. The

scalar field is in fact the only field that can be emitted without taking away

angular momentum from the BH if it is emitted in the l = m = 0 mode which

is dominant for low BH spin. The differential equations governing the PBH

spin and mass evolution can be written in terms of dimensionless variables

useful for numerical integration:

y = − ln ã, z = − lnM/Mi, τ = −M−3
i t , (5.49)

such that

z′(y) =
1

H
, τ ′(y) =

e−3z(y)

HF
, (5.50)

and Mi is the initial BH mass, with initial conditions z(t0) = 0, τ(t0) = 0.
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5.5.1 Standard Evolution Scenario

The evolution described by equations (5.49), (5.50) forces the BH to change

its mass and spin resulting in a temporal evolution (an increase) of the BH

temperature. The increasing temperature will cause the BH to be able to

directly emit heavier and heavier degrees of freedom. As already mentioned

we computed gray-body factors for massless fields, and given that the emission

of particles with masses, m, above the Hawking temperature is exponentially

suppressed we will work in the approximation where particles are considered

massless for TH > m and are otherwise absent from the set of particles causing

the BH evaporation.

In this way, the functions F and G are step functions of the BH temperature

and it is possible to build a code evolving the BH between particle mass

thresholds with (5.49), and (5.50). The masses of the SM particles are taken

from the Particle Data Group (PDG) [111,112] and are reported in Tab. 5.3.

Particle m (MeV) Spin

G 0 2

γ 0 1

ν, ν̄ ∼ 0 1/2

e, ē 0.511 1/2

µ, µ̄ 106 1/2

π0 135 1

π± 140 1

u, ū 336 1/2

d, d̄ 340 1/2

s, s̄ 486 1/2

g 550 1

c, c̄ 1550 1/2

τ, τ̄ 1777 1/2

b, b̄ 4730 1/2

W± 80000 1

Z0 91200 1

H0 125000 0

t, t̄ 177000 1/2

Table 5.3: Particle content of the Standard Evolution Scenario.

One should note that the only hadrons with mass below the QCD scale,

ΛQCD ≃ 200−300 MeV, are pions (π0 and π±), these being the only hadronic
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states included directly in the BH emission spectrum. Temperatures above

the QCD scale allow for the direct emission of elementary quarks and gluons

that subsequently hadronize. For such temperatures, pions are not emitted as

effective degrees of freedom. Following [101, 113–121], we have considered the

effective quark and gluon QCD masses given in [112], taking these as threshold

values above which each particle is included in the PBH emission spectrum.

We note that our results do not change significantly if we consider other val-

ues for the effective quark and gluon masses given in the literature, such as

in [122].

It is possible to rapidly count the total number of Degrees of Freedom (DoF)

of the SM plus the massless spin-2 graviton. The Higgs is the only scalar field

present, corresponds to a complex doublet, and therefore has 4 DoF. There

are 15 spin-1/2 Weyl fermions (quarks and leptons) in each of the 3 families

giving a total of 90 DoF. The gauge bosons contribute with 12 × 2 DoF: the

photon, 8 gluons, W±, and Z0. The total amounts to 120 DoF.

5.6 BH superradiance

Superradiance occurs each time a wave scatters off a target and emerges en-

hanced, having extracted energy from the target. This phenomenon can occur

both at the classical and quantum levels.

Superradiant amplification leads to the extraction of energy from BHs, and

can also lead to instabilities. The instabilities are caused by the establishment

of a chain of events leading the system to undergo superradiant extraction nu-

merous times, exponentially increasing the wave amplitude. If the field modes

suffering the superradiant instability carry angular momentum it results in

the extraction of rotational energy from the BH, spinning it down.

There exist many alternative ways to trigger the chain of instability. An in-

triguing one is represented by black hole fission processes. A BH cluster, due to

its spatial configuration, may reach a criticality point causing an exponential

amplification of an incoming wave in a fashion similar to the familiar nuclear

fission processes. A graphical representation of this phenomenon is proposed

in Fig.5.2.
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Figure 5.2: Representation of a BH fission process (taken from [123]).

However, it can be demonstrated that fission-like processes do not occur for

Kerr BH clusters. The reason is straightforward, the entire cluster would have

to be contained in its own Schwarzschild radius [89].

An alternative and generic way to establish a superradiant instability regime

in rotating BHs is provided by any possible confinement of an incoming wave.

A representation of this idea is depicted in Fig.5.3: an incoming pulse is su-

perradiantly amplified by a BH and a reflecting mirror, of any source forces

the wave to scatter numerous times, giving rise to an exponentially increasing

amplitude. These kinds of superradiant instabilities are called BH bombs.

Figure 5.3: Scheme of a confined rotating BH, and how an initially small fluc-
tuation grows by successive reflections at the confining wall and amplifications
(taken from [123]).
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The nature of the reflecting mirror does not play an essential role for the insta-

bility to occur. Various solutions can be considered, some more feasible, others

just regarded as Gedankenexperiments. Nevertheless, it is worth mentioning

them. In the following list are reported the most cited ones from the more

speculative to the more plausible:

• An unlikely scenario is provided by surrounding a spinning BH with a

perfectly reflecting mirror. Any initial fluctuation grows exponentially,

leading to an increasing field density and pressure inside the mirror.

The exponentially increasing pressure eventually disrupts the confining

mirror, leading to an “explosion”. [123–126].

• In general relativity, Anti-de Sitter (AdS) space is a maximally symmet-

ric vacuum solution of Einstein’s equations with negative cosmological

constant Λ. It corresponds to a negative vacuum energy density and pos-

itive pressure. Mathematically it is a maximally symmetric Lorentzian

manifold with constant negative scalar curvature and can be regarded as

the Lorentzian analog of the hyperbolic space. Similarly, the Minkowski

space and the de Sitter space are the analogs of the Euclidean space and

the elliptical space, respectively.

A crucial feature of AdS spacetime is that no time-like geodesic and thus

particle can reach the spatial infinity of the manifold. For this reason, a

BH in AdS background can be looked at as a confined system [127–130],

producing the phenomenon of the BH-bomb.

• BH may be surrounded by ionized matter in the form of thin or thick ac-

cretion disks unequally distributed around the BH. This plasma is a good

low-frequency ElectroMagnetic (EM) wave reflector [131–133] and may

play the role of the mirror [134]. This geometrical configuration disfavors

the non-directional low angular eigenvalue instability modes [135, 136]

but does not suppress all possible instabilities. However, absorption ef-

fects at the mirror could erase any sign of superradiant instabilities [136].

In an optimistic setup, the EM wave is amplified by ∼ 1% each time that

it interacts with the BH [89].

• Eventually, we consider the presence of a massive bosonic field. It nat-

urally confines low-frequency radiation due to the coupling generated

by the gravitational attraction between the field and black hole masses
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Mµ. In this sense, it is possible to say that ”Nature provides its own mir-

ror” [123,125,126]. Superradiant instabilities triggered by massive bosons

are relevant only when the gravitational coupling Mµi ≲ 1, where µi is

the physical mass of the fields and i = S, V, T identifies the scalar, vec-

tor, and tensor fields, respectively. This means that for BHs in the Solar

mass range, only ultra-light bosonic fields with masses below 10−10 eV

can trigger superradiant instabilities.

The equations for scalar and vectorial massive fields in curved spacetime

are known (the massive Klein-Gordon and Proca equations). Superradi-

ant instabilities for the scalar perturbations have a relatively extensive

history. The spin-1 field, however, has been investigated only more re-

cently due to some technical difficulties in separating the equation in a

system of coupled differential equations. This problem has been over-

come only recently [137, 138]. Massive tensor fields cannot be trivially

coupled to gravity. Due to the works of Fierz and Pauli [139] the related

equation is known at the linear level, being the unique ghost-free and

tachyon-free equation preserving Lorenz invariance describing the five

polarizations of a massive spin-2 field on a flat background. There is also

a more general theory called massive gravity that has been used to study

superradiant instabilities [140].

Despite the differences in the equation governing a massive spin-0, spin-

1, and spin-2 field in curved spacetime, it is possible to portray a unified

picture describing the superradiant instability of massive bosonic fields,

around a spinning BH. There exists a set of quasi-bound states satisfying

the superradiance condition ωR < mΩH . These states are localized at a

distance from the BH governed by the Compton wavelength µ−1 (more

precisly given by the gravitational Bohr radius) and decay exponentially

at large distances. For Mµ < 1 the spectrum of these modes resembles

a Hydrogen-like structure for the real part of the frequency,

ωR ∼ µ

(
1 − (Mµ)2

(l + s+ 1 + n)2

)
(5.51)

The imaginary part giving rise to the instability will scale as the real

component minus a factor mΩH ,

ωI ∼ (ωR −mΩH). (5.52)
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5.6.1 Basics of black hole superradiance

To corroborate the above-mentioned equations (5.51) and (5.52) we proceed

as in [141]. We begin by discussing the basic dynamical features of BH super-

radiance neglecting the effects of Hawking emission. Consider then a massive

scalar field minimally coupled to gravity, of mass µ, described the action:

S =

∫
d4x

√
−g

(
1

2
gµν∂µΦ∂νΦ − 1

2
µ2Φ2

)
, (5.53)

The massive scalar field in a Kerr background reads

(∇µ∇µ − µ2)Φ = 0 (5.54)

which choosing the Kerr metric (4.6) becomes(
r2 + a2

)2 − a2 sin2 θ

∆Σ
∂2t Φ − 1

Σ
∂r (∆∂rΦ) − 1

Σ sin θ
∂θ (sin θ∂θΦ)

− ∆ − a2 sin2 θ

Σ∆ sin2 θ
∂2φΦ +

2a

∆Σ
2Mr∂t∂φΦ + µ2Φ = 0 , (5.55)

which, in the massless limit, reduces to the Teukolsky equation (4.39) for s = 0.

Let us call it massive (scalar) Teukolsky equation.

Separating the variables, as reported in [50], Φ = R(r)S(θ)eimϕe−iωt, one finds

that S(θ) is an oblate spheroidal harmonic obeying (4.41) at s = 0 and ω2

substituted by (ω2 − µ2), namely:

1

sin θ
∂θ (sin θa∂θSs) +

(
a2(ω2 − µ2) cos2 θ − m2

sin2 θ
+ λml

)
Ss = 0 . (5.56)

Therefore, λlm is given by Eq. (4.42) at s = 0 and ω2 substituted by (ω2−µ2).
The radial part R(r) satisfies

∆
d

dr

(
∆
dR

dr

)
+
[
a2m2 − 4Mramω + (r2 + a2)2ω2 − (µ2r2 + λlm + ω2a2)∆

]
R = 0.

(5.57)

This equation can be recast in a Schrödinger-like form using the tortoise

coordinates r∗, such that dr∗ = dr (r2a2)/∆ and defining ψ =
√
r2 + a2R:

d2ψ

dr∗
+ (ω2 − V (ω))ψ = 0, (5.58)
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where

V (ω) =
∆µ2

r2 + a2
+

4Mramω − a2m2 + ∆(λlm + (ω2 − µ2)a2)

(r2 + a2)2

+
∆(3r2 − 4Mr + a2)

(r2 + a2)3
− 3∆2r2

(r2 + a2)4
.

(5.59)

The potential (see Fig. 5.4) reaches V∞ = µ2 when r∗ → +∞ and is rising

from a well where V < µ2. However, the values of V are not distant from the

asymptotic value as r ≳ 1/µ. Following the potential in the in-going radial

direction after the well, we encounter a barrier peaked at r ∼ M . Beyond

the centrifugal barrier there is the ergoregion and reaching the horizon, for

r∗ → −∞ the potential reaches the asymptotic value V+ = 2mΩHω −m2Ω2
H .

Inside the potential well, if the energy of the mode is less than the mass of

the field (µ > ω), it is possible to establish bound states characterized by an

exponential suppression of the field at a large distance from the horizon. Oth-

erwise, if the energy of the mode exceeds the mass of the field, the modes are

called normal modes and are characterized by a fixed amplitude at an infinite

distance from the horizon.

Figure 5.4: Graphical representation of the potential experienced by a massive
scalar field in the Kerr geometry (taken from [142]).

Eq. (5.58) is not a self-adjoint eigenvalue problem since the potential depends

explicitly on ω if a ̸= 0. For this reason, it is possible to have a non-zero

imaginary part in the frequency of the bound states. Bound states having an

imaginary frequency component are called quasi-bound states (in analogy nor-
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mal modes having an imaginary frequency component are called quasi-normal

modes) and, over time, can be exponentially suppressed or have exponential

growth.

Near the horizon, one has

ω2 − V (ω, r)
r→r+−−−→ ω2 − V+ = (ω −mΩH)2 = k2+. (5.60)

Therefore, the general wavefunction solution at the horizon reads e±ik+r∗ .

Imposing pure in-going waves at the horizon leaves us with e−ik+r∗ . At infinity,

one finds

ω2 − V (ω, r)
r→∞−−−→ ω2 − V∞ = ω2 − µ2 = k2∞ (5.61)

The appropriate boundary conditions at infinity are given by the exponential

decay of ψ since we want the state to be bound. Therefore, the appropriate

form of the wavefunction at infinity is ∼ e−
√

µ2−ω2r∗ .

The quasi-bound states in the superradiant regime, ω < mΩH , is characterized

by a positive imaginary part of the frequency giving origin to an exponential

growth in time of the mode amplitude, since Φ = R(r)Θ(θ)eimϕe−iωt.

We can physically break down the events as follows: some modes of a bo-

son field can undergo a stimulated emission called superradiance and, if the

field is massive, these modes can be trapped in a gravitational potential well

and therefore amplified exponentially. This last process is mathematically de-

scribed by a positive imaginary part of ω.

We can obtain a quantitative expression for the imaginary part of the fre-

quency through analytical calculations both in the limits Mµ ≪ 1 [143] and

Mµ ≫ 1 [50]. In the latter case one has that the coupling is such that su-

perradiance is exponentially suppressed. In the case Mµ ≪ 1, one can use

Starobinsky’s matching procedure [75]. This method is based on dividing the

exterior of the black hole into two distinct and overlapping regions. A near

horizon region ωr+x ≪ l and a far region x ≫ 1 where x = (r − r+)/r+. In
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these regions, it is possible to analytically solve the radial equation, obtaining

Rnear(x) = A

(
x

x+ τ

)−iϖτ

2F1(l + 1,−l, 1 − 2iϖ,−x/τ)yx≫ τ

∼ AΓ(1 − 2iϖ)

[
Γ(2l + 1)

Γ(l + 1)Γ(l + 1 − 2iϖ)

(x
τ

)l
+

Γ(−2l − 1)

Γ(−l)Γ(−l − 2iϖ)

(x
τ

)−l−1
]

(5.62)

Rfar(x) = Bxler+qxU(l + 1 − ν, 2l + 2, 2qr+x)yr+q ≪ 1

∼ B
π

sin((2l + 2)π)

[
xl

Γ(−l − ν)Γ(2l + 2)
+

(2qr+τ)−(2l+1)x−l−1

Γ(l + 1 − ν)Γ(−2l)

]
(5.63)

where 2F1 and U are the hypergeometric and the confluent hypergeometric

functions, respectively, q =
√
µ2 − ω2, ν = 2−τ

2
ω2−q2

q r+ and τ , ϖ are defined

as in the previous section. In the overlapping region, 1 ≪ x ≪ l/(ωr+), the

two equations must coincide, defining the condition:

Γ(−l − ν)Γ(2l + 2)

Γ(l + 1 − ν)Γ(−2l)
= −(2qr+τ)2l+1Γ(−2l − 1)Γ(l + 1)Γ(l + 1 − 2iϖ)

Γ(−l)Γ(2l + 1)Γ(−l − 2iϖ)
(5.64)

To leading order the r.h.s. of (5.64) vanishes since qr+ ≪ 1 and it is valid

Γ(−l − ν)Γ(2l + 2)

Γ(l + 1 − ν)Γ(−2l)
= 0, (5.65)

which can be satisfied by a diverging Γ(l+1−ν). This situation is verified each

time the argument of the Γ is a negative integer and leads to the condition

ν0 = nr + l + 1 (5.66)

where nr ∈ N. Using the definition of ν it is then possible to obtain the

Hydrogen-like spectrum typical of massive fields in a gravitational potential

already introduced in Eq. (5.51).

To determine whether a mode exhibits a superradiant behavior, we have to
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obtain the imaginary part of the bound state frequency. For this we need to

compute the leading correction from the non-zero value of the r.h.s. of (5.64).

After some algebra one obtains

ωI = −ϖ 1

2r+
Cln(µM)4l+5

(
r+ − r−
r+ + r−

)2l+1

(5.67)

where

Cln =
42+2

(l + 1 + nr)2l+4

(2l + 1 + nr)!

nr!

l!

(2l + 1)!(2l)!

l∏
j=1

(j2 + 16(ϖM)2) (5.68)

Since ϖ ∝ (ω −mΩ) ≃ (ωR −mΩ) we obtain an imaginary part of the fre-

quency of the form (5.52).

Moreover, from (5.67), we can infer that the lowest angular momentum modes

will have the largest values for the imaginary part of the frequency in this

regime. So the leading superradiant mode has l = m = 1.

Numerical methods are also applied in the determination of the spectrum of

superradiant scalar massive modes [145].

Similar approaches are also investigated in the case of a vector field, leading to

similar results, as reported in [82, 144]. One may notice that amplification of

boson waves occurs also in the case of massless particles. In fact, the gray-body

factors are negative in the low-frequency regime for bosonic modes with posi-

tive azimuthal quantum number m. In the nearly extremal cases, our massless

gray-body factor displays a superradiant regime matching the one reported

in the literature, having a maximal amplification of 0.356%, 4.4%, 138% for

scalar, vector, and tensor bosons respectively.

To summarize, (5.57) admits quasi-bound state solutions with complex fre-

quencies ω = ωR + iωI , such that ωR < µ and the field is trapped in the

BH gravitational well [50, 82, 123, 141, 143, 145–152]. It is worth defining the

dimensionless mass coupling

α =
µM

M2
P

(5.69)

where for clarity we explicitly included the missing Planck mass factor. In the

non-relativistic limit, α is small, and the real part of the quasi-bound state
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spectrum approaches a Hydrogen-like form

ωR = µ

(
1 − α2

2n2

)
(5.70)

as a consequence of the fact that when written in the Schrödinger-like form

(5.58) the potential is Coulomb-like V (r) ≃ −α/r at large distances from the

event horizon.

The imaginary part, ωI , reflects the instability of the bound-states (hence the

use of the prefix “quasi-”), with ωI < 0 corresponding to a decay or absorption

of the scalar field by the BH, and ωI > 0 to an exponential amplification of

the field and of the associated particle number. For α ≪ 1, one finds an

approximate analytical expression (5.67) that can be rearranged as:

ωI = −1

2

( l!

(2l + 1)!(2l)!

)2 (l + n)!

(n− l − 1)!

42l+2

n2l+4
×

×
l∏

k=1

(
k2 + 16

(M(ωR −mΩH)

τ

)2)(ωR −mΩH

τ

)
α4l+5

(r+ − r−
r+ + r−

)2l+1

(5.71)

The superradiant instability occurs when ωR < mΩH (α < ã/4 if ã ≪ 1),

and leads to the production of particles forming a bound superradiant cloud

around the spinning BH. The fastest growing mode is the 2p-state (l = m = 1):

ωI = − 1

12

(
1 + 16

(
M
ωR − ΩH

τ

)2)(ωR − ΩH

τ

)
α9
(r+ − r−
r+ + r−

)3
(5.72)

The “2p-state” grows exponentially faster with respect to the other modes and

the number of particles in the state will grow even faster since the number of

particles N ∝ Φ2. Thus, we may neglect any other modes when considering

the dynamics of superradiance (neglecting self-interactions). Given that each

particle produced by superradiance carries spin and mass, enforcing the energy

and angular momentum conservation yields the variation in the mass and spin

of the BH:
dM

dt
= −µdN

dt
,

dJ

dt
= −dN

dt
, (5.73)

such that the dimensionless spin parameter evolves according to:

dã

dt
= − 1

M2
(1 − 2ãα)

dN

dt
≃ −

M2
P

M2

dN

dt
, (5.74)

71



where in the last step we considered the limit α≪ 1. The number of particles

within the superradiant cloud then follows:

dN

dt
= Γs(M, ã, µ)N (5.75)

where Γs = 2ωI . It is useful to note that, for slowly rotating BHs:

Γs ≃
1

24
(ã− 4α)α8µ (5.76)

Strictly speaking, the instability growth rates are computed assuming a fixed

BH mass and spin parameter, but since µ ≪ M and M ≫ 1(MP ) in the

regime we will be interested in in our future discussion, we may take this as a

good approximation.
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6 A look at Beyond the Standard

Model physics

The particle content of Nature, namely the number of existing quantum fields,

drastically influences the evolution of a BH in many aspects. It is possible to

understand from the previous chapter that the number of fields and their

characteristics in the underlying theory of particle physics is related to the

lifetime and the time evolution of the parameters of the BH. For example, as

we will see in next chapter the emission of a large number of scalar bosons

drastically alters the adimensional spin parameter time evolution. In this way,

due to their characteristic temperatures, one can use light PBHs as a test bench

for particle physics Beyond the Standard Model (BSM). Moreover, elementary

bosons are observed to be either massless or with masses in the range of the 100

GeV and the superradiant condition µiM < 1 sets the relevant superradiant-

produced boson mass for a given BH mass. In the case of 100 GeV bosons

it corresponds to BHs with M ∼ 10−21M⊙ (109) kg. Such light BHs could

have formed in the early universe as PBHs [1,2,153,154] and are promising as

dark-matter candidates [155, 156]. However, the directly observed black holes

possess masses of the order of solar masses for which the relevant boson mass

range has to be ultra-light. In addition, also PBHs may have masses of several

Solar masses. For these reasons, it is significant for the scope of the thesis

to understand the main extensions of the Standard Model (SM) predicting

new light and many particles. In the following, we give some examples of such

extensions, considering supersymmetric extensions of the SM, Kaluza-Klein

theories, QCD axions and Axion Like Particles (ALPs), and Hidden Sector

(HS).
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6.1 SUperSYmmetric (SUSY) extensions of the SM

Providing a description of supersymmetric theories in a few pages represents

a nearly impossible task. Alternatively, I prefer to focus on the main SUSY

motivations to establish some foundational concepts and be able to identify

the new bosons candidates in the simplest supersymmetric scenario.

What follows represents a collection of notions taken from the introductory

papers/notes [157–160] and from [31,161–163]. The SM describes a world made

of a particle zoo divided into two families: bosons that mediate interactions

and fermions that constitute matter. It naturally raise one question about

this sharp dichotomy Nature chooses and whether there is a symmetry re-

lating these two sectors, providing a unified description of interactions and

matter.

Besides these speculative reasons, much more theoretical and well-justified mo-

tivations exist. Modern physics possesses two well-studied symmetry groups:

• The Poincaré group produced by the semidirect product of the proper

orthochronous Lorentz group SO+(1, 3) with the continuous group of

translations R1,3. It is known as the spacetime symmetry group.

• The internal symmetries group is given by intrinsic characteristics of

particles interacting with each other. This group is obtained by the direct

product of the groups describing the electromagnetic, nuclear weak and

strong interactions, and reads, SU(3) × SU(2) × U(1).

Is there a way to combine these symmetries in a non-trivial manner? This

question can be placed in a more mathematical way considering the genera-

tors of the respective Lie algebras: is there a way to prevent the commutation

relations between generators of internal and spacetime symmetries from being

not identically 0? An answer came in 1967 with the no-go theorem of Coleman

and Mandula: no! [164]

A way to circumvent this statement can be found within the hypothesis of the

theorem itself. In fact, it only takes into account Lie algebras and commutation

relations. Relaxing this hypothesis with the introduction of graded Lie alge-

bras gives the opportunity to consider also the fermionic anti-commutation

relations giving rise to a set of non-trivially behaving operators. The struc-

ture of the resulting group is restricted by the theorem of Haag- Lopuszański-

Sohnius [165], which represents an extended version of the Coleman-Mandula
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theorem considering also anti-commutators.

The simplest case is when the graded Lie algebra is given by the direct sum

of just two Lie algebras. In this case, two new operators are introduced Q and

Q̄. Their non-trivial anti-commutation relations are

{Qa, Q̄b} = 2γµabPµ, (6.1)

{Qa, Pµ} = 0, (6.2)

{Qa,M
µν} = σµνa,bQ

b, (6.3)

where P and M are the generators of translations and Lorentz transforma-

tions, Q̄ = Q†γ0, and σµν = i
4 [γµ, γν ]. We adopt the convention of Greek for

spacetime indices and Latin for spinorial ones.

The Q generators commute with the internal symmetry generators leaving un-

changed the charges of a particle. The way they commute/anti-commute with

spacetime symmetries indicates that they transform fermions into bosons and

vice-versa, according to

Q|fermion⟩ = |boson⟩ , Q|boson⟩ = |fermion⟩. (6.4)

In this way, each component of the SM gains a superpartner completely identi-

cal but for its spin. This symmetry, called supersymmetry, is extremely useful

in solving the hierarchy problem, i.e. the 16 orders of magnitude of fine-tuning

required between the bare mass of the Higgs boson and its first correction at

the Planck scale cut off, for obtaining the physically measured mass of the

Higgs itself. The superpartner contribution provides corrections of the oppo-

site sign cancelling the fine-tuning at all orders if SUSY is exact.

Another motivation for SUSY is the fact that in the SM the renormalized

electromagnetic, weak, and strong coupling constants reach similar values at a

scale of the order 1016 GeV but do not unify exactly. If supersymmetry is in-

cluded just above the weak scale, these forces naturally unify at MU ≈ 2 1016

GeV. This behavior is a hint in favor of SUSY Grand Unified Theories (GUT).

Within the above-described framework, it is possible to have elementary bosons

in the mass range of the respective fermion in the SM, from the eV to a scale

of 100 GeV. It is, however, worth noticing that if SUSY exists, it must be a

broken symmetry of Nature since no superpartner has yet been experimentally
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observed. The superpartners must be heavier than their counterparts, and the

LHC has generically set constraints on their masses above the TeV scale.

These theories are attractive because they also yield appealing candidates

for Dark Matter (DM) in the form of Weakly Interacting Massive Particles

(WIMP). In general, in SUSY models, not all the allowed renormalizable cou-

plings conserve the baryon and lepton numbers. Experimental data tested the

conservation of lepton and baryon numbers in an accurate way, constraining

these couplings to be very small. R-parity is an additional symmetry that

forbids these couplings. It is given by P = (−1)3B+L+2s, where B, L, and s

are the baryon number, the lepton number, and the spin respectively. R-parity

takes the value +1 for standard model particles while -1 for the superpartners.

If R-parity is preserved, the heavier superpartners may decay into standard

model particles and other SUSY particles, but the lightest supersymmetric

particle (LSP) is prevented from decaying and is stable. For this reason, the

LSP is a good DM candidate. An example of a WIMP candidate that arises is

the so-called lightest neutralino. It is an admixture of the superpartners of the

B,W3, H1, H2 bosons, called bino, wino, and Higgsino, denoted with a tilde.

The neutralino is a linear combination of the fields:

χ = N11B̃ +N12W̃3 +N13H̃1 +N14H̃2 (6.5)

In the above formula Nij are the coefficients of the linear combination. Typi-

cally this superposition has 4 mass eigenstates. As a heavy and stable particle,

the lightest neutralino represents an excellent candidate for cold dark matter.

Moreover, it is expected to be produced thermally in the early Universe and

to be non-relativistic at the present epoch. Its mass is roughly 10 − 104 GeV

and its self-annihilation rate and elastic scattering off nuclei are studied in

detail [166]. In future chapters, we will consider the Minimal Supersymmetric

Standard Model (MSSM) which adds 128 DoF to the 120 of the SM plus the

graviton. The MSSM DoF that we will consider in addition to the SM and the

graviton are:

• 4 scalar DoF comes from the extra DoF from the Higgs sector which in

the MSSM is formed by two complex doublets (Higgs up and down, H1

and H2 above).

• 90 scalar DoF super-partners of the Wyel fermions (squarks, sleptons).
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• 4 spin-1/2 fermions (8 DoF) super-partner of the Higgs (Highsinos).

• 12 spin-1/2 (24 DoF) fermions super-partner of the gauge bosons g, W ,

B (gluino, wino, bino).

• 2 spin-3/2 DoF, the super-partner of the graviton (gravitino).

To be consistent with the observed physics supersymmetry has to be sponta-

neously broken and the SUSY braking mechanism must make the superpart-

ners heavier than the SM particles. For example, in chapter 10, for simplicity,

we will consider that all the superpartners have the same mass in a range of

masses not tested by colliders i.e. 5 TeV.

6.2 Kaluza-Klein (KK) theories

The first idea that the world may have more than four dimensions is due to

Kaluza (1921) and his efforts to construct a theory unifying Einstein’s theory

of general relativity and Maxwell’s theory of electromagnetism. Klein’s con-

tribution was to develop a connection with the quantum theory and add the

hypothesis that the extra dimension was microscopically small.

The essential idea of this theory is to postulate one extra compactified space di-

mension and introduce nothing but pure gravity having a (1 + 4)-dimensional

version of general relativity. It turns out that the 5-dimensional gravity man-

ifests in our observable (1 + 3)-dimensional spacetime as a gravitational, an

electromagnetic, and a scalar field or in the language of particle physics as a

spin-2 graviton, a spin-1 photon, and a spin-0 boson.

This theory represents a version of general relativity in 5D. For this reason,

the theory possesses more degrees of freedom than standard general relativ-

ity, and it needs additional constraints. Such constraints can be identified in

the two conditions physically aiming to explain why the 5th dimension is not

perceived. Mathematically these conditions state that the 5th dimension has a

closed topology and a compact size (as the one of a circle). The former means

that the 5D topology can be written as M4 × S1, where M4 is the standard

spacetime Minkowskian topology and S1 is the one of a circle. The closure

of the extra dimension topology introduces periodicity allowing for Fourier

decomposition. These constraints are in agreement with the so-called cylinder

condition consisting of setting all partial derivatives of the metric tensor with
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respect to the 5th coordinate to zero.

The cylinder condition and the coordinate choice (in gravitational jargon) or

gauge choice (in particle physics jargon) together with the 5-dimensional gen-

eral relativity-like equation in vacuum turn out to provide the right equations

of motion for gravity and electromagnetism once the scalar field is taken to be

constant.

Let us consider a generic 5 × 5 metric tensor

gαβ =

(
gµν gµ5

g5ν g55

)
. (6.6)

It possesses 15 degrees of freedom. We assumed the convention that Greek

indices (α, β, γ, ...) denote curved indices, while Latin indices (a, b, c, ...)

denote flat indices. Letters from the beginning of both alphabets (a, b, c, ...

and α, β, γ, ...) indicate general 5D indices, from the middle of the alphabets

denote the four dimensions of standard general relativity (m, n, ... and µ, ν, ...

= 1, 2, 3, 4) while letters from the bottom of the alphabets (s, t, ... and σ, τ ,

...) indicate the compactified extra space dimensions. The cylinder condition

reads

∂5gαβ = 0, (6.7)

and a smart gauge choice leads to a metric tensor of the form

gαβ =

(
gµν − κΦ2AµAν −κΦ2Aµ

−κΦ2Aν −Φ2

)
. (6.8)

At this time, with the underlying assumption of a metric variational approach,

it is possible to build the 5D Ricci scalar and tensor, as well as the Einstein

tensor, thus yielding the 5D field equations

Rαβ − 1

2
Rgαβ = Gαβ = kTαβ (6.9)

where k is an appropriate 5D coupling constant and Tαβ is an unknown 5D

stress-energy tensor. The vacuum version of (6.9) reduces to

Gαβ = 0, (6.10)
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or equivalently

Rαβ = 0. (6.11)

An explicit calculation then leads to:

Gµν =
κ2Φ2

2
Tµν (6.12)

∇µFµν = −3
∇µΦ

Φ
Fµν (6.13)

gµν∇µ∇νΦ = −κ
2Φ3

4
FµνF

µν (6.14)

(6.15)

where Tµν is the energy-momentum tensor for an electromagnetic field given

by

Tµν =
(gµνFλξF

λξ/4 − F ξ
µFνξ)

2
(6.16)

and Fµν is the usual field strength of the electromagnetic field.

It is straightforward to see that taking g55 = −Φ2 = −1 equations (6.12),

(6.13) reduce to the Einstein and Maxwell equations in 4D and (6.14) defines

the electromagnetic gauge.

Gµν =
κ2

2
Tµν , (6.17)

∇µFµν = 0, (6.18)

FµνFµν = 0. (6.19)

One can notice that in the absence of the electromagnetic field, the set of

equations describes only gravitational vacuum solutions of a Universe with no

matter or energy content and consequently flat. The unique deviations from a

4D flat metric come from the electromagnetic sector implying that gµν = ηµν .

In this way (6.8) becomes:

gαβ =

(
ηµν − κΦ2AµAν −κΦ2Aµ

−κΦ2Aν −Φ2

)
. (6.20)
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It is possible to summarize what has been done in a more refined fashion by

saying that starting from a gravitational 5D action of the form

SG = −k
∫
d5xR(5)

√
−g(5), (6.21)

we to obtain the effective 4D action

Seff = −κ
∫
d4xR(4)√−g −

∫
d4x

1

4
FµνF

µν (6.22)

under the assumptions of cylinder constraint, appropriate gauge, and con-

stancy of the scalar component.

The further step is to introduce a five-dimensional fermion field and look at its

effective manifestation in the non-compact (3+1)-dimensions. The mathemat-

ics involved requires a certain familiarity with the Dirac equation and action

in curved spacetime. This means being familiar with the Vielebein, the spin

connection, and so on. In the following pages, I will give a brief synthesis since

this is not the main topic of this chapter.

• The spin space of a 5-dimensional spacetime is 4-dimensional, so the

spinorial representation remains the familiar one having four indices.

• The gamma matrices need to satisfy a Clifford algebra for a 5D curved

spacetime metric tensor

{γ̃α, γ̃β} = gαβ × I4×4.

A 5th gamma matrix needs to be introduced even in a flat 5D manifold.

It is easy to verify that

γ5 = γ1γ2γ3γ4

is the one desired if γ1,2,3,4 are the usual Dirac matrices, since

{γa, γb} = ηab × I4×4.

To obtain the curved version one invokes the vielbein defined as

eαae
β
b η

ab = gαβ

and defines γ̃α = eaαγa.
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• Spinors are orientable objects. If transported along a line in a curved

spacetime it is important that their transport takes place in a parallel

way to guarantee a proper definition of differentiation. For this reason,

one introduces the covariant derivative

Dα = (∂α − i

2
ωcd
α Scd),

where Scd = i
4 [γc, γd] and ωcd

α = ecβΓβ
δαe

δd + ecβ∂αe
βd is called spin con-

nection. As seen in previous chapters.

We may then generalize the massless Dirac action in 4D∫
d4x(iψ̄γµ∂µψ + h.c.), (6.23)

to the 5D in curved spacetime

SD =

∫
d5x

√
g(5)(iψ̄γ̃αDαψ + h.c.), (6.24)

and by the explicit definition of the momentum operator pα = i∂α, we obtain

SD =

∫
d5x

√
g(5)(ψ̄γ̃α(pα +

1

2
ωcd
α Scd)ψ + h.c.). (6.25)

An explicit calculation of the Vielbein and the invariant volume considering

the metric tensor given in (6.20) with Φ2 = −1 leads to

SD =

∫
d5x(ψ̄(γm(pm +

p5√
κ
Am) + γ5p5 + γ̃α

1

2
ωcd
α Scd)ψ + h.c.). (6.26)

One may ignore the last term of Eq. (6.26), since it can be decomposed into

a null term and a negligible term describing an extremely small coupling with

gravity, thus obtaining

SD =

∫
d5x(ψ̄(γm(pm +

p5√
κ
Am) + γ5p5)ψ + h.c.). (6.27)
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It is now easy to recognize the arising charge and mass from the motion in the

extra dimension and identify them as

q =
p5√
κ

, and (6.28)

m = p5. (6.29)

Integrating in the 5th dimension

SDeff = 2πR

∫
d4x(ψ̄(γm(pm + qAm) + γ5m)ψ + h.c.). (6.30)

The 5th dimension is such that x5 = x5 + 2πR so the Fourier expansion of a

spinor ψ, periodic in x5 can be made, and will have the coefficients depending

on xµ,

ψ =
∑
n

ψ(xµ)Yn(x5) (6.31)

where −∂25Yn = n2

R2Yn, so that Yn(x5) = 1√
2πR

e−ix5 n
R . Now substituting the

spinor Fourier expansion in the general 5D Dirac action differentiating with

respect x5 where possible and subsequently integrating one obtains

SDeff = 2πR
∑
n

∫
d4x(ψ̄n(γm(pm +

n

R
√
κ
Am) + γ5

n

R
)ψn + h.c.). (6.32)

It is trivial to deduce that

qn =
n

R
√
κ

(6.33)

mn =
n

R
(6.34)

These are called Kaluza-Klein states, and for a four-dimensional observer, they

appear as a series of states, known as the Kaluza-Klein tower. All states in the

tower share the same quantum numbers except for the electric charge 1 and

the mass. These quantities increase proportionally as one climbs the tower.

The proportionality depends on the radius of the 5th dimension.

The zero-mode has no dependence on the 5th dimension and so has a vanishing

mass. It is followed by the tower of massive modes, the lightest of which is

1In more realistic extra-dimensional models, the photon corresponds to the zero mode of
a 5-dimensional gauge field and not from the metric, in which case all states in the KK tower
of 5D fields share the same electric charge.
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called the Lightest Kaluza-Klein Particle (LKP). The SM fields correspond to

the n = 0 modes of the towers, one for each 5th dimensional field. The chirality

of fermionic zero-modes is realized by imposing an additional discrete symme-

try (i.e. a reflection) on the compact extra-dimension, known as an orbifold,

under which the 5D fields are either even or odd. Momentum conservation

along the compact extra-dimension, which would result in the conservation of

the KK-number n, is then broken by the orbifold discrete symmetry, neverthe-

less preserving a conserved KK-parity. Modes in the tower are allowed to decay

if respecting the KK-parity P = (−1)n, and as in the case of R-parity in su-

persymmetric theories, the LKP is stable. Kolb and Slansky in 1984 [167] first

studied the LKP as a DM candidate. The LKP has since been reconsidered in

the framework of universal extra dimensions. Servant and Tait [168, 169] cal-

culated the relic density of the LKP. They found that if the LKP is to account

for the observed DM quantity, its mass range should span between 900 and

1200 GeV. The LKP annihilation cross-section was calculated in [168,169].

6.3 QCD Axion

The vacuum structure of non-Abelian theories, and in particular of QCD,

is topologically non-trivial. This is at the base of the so-called strong CP-

problem. In principle, all pieces of Lagrangian of dimension 4, renormalizable,

unitary, and Lorentz invariant have the same right to be introduced in the

definition of the Lagrangian density of a specific theory. The contraction of

the field strength with its dual is often neglected. The reason is that it can be

written as a total derivative and does not affect the equation of motion and

the Feynman rules. However, this term can produce physical consequences if

we consider non-perturbative effects. In QCD this term reads

Lθ = θ
g

32π2
Ga µνG̃a

µν , (6.35)

where Ga µν is the field strength, G̃a
µν = 1

2ϵµνσρG
a σρ (where ϵµνσρ is the totally

asymmetric symbol) is its dual, and a is the color index.

It is not hard to show that

Ga µνG̃a
µν = 2∂µJCS

µ (6.36)
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where JCS
µ = ϵµνσρAa

ν

(
Ga

σρ − 1
3f

abcAb
ρA

c
σ

)
, Aa

µ is the gauge field and fabc are

the structure constants of the symmetry group.

Let us consider a Wick rotation in which t → it in order not to work in a

Minkowskian spacetime but in a 4-dimensional Euclidean one. The contribu-

tion to the action of (6.35) reads

SGG̃
E ∼

∫
Ga µνG̃a

µνd
4x =

∫
2∂µJCS

µ d4x =

∮
S3

JCS
µ d3x, (6.37)

where S3 is the 3-sphere at the boundary of the 4-dimensional Euclidean

spacetime. It is thus understandable why the contribution of such a term was

neglected at a classical level, not contributing to the equations of motion.

However, since we are interested in a quantum field formulation of the theory,

we have to consider the mean values of observables calculated through path

integrals. In Euclidean spacetime, these integrals over the configurations of the

fields are weighted by the factor exp[−SE ]. For this reason, the contribution of

the GG̃ term can be non-vanishing only if the integral (6.37) converges. This

integral certainly converges for a field strength vanishing at infinity rapidly

enough. This condition can be fulfilled trivially by requiring the gauge field to

vanish at infinity rapidly enough, having so a vanishing current. However, it is

equally possible to consider a gauge field at infinity given by a gauge transfor-

mation depending solely on the angular variable of the Euclidean spacetime

Ω. Such a transformation is called pure gauge transformation:

Aµ|r→∞ = − i

g
(V (Ω))V †(Ω). (6.38)

In this case the integral (6.37) reads:

SGG̃
E ∼

∮
S3

(V (Ω))V †(Ω)(V (Ω))V †(Ω)(V (Ω))V †(Ω)d3x. (6.39)

This integral is the one defining the Pontryagin index or winding number.

This quantity is counting how many times the map V (Ω) : S3 → SU(3), is

wrapping up the elements of the gauge group while going across the 3-sphere.

This must be an integer number. Configurations possessing different winding

numbers cannot be recast into one another by a continuous transformation. In

such a case, the vacuum configurations are topologically distinct, and between

one vacuum configuration and the other, there are non-vacuum states. This
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vacuum configuration is far from trivial. At a classical level once a vacuum

configuration is chosen, the system will stay there, but at the quantum level,

there is the possibility of tunneling between one vacuum and another. Thus, in

the general case, the integral (6.39) will provide a non-vanishing contribution

depending on the number of topologically non-trivial configurations.

In the case of an abelian theory, the gauge group is so simple that on the

3-sphere there is space enough to be recast always in the trivial configuration.

Namely, for abelian theories, there is only one vacuum configuration. For this

reason, in QED the term FF̃ is neglected also at the quantum level. As we

just saw, in the case of non-Abelian gauge theories there exist configurations

allowing this term to obtain a finite action. These configurations are called

instantons [170]. Due to the existence of instantons, we must consider the vac-

uum structure of a quantum field theory in an unusual way called the theta

vacuum. Such a vacuum structure is periodic and there exist different ground

states, one for each non-trivial configuration. Instantons are the quasi-particles

associated with the tunneling of the field from one vacuum into another. In-

stantons give a physical contribution modifying the vacuum energy which will

be a periodic function of θ. An approximation of this term is

E(θ) = m2
πf

2
π

√
1 − 4mumd

(mu +md)2
sin2 θ

2
(6.40)

where mπ and fπ are the pion mass and decay constant determining the con-

finement scale of QCD, ΛQCD, and mu and md are the up and down quark

mass respectively.

Historically, these solutions were involved as a resolution of the old U(1)A-

problem of QCD [171,172] the resolution of which generates another problem:

the strong CP-problem.

In interacting quantum theory, the bare θ term does not represent a physical

quantity. The pre-factor of the GG̃ piece of the Lagrangian receives an ad-

ditional contribution. The origin of this contribution is due to the triangular

anomaly in performing the chiral rotation of the Yukawa phases of the quark

masses. The physical term will read

θ̄ = θ + arg[det[Mq]], (6.41)
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where Mq is the matrix of quark masses. Therefore the QCD Lagrangian reads

LQCD =
∑
q

ψ̄q(iD −mq)ψq −GG− θ̄
g

32π
GG̃, (6.42)

It is possible to show that the GG̃ piece of the Lagrangian violates the CP

symmetry. In fact, this term yields an electric dipole moment for the neutron

given by:

|dn| = 3.6 × 10−16θ̄, (6.43)

while experimental measurements [173] constrain |dn| < 2.9×10−26, requiring

θ̄ ≲ 10−10. Such a constraint represents a fine-tuning problem since (6.41)

states that this parameter is composed of two terms belonging to unrelated

sectors of particle physics: θ having a pure QCD origin and arg[det[Mq]] which

has a weak origin due to the Higgs mechanism.

An elegant and attractive solution to the strong CP-problem was proposed by

Peccei and Quinn [174–177]. The idea is to introduce a dynamical quantity

mimicking the θ̄ parameter and taking a zero value in the minimum energy

configuration. Shortly time after the proposal, it was suggested that this dy-

namical variable should be identified as a light spin-zero particle, called the

axion [178,179].

It is in fact possible to equip the SM with an additional field, called the axion

field, enjoying a U(1)PQ global symmetry, i.e. a symmetry that is sponta-

neously broken at some high scale, and the axion is the resulting Goldstone

boson mode. This symmetry is also broken by the axial anomaly so that the

axion acquires interactions with gluons through the triangular anomaly, which

generates the desired axion potential.

This then motivates the introduction of a new piece of Lagrangian describing

the axion field:

La =
1

2
∂µa(x)∂µa(x) +

a(x)

fa

g

32π2
Ga µνG̃a

µν (6.44)

In Eq.(6.44) a(x) is the axion field and fa is an energy scale called axion decay

constant corresponding to the scale at which the PQ symmetry is sponta-

neously broken.
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The CP violating term in the full Lagrangian reads

Leff =

(
θ̄ +

a(x)

fa

)
g

32π2
Ga µνG̃a

µν . (6.45)

We then see that the effective theta-term becomes a dynamical field, with a

periodic potential that results from QCD instanton effects as in Eq. (6.40).

Defining the physical axion field as aP = a−⟨a⟩ = θ̄fa+a, The axion potential

is given by:

Veff (aP ) = m2
πf

2
π

√
1 − 4mumd

(mu +md)2
sin2 aP

2
. (6.46)

A Taylor expansion of Eq. (6.46) around the vacuum expectation value reads

Veff (aP )|aP∼0 ∼ Veff (0) +
aP
fa

[∂aP Veff ](0) +
1

2

a2P
f2a

[∂2aP Veff ](0) (6.47)

∼ 0 + 0 +
1

2

a2P
f2a

[∂2aP Veff ](0). (6.48)

From this, we can identify the axion mass:

m2
aP

=
[∂2aP Veff ](0)

f2a
. (6.49)

Exploiting Eq. (6.46) one can obtain an explicit formula for the axions mass:

m2
aP

=
mπfπ
fa

mumd

(mu +md)2
⇒ maP ∼ (5.91 ± 0.53) µeV

(
1012 GeV

fa

)
.

(6.50)

These particles have not been experimentally detected. Therefore, if they ex-

ist, they must be extremely light ma < 10−2 eV [180], from astrophysical

constraints. This implies that the axion decoupling constant fa needs to be

fixed at remarkably high energies.

It is worth noting that the anomaly giving rise to the interesting axion poten-

tial involving gluons also leads in general to a similar axion-photon interaction

term (since quarks carry not only the color charge but also the electromagnetic

one) that reads:

Laγγ =
a(x)

fa

α

32π2
FµνF̃µν . (6.51)
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This interaction allows the axions to decay into two photons and the lifetime

of an axion is given by

τa ∼ 3 × 1032
( ma

10−5
eV
)

Gyr. (6.52)

Considering the allowed axion mass range, we see that their lifetime is larger

than the age of the Universe, making them interesting light dark matter can-

didates.

6.4 The Axiverse: Axion-Like Particles

String theories usually invoke six dimensions in addition to the normal four-

dimensional spacetime. In order to reconcile this and the observational evi-

dence the extra dimensions must be compactified as in the KK theory. There-

fore, it is somewhat intuitive that any type of field (tensor, vectors, spinor, etc)

living in the extra dimensions manifests in spacetime as a scalar field. String

theories are usually built through bosonic strings and, to agree with the low-

energy observations, fermions must be obtained through supersymmetry. No

supersymmetric partner has been observed therefore this symmetry must be

broken.

Superstring theory is one of the leading candidates for a fundamental the-

ory combining quantum gravity and the Standard Model (SM) of particle

physics. The energy scale at which ‘stringy’ effects become relevant is, how-

ever, unknown, and it may well be too high for these effects to be tested in

the foreseeable future. The need for six additional compact spatial dimensions,

with unknown size and geometry, and (broken) supersymmetry also leads to

a plethora of different low energy theories, making it hard to identify specific

signatures of the underlying fundamental theory that could be tested in the

laboratory or with astrophysical observations.

There is, however, a fairly generic prediction of string compactifications, if the

strong CP problem is solved by the Peccei-Quinn mechanism [174,178,179], is

the existence of a large number of light pseudoscalar particles in the effective

four-dimensional theory [181]. These axion-like particles (ALPs) arise as the

zero-modes in the Kaluza-Klein expansion of antisymmetric tensor fields in

the underlying string theory, including the Neveu-Schwarz 2-form B2, existent

in all closed string theories, and the Ramond-Ramond p-forms of Type II and
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Type 1 string theories [192]. (There are also other ways that ALPs can arise.)

Each p-form can give rise to a multitude of ALPs in the 4d theory, as many

as the number of homologically inequivalent p-cycles (closed surfaces) in the

extra-dimensional manifold. This number is typically large, of the order of 102

or even 105, simply due to the number of different ways in which a closed

surface can be embedded within a six-dimensional compact manifold.

One of these particles can be the strong-CP-problem solving QCD axion, and

much like the latter a large fraction of the ALPs are protected at all loop or-

ders by shift symmetries inherited from the gauge symmetries of their parent

tensor fields. The generic expectation is therefore that realistic string scenarios

exhibit a large number of light or even ultra-light axions, whose exponentially

small masses are generated solely by non-perturbative effects. This string ax-

iverse prediction will play a key role in our discussion.

6.5 Hidden Sector

The term Hidden (or dark) Sector (HS) in particle physics denotes a broad

container filled with collections of hypothetical and yet-unobserved quantum

fields and their corresponding particles. These particles couple weakly to the

SM particles, through gravity or by means of new mediators. Examples of

hidden particles include the dark photon, sterile neutrino, and axion.

Typically, a new gauge group independent from the SM gauge group charac-

terizes the HS and the HS could be simply a single particle, or contain multiple

new particles, dark gauge forces, and more degrees of freedom [182–191]. Com-

monly string theory provides a rich HS, as, for example, the copy of the SM

coming from the gauge group of the heterotic string E8×E8. Similarly, hidden

valley models [187] introduce a populated sector that only weakly communi-

cates with the SM.

In Chapter 8 we will consider a model where the HS contains an exact copy

of the SM degrees of freedom and all particles in the HS sector have a com-

mon mass, 5 TeV. This model is motivated by the Mirror Dark Matter [184]

scenario in which an HS copy of the SM communicates with the SM only

via small portal couplings and corresponds to the specific model DS(N,ΛDS)

considered in [190,191], with N = 1 and ΛDS = 5 TeV.
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7 Evaporating PBHs, the string ax-

iverse, and hot dark radiation

We show that primordial black holes (PBHs) develop non-negligible spins

through Hawking emission of a large number of axion-like particles generi-

cally present in string theory compactifications. This is because scalars can be

emitted in the monopole mode (l = 0), where no angular momentum is re-

moved from the BH, so a sufficiently large number of scalars can compensate

for the spin-down produced by fermion, gauge boson, and graviton emission.

The resulting characteristic spin distributions for 108-1012 kg PBHs could po-

tentially be measured by future gamma-ray observatories, provided that the

PBH abundance is not too small. This yields a unique probe of the total num-

ber of light scalars in the fundamental theory, independent of how weakly they

interact with known matter. The present local energy density of hot, MeV-

TeV, axions produced by this Hawking emission can possibly exceed ρCMB.

Evaporation constraints on PBHs are also somewhat weakened. All these re-

sults can be found in [11].

7.1 Introduction

Light string axions can have a wide range of cosmological and astrophysical

effects, i.e. steps in the matter power-spectrum, rotation of the CMB polar-

ization, and black hole superradiant instabilities [181, 193]. These effects can

yield interesting observational signatures of individual string axions in par-

ticular mass ranges, but not of the whole ‘string axiverse’. The number of

relativistic degrees of freedom during cosmological nucleosynthesis or recom-

bination could, in principle, be sensitive to the total number of light axions

below a certain mass scale, but this depends crucially on whether they have
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been in thermal equilibrium with SM particles in the early Universe, which

given the feebleness of their expected interactions with the latter is rather

unlikely.

Here, we propose a new way to probe the total number of ALPs with mass

m < few MeV through the spin distribution of primordial black holes (PBHs)

that are evaporating today. PBHs [2] can be formed in the early Universe

through the gravitational collapse of large overdensities once their scale be-

comes smaller than the Hubble horizon [153,194]. These could be generated by

a plethora of different mechanisms, eg, non-standard inflation scenarios, cur-

vaton models, or bubble collisions in cosmological phase transitions, spanning

a wide range of masses. PBHs may account for at least a fraction of the dark

matter in the Universe, which has sparked a renewed interest in this subject,

alongside the recent detection of gravitational waves from a population of as-

trophysical BH binaries (see i.e. [156] for a recent review).

Here we will be interested in small PBHs born with masses around 1012-1013

kg, which are evaporating today. Although Hawking evaporation generically

spins down a BH, an exception is the emission of light scalar particles, as first

pointed out by Taylor, Chambers, and Hiscock (TCH) [90–92], since these are

the only type of particle that can be emitted in the monopole (l = 0) mode.

Scalar emission may therefore reduce a BH’s mass without reducing its angular

momentum, therefore increasing its dimensionless spin parameter ã = J/M2

(we set G = ℏ = c = kB = 1). In fact, TCH showed a BH evaporating solely

through scalar emission would asymptote to a configuration with ã ≃ 0.555,

and that at least 32 light scalars could compensate the BH spin down through

the emission of photons, neutrinos, and gravitons.

Given the large number of ALPs expected in realistic string compactifications,

this motivates exploring the spin evolution of PBHs in this context. We will

assume that Hawking emission is the only mechanism that affects the PBH

spin, an assumption that we will critically review at the end of our discussion.

In the simplest scenario of PBH formation where large density fluctuations are

generated on super-horizon scales and reenter the Hubble horizon during the

radiation era, the nearly spherical collapse endows the BHs with only a small

spin, at the few percent level [195–197]. There are, however, several possi-

ble scenarios where PBHs could be born with much larger spins, i.e. formation

during an early matter-dominated epoch [198]. We will be agnostic about such

initial conditions, since as we will show any natal spin is erased once a PBH
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has evaporated significantly unless a substantial number of light scalar fields

is emitted. Appendix A is related to this chapter and discusses a calculation

performed with BlackHawk validating our results.

7.2 PBHs evaporation in the Axiverse

To determine the evolution of PBHs we follow the formalism of Page [87, 88],

where the dynamics of the BH mass and spin are determined by the functions

F ≡ −M2dM/dt and G ≡ −(M/ã)dJ/dt, which removes the dependence on

the BH mass.

We include in our numerical calculation an arbitrary number, Na, of scalars

which, for simplicity, we assume to have masses below the initial TH , which is

around the 10 MeV scale for PBHs with a lifetime comparable to the age of

the Universe. These are emitted alongside photons, gravitons, neutrinos, and

electrons/positrons from the start of our calculation.

In Figure 7.1, we give our result for the present spin of PBHs, ã0, as a function

of their present mass, M0, for different numbers of emitted ALPs, assuming

an initial spin ã = 0.01 corresponding to PBH formation in the radiation

era. Note that BHs in the given mass range correspond to the evaporated

remnants of an initial population of PBHs with comparable masses which

are presently at different stages of their evolution. This justifies assuming a

common initial spin. We also note that the critical PBH mass for a lifetime

matching the age of the Universe of 13.8 Gyr exhibits a weak dependence

on the number of different axions emitted, ranging from 5 × 1011 kg in the

absence of light axions to ∼ 2.7 × 1012 kg for Na = 1000, with a N
1/3
a scaling

for Na ≳ 10. While Fig. 1 shows the current snapshot of the PBH Regge plot,

it can also be viewed as a time evolution, since heavier BHs have evaporated

little and lighter BHs have already lost a significant fraction of their original

mass. For Na = 0, PBHs quickly lose their initial spin as they evaporate, as

has been the standard lore in the literature. However, the inclusion of many

ALPs changes this picture considerably, with ã increasing initially due to the

emission of the light scalars. For Na ≲ 400, the spin increases until TH reaches

the threshold for quark and gluon emission, at which point the BH starts to

spin down due to the large number of colored spin-1/2 and spin-1 degrees of

freedom. For yet larger Na, which is still plausible in string theories, the BH

spin parameter stabilizes at values ã0 ≳ 0.2 and tending to the critical value
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ã0 ≃ 0.555 found by TCH for pure scalar emission. Note that, for Na ≳ 400,

PBHs never spin down completely even including all SM degrees of freedom,

since d ln ã/d lnM = G/F − 2 has a non-trivial zero.
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Figure 7.1: Present PBH spin, ã0, as a function of their present mass, M0, for
an initial population with spin ã = 0.01 and varying mass. Curves labeled by
the number of light ALPs.

For comparison, we show in Fig. 7.2 the results for an initial population of

near-extremal PBHs. Again, we find that even in this case PBHs with masses

below ∼ 1011 kg should have a presently negligible spin for Na = 0, but the

inclusion of many light axions halts the BH spin-down or at least delays it

considerably until QCD degrees of freedom can be efficiently emitted. Once

more we find that for Na ≳ 400, ã0 ≳ 0.2 for light BHs. We note that the

slightly oscillatory behavior that can be observed in some of the curves in Fig.

7.2 in the mass range 1010-1011kg is due to the opposing effects of π’s and µ’s

on the spin evolution, with the former contributing to the BH spin-up and the

latter spinning the BH down.

Although not shown explicitly, we have found similar spin distributions for

intermediate values of the initial spin, with either a ‘peak’- or ‘plateau’-like

shape in the 1010-1011 kg (present) BH mass range, where TH ∼ 0.1-1 GeV.

These are the PBHs that have evaporated essentially through the emission
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of non-colored degrees of freedom and for which the effect of the additional

axions is more pronounced. A generic feature is thus that PBHs in this mass

range should have present spin parameters of at least ã0 ∼ few × 10−2, and

up to or slightly over ∼ 0.5 in the presence of hundreds of light axions so that

detecting BHs with such properties would constitute a ‘smoking gun’ for the

string axiverse.
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Figure 7.2: As Fig. 1 except initial spin parameter ã = 0.99.

This conclusion is, of course, based on the assumption that evaporation is the

main mechanism driving spin evolution. This is justified in the relevant PBH

mass range as, firstly, accretion has been shown to be irrelevant for small PBHs

with a lifetime close to the age of the Universe [199] and is also expected to

occur in a quasi-spherical regime where a BH cannot efficiently spin up [200].

Secondly, mergers should also be rare events for PBHs in this mass range.

Following i.e. [201], two BHs can become gravitationally bound and decouple

from the Hubble flow if their physical separation at matter-radiation equality

x < f1/3x̄, where x̄ is the average BH separation at this redshift and f is the

PBH fraction of the dark matter density. Given the existing constraints on f

for BHs that are evaporating today from the contribution of Hawking radia-

tion to the extra-galactic diffuse gamma-ray background, f ≲ 10−7 [154,202],
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we conclude that only a small fraction of such BHs can become gravitation-

ally bound and subsequently merge. Furthermore, mergers occurring early in

the cosmic history will only affect the ‘initial’ conditions for the subsequent

evolution driven essentially by evaporation.

Finally, PBHs in the interesting mass range also suffer from pion superradiant

instabilities, where dense clouds of π0’s are produced around the PBHs at the

expense of their rotational energy [203]. However, such instabilities are only

triggered for large initial spins and remain active for less than ∼ 1 Gyr, before

the PBHs have evaporated significantly. Hawking evaporation will thus still

determine the final BH spins as assumed in our computation. Superradiant

instabilities could also be triggered by other exotic particles, in particular, if

there are string axions with masses ≳ MeV-GeV and sufficiently long lifetimes

(see next chapter), potentially producing characteristic gaps in the primordial

black hole mass-spin distribution [12]. This is quite model-dependent and re-

quires a simultaneous study of the evolution of the black holes’ mass and spin

through both superradiance and Hawking evaporation. We leave this analysis

to the next chapter.

The PBH spin distribution found here is, in any case, characteristic of the

evaporation process in the presence of many light scalar fields and cannot, to

our knowledge, be mimicked by other processes. Thus, observing such a dis-

tribution would constitute a unique signature of an underlying theory with a

large number of light scalars.

7.3 The hot dark radiation

Note that the presence of many ALPs weakens the limits on the initial f (and

somewhat f0) as, for a given present M0 a reduced fraction of the total lifetime-

integrated BH luminosity goes into photons. Moreover, the past-emitted pho-

tons are less energetic than they would have been in the absence of the ALPs

as the past BH must be heavier, and thus colder, than in the Na = 0 case.

Precise evaluation of the new limits requires a dedicated study which we leave

to future work. (For related studies of modified PBH constraints in the con-

text of extra-dimensional and other non-SM theories see [95, 190, 206–208].)

We take f0 ∼ 10−7 to roughly saturate current bounds1 [154,202].

1A recent analysis of the 21 cm EDGES signal places a more constraining bound f <
10−9.7 [205], but only when assuming a significant X-ray heating of the intergalactic medium
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Instead, the BH Hawking luminosity is dominated by a population of hot

quasi-blackbody ALPs with mean energy ∼ 2.8TH , which are ‘dark’ with re-

spect to the SM up to possible feeble interactions set by 1/fa, where fa is

the appropriate axion ‘decay constant’. The integrated flux of ALPs from a

single PBH is ∼ 3 × 1022Na(1010 kg/M) in the relevant PBH spin range.

Unlike the case of greatly-red-shifted dark matter particles and/or axions pro-

duced by the Hawking evaporation of micro PBHs in the very early pre-BBN

universe [209–212] the axions in our case are hardly red-shifted at all as the

relevant Hawking emission is occurring now.

Although extremely challenging to detect, the much higher energies of these

axions (and masses too for some of the ALPs) might enable new detection

strategies as compared to the standard QCD axion solar flux expected for a

given 1/fa. Also note that the usual ∆Neff constraints [211–213] on extra

relativistic degrees of freedom from BH evaporation derived from observations

of BBN, CMB, or structure-formation epochs do not apply as the Hawking

emission conversion of PBH mass into relativistic ALPs is dominated by late

times and the present local energy density of hot ‘dark-radiation’ ALPs can

potentially exceed ρCMB. Detection of one or more sub-components of this

background of energetic dark axions would be a striking signal for both axi-

verse physics and the existence of Hawking evaporating PBHs.

7.4 Detectability

Evaporating PBHs in the interesting mass range may in principle be detected

through their Hawking photon emission, which includes both primary and

secondary photons, i.e. those produced by the decays of the Hawking-emitted

particles. The latter dominate the flux for PBHs in the 1010-1011 kg mass

range [116]. According to [204], a 1010 kg PBH could be detectable with Fermi-

LAT up to a distance of ∼ 200 AU. This compares to the mean distance be-

tween PBHs of present mass M0 accounting for a present fraction f0 of the

local dark matter density d ≃ 40 AU(M0/1010kg)1/3(10−7/f0)
1/3.

Planned gamma-ray observatories, i.e. HARPO and e-ASTROGAM, are ex-

pected to reach a somewhat better sensitivity than Fermi-LAT in the energy

range of 0.1-1GeV [214], although an improvement of a few orders of magnitude

at large redshifts, which is not known. We anyway expect this constraint to be weakened in
the axiverse picture given that PBHs at large z are colder than in the standard scenario.
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could be required if f0 ≪ 10−7, or if a precise measurement of the full photon

spectrum, including secondaries, is required for an accurate determination of

the PBH mass and spin.
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Figure 7.3: Primary photon spectrum for PBHs with ã = 00.2, 0.5 (black, red,
and blue respectively) and M = 1011, 1010, 109 kg (solid, dashed, and dotted
curves, respectively), obtained using Eq. (5.36).

An interesting possibility is that some ALPs could decay into photon pairs

after emission. Although this requires fa’s well below the typical GUT scale

values of string constructions, such reduced decay constants are possible for

some ALPs in warped and large-volume constructions [192, 215, 216]. In this

case, such ALPs would contribute to the secondary photon emission, which

would encode additional information on the axiverse. The corresponding con-

tribution to the diffuse gamma-ray background could also yield additional

constraints on PBHs.

In Fig. 3 we show the primary photon spectrum for different PBH masses and

spins, given by (5.36) with Eγ = ω.

As one can see, the peak emission is quite sensitive to the PBH spin, while

the corresponding energy depends mostly on the PBH mass. A similar effect is

obtained for spin-1/2 particles so we expect both the primary and secondary

photon spectra to exhibit non-trivial dependences on the PBH mass and spin.
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Although we will leave a detailed analysis of the full spectrum for future chap-

ters, this suggests that in principle one can measure PBH spins ã0 ≳ 0.1 with

at least a ∼ 10% precision measurement of the photon spectrum, provided

the distance to the PBH can be measured with comparable accuracy through

parallax. Note that the time evolution of TH , and thus photon flux and mean

energy, is faster in the presence of many ALPs, than in the Na = 0 case. Given

suitable high-precision measurements, this can give confirmation of Na ̸= 0.

Moreover, halo PBHs velocities relative to the Earth are 2-3×102 km/s, cor-

responding roughly to 40-60AU/yr. Thus the population of bright (for both

photons and hot ALPs) ‘point source’ evaporating PBHs in the solar neigh-

borhood can potentially change every few years, so increasing the chance of

detecting BHs at different stages of their evaporation process. This further

allows one to fully assess the effects of a large number of axions.

7.5 Conclusions

As one can see in this figure, in the absence of axions (Na = 0, black curves)

PBHs lose their spin quite quickly, such that any PBHs with present mass

≲ 1011 kg should have negligible spin, i.e. spin parameters well below the

percent level. A drastic change in this picture occurs in the string axiverse

for Na ≳ 100, with PBHs initially spinning up due to the emission of a large

number of light scalars (or spin loss being initially halted for initially near-

extremal PBHs). When the PBH mass approaches ∼ 1010 kg and the cor-

responding Hawking temperature exceeds the QCD scale, the large number

of spin-1/2 and spin-1 degrees of freedom emitted starts counteracting the

light scalar emission, effectively spinning down the PBH as it evaporates for

Na ≲ 400. Above this number of light axions, the PBH spin asymptotes to

a non-vanishing value, which tends to the critical value ã ≃ 0.555 originally

found in [90–92] for pure scalar emission as Na → ∞.

Fig. 7.1 and 7.2 shows that, independently of their natal spin, PBHs with

present mass M0 ≲ 1011 kg should have a non-negligible spin in the string ax-

iverse scenario (for Na ≳ 100). For the case of initially slowly spinning PBHs,

this is particularly relevant, since this spin up due to Hawking emission may

render them unstable with respect to superradiant particle creation, namely

if the string axiverse includes (as one may expect) heavier axions. As we will

analyze in the next chapters, this may have a dramatic effect on the PBH spin
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evolution, making the present PBH mass-spin distribution an even more pow-

erful probe of the string axiverse spectrum, with potential directly observable

signatures.

In conclusion, detecting evaporating PBHs is, of course, a worthy endeavor to

pursue on its own, given what it can tell us about both the early history of

the Universe and the nature of semi-classical BHs. Our analysis shows that, in

addition, their mass-spin distribution can give a unique probe of beyond the

SM physics, which we hope may motivate future efforts in PBH detection.
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8 Superradiance, Hawking evapora-

tion, and the string axiverse

In the string axiverse scenario, light primordial black holes may spin up due

to the Hawking emission of a large number of light (sub-MeV) axions. We

show that this may trigger superradiant instabilities associated with a heavier

axion during the black holes’ evolution, and study the coupled dynamics of

superradiance and evaporation. We find, in particular, that the present black

hole mass-spin distribution should follow the superradiance threshold condi-

tion for black hole masses below the value at which the superradiant cloud

forms, for a given heavy axion mass. Furthermore, we show that the decay of

the heavy axions within the superradiant cloud into photon pairs may lead to

a distinctive line in the black hole’s emission spectrum, superimposed on its

electromagnetic Hawking emission. This chapter is based on the results of the

original paper [12].

8.1 Introduction

As seen in the previous chapter PBHs naturally develop non-negligible spin

parameters through Hawking emission of many light scalar particles natu-

rally emerging from string compactification. This scenario motivates explor-

ing whether this may trigger superradiant instabilities. In particular, in the

string axiverse spectrum, there may also exist a number of heavy axions (µ ≳

MeV), since the non-perturbative nature of the axion mass generation mech-

anism only implies that their masses are exponentially suppressed compared

to a high mass scale such as the supersymmetry breaking scale. Hence, if the

PBHs are born with low spin, the condition for superradiant particle produc-

tion µ < ΩH will only be satisfied once the PBHs evaporate sufficiently and
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spin up due to the emission of light axions.

In this work, we thus study the dynamical generation of superradiant heavy

axion clouds around PBHs born with mass ∼ 1012 kg throughout the cosmic

history, including both superradiance and Hawking emission. We will show

that indeed such clouds may form with two important observational conse-

quences.

First, the formation of superradiant clouds spins down the PBHs faster than

evaporation can spin them up. This modifies the present PBH mass-spin dis-

tribution such that the lightest PBHs (which have evaporated sufficiently for

superradiant clouds to form) saturate the superradiance condition, ΩH ≃ µ,

while the spins of the heavier PBHs are determined solely by their evaporation

stage and, hence, by the number of light axion species.

Second, the decay of the heavy axions into photon pairs leads to a charac-

teristic gamma-ray line in the PBH-axion cloud photon emission spectrum.

This is a unique signature since the Hawking emission spectrum (including

both primary and secondary photons) evolves as the PBH evaporates, while

the line has a fixed energy corresponding to approximately half of the heavy

axion’s mass.

We begin our discussion by first considering a toy model where a BH evapo-

rates by emitting a single light axion and a superradiant instability is induced

by another heavy axion. Although unrealistic, this toy model allows one to un-

derstand the basic dynamics of the problem towards exploring a more realistic

setup where all Standard Model particles are included in the PBH evapora-

tion process alongside an arbitrary number of light axions. We then compute

the PBH photon emission spectrum including primary and secondary Hawk-

ing emission as well as heavy axion decay within the superradiant clouds. We

summarize our main results and conclusions in the final section.

We note in advance that axion self-interactions are assumed to play a negligi-

ble role in the dynamical evolution. This is a good approximation for the large

axion decay constants typically predicted in string constructions and that we

also take into account when discussing observational prospects of their photon

decay.
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8.2 Superradiant instabilities for evaporating PBHs

This section1 contains a toy model in which only 2 types of particles are

considered: a massless scalar field, emitted through Hawking radiation, and a

1 GeV scalar field, which induces a superradiant instability. The toy model

shows the competition, in the evolution of a BH, between evaporation and

superradiance. Subsequently, we propose a more realistic model in which the

Hawking radiation is given by the SM particles and an arbitrary number of

ALPs.

8.2.1 A toy model

Given the discussion in the previous section, we may now consider the full

evolution of a PBH mass and spin taking into account the effects of both

superradiance and Hawking evaporation, given by:

dM

dt
= −F(ã)

1

M2
− µΓsN , (8.1)

dã

dt
= ã

1

M3
(−G(ã) + 2F(ã)) − 1

M2
ΓsN . (8.2)

The equation for dN/dt is givn by (5.75). As previously discussed, we are

interested in PBHs with a lifetime close to the age of the Universe, i.e. with

an initial mass in the range 5× 1011 − 1012 kg, and particularly those born in

the radiation era, with initial spins at or below the percent level. Despite their

low spins, such PBHs may be superradiantly unstable already at formation,

provided there are axions within the string axiverse in the right mass range.

In particular, for PBHs with such mass and spin, superradiant instabilities

may be triggered for axions with mass µ ≲ 1 MeV, but the axion mass cannot

be too low, since the instability growth rate is proportional to µ9 as given

approximately in Eq. (5.76). Note, furthermore, that a significant amount of

spin is only extracted from the PBH once the number of particles within the

superradiant cloud N ∼ ãM2 ∼ 1037(ã/0.01)(M/1012 kg)2, requiring O(100)

1This section is the fruit of the collaboration with Filipe Serrano which I had the pleasure
to follow during his master’s thesis project he carried under the supervision of João G. Rosa.
For this reason, part of this section may be similar to parts of Filipe’s master thesis. I
decided to include this section to be able to properly motivate the next section and with the
additional motivation that it also contains results to which I originally contributed (i.e. Fig.
8.8) and ideas I helped develop.

103



e-folds of superradiant amplification. This means that superradiance is only

efficient for axions roughly in the 0.1-1 MeV mass range for PBHs born in the

radiation era, as illustrated in Fig. 8.1.

Figure 8.1: Range of the axion masses for which (i) superradiant instabilities
are triggered at PBH formation for ãi = 0.01 and (ii) the superradiance con-
dition is saturated by the present day (Γs > 100τuniv, where τuni ≃ 14 Gyr is
the age of the Universe).

Although there may be string theory compactifications including one or possi-

bly more axions in this mass range, this is certainly not a generic expectation,

since axion masses are exponentially sensitive to the magnitude of the non-

perturbative effects that generate them. The hundreds or even thousands of

light axions expected in realistic string compactifications should have masses

distributed throughout a wide range of mass scales. Hence, scenarios with an

axion in the mass range shown in Fig. 8.1 are certainly possible but not neces-

sarily the most likely, so we will focus our discussion henceforth on scenarios

where nearly all axions have masses well below the MeV scale (contributing to

the Hawking emission spectrum already at PBH formation), with possibly one

extra axion (or more generally another heavy scalar boson2 above the MeV

scale. The latter will not contribute to the initial Hawking spectrum (although

it will once the PBH becomes hot enough), nor will it be produced via the

2We point out that the Higgs boson has a too large decay width (ΓH ≃ 3 MeV) to be
produced via superradiant instabilities since the maximum instability growth rate (ã ≃ 1 and
α ≃ 0.42) is Γmax

s ≃ 3× 10−7M2
P /M ≃ 89 keV [145,148] for µ ≃ 125 GeV (and consequently

M ≃ 109 kg).
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superradiant instability until the PBH spin increases sufficiently as a result of

evaporation − a unique feature of the string axiverse.

To better understand the dynamical interplay between evaporation and su-

perradiance, we start by considering a toy model where a PBH evaporates

through the emission of a single light axion (well below the MeV mass scale),

while superradiant instabilities may be triggered for a heavy axion of mass

µ≫ 1 MeV. Although unrealistic, this will help us identifying the main qual-

itative features of the problem without the intricacies of adding the Standard

Model particles across different mass thresholds.

In Fig. 8.2 we show the PBH spin as a function of its mass considering only

the effects of single scalar Hawking emission, obtained by solving numerically

Eqs. (8.1) and (8.2) for an initial PBH mass Mi = 1012 kg and spin ãi = 0.01.

In this figure, we also give the curves in the PBH mass-spin plane correspond-

ing to the superradiance threshold ω = ΩH for different heavy axion masses.
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Figure 8.2: PBH Regge trajectory for single-scalar Hawking emission (HE) for
Mi = 1012 kg and ãi = 0.01, and superradiance threshold curves for different
heavy axion masses, as labeled.

The dynamics are thus expected to develop as follows. Initially, while the PBH

spin is below the superradiance threshold for a given heavy axion mass, the

latter is non-superradiant, and any quantum fluctuations in the correspond-
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ing field are damped by the PBH. However, light scalar emission through

the Hawking effect increases the PBH spin until at some point it crosses the

threshold for superradiant heavy axion production. Any subsequent quantum

fluctuation in the heavy axion field is then expected to be exponentially am-

plified via the superradiant instability, leading to the growth of a heavy axion

cloud around the PBH.

We note that the timescales for superradiance and Hawking emission above

the threshold differ by several orders of magnitude. For instance, as one can

see in Fig. 8.2, for µ ∼ 100 MeV the superradiance threshold is attained

when ã ∼ 0.1 and M ∼ 1011 kg. Such a PBH will evaporate in ∼ 108 years

(F(ã = 0.1) ∼ 10−4), while the superradiance e-folding time when i.e. the spin

exceeds the critical value by 1% is ∼ 10−14 s. We illustrate this in Fig. 8.3,

where we plot the Hawking evaporation and superradiance timescales for a

heavy axion with µ = 100 MeV and a given PBH spin, as a function of the

PBH mass.
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Figure 8.3: Characteristic timescales for Hawking emission (HE), τHE =
F−1M3/M4

P , and superradiance, τs = 1/Γs, for a PBH with ã = 0.3 and
a heavy axion with mass µ = 100 MeV, as a function of the PBH mass. The
dashed line corresponds to the age of the Universe.

As one can see in this figure, superradiance is a much faster process for the

larger values of the PBH mass, implying that this will be the dominant process
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determining the PBH mass and spin after the critical spin value yielding ω <

ΩH is reached. This difference in the timescales of the two processes may pose a

numerical challenge for solving Eqs. (8.1) and (8.2) alongside dN/dt = ΓsN for

the number of particles within the superradiant cloud. Nevertheless, we have

found that the numerical tools available in i.e. Mathematica are sufficiently

accurate for this purpose. An alternative possibility is to artificially reduce

the superradiant growth rate via a tunable multiplicative factor and then

extrapolate the obtained results to the realistic case. We find that these two

methodologies yield results consistent with each other.

A further numerical difficulty is crossing the superradiance threshold, since

N decreases exponentially fast in the non-superradiant regime, thus quickly

reaching values below numerical precision before the PBH attains the critical

spin value through light scalar Hawking emission. This, however, does not

correspond to a realistic approach, since it discards the quantum nature of the

heavy axion field. Although the development of superradiant instabilities from

quantum field fluctuations has not, to our knowledge, been studied in detail

so far, it is widely believed that superradiance will amplify any quantum field

fluctuations, quickly increasing the corresponding occupation number in the

quasi-bound state, so that a classical description is then sufficient to describe

the dynamics.

In fact, Kofman showed [217] that Hawking emission populates not only free

states, with ω > µ, but also quasi-bound states ω < µ, in a semi-classical

calculation similar to the original computation by Hawking. While Kofman’s

analysis considered only a static BH, so that bound particles produced by

Hawking emission are quickly reabsorbed by the BH, in principle it should

extend also to the rotating case. The difference for a Kerr BH should reside in

the exponential amplification of the bound state occupation number for spin

parameters above the superradiance threshold.

In our numerical analysis, we assume this to be the case, and we simulate the

effect of bound state quantum emission by first setting N = 0 in the differential

equations for the PBH mass and spin evolution, Eqs. (8.1) and (8.2), until just

after the superradiance threshold is crossed within our numerical precision.

We then take the obtained mass and spin values as initial conditions for the

subsequent evolution, where we include the heavy axion cloud starting with

N = 1 (changing this initial value somewhat does not significantly affect our

results). In the example shown in Fig. 8.4, we begin with Mi = 1012 kg and
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ã = 0.01, while the second part of the simulation including a heavy axion with

µ = 100 MeV starts with M = 6.30 × 1010 kg and ã = 0.097.

SR threshold

HE

HE+SR

106 107 108 109 1010 1011 1012

0.0

0.1

0.2

0.3

0.4

0.5

0.6

Mass (kg)

ã

Figure 8.4: Black hole trajectory in the mass-spin “Regge” plane through
Hawking emission and superradiance (solid orange curve) for Mi = 1012 kg,
ãi = 0.01 and a heavy axion with mass µ = 100 MeV. Also shown are the
trajectory in the absence of superradiance (dotted blue curve) and the super-
radiance threshold (dashed blue curve).

As one can see in this figure, once the superradiant instability is triggered

after the critical spin value is attained, the PBH follows closely the super-

radiance threshold. This is simply due to the fact that the latter occurs on

much shorter timescales, quickly depleting the PBH spin until ω = ΩH and su-

perradiant heavy axion production is halted. However, this condition is never

fully attained since Hawking emission continuously spins up the PBH due to

light axion emission. To better illustrate this, we show in Fig. 8.5 the time

evolution of the PBH spin parameter and of the number of heavy axions in

the superradiant cloud for the same example.

This shows that the number of heavy axions produced by superradiance grows

exponentially fast after the instability is triggered, quickly decreasing the PBH

spin back to close to the critical value. As one can observe in Fig. 8.5, this

does not constitute a very significant decrease in the PBH spin, since the su-
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perradiant instability is triggered just above the critical value at ã ≃ 4α. In

fact, the number of heavy axions increases only until the superradiant term in

Eq. (8.2) becomes comparable to the Hawking emission term.
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Figure 8.5: Numerical evolution of the PBH spin (left) and number of heavy
axions in the superradiant cloud (right) for the same parameters of the example
shown in Fig. 8.4. In these plots, time is measured from the onset of the
superradiant instability.

At this stage the system reaches a quasi-equilibrium, in which the spin-down

effect of superradiance is nearly compensated by the spin-up due to Hawking

evaporation. Setting dã/dt ≃ 0 and ã ≃ 4α in Eq. (8.2) then yields the quasi-

equilibrium condition:

Γs =
4µ(2F(ã) − G(ã))

N
(8.3)

This is analogous to the condition found in [218], although in the latter case,

the opposite effect was observed since, in the absence of scalar emission, Hawk-

ing evaporation tends to spin down the PBH, leading to reabsorption of the

(initially superradiant) cloud in the Γs < 0 regime. In the present case, the

cloud remains in the superradiant regime, i.e. with Γs > 0, so that super-

radiance produces more and more heavy axions within the cloud as evap-

oration continues to spin up the PBH. Since the product ΓsN is approxi-

mately constant, the number of particles grows linearly in this phase at a rate

4µ(2F − G)) ≃ 4 × 1019 axions per second in this example.

This quasi-equilibrium configuration is maintained only while the number of

heavy axions within the superradiant cloud does not change significantly, in
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this example up until ∼ 1013 s. After this, superradiance efficiently spins down

the PBH, keeping the spin parameter very close to the critical value.

Despite the large number of heavy axions produced until this stage, superra-

diance has little effect on the PBH mass, which only begins to decrease after

∼ 1015 s (∼ 30 Myrs), corresponding to the remaining lifetime of the PBH

when the superradiant cloud forms.

The subsequent decrease in the PBH mass has two important effects since

it decreases the dimensionless mass coupling α = µM/M2
P . First, it lowers

the critical spin value for which ω = ΩH ; second, it damps the superradiance

growth rate Γs ∝ α8. The first effect makes the PBH follow a trajectory in

the Regge plane corresponding to the superradiance threshold, as observed in

Fig. 8.4. This holds while superradiance remains faster than evaporation de-

spite the decreasing PBH mass, i.e. down to masses ∼ 107 kg. This means that

in its final hour (literally in this example) the PBH spins up once more as light

scalar emission takes over in the last stages of evaporation. Asymptotically the

PBH reaches the stable value ã∗ = 0.555 yielding H(ã∗) = 0 for pure scalar

Hawking emission, as discussed in Section 2. This is not visible in Fig. 8.4,

since it is only attained in the very last stages of the PBH evaporation, beyond

the reach of the numerical precision of our simulation.

To summarize our findings in this toy model, a PBH formed with a mass ∼ 1012

kg evaporates through light axion emission and consequently spins up. After

nearly ∼ 14 billion years, its spin surpasses the critical value for triggering

a superradiant instability, producing a cloud of heavy axions around it. For

most of its remaining lifetime, the PBH is in a quasi-equilibrium configuration

with the heavy axion cloud, with evaporation spinning up the PBH nearly

at the same rate superradiance spins it down. In our working example, the

PBH remains in this stage for about 30 million years. At the end of its life,

its mass starts decreasing and the PBH follows a Regge trajectory along the

superradiance threshold up until its very last stages where evaporation once

more increases its spin.

We note that once superradiance becomes inefficient the number of heavy

axions within the superradiant cloud stabilizes near the maximum possible

value:

Nmax ≃ ãcM
2
c , (8.4)

where the subscript ‘c’ indicates the PBH mass and spin parameter when su-
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perradiance is triggered. This corresponds to converting most of the PBH’s

angular momentum into heavy axions via the superradiant instability (but

fueled by the spin-up produced by light scalar Hawking emission). In our ex-

ample, this yields nearly 1036 axions.

Although the critical PBH-mass spin values for superradiance change for dif-

ferent values of the heavy axion mass, we observe the same qualitative behavior

for all µ > few MeV (recalling that in the 0.1 − 1 MeV mass range superradi-

ance is triggered at PBH formation for ã = 0.01 as discussed earlier).

Our toy model should be an accurate description when the PBH can emit

Na ≫ 1 light axions, up to an overall rescaling of the PBH lifetime by a factor

∼ N
1/3
a .

8.2.2 Realistic string axiverse scenarios

With the basic understanding of the main dynamical features of the interplay

between superradiance and evaporation in the simplified toy model, we now

perform more realistic simulations, with a finite number Na of light axions

in the Hawking emission spectrum alongside all the Standard Model degrees

of freedom. As described in Section 2, each particle species is included in the

emission spectrum once the Hawking temperature exceeds its mass (or effec-

tive mass as in the case of quarks and gluons above the QCD scale).

Given our understanding of the evaporation dynamics in the absence of su-

perradiance, the main difference expected between the toy model and more

realistic scenarios is the fact that most Standard Model particles have a non-

zero spin, therefore carrying away part of the angular momentum of the BH.

This means that Hawking emission is overall less efficient in spinning up the

BH, and unless the number of light axions is sufficiently large the BH may

actually spin down, as discussed in the previous section. The expectation is

therefore that superradiant instabilities can only be triggered above a mini-

mum number of light axion species Na. This is illustrated in Fig. 8.6, where

we show the results of our numerical simulations for different numbers of light

axions and a heavy axion with µ = 100 MeV.
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Figure 8.6: Black hole trajectory in the mass-spin “Regge” plane through
Hawking emission and superradiance (solid curves) for Mi = 1012 kg, ãi = 0.01
and a heavy axion with mass µ = 100 MeV, for different values of the number
of light axions Na in the Hawking emission (HE) spectrum, as labeled. Also
shown are the trajectory in the absence of superradiance (dotted curves) and
the superradiance threshold (dashed curve).

As one can see in this figure, for different numbers of light axions the super-

radiant instability is triggered for different values of the PBH mass and spin,

although converging to those found in the toy model in the limit Na → ∞.

For Na ≲ 100 the superradiant threshold is not crossed for heavy axions with

µ ≳ 10 MeV, but since the string axiverse generically predicts hundreds or

even thousands of light axions we typically expect instabilities to occur during

the PBH evolution if axions in this mass range exist.

As for the toy model, superradiance is initially much faster than Hawking

emission in changing the PBH spin, so that after the instability is triggered

the PBH follows a trajectory in the Regge plane corresponding to the super-

radiance threshold ω = ΩH (ã ≃ 4α = 4µM/M2
P for slowly rotating PBHs).

The main difference in realistic scenarios is the fact that we do not observe a

spin up of the PBH for low masses, i.e. at the end of its lifetime, as also clear

in the time evolution plots shown in Fig. 8.7, given that Hawking emission is
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in this case much less efficient in increasing ã than for single scalar emission.
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Figure 8.7: Numerical evolution of the PBH spin (left) and number of heavy
axions in the superradiant cloud (right) for the same parameters of the example
shown in Fig. 8.6. In these plots, time is measured from the onset of the
superradiant instability.

Although this may occur when the PBH reaches masses below those that our

numerical precision can probe, we may safely conclude that for present PBH

masses ≳ 106 kg (lifetime exceeding ∼1 s), the PBH distribution in the mass-

spin Regge plane should exhibit a single peak at the values (Mc, ãc) at which

the instability is triggered and which depend on the string axiverse parameters

µ and Na. In particular, the mass of the heavy axion can be inferred from the

superradiance threshold condition:

µ ≃
M2

P

Mc

ãc

2(1 +
√

1 − ã2c)
≃
M2

P

4Mc
ãc . (8.5)

The dependence on the number of light axions, Na, emitted through the Hawk-

ing process is less trivial since it depends on the PBH evaporation dynamics,

which has to be computed numerically. In Fig. 8.8 we show the critical spin

contours in the (µ,Na) plane, from which one can determine Na upon com-

puting µ from Eq. (8.5).
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Figure 8.8: Contours of the critical spin parameter ãc at which the superradiant
instability is triggered as a function of the number of light axions Na and the
mass of the heavy axion µ. This corresponds to the present maximum spin of
PBHs in the range 106−1012 kg (slowly rotating at birth). In the black region,
no superradiant instabilities are triggered.

We thus find a unique signature of the string axiverse with hundreds of light

(≲0.1 MeV) axions and a single heavy axion (≳ few MeV), corresponding to

a sharply peaked spin distribution as a function of mass, with a nearly linear

relation between PBH mass and spin for masses below the peak. Moreover, as

shown above, the number of light axions and the mass of the heavy axion can

be determined from the position of this peak in the Regge plane, so that the

full PBH distribution need not be probed across many orders of magnitude in

mass.

This shows that measuring the present mass-spin distribution of PBHs be-

low 1012 kg may have a very significant impact on finding (or excluding) new

physics. Methodologies to determine both the mass and spin of a PBH from

its photon Hawking emission spectrum will be discussed in the next chap-

ters. Although these may be challenging from the experimental perspective,

since they require measuring the PBH photon spectrum close to the primary

emission peak energy (where the photon flux is lower than for the secondary
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component at lower energies), they may be within the reach of future gamma-

ray telescopes, as we discuss in Section 8.4.

We note that, in the presence of multiple heavy axions (> few MeV), the

first instability to be triggered during the evolution of a PBH corresponds to

the lightest of these. The growth of this first heavy axion superradiant cloud

will quickly spin down the black hole close to the corresponding superradiant

threshold, as we have observed. This will therefore inhibit superradiant insta-

bilities for heavier axions (except in the last fractions of a second of a PBH’s

lifetime where evaporation may still spin up the PBH). Hence, the shape of

the present PBH mass-spin distribution is determined only by the lightest of

the heavy axions, being largely insensitive to the existence of other axions.

We also note that our distinction between light axions and the heavy axion

refers to the Hawking temperature of ∼ 1012 kg PBHs at formation. As they

evaporate towards their present-day mass, the Hawking temperature of these

PBHs increases, such that at some stage the heavy axion can also be efficiently

emitted. Since we are considering scenarios with Na ≫ 1, the inclusion of one

(or even a few) more axion(s) does not significantly change the dynamics, and

for simplicity, we have kept Na fixed throughout the numerical evolution of

the PBH mass and spin.

In our numerical simulations we have considered only free axions, i.e. we have

neglected the effects of axion self-interactions, which have been analyzed in

detail in [219, 220] and also [221] (see also [203, 222–226]). The latter consid-

ered superradiant axion production around rotating PBHs, although heavier

than the ones considered in the present work so that the effects of Hawking

emission could be neglected. Axion self-interactions lead, in particular, to 2-2

scattering processes that populate other superradiant and non-superradiant

levels in the “gravitational atom” corresponding to the spectrum of BH-axion

quasi-bound states. Some axions are “ionized” in these processes, escaping the

BH’s gravitational potential, which slows down the growth of the dominant

2p-superradiant cloud and may, in fact, prevent its occupation number from

growing beyond a maximum number.

The results obtained in [220, 221] cannot be easily extrapolated to the case

of PBHs with a lifetime comparable to the age of the Universe, given how

significant a role we have found PBH evaporation to play in the development

of superradiant clouds. We may, nevertheless, try to estimate the parametric

regimes in which it is a good approximation to neglect the effects of axion self-
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interactions, based on the analyses of [220,221]. Since we are mostly interested

in the non-relativistic regime, we may consider the effects of the leading non-

linear term in the axion potential in the resulting Schrödinger-like equation,

which has the Gross-Pitaevskii form:

i
∂ψ

∂t
= − 1

2µ
∇2ψ − α

r
ψ − λ

8µ2
|ψ|2ψ , (8.6)

where the axion field Φ = (ψe−iµt+c.c.)/
√

2µ and λ = µ2/f2a , with fa denoting

the axion decay constant. In the limit λ→ 0 this corresponds to a Schrödinger

equation for a Coulomb-like potential, yielding a Hydrogen-like spectrum of

(quasi-)bound states as previously discussed. Self-interactions may thus play

an important role when the non-linear term becomes comparable to the energy

eigenvalue of the linear Hamiltonian, i.e. when λ|ψ|2 ∼ α2µ3 for the 2p-state

(Φ ∼ αfa). Since |ψ|2 represents the axion number density, and the 2p-cloud

has approximately a toroidal shape with volume Vcloud = 50π2/(αµ)3 (with

(αµ)−1 yielding the gravitational Bohr radius) [221,227], we conclude that self-

interactions can be neglected for N ≲ 50π2/(αλ). We may then derive a lower

bound on fa by taking the maximum number of heavy axions produced in the

2p-cloud when the superradiant instability is triggered by PBH evaporation,

Nmax ≃ ãc(Mc/MP )2:

fa ≳
α
3/2
c ã

1/2
c√

50π
∼ 7 × 1014

(
ãc
0.1

)2

GeV (8.7)

where we recall that the subscript ‘c’ refers to the PBH parameters when

the superradiant instability is triggered by evaporation, with 4αc ≃ ãc in the

slowly rotating limit. Since ãc ≲ 0.5, given that Hawking emission cannot

spin up a PBH beyond this value (which is only achieved for pure light scalar

emission), we conclude that for heavy axions with decay constants above the

grand unification scale, fa ≳ 1016 GeV, we may safely neglect the effects of

self-interactions in the development of superradiant instabilities. Such large

decay constants are, in fact, generic for string axions (see i.e. [181]), thus

justifying the free-axion approximation in this context.

We note that our dynamical simulations are applicable to any heavy scalar

field (µ ≳ 1 MeV) and not only axion-like fields, but the above arguments

show that only for very feeble self-interactions may the dynamical effects of

the latter be neglected. For instance, neutral pions are similar to heavy axions
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but interact quite strongly, with λ ≃ 1, as already analyzed in detail in [203].

8.3 Direct detection of superradiant axion clouds

In the previous section, we have shown that PBH evaporation in the string

axiverse may trigger superradiant instabilities for heavy axions due to the

emission of hundreds (or even thousands) of light scalar axions and the con-

sequent spin-up of (initially slowly-rotating) PBHs. In addition to the unique

imprint, this leaves on the present mass-spin distribution of PBHs with masses

≲ 1012 kg, the formation of superradiant clouds may leave a much more direct

observational signature since the produced axions decay into photon pairs. In

particular, as we will now describe in detail, an evaporating PBH surrounded

by a heavy axion cloud will emit photons as a result of both Hawking emission

and heavy axion decay, yielding a unique spectrum.

Hawking emission leads to two types of photons in a PBH emission spectrum.

Primary photons are directly emitted by the PBH with a nearly-thermal spec-

trum (up to the gray-body factors) given by (5.36) [87,88]. In addition, charged

particles produced via the Hawking effect also emit photons as they travel away

from the PBH, and additional photons also result from the decay of unsta-

ble particles like the neutral pion3. Such secondary photons are less energetic

than their primary counterparts but may nevertheless dominate the emission

spectrum at energies below the primary emission peak.

Although the primary spectrum can be computed using semi-analytical meth-

ods (computing the gray-body factors numerically as described in Section 8.2),

determining the secondary spectrum typically requires numerical methods of

convoluting the primary emission rate for each particle species (analogous to

Eq. (5.36)) with their corresponding photon emission rate. We have used the

publicly available BlackHawk code [93–96] to compute both the primary and

secondary emission spectra of PBHs with mass and spin satisfying the super-

radiance threshold condition ω = ΩH , corresponding to the trajectory followed

by a PBH after the formation of a heavy axion superradiant cloud of a given

mass µ ≳ 1 MeV. We have nevertheless checked that our semi-analytical cal-

culation of the primary emission spectrum agrees with the results obtained

3The Na light axions emitted by the PBH also decay into photons, but their lifetime is
so long that they typically decay far away from the PBH, so that we do not include their
contribution to the Hawking photon emission spectrum.
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using this code.

The latest version of BlackHawk uses two well-known particle physics codes

to compute the number of photons radiated by primary particles, namely

Hazma [98,99] for primary particle energies below a few GeV and PYTHIA [97]

for energies > 5 GeV. PYTHIA may operate in an extended range via extrap-

olation tables, but as reported in [100] this may lead to unreliable spectra

due to its failure in describing physical processes as the neutral pion decay,

π0 → γγ which should cause a symmetric emission peak centered at half of the

pion’s mass. We note that the primary emission peak corresponds to photon

energies ∼ 5 times the Hawking temperature. For this reason, and taking into

account the limits of validity of Hazma and PYTHIA, we employ PYTHIA for

PBH masses M < 2.5 × 1010 kg, while for M > 2.5 × 1010 kg we use Hazma.

The heavy axions within the superradiant cloud decay into photon pairs with

a rate (see i.e. [228,229]):

Γa =
g2aγγµ

3

64π
, gaγγ =

αEM

2πfa
|Caγγ | , (8.8)

where αEM ≃ 1/137 is the electromagnetic fine structure constant and Caγγ =

O(1 − 10) is a model-dependent numerical factor (possibly reaching larger

values in some axion models (see i.e. [230]). We may write this as:

Γa ≃ 7 × 10−35|Caγγ |2
( µ

100 MeV

)3(1016 GeV

fa

)2

eV . (8.9)

Note that for the heavier axions, this may exceed the present Hubble rate

H0 ∼ 10−33 eV, i.e. yield axions with a lifetime shorter than the age of the

Universe. However, the heavy axion cloud is only formed after ≃ 14 Gyrs,

once evaporation spins up the PBH sufficiently to trigger the superradiant

instability. It is easy to check that the axion decay rate is always smaller than

the PBH evaporation rate when the cloud forms:

Γa

Γevap
=
α2
EM |Caγγ |2

256π3F

(
MP

fa

)2

α3
c ≃ |Caγγ |2

(
10−2

F

)(
1016 GeV

fa

)2

α3
c ≪ 1

(8.10)

since the function characterizing the PBH mass loss rate (see Section 8.2) F ≳

10−2 for Na ≳ 100 and, as discussed in the previous section, fa ≳ 1016 GeV

for string axions, taking also into account that superradiance is triggered for
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αc < 0.15 in all axiverse scenarios. This means that axion decay does not play

a significant role in the formation and evolution of the superradiant clouds. It

may, however, yield an observable signal as we now show. The corresponding

photon emission spectrum is given by:

d2Nγ,a

dtdEγ
≃ 2ΓaNδ

(
Eγ −

µ

2

)
≃ 2ΓaN√

2π∆E
e−

(Eγ−µ/2)2

2∆E2 (8.11)

since each of the two photons has approximately half of the axion rest energy

(up to sub-leading gravitational binding energy corrections) and, in the last

step, we have replaced the monochromatic spectrum by a Gaussian function

of width ∆E in order to take into account the effects of a detector’s resolution.

We then obtain for the maximum photon emission rate from the superradi-

ant axion cloud (at Eγ ≃ µ/2), considering the maximum number of axions

produced in the evolution, as computed in the previous section:

d2N

dtdEγ

∣∣∣∣
max

≃ 1.5 × 1018 |Caγγ |2
(
ãc
0.1

)3(1016 GeV

fa

)2(
∆E

Eγ

)−1

GeV−1s−1

(8.12)

The energy of the axion line is always smaller than the peak of the primary

photon emission spectrum of the PBH since the latter occurs for Eγ ≃ 5TH ≃
0.2α−1µ ≳ µ. Hence, whether the axion line is detectable depends on the mag-

nitude of the secondary photon emission spectrum from Hawking evaporation.

In Fig. 8.9 we give two examples illustrating the effect of a superradiant cloud

with heavy axions with µ = 100 MeV and 1 GeV on the emission spectrum

of PBHs with three different masses and spins. The heaviest PBH in each

case corresponds to a PBH where the heavy axion cloud has just formed (and

reached its maximum mass), after evaporating with Na = 400 light axions

for nearly the age of the Universe. The other two mass and spin values cor-

respond to subsequent stages of the same PBH as it evaporates further and

follows the Regge trajectory given by the superradiance threshold condition

ω = ΩH (ã ≃ 4α) as discussed in the previous section. We note that in practice

one would aim to observe three distinct PBHs presently at different stages of

the evaporation process (already dressed with a heavy axion cloud), and not

the same PBH at different times since the evaporation timescale in this mass

range is still very large (∼ 1 million years).
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Figure 8.9: Photon emission spectrum of PBHs in the presence of a heavy
axion with 100 MeV mass and fa/Caγγ = 1015 GeV (gaγγ ≃ 10−18 GeV). The
heaviest PBH (black curve) corresponds to the mass and spin values at which
the superradiant cloud forms, while the red and blue curves correspond to
subsequent stages in the latter’s evolution (along the superradiance threshold
curve). The energy resolution for the axion line is taken to be 1% of the axion
mass in each case.
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Figure 8.10: Same as Fig.(8.9) but with the heavy axion mass of 1 GeV.
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In these examples, we have chosen fa = 1016 GeV and |Caγγ | = 10 (or equiv-

alently any combination with gaγγ ≃ 10−18 GeV−1), which maximizes the in-

tensity of the heavy axion line given the constraints obtained from neglecting

axion self-interactions discussed above and the typical values of axion decay

constants of string compactifications (being also within current experimental

constraints [231]). We see that with a ≃ 2% peak energy resolution the ax-

ion line is clearly visible above the secondary photon emission from the PBH

evaporation for the PBH mass values considered. Although these examples

may be somewhat optimistic, it is quite remarkable that such an axion line

is observable for such low values of the axion-photon coupling. Note that in

the case of heavier axions, for which the instability is triggered at higher spin

values, the axion line is more pronounced as given by Eq. (8.12).

It is worth remarking that detecting a slowly rotating black hole with a mass

≲ 1011 kg, which must in principle be a remnant of the evaporation of a heavier

PBH4, exhibiting a monochromatic line in its electromagnetic emission spec-

trum would be evidence for the existence not only of a heavy axion but also

of hundreds of light axions, as otherwise, it could not have developed a large

enough spin to trigger the superradiant instability (recall that for Na = 0 any

natal spin is quickly lost, as can be seen in Fig. 7.2).

8.4 Discussion and conclusions

In this work, we have considered the evaporation of PBHs in the context of

the string axiverse, following the seminal work of the previous chapter. The

generic prediction of hundreds or even thousands of light scalar axions in re-

alistic string scenarios has a tremendous impact on the dynamics of small

PBHs since light scalar emission tends to spin up a BH, as opposed to the

emission of particles with non-zero spin. This is due to spin-zero particles be-

ing the only particles that can be emitted in the spherically symmetric l = 0

mode, i.e. without carrying away the BH’s angular momentum. As shown in

the previous chapter, an initially slowly rotating PBH (ã ≲ 0.01) can spin up

to values ã ∼ 0.1 − 0.5 for Na ≳ 100 light axions.

This increase in a PBH’s angular velocity, which for PBHs born with ∼ 1012

kg occurs on timescales comparable to the age of the Universe, has an impor-

4Although there could be more exotic scenarios where light black holes form much later
(see i.e. [232]).
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tant consequence that we have explored in detail in this work - it may trigger

superradiant instabilities. The string axiverse typically includes axions with

masses spread out over several orders of magnitude [181], most of which are

likely below the MeV scale and hence included in the PBH Hawking emission

spectrum for the above-mentioned natal mass range. However, there may be

one or more axions with a larger mass, and which can be produced via the

superradiant instability once a PBH reaches a critical spin value as a result of

evaporation.

The dynamical interplay between Hawking evaporation (with light sub-MeV

axions) and the superradiant instability (producing heavy super-MeV axions

in clouds gravitationally bound to the PBH) is quite interesting, given in par-

ticular the very different timescales of the two particle production processes.

As we have shown in this work, once evaporation spins up a PBH above a cer-

tain critical spin, the superradiant instability quickly amplifies any quantum

fluctuation in the heavy axion field, and the expense of reducing the PBH’s

spin back to the critical value. On a longer timescale, the PBH continues to

spin up due to light axion emission, therefore feeding the superradiant instabil-

ity and the heavy axion cloud. These two opposing effects keep the PBH-axion

cloud system in a quasi-equilibrium state with nearly constant spin for a long

time, and as the PBH mass decreases it follows a very simple Regge trajectory

(mass-spin plane) corresponding to the superradiance threshold for the heavy

axion ã ≃ 4µM/M2
P .

Towards the end of the PBH’s lifetime superradiance becomes less and less

efficient in extracting the PBH spin, as a consequence of the decreasing di-

mensionless mass coupling α = µM/M2
P . The number of heavy axions in the

cloud stabilizes near the maximum value Nmax ≃ ãcM
2
c , where the subscript

‘c’ denotes the PBH parameters when the superradiant instability is triggered,

as supported by our numerical simulations. Evaporation then takes over as the

main mechanism driving the PBH evolution and therefore increasing its spin

for a sufficiently large number of light axions. Numerically, we can only observe

this final spin up in the toy model with pure scalar Hawking emission, given

that numerical precision limits the considered PBH mass range to M0 ≳ 106

kg5 in a toy model with pure scalar emission. This toy model mimics what

happens in the limit Na → ∞.

5Such PBHs live less than a second, while our simulations span the age of the Universe,
requiring a very large numerical precision.
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This thus leads to a striking prediction for the present mass-spin distribution

of PBHs in the range 106−1012 kg. On the one hand, for the heavier ones that

are still spinning up due to light axion emission, the spin parameter should

decrease with the mass (the exact function depends on the number of light

axion species, Na). On the other hand, for the lighter PBHs that have already

formed a heavy axion cloud, the spin parameter should increase linearly with

the PBH mass, along the Regge trajectory corresponding to the superradiance

threshold ã ≃ 4µM . This gives a peaked mass-spin distribution (see Fig. 8.6),

the mass and spin of the most rapidly rotating PBH depending on the num-

ber of light axions, Na, and the mass of the heavy axion µ (see Fig. 8.8 and

associated discussion).

In addition to this indirect signature of the string axiverse, the presence of

a superradiant axion cloud can in principle be directly detected as a single

emission line on top of the PBH’s Hawking emission spectrum, located at ap-

proximately half of the heavy axion’s mass (since axions decay into photon

pairs). Although we have not performed a detailed analysis of the detectabil-

ity of this axion line, we have shown that its intensity can be comparable to

that of the PBH’s (secondary) Hawking emission for axion-photon couplings

as low as gaγγ ∼ 10−18 GeV, corresponding to axion decay constants of the

order of the grand unification scale, fa ∼ 1016 GeV, typical of string axions,

up to an O(10) model-dependent coefficient Caγγ . This feature is quite unique,

since PBHs with different masses and spins, presently at distinct evaporation

stages, should exhibit the same axion line despite their different Hawking emis-

sion spectra if they have grown a superradiant cloud around them.

Both direct and indirect signatures of the string axiverse depend intrinsically

on detecting and accurately measuring a PBH’s photon emission spectrum,

since in addition to the axion line this allows for a determination of both its

mass and spin, as we will see in the following chapters and studied in [11,13].

In particular, the latter requires determining specific features in the spectrum

close to the primary emission peak, where, as illustrated in Fig. 8.9 the emis-

sion rate is lower.

Planned gamma-ray telescopes such as AMEGO [233–235] or All-Sky-ASTROGAM

[236,237] missions will reach sensitivities of ∼ 10−6 MeVcm−2s−1 in the MeV-

GeV range. The dark matter fraction in the form of PBHs born with Mi ∼ 1012

kg is currently bound by their contribution to the extra-galactic gamma-ray
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background [238]:

fPBH < 2 × 10−8

(
Mi

5 × 1011 kg

)3+ϵ

(8.13)

where ϵ = 0.1 − 0.4. Note that the reference value of 5 × 1011 kg corresponds

to PBHs with a lifetime equal to the age of the Universe in the absence of

light axions, whereas in the axiverse scenario PBHs which are currently in the

final stages of their evaporation process must have been born with somewhat

larger masses ∼ 1012 kg as previously mentioned. Considering a fiducial value

for the Solar System’s velocity in the dark matter halo v = 250 km/s and for

the local dark matter density ρDM ≃ 0.4 GeVcm−3, we obtain a bound on the

PBH flux in our astrophysical neighborhood of:

FPBH ≲ 106
(

Mi

1012 kg

)2+ϵ

pc−2yr−1 (8.14)

This means that, within the typical lifetime of a detector of ∼ 10 years, we

may expect up to one evaporating PBH to come within a distance of ≃ 30−40

AU of the Earth. The photon energy flux for a PBH at distances of this order

is given by:

Φγ ≃ 3.6 × 10−6

(
Eγ

5 GeV

)2( d2N/dtdEγ

1021 GeV−1s−1

)(
d

50 AU

)−2

MeVcm−2s−1

(8.15)

This means that both primary and secondary Hawking emission from PBHs

with M ≲ 1010 kg (i.e. less than 1% of their original mass) could be de-

tectable with planned gamma-ray telescopes if the bounds on their abundance

are nearly saturated (i.e. if they give a non-negligible contribution to the extra-

galactic gamma-ray background. If they are less abundant one will of course

require even more sensitive telescopes to detect them, such as the proposed

MAST mission [239], with an unprecedentedly large detector area.

An important question also comes out of our analysis in this work − what hap-

pens to the heavy axion clouds once the PBHs evaporate away? The analysis

of superradiant dark matter production by light PBHs (< 106 kg) performed

in [218] has suggested (although not rigorously proven), that superradiant

clouds may survive black hole evaporation as self-gravitating, microscopic bo-

son stars. The main idea is that, as a PBH evaporates, its gravitational po-
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tential (which bounds the scalar cloud) decreases in time, first adiabatically

(compared to the timescale of the Hydrogen-like wavefunction), but speeding

up towards the end of the PBH’s lifetime so that the PBH suddenly vanishes -

much like a quantum quench. Using the results obtained in [218], we find that

PBH evaporation should only become non-adiabatic when the PBH reaches a

value:

M∗ ≃ 7 × 10−5

(
0.1

ãc

)13/5(1011 kg

Mc

)2/5

Mcloud , (8.16)

where Mcloud = µN is the total mass of the axion cloud. This then suggests

that the heavy axion field profile should slowly evolve from a superradiant

cloud around a PBH to an essentially self-gravitating configuration well be-

fore the PBH fully evaporates away. PBH evaporation could thus leave behind

microscopic axion stars! Note that the cloud expands from an initial size of

a few times the gravitational Bohr radius ∼ 1/Mcµ
2 to the much larger size

of the self-gravitating configuration, ∼few×1/Mcloudµ
2, given that the axion

cloud only contains, in general, a small fraction of the PBH mass when it

forms, i.e. Mcloud ≪Mc. Note also that this should result in a rotating boson

star by angular momentum conservation, but that these configurations are

unstable and end up decaying into non-rotating spherical stars [240–242].

Showing that superradiant clouds may indeed become self-gravitating states

requires dedicated numerical simulations, given the intrinsically non-linear na-

ture of the problem, and which are beyond the scope of this work. Nevertheless,

it is interesting to speculate about the possibility of directly observing such a

transition, since after its final Hawking explosion, a PBH could leave behind

a compact object (the “axion star”) with a monochromatic gamma-ray spec-

trum, as computed in the previous section.

This work thus demonstrates the enormous potential of evaporating PBHs as

probes of beyond the Standard Model physics and we can only hope that the

Universe has been kind enough to provide us with a sufficiently large number

of these fascinating compact objects.
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9 Determining the mass and spin of

light PBHs with Hawking radia-

tion

This chapter is divided into two sections, each of which contains the major

results of [13], and [14] respectively.

In the first section, we propose a method to determine the mass and spin of

primordial black holes (PBHs) in the mass range 5 × 107 − 1012 kg (Hawking

temperatures ∼ 10 MeV −200 GeV), based on measuring the energy of specific

features in the photon Hawking emission spectrum, including both primary

and secondary components. This is motivated by scenarios where PBHs in

this mass range spin up as they evaporate, namely, the string axiverse, where

dimensionless spin parameters ã ∼ 0.1 − 0.5 can be achieved through the

Hawking emission of hundreds or even thousands of light axion-like particles.

Measuring the present PBH mass-spin distribution may thus be an important

probe of physics beyond the Standard Model. Since the proposed method

relies on the energy of the photons emitted by a given PBH, rather than on

the associated flux, it is independent of the PBH-Earth distance and, as a

byproduct, can also be used to infer the latter.

We continue and propose in the second section a method to determine the

mass and spin of primordial black holes based on measuring the energy and

emission rate at the dipolar and quadrupolar peaks in the primary photon

Hawking spectrum, applicable for dimensionless spin parameters ã ≳ 0.6. In

particular, we show that the ratio between the energies of the two peaks is

only a function of the black hole spin, while the ratio between their emission

rates depends also on the line-of-sight inclination. The black hole mass and

distance from the Earth may then be inferred from the absolute values of the
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peak energies and emission rates. This method is relevant for PBHs born with

large spin parameters and that at are presently still in the early stages of their

evaporation process.

9.1 Low spin PBHs

As we have seen in the previous chapters, in the context of the string axi-

verse, and potentially other SM extensions with large numbers of light scalars,

evaporating PBHs should presently exhibit a non-trivial spin, and measuring

the present mass-spin distribution of PBHs at different stages of their lifetime

may therefore yield a unique probe of new physics. In our previous work, we

showed that the spectrum of primary photons (those directly emitted by the

PBH) is sensitive to both the mass and spin of a PBH, such that detecting

such photons could allow one to determine both quantities. This, however,

relies on the measured photon flux and hence depends also on precise mea-

surements of the PBH-Earth distance. While this may be relatively easy to do

with parallax techniques if a PBH is not too far away (which is nevertheless

required for detection), it would be better to devise a mass-spin determina-

tion method independent of distance measurements. In addition, the observed

flux will correspond not only to the primarily emitted photons but also to

secondary photons radiated by the other particles that also result from the

PBH’s evaporation. These result from final state radiation (FSR) of charged

particles, particle decays (muons, pions, etc) as well as parton fragmentation

processes, and can be more numerous, albeit less energetic, than the primary

photons.

In this section, we, therefore, study the full Hawking photon spectra of PBHs

with temperatures roughly between 10 MeV and 200 GeV, corresponding to

PBH masses from 1012 kg down to 5 × 107 kg, respectively, which are signifi-

cantly evaporating today but are sufficiently cold for us to ignore any contri-

butions from potential new particles with masses above the electroweak scale

(The same can be said about next section: we will not consider temperature

exceeding the electroweak scale. See i.e. [190,191] for the effects of new heavy

particles on PBH evaporation). We will also ignore photons from ALP decays

since string axions typically have large decay constants (above the GUT scale)

and therefore very long lifetimes/small decay rates. We employ the publicly

available BlackHawk code [93–96] to compute the Hawking spectra of PBHs
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with different mass and spin, which uses both PYTHIA [98,99] and Hazma [97]

as particle physics codes to determine the secondary photon emission, taking

into account the regime of validity of the latter codes described in section 5.4.2.

For the heavier (and hence colder) PBHs that cannot effectively emit parti-

cles heavier than the electron, we employ semi-analytical tools to determine

the secondary photon spectrum resulting mainly from electron FSR follow-

ing [100].

We identify particular features in the Hawking spectrum and from their ener-

gies (and energy ratios) devise a method to determine both the mass and spin

of a PBH in the above-mentioned mass range. We will show, in particular,

that, with this methodology, one can distinguish an effective Schwarzschild

PBH from one that is spinning with ã ≃ 0.1 − 0.5 as the result of light scalar

emission. By using the energy of these features rather than the correspond-

ing photon flux, the method is thus independent of the distance between the

observer and the PBH. One can then use the inferred PBH mass and spin to

predict the expected photon flux as a function of the Earth-PBH distance,

therefore allowing one to determine the latter from the measured flux, along-

side potential parallax measurements.

In this section we describe the general characteristics of the photon spec-

trum, discussing the differences observed for distinct PBH masses and low

(0 < ã < 0.6) spins. The section is further divided into subsections according

to the low, intermediate, and high mass ranges described in 5.4.2. We outline

our proposed method to determine the PBH mass and spin and discuss the

energy resolution requirements for sufficiently precise measurements of these

quantities that may allow one to detect the effects of new physics, particularly

those of the string axiverse. Finally, we summarize our main conclusions and

discuss future prospects. This section is based on the results of [13].

9.1.1 Hawking spectra for 5×107 < M < 1012 kg and 0 < ã < 0.5

Here we show the spectra of PBHs in the three ranges identified in 5.4.2 and

obtained through the described methods. We will see that the spectra exhibit

different features according to the different ranges. We will identify features

of the spectra which will be used in later chapters for the PBH mass and spin

determination.
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Low mass range (5 × 107 − 2.5 × 1010 kg)

Fig. (9.1) shows the spectra obtained using BlackHawk and PYTHIA, for

different PBH masses and spins. As one can clearly observe, the particle emis-

sion rate increases with the PBH spin ã for fixed mass. This is a generic

feature of the emission of particles with non-zero spin like the photon and the

many charged fermions contributing to the secondary spectrum in this low-

mass/high-temperature range. We note that the opposite behavior is observed

for scalar emission, which decreases with ã (see i.e. Fig. 2 in [94]).
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Figure 9.1: Primary (light colors) and total (dark colors) photon emission
rates for a PBH of 1010 kg (solid lines) and 109 kg (dash-dotted lines), for
ã = 0, 0.2, 0.5 (black, red, and blue, respectively). The spectra are obtained
using BlackHawk/PYTHIA.

In Fig. 9.1 we can also identify the primary emission peak at about five times

the value of the Hawking temperature, while the secondary emission is more

intense at lower energies. At the intersection of the secondary and primary

emission spectra we can identify a “valley-peak” structure, and the energy of

the “valley”, EV , as identified in Fig. 9.2, seems to be quite insensitive to the

spin parameter ã.
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Figure 9.2: Photon spectrum near the primary emission peak for M = 2.5 ×
1010 kg and ã = 0, illustrating the quantities characterizing the “valley-peak”
structure.

This is not surprising since the secondary spectrum depends on ã essentially

through the primary spectrum of charged/unstable particles, which, like the

primary photon spectrum, increases with ã. Therefore, the energy at which

they become comparable remains essentially the same for all PBH spins (for

a given mass). The energy of the primary emission peak, EP , is also largely

independent of the PBH spin, due to the mild dependence of the Hawking

temperature on ã away from extremality, although there is a non-negligible

spin dependence due to the graybody factors. In the next subsection, we will

explore the mass and spin dependence of these two energy values to determine

the latter values.

We note that the “bell-shaped” maximum of the secondary spectrum at lower

energies, albeit more intense, cannot be used to reliably determine the PBH

mass and spin, since its shape is degenerate in these parameters. For instance,

we may increase the maximum emission rate and the broadness of the peak by

either increasing ã or decreasing the PBH mass. Moreover, this bell structure

is present in simulations performed using BlackHawk [93, 95, 96] through the

hadronization routine PYTHIA [98, 99], but not when employing Hazma [97]

or the semi-analytical methods proposed in [100, 116]. For these reasons, we
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will ignore this part of the secondary spectrum in our subsequent analysis.

Intermediate mass range (2.5 × 1010 − 5 × 1011 kg)

In this mass range, we have used BlackHawk with Hazma to compute the

secondary photon spectrum, particularly given the significant contribution of

π0 → γγ, as visible in the spectra shown in Fig. 9.3 for ã = 0.
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Figure 9.3: Photon spectrum for ã = 0 PBHs with masses 2.5, 5, 7.5, 10, 25
and 50 × 1010 kg (purple, cyan, green, orange, red and brown, respectively),
obtained using BlackHawk/Hazma.

As one can see in this figure, pion decay induces a bump in the secondary

spectrum at energies around half the pion mass (∼ 0.07 GeV). This feature

is less prominent for the PBHs at the boundaries of this mass range since,

on the one hand, for the lighter (hotter) ones other secondary emission pro-

cesses overcome the pion contribution while, on the other hand, for the heavier

(colder) ones primary pion emission is suppressed. In Fig. 9.4 we show how

the photon spectrum changes with the PBH spin, and as expected we see that

the pion contribution decreases with ã, given that they are spin-0 particles as

explained earlier.
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Figure 9.4: Photon spectrum for PBHs with ã = 0, 0.2, 0.5 (black, red and
blue, respectively) and for M = 2.5 × 1010 and 1011 kg (dashed-dotted and
solid lines, respectively), obtained using BlackHawk/Hazma.
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Figure 9.5: Photon spectrum near the primary emission peak for a PBH with
M = 7.5 × 1010 kg and ã = 0, illustrating the “shoulder” feature, the pion
“bump” and the fit to the low-energy tail of the secondary spectrum (dashed
red line).
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A generic feature of the spectra in this mass range is, however, the absence

of the “valley-peak” structure identified in the low mass range. Nevertheless,

it is possible to characterize these spectra through alternative features that

we will later use for mass and spin determination. In particular, we can iden-

tify a “shoulder” at the energies at which the primary and secondary pho-

ton emission rates become comparable, corresponding to a local maximum of

d3Nγ/dtdE
2
γ at energy ES , as shown in Fig. 9.5.

Another feature that we may use to characterize the spectrum is the energy

EX at which the low-energy tail of the secondary spectrum (extrapolated us-

ing a power-law fit) would match the emission rate at the “shoulder”, in the

absence of the pion “bump”, as shown in Fig. 9.5. We will examine the mass

and spin dependence of these two energy values, as well as their difference

EXS = ES − EX in the next section.

High mass range (5 × 1011 − 1012 kg)

As described above, for these PBHs, we computed the dominant FSR contribu-

tions to the secondary spectrum semi-analytically, our results being shown in

Figs. 9.6 and 9.7. The pion “bump”’s absence makes the “valley-peak” struc-

ture evident as for the low mass PBHs, and we may use the energies EP and

EV to characterize the spectrum.
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Figure 9.6: Photon spectrum for PBHs with ã = 0, 0.2, 0.5 (black, red and
blue, respectively) and masses of 1011/2.5×1011 kg (solid/dashed-dotted lines),
obtained using the semi-analytical method.
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Figure 9.7: Photon spectrum for a PBH with M = 5 × 1011 kg and ã = 0.2,
obtained using the semi-analytical method (black), illustrating the different
contributions including primary photons (gray) and secondary photons from
electron (blue), muon (purple) and pion (green) FSR.
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Recall that PBHs with M ≳ 1012 kg have not yet lost a significant fraction

of their mass and hence could not have spun up due to axion emission. We

nevertheless note that the spectrum is qualitatively similar for PBHs that can

significantly emit electrons (TH ≳ me/5 ≃ 0.1 MeV or M ≲ 1014 kg) and is

characterized by the same energy values.

We now describe our proposal for determining the mass and spin of a PBH

from its photon Hawking emission spectrum using the features identified in

the previous section, within the different mass ranges of our analysis.

9.1.2 Low mass range (5× 107 − 2.5× 1010 kg)

In Fig. 9.8 we show how the energy EV depends on the PBH mass for different

values of dimensionless spin parameter ã.
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Figure 9.8: Energy of the “valley” as a function of the PBH mass for spin
parameters ã = 0, 0.1, 0.2, 0.3, 0.5 (red, blue, green, orange and cyan, respec-
tively), computed using BlackHawk. The dotted red line yields the best fit
curve for EV given by Eq. (9.1).

We thus find that the “valley” energy EV exhibits a simple dependence on the

PBH mass, with only a very mild dependence on the spin parameter, and is
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well fitted by a simple inverse power law:

E
(low)
V ≃ 4.85 × 1010 kg

M
GeV , (9.1)

such that a measurement of the “valley” energy can be used to determine the

PBH mass with a relative error essentially given by the energy resolution of

the detector, ∆E/EV ≃ ∆M/M (up to the mild dependence on ã).

On the other hand, the primary peak energy, albeit also quite close to a M−1

dependence, exhibits a more pronounced dependence on the PBH spin, which

is mostly due to the gray-body factors, since as discussed earlier the Hawking

temperature is only mildly dependent on this parameter (away from extremal-

ity as we are considering). Given the similar mass dependence of both EP

and EV , we expect their ratio to be largely independent of the PBH mass,

therefore isolating the PBH spin dependence of the Hawking spectrum. This

is illustrated in Fig. 9.9, where we plot EP /EV as a function of the PBH mass

for different ã values.
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Figure 9.9: Ratio EP /EV as a function of the PBH mass computed with Black-
Hawk/PYTHIA, for ã = 0, 0.1, 0.2, 0.3, 0.5 (red, blue, green, orange, cyan, re-
spectively).
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This figure shows that the ratio EP /EV has a non-trivial behavior with the

PBH mass, which essentially reflects the number of different SM particle

species that are emitted by PBHs with different masses, particularly the ef-

fects of quarks and gluons. Nevertheless, this ratio varies by less than 20% for

a fixed PBH spin within this mass range. This means that if we determine

the PBH mass from a measurement of EV , a measurement of EP and of the

ratio EP /EV can be used to infer the PBH spin. Roughly, we conclude that

measuring the energy of these features with a 10% resolution may allow for dis-

tinguishing between a slowly rotating PBH (ã≪ 1) and a PBH with ã ≳ 0.2,

i.e. one that has spun up as it evaporated. If ã ≲ 0.1, a much better resolution

below the few percent level should be required for inferring a non-vanishing

rotation.

9.1.3 Intermediate mass range (2.5× 1010 − 5× 1011 kg)

In this mass range we will explore the mass and spin dependence of the en-

ergy features ES (“shoulder” energy) and EXS = ES − EX identified in the

previous section, given the absence of a clear “valley-peak” structure due to

pion contamination. Unfortunately, none of these quantities exhibits a clean

dependence on either the mass or the spin of PBH, so a precise determination

of these quantities does not seem possible with this method. Nevertheless, as

shown in Fig. 9.10, ES is nearly inversely proportional to the PBH mass, al-

though the proportionality constant is somewhat dependent on the PBH spin

(≲ 20% variation for ã = 0 − 0.5). This means that a measurement of ES

alone can at most allow us to infer the PBH mass with a ≲20% error even

with infinite energy resolution.

We now turn to the ratio EXS/ES , which is shown in Fig. 9.11 and exhibits

essentially a power-law increase with the PBH mass within this range, despite

some minor features. The exact power depends on ã, making an accurate

determination of the PBH spin challenging in this case, taking into account

the uncertainty in measuring the PBH mass. In this case, we may nevertheless

hope to obtain upper and lower bounds on both quantities depending on the

energy resolution of the detector. For the lower PBH masses in this range, one

would need to measure EXS/ES with at least ∼ 5% precision to infer ã ≳ 0.2,

while a percent level precision may be required for this towards the upper

bound of this mass range.
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Figure 9.10: “Shoulder” energy ES as a function of the PBH mass computed
using BlackHawk and Hazma, for ã = 0, 0.1, 0.2, 0.3, 0.5 (red, blue, green,
orange and cyan, respectively).

We expect that these uncertainties might be mitigated by including additional

features of the Hawking spectrum in the analysis, such as the height and width

of the “pion bump”, which are sensitive to both the PBH mass and spin as

previously discussed (here we mean the height relative to i.e. the primary

peak, such that this is independent of the PBH-Earth distance as well). While

this may improve the precision with which the mass and spin of a PBH are

determined, we will not pursue this any further in this work, given the theo-

retical uncertainties that could still plague the computation of the Hawking

spectrum in this mass range, given in particular the discrepancies we have

observed in the spectra obtained using PYTHIA or Hazma alongside Black-

Hawk. The method proposed for this mass range relies mostly on the primary

photon emission (which determines the “shoulder” position to a large extent)

and the low-energy tail of the secondary emission, so while it cannot clearly

disentangle the mass and spin dependence of the spectrum it is nevertheless

robust from the theoretical perspective, and a more thorough analysis of other

features is left for future work.
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Figure 9.11: Ratio EXS/ES as a function of the PBH mass computed using
BlackHawk/Hazma, for ã = 0, 0.1, 0.2, 0.3, 0.5 (red, blue, green, orange and
cyan, respectively).

9.1.4 High mass range (5× 1011 − 1012 kg)

For masses higher than 5×1011 kg, the pion contribution becomes subdominant

and the “valley-peak” structure is again well defined, so that we may use the

method employed for the low mass range. In Fig. 9.12 we show how EV and

EP depend on the PBH mass for different values of ã in this mass range.

As in the low mass range, EV is nearly independent of the PBH spin, although

its mass dependence deviates slightly from an inverse power law:

E
(high)
V ≃

(
2.5 × 1010 kg

M

)1.05

GeV , (9.2)

In Fig. 9.13 we plot the ratio EP /EV as a function of the PBH mass for

different spin values, and in this mass range, we find only a mild dependence

on the mass, such that measuring this ratio with a precision of a few percent

suffices to distinguish a non-spinning PBH from one that is spinning with

ã ≳ 0.2, with around 10% resolution required to measure ã ≳ 0.5.
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Figure 9.12: “Valley” energy as a function of the PBH mass, computed with the
semi-analytical method, for ã = 0, 0.1, 0.2, 0.3, 0.5 (red, blue, green, orange and
cyan, respectively). The dotted red line yields the best-fit curve in Eq. (9.2).
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Figure 9.13: Ratio EP /EV as a function of the PBH mass, computed using
the semi-analytical method, for ã = 0, 0.1, 0.2, 0.3, 0.5 (red, blue, green, orange
and cyan, respectively).
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9.1.5 Conclusion

In this work, we have proposed a distance-independent methodology for de-

termining the mass and spin of a PBH from its photon Hawking emission

spectrum, including both the primary and secondary emission components.

The methods rely on the energy of particular features in the spectrum, in the

vicinity of the primary emission peak. For most of the PBH mass range con-

sidered (5 × 107 − 1012 kg), corresponding to PBHs that have already lost a

significant fraction of their mass through evaporation, these are the primary

peak energy and the “valley” energy, the latter corresponding to the point

where the secondary and primary emission spectra become comparable. Using

both these energy values, one can partially disentangle the effects of the PBH

mass and spin, allowing for an accurate measurement of both quantities with

a detector with sufficient energy resolution. We generically find that an energy

resolution of at least a few percent may allow for distinguishing a non-spinning

PBH (ã ≪ 1) from one that is spinning with ã ≳ 0.2. This methodology fails

only in the intermediate PBH mass range (2.5 × 1010 − 5 × 1011 kg) where

neutral pion decays significantly change the shape of the spectrum, but even

in this case, we were able to identify spectral features that at least allow one

to place lower and upper bounds on the PBH mass and spin.

As the proposed methods rely on energy values rather than photon emission

rates, they are independent of the Earth-PBH distance, d. Once M and ã are

known, one can then predict the expected photon flux by dividing the theoret-

ical emission rate d2Nγ/dtdEγ by 4πd2, such that the observed photon counts

can be used to infer the distance d. If the PBH is close enough for d to also

be accurately determined through parallax measurements, this can be used to

check the validity of the evaporating PBH hypothesis and also the consistency

of the mass and spin determination.

We should note, however, that it may be challenging to, in practice, implement

our proposed methodology since it relies on the shape of the spectrum close

to the primary emission peak, where emission rates are considerably lower

than for the low-energy tail of the secondary spectrum (see i.e. Fig. 9.14).

If PBHs in this mass range do exist, they are much more likely to be found

through the latter part of the spectrum, and only after detector sensitivities

can be improved by a few orders of magnitude will it be possible to study

spectral features close to the primary emission peak. For example, the pro-
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posed AMEGO-X [233–235] and All-Sky-ASTROGAM missions [236,237] are

expected to have sensitivities down to ∼ 10−6 MeVcm−2s−1 for photon ener-

gies Eγ ∼ 1 MeV−1 GeV (and energy resolution < 10%), which can be recast

as a lower bound on the PBH emission rate

d2Nγ

dtdEγ
≳ 1024

(
0.1 GeV

Eγ

)2( d

100 AU

)2
GeV−1s−1 . (9.3)

This is above the primary peak emission rate for the PBH mass range con-

sidered except for PBHs within only a few AU of the Earth, which we would

have to be extremely lucky to detect. Note also that only for the heaviest

PBHs with EP ≲ 1 GeV could the primary spectrum be within the reach of

such detectors. The ongoing Fermi-LAT instrument has a comparable sensi-

tivity at higher energies, and PBH searches with this instrument have already

been performed, albeit so far with null results [204]. The proposed MAST

mission [239], with a large effective area, could improve upon Fermi-LAT’s

state-of-the-art sensitivity for high-energy gamma-rays (100 MeV - 1 TeV) by

one order of magnitude, with an energy resolution possibly down to 6%-10%

above 10 GeV. This may potentially enable the detection of primary Hawking

emission for PBHs with M ≲ 1010 kg and the implementation of our mass and

spin determination methods. PBH detection in the neutrino channel has also

been proposed in the literature [243–247], and we envisage that the neutrino

Hawking spectrum may, in principle, provide additional information for mass

and spin determination, as we will see in the next chapter.

Our results show that it may be possible in the near future to not only detect

Hawking radiation from small PBHs but also determine whether or not they

rotate with moderately large spins, ã ≳ 0.2. Evidence for the existence of such

spinning PBHs could have a considerable impact in high-energy physics, given

that PBHs lighter than 1012 kg should already have lost essentially all their

angular momentum through Hawking emission of Standard Model particles

and, to our knowledge, only the emission of a large number of light scalars

(characteristic of scenarios such as the string axiverse) could justify finding

ã ∼ 0.1 − 0.5.
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9.2 High spin PBHs

It is well known that, if one assumes only the particle spectrum of the Stan-

dard Model (SM) of particle physics and a spin-2 massless graviton, with no

yet undiscovered additional degrees of freedom, one finds that a BH loses an-

gular momentum much faster than it loses mass. For instance, for ã ≪ 1 and

a Hawking temperature above the electroweak scale (M ≲ 108 kg) one obtains

J̇/J ≃ 8Ṁ/M . In addition, within the standard paradigm for PBH formation,

where the latter results from the gravitational collapse of large overdensities

in the radiation-dominated era, PBHs are born with low spins, at or below the

percent level [196,197].

For these reasons, comparatively few works in the literature have so far con-

sidered the role of spin in the evolution and cosmological impact of PBHs

[94, 202, 203, 212, 218, 221, 227, 251–255], although there are several models in

which PBHs may be born or acquire a non-negligible spin parameter.

Firstly, there are cosmological scenarios where PBHs may exhibit large natal

spins, even close to extremality (ã ∼ 1) if they are i.e. born in an early matter-

dominated epoch [198]1 or result from the collapse of domain-walls [257] or

scalar field fragmentation [258]. In this case J̇/J ≃ 2.6Ṁ/M (within the SM),

so one may hope to detect PBHs in the early stages of their evaporation pro-

cess still exhibiting a substantial spin.

Secondly, in theoretically well-motivated scenarios with a large number of light

scalar species such as the string axiverse [181], as we have discussed in pre-

vious chapters, PBHs may even develop spin parameters ã < 0.555 through

evaporation [11], since emission of scalar quanta with l = 0 does not change J

while decreasing M , therefore increasing ã [90, 92]. Note that in the SM only

the Higgs doublet fields (and pions below the QCD confinement temperature)

exhibit this property, but their contribution is overwhelmed by the effects of all

other particle species with non-zero spin (fermions and gauge bosons), which

necessarily decrease a BH’s angular momentum J2. Hence, depending on the

number of light axion species and natal spin, light PBHs with M ≲ 1012 kg

may thus exhibit a non-trivial mass-spin distribution that reflects the underly-

ing particle physics (see also [12] for the potential effects of axion superradiant

instabilities in this context).

1Note that in some scenarios accretion may decrease the PBH spin [256].
2Note that for a field of spin s emission occurs only in l ≥ s modes.
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Devising methodologies to precisely determine a PBH mass and spin is thus

an important goal in terms of particle physics, gravity, and cosmology. In our

first paper on this topic [13], discussed in the previous section, we began this

endeavor by showing that the energies and emission rates of particular features

in the electromagnetic Hawking emission spectrum (including both primary

and secondary components) can be used to infer both the PBH mass and spin

independently of the distance between the latter and the Earth. We focused

our discussion on PBHs with spin parameters 0.1 ≲ ã ≲ 0.6, since this is the

range of spins developed by evaporating PBHs in the string axiverse scenario.

In this second work, we now focus on PBHs with ã ≳ 0.6, for which new

features appear in the primary photon emission spectrum as a result of the

enhanced angular momentum. As discussed above, values of ã in this range

would correspond to PBHs born with large spins that are sufficiently heavy

so as not to have lost a significant amount of angular momentum until the

present day, assuming they were born in the early Universe (see i.e. [232] for

possible scenarios of light BH formation at late times). Note that, even in the

axiverse scenario with an arbitrarily large number of light scalar species, a

PBH loses spin if it starts with ã > 0.555, since in this regime scalar emission

is dominated by non-spherical (l ≥ 1) modes, which decrease the BH spin.

As in our previous work, our goal is to find observable quantities that are

independent of the unknown PBH-Earth distance, although the latter could

potentially be determined through parallax techniques if a PBH is sufficiently

close [11]. This is the case of the energy of particular features in the emission

spectrum and ratios between the corresponding emission rates. An objective

is also to find observables depending exclusively on the PBH spin, or at least a

methodology that can clearly disentangle the effects of the PBH mass and spin

on the spectrum, such that both properties can be accurately measured. In

our previous work the proposed method relied on features of both the primary

and secondary photon emission spectrum, the latter corresponding to low en-

ergy photons emitted by charged particles in the primary Hawking spectrum

as they propagate away from the BH horizon, as well as i.e. decay of primary

particles like neutral pions. Although secondary photon emission is more in-

tense than the more energetic primary emission (and hence easier to detect),

it has in some regimes a non-trivial shape from which it is hard to extract

the BH properties. The computation of the secondary spectrum also relies on

high-energy physics numerical codes with a limited range of validity, so that
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there is a non-negligible theoretical uncertainty.

As we will discuss, for large values of the PBH spin parameter ã ≳ 0.6 the

primary spectrum exhibits a multi-peak structure, each emission peak corre-

sponding to photons emitted with l = m = 1, 2, 3, . . .. Since the emission rate

decreases with l, one may at least hope to detect the first two emission peaks,

corresponding to the l = m = 1 and l = m = 2 modes. We will then show that

the properties of these two emission peaks yield a robust method to determine

the PBH spin and mass.

This section is organized as follows. In the next subsection, we review the

main aspects of the computation of the primary Hawking emission spectrum.

In subsection 9.2.2 we discuss our proposed methodology, first based on the

total emission rates and later taking into account the effects of anisotropic

emission. We summarize our results and discuss prospects for future work in

subsection 9.2.3. Appendices B and C discuss a few technical aspects of our

calculation, and in particular, validate our proposed methodology by taking

into account the secondary component of the Hawking spectrum. This section

is based on [14].

9.2.1 The Hawking spectrum

The differential Hawking emission rate for each particle species i of spin s is

given by (5.36) [87,88,102].

The non-trivial part of determining the differential emission rate resides in

computing the gray-body factors, which are determined by the solutions of

the radial Teukolsky equation [37–40] - the master equation that governs the

dynamics of (massless) test fields in the Kerr geometry, and which follows

from the underlying curved spacetime field equations (Klein-Gordon, Dirac,

Maxwell and perturbed Einstein equations). The transmission coefficient for

each mode can then be computed by considering the associated wave scatter-

ing problem and solving the Teukolsky equation through numerical methods.

We use a shooting method (see i.e. [39, 70] for details) to compute Γs
l,m up to

l = 4 for the s = 1 massless photons. Although the emission rate is formally

an infinite sum over all angular modes, we find that this approximation is

sufficiently good for our purposes, taking into account the computational time

involved.

We have also explicitly computed the primary spectrum of other emitted par-
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ticles in order to be able to determine the secondary photon spectrum, as

discussed in the appendix. For fermions, we include modes up to l = 7/2 in

our calculation, which is sufficiently accurate3.
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Figure 9.14: Primary photon spectrum for PBHs with ã = 0.6, 0.9, 0.99 (black,
green and red, respectively) and M = 1013, 1015, 1017 kg (solid, dashed, and
dotted curves, respectively), obtained using Eq. (5.36).

Fig. 9.14 shows examples of the primary Hawking spectrum for different values

of the PBH mass and spin ã ≥ 0.6. As one can clearly see, the photon emission

rate increases with the PBH spin, a characteristic feature of the emission of

particles with non-zero spin, while the opposite behavior characterizes scalar

emission (see i.e. Fig. 2 in [94]).

Independently on the PBH mass, if ã ≳ 0.6 it is possible to identify in Fig. 9.14

a primary emission peak and a series of higher energy peaks of decreasing

amplitude. As discussed in appendix B, the first peak receives the dominant

contribution from the l = m = 1 mode, the second from the l = m = 2 mode,

and so on. We will focus on the first two peaks since they yield the largest

emission rates and hence are easier to detect. We also see that the second peak

(l = 2) is barely discernible for ã = 0.6, so it cannot be employed for PBH

spin determination for smaller values of ã, for which it is overwhelmed by the

3We have obtained a very good agreement between our results and those obtained in [259],
the authors of which have kindly provided us their results for the massless spin-1 gray-body
factors.
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first peak (l = 1). In our analysis in the next section, we label the energy

and differential emission rate at each peak as El and Il, as illustrated in the

example of Fig. 9.15.
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Figure 9.15: Primary photon spectrum for M = 1011 kg and ã = 0.7, illustrat-
ing the energies and emission rates of the first and second peaks used in our
analysis.

In the next subsection, we study how these quantities depend on the BH mass

and spin and devise a method to determine the latter by measuring these two

peaks. Note that detection of the second peak already constitutes an indication

of a PBH with ã ≳ 0.6.

9.2.2 PBH mass and spin determination

In Fig. 9.16 we show our results for the dependence of the peak energies E1

and E2 on the PBH mass, for different values of dimensionless spin parameter

ã.

As this figure clearly illustrates, both peak energies are essentially inversely

proportional to the PBH mass, El ∝ M−1, which is simply a consequence of

the M−1 dependence of the Hawking temperature.
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Figure 9.16: Energy of the first (l = 1, left) and second (l = 2, right) peaks
as a function of the PBH mass for spin parameters ã = 0.6, 0.7, 0.8, 0.9, 0.99
(red, blue, green, orange, and cyan, respectively).

The PBH spin dependence is, however, more involved since it is also due to

the ã-dependence of the gray-body factors. For 0.6 ≤ ã < 0.9999, we obtain

in particular:

E1 =
(7.463 − 11.640) × 1010 kg

M
GeV , E2 =

(1.436 − 2.611) × 1011 kg

M
GeV ,

(9.4)

where the largest numerical factors in the above expressions correspond to

near-extremal PBHs. This suggests eliminating the PBH mass dependence by

considering the ratio of the two peak energies, E2/E1, as presented in Fig. 9.17.

This figure shows that this ratio is indeed only a function of the PBH spin,

up to small numerical errors in the calculation, and is well described (< 1%

deviations) by:
E2

E1
≃ 1.761 + 0.284ã+

0.000622ã2

1 − 0.997ã2
, (9.5)

The fact that this ratio takes values close to 2 is roughly related to the fact that

the gray-body factors in Eq. (5.36), exhibit a “step-like” behavior, changing

rapidly from 0 to 1 at a frequency/energy that grows with the mode’s angular

momentum l, as shown in Fig. 9.18. This is associated with the centrifugal

potential barrier that wave modes have to tunnel through or overcome as they

move away from the BH horizon. In the non-rotating limit (i.e. a Schwarzschild

BH), this barrier has a height Vmax = 4l(l + 1)/27r2+, and only modes with

frequency ω2 ≳ Vmax can be fully transmitted.
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Figure 9.17: Ratio of peak energies E2/E1 as a function of the PBH mass for
different values of the spin parameter ã, as labeled.

Since the Bose-Einstein distribution in Eq. (5.36) is a strictly decreasing func-

tion in this limit, the above threshold frequency defines the energy of maximum

emission for each mode. Hence, we expect E2/E1 ≃
√

3 ≃ 1.73 in the non-

rotating case, which is close to our numerical fit in Eq. (9.5). Since the PBH

spin affects both the gray-body factors and the Bose-Einstein distribution, it

is not trivial to obtain an analytical expression for ã ̸= 0.
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Figure 9.18: GBFs for the maximally co-rotating modes l = m = 1 (red) and
l = m = 2 (green) of a massless spin-1 field for ã = 0 (dotted), ã = 0.6
(dashed) and ã = 0.99 (solid).
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Our numerical result shows, nevertheless, that the PBH spin can be determined

from a measurement of the ratio between the energies of the second and first

peaks of the photon Hawking spectrum. Away from extremality (0.6 ≲ ã ≲

0.9), this ratio has an approximately linear dependence on ã, and one can easily

see that i.e. a 10% change in the PBH spin changes the E2/E1 ratio by only

1-2%. This means that to determine the PBH spin with ≲ 10% uncertainty

one needs to measure the peak energies with resolution at or below the percent

level. Prospects are better closer to extremal PBH spin values where the E2/E1

ratio exhibits a more pronounced growth with ã.

A similar discussion applies to the ratio between the peak emission rates,

I2/I1, since, as shown in Fig. 9.19, this is also BH mass-independent, being

well described by (< 4%):

I2
I1

≃ 0.015 + 0.031ã

1 − 0.84ã2
+

0.00241√
1 − 0.999ã2

. (9.6)
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Figure 9.19: Ratio of the peak emission rates I2/I1 as a function of the PBH
mass for different values of the spin parameter ã, as labeled.

We note that this ratio is also independent of the Earth-PBH distance, even
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though the observed fluxes are. In Fig. 9.20 we show how the two ratios vary

with ã.
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Figure 9.20: Ratios between the energies (blue) and the emission rates (red)
of the l = 1 and l = 2 peaks in the primary Hawking spectrum as a function
of the PBH spin parameter. The points correspond to numerically obtained
values while the solid curves yield the approximate analytical expressions given
in Eqs. (9.5) and (9.6).

In principle, we would thus have two observable quantities from which one

could determine the PBH spin, and therefore a possible consistency check to

validate the hypothesis that it corresponds to the Hawking spectrum of a Kerr

PBH. However, one must take into account that we cannot really measure the

total emission rate but only the flux emitted within a given solid angle along

the line of sight. While for non-rotating BHs this is not a problem since the

emission is isotropic, this is not the case for spinning Kerr BHs.

The angular differential emission rate is given by Eq. (5.37) [42,103,105–107,

260].

As mentioned earlier and shown more explicitly in the appendix, the peaks

in the primary spectrum are dominated by the contribution of the maximally

co-rotating modes l = m = 1, 2, 3 . . .. This is illustrated in Fig. 9.21.

Hence, the energy of each peak is independent of the line-of-sight angle θ, since

it corresponds essentially to maximizing the contribution to the spectrum of

the corresponding l = m mode. This implies that, on the one hand, the ratio

E2/E1 is also independent of θ and can be used to determine the PBH spin

as discussed above.
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Figure 9.21: Superposition of the total primary photon spectrum (gray) and of
the contributions of the maximally co-rotating modes l = m = 1, 2, 3, 4 (blue,
red, green, and orange, respectively) for a BH of mass M = 1012 kg and spin
ã = 0.7 (left) and ã = 0.9 (right).

On the other hand, the intensity of each peak depends on the angle at which

we observe the PBH. In particular, the ratio between the second and first peak

photon emission fluxes is given by:

F2

F1
=
I2
I1

|S1
2,2(θ)|2

|S1
1,1(θ)|2

≃ I2
I1

|Y 1
2,2(θ)|2

|Y 1
1,1(θ)|2

≃ 5

3

I2
I1

sin2 θ , (9.7)

where in the last steps we have approximated the spin-1 spheroidal harmonic

functions by their spherical counterparts, which holds away from extremality.

Note that this implies that the l = 2 peak is suppressed relative to the l = 1

peak when the PBH is observed close to its poles at θ = 0, π, and in these

cases, our proposed methodology cannot be used.

Apart from these special configurations, we conclude that the ratio E2/E1 can

be used to determine the spin of the PBH, while the corresponding flux ratio

can be used to infer the inclination of its rotation axis relative to our line-of-

sight, θ.

Optimistically, if a PBH is not too far from the Earth one could detect its

proper motion, providing a change in the inclination angle θ with the charac-

teristic sinusoidal modulation of the ratio of peak fluxes discussed above. For

example, PBHs with ∼ 1012 kg, which have not yet evaporated significantly

and may still exhibit large values of ã, can make up a fraction f ≲ 10−7 of
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the dark matter. The local dark matter density in our solar neighborhood is

around ρDM ≃0.4 GeV/cm3, which translates into a typical inter-PBH sepa-

ration around ∼ 100 AU so that we could realistically envisage finding PBHs

with this mass less than ∼ 50 AU from the Earth. Slightly heavier PBHs with

1014 kg may in fact make up all the dark matter density in the Universe, which

could mean typical separations of just a few AUs, so they could in principle

be much closer, as we discuss below. Taking the local velocity of the PBHs to

be ∼ 200− 300 km/s relative to the Earth, this implies that each PBH travels

a distance of ∼ 40 − 60 AU per year, which may translate into an observable

proper motion and, in general, to a significant change in inclination.

Measuring the sinusoidal modulation of the peak intensity ratio would then

allow one to infer I2/I1, therefore allowing for a second (redundant) PBH spin

determination. This could not only increase the precision of the spin mea-

surement but also serve as a consistency check that the observed spectrum

corresponds to an evaporating Kerr BH.

We should note, however, that detecting the primary Hawking emission from

light PBHs may require technological advancements beyond the current state-

of-the-art technology in terms of gamma-ray telescopes. We may consider the

current bounds on the fraction of dark matter in PBHs with 1012 − 1014 kg

from the contribution of Hawking radiation to the extra-galactic gamma-ray

background (see i.e. [261] for a recent review):

f(M) < 2 × 10−8

(
M

5 × 1011 kg

)3+ϵ

, (9.8)

where ϵ = 0.1 − 0.4 and a monochromatic PBH mass spectrum is assumed.

This then yields an upper bound on the number of PBHs of a given mass M

that may come within a distance d from the Earth over i.e. ∆t ≃ 10 yrs, which

is a typical lifetime of an experiment:

NPBH =
fρDM

M
vπd2∆t < 1.6

(
v

250 km/s

)(
d

100 AU

)2( M

5 × 1011 kg

)2+ϵ

.

(9.9)

We may then optimistically assume that the dark matter bounds are satu-

rated (i.e. that the extra-galactic gamma-ray background receives a signif-

icant contribution from PBH evaporation) and compute the distance d for

which NPBH = 1. We can then determine the corresponding photon energy
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flux at the first peak (l = 1):

Φ1 ≃
E2

1I1
4πd2

, (9.10)

where we treat the emission as isotropic to estimate its magnitude, keeping in

mind the anisotropic effects discussed above. Using our results for the peak

energy E1 given in Eq. (9.4) in the ã range of interest we then have:

Φ1 ≲ (1.2 − 3) × 10−8

(
M

5 × 1011 kg

)ϵ( I1

1022 GeV−1s−1

)
MeVcm−2s−1 ,

(9.11)

where the spread in numerical factors is related to ã-dependence of the peak

energy E1, with PBHs closer to extremality emitting a larger energy flux. This

is maximized for PBHs with M ∼ 1014 kg that may account for the majority of

dark matter and for which we may have Φ1 ≲ 10−7 MeVcm−2s−1 (with a weak

dependence on the PBH mass in the 1012 − 1014 kg mass range). Although

this is still roughly an order of magnitude below the expected sensitivity of the

planned AMEGO [233–235] and ASTROGAM missions [236,237] in the MeV-

GeV range, it shows that detecting the primary emission from such PBHs may

be possible in the not too distant future.

Note that, since we have found that I2/I1 ≃ 0.05− 0.4 and E2/E1 ≃ 1.9− 2.2

in our PBH spin range of interest, we expect Φ2/Φ1 ≃ 0.2 − 1.8. This means

that the energy flux from the second peak (l = 2) may in fact be larger than

that of the first peak for PBHs approaching extremality, being at most a factor

5 smaller than the latter for ã ≃ 0.6.

9.2.3 Conclusion

In this work, we have proposed a new method to determine the mass and spin

of PBHs from measurements of their primary Hawking radiation spectrum.

We have shown, in particular, that the ratio between the energies of the l = 2

and l = 1 emission peaks is determined uniquely by the PBH spin parame-

ter ã, with both energies being inversely proportional to the PBH mass. This

thus allows one to determine both Kerr parameters independently of the PBH-

Earth distance. The ratio between the corresponding total emission rates is

also only a function of ã, which could yield an additional (redundant) observ-

able to measure the latter. However, since the emission is anisotropic with a
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distinct angular dependence near each peak, the ratio between the observed

fluxes should exhibit a sinusoidal modulation with the line-of-sight. We argued

that if a PBH passes sufficiently close to the Earth (≲ 100 AU), one may be

able to detect this modulation from the PBH’s proper motion relative to the

Solar System.

Since the l = 2 peak only exceeds the tail of the l = 1 contribution for ã ≳ 0.6,

the proposed method is only applicable in this range. This thus complements

the methodology that we have proposed in [13] for slowly rotating PBHs,

ã ≲ 0.6, based on measurements of both the primary and secondary photon

spectra. As we show in Appendix B, the secondary photon spectrum does not

affect the methodology proposed in this work. We note that large spin pa-

rameters ã ≳ 0.6 are only expected for PBHs that have not yet significantly

evaporated, even within the context of the string axiverse where light scalar

emission can significantly slow down a PBH’s spin-down rate (or even spin

it up if it is born with low spin values) [11]. We thus expect the method-

ology proposed in this work to be applicable to PBHs with M ≳ 1012 kg.

From current bounds on the PBH abundance, we showed that PBHs in the

1012 − 1014 kg mass range offer the best prospects for detection of primary

Hawking emission in the future. We note that this should require at least an

order of magnitude improvement in the sensitivity of gamma-ray telescopes

compared to those currently being planned, and we hope that this work mo-

tivates further technological developments in gamma-ray detection to achieve

this.
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10 Evaporating Kerr black holes as

probes of new physics

In this chapter, we discuss how, in the string axiverse scenario, PBHs can

sustain non-negligible spin parameters as they evaporate. We show that track-

ing both the mass and spin evolution of a PBH in its final hour can yield a

purely gravitational probe of new physics beyond the TeV scale, allowing one

to determine the number of new scalars, fermions, vector bosons and spin-3/2

particles. Furthermore, we propose a multi-messenger approach to accurately

measure the mass and spin of a PBH from its Hawking photon and neutrino

primary emission spectra, which is independent of putative interactions be-

tween the new degrees of freedom and the Standard Model particles, as well

as from the Earth-PBH distance. This chapter contains the main results of [15].

Several cosmological scenarios predict the formation of primordial black holes

(PBHs) [1, 2, 153, 154, 154, 156, 194, 262–273] in the early Universe, typically

within a very broad mass range. Although there is yet no concrete evidence

for their existence, PBHs could be behind part of the gravitational wave sig-

nals observed by the LIGO-Virgo-Kagra detectors [3] or even the somewhat

puzzling ultra-short microlensing events observed by OGLE [274].

This means that much lighter PBHs could also have been formed, in particular

PBHs born with a mass M ≃ 5 × 1011 kg with a lifetime close to 14 Gyrs,

which would now be in the final stages of their evaporation process through

Hawking emission. Bounds on the abundance of these PBHs have been ob-

tained from their contribution to the extra-galactic γ-ray background through

Hawking emission, and they can account at most for a fraction f < 2 × 10−8

of the dark matter density [154, 202, 203, 238, 261, 275, 276]. Given the Solar

System’s velocity in the dark matter halo ∼ 200 − 300 km/s (∼ 10−4 pc/yr),

this bound translates into a PBH flux ≲ 2×105 pc−2yr−1, implying that every
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year there can be at most one “exploding” PBH passing within a milliparsec

of the Earth. This means that one may still hope to observe PBHs in their

final stages within the lifetime of existing γ-ray telescopes. Experiments such

as H.E.S.S [277,278], Milagro [279], VERITAS [280], HAWC [281], and Fermi-

LAT [204] have already performed dedicated searches for exploding PBHs in

our vicinity, albeit so far no detections have been reported.

Detecting PBH Hawking radiation would be extremely important for probing

the dynamics of quantum fields in curved spacetime, but it may also constitute

a very interesting particle physics “laboratory” complementary to high-energy

particle colliders. In [190, 191], in particular, it was shown that the existence

of new particles beyond the TeV scale, predicted in several extensions of the

Standard Model (SM) of particle physics, could significantly speed up a PBH’s

evaporation in its final fractions of a second when its Hawking temperature

goes beyond the electroweak scale.

Since Hawking emission is a purely gravitational process, PBH evaporation

depends only on the total number of particles with mass below the Hawking

temperature, so this could yield at most limited information about the type

of new particles involved, making it difficult to distinguish between different

beyond the SM scenarios.

In this chapter, we take an important step further and show that a lot more

information can be extracted from PBH evaporation if one can track not only

the rate at which it loses mass but also the evolution of its spin parameter

ã = JM2
P /M

2, where J denotes the PBH angular momentum (0 ≤ ã < 1).

10.1 BSM physics and Hawking evaporation

If a PBH can only emit the SM particle content, it will quickly spin down

as it evaporates, since the majority of known particles have spin and thus

carry away the PBH’s angular momentum, as assumed in numerous studies

(i.e. [246, 282–288]). Only scalar particles can be emitted as spherical waves

(l = 0), as shown by Chambers, Hiscock, and Taylor [90–92] more than two

decades ago. This is, in fact, the dominant scalar emission mode at low BH

spin, such that each scalar quantum emitted reduces the BH mass but con-

serves J , therefore increasing ã and the BH’s angular velocity, ΩH .

While in the SM only Higgs doublet and pion emission can spin up a PBH,

which is overwhelmed by quark, lepton and gauge boson emission, this picture
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changes considerably in the context of string theory, the most promising frame-

work for a quantum description of gravity alongside the other fundamental

interactions. As argued in [181], string theory compactifications incorporating

the Peccei-Quinn solution to the strong CP problem typically predict not just

one but hundreds or even thousands of light axions. These scalar fields are the

four-dimensional manifestation of the higher-dimensional gauge fields appear-

ing in the closed and open string spectrum and of the intricate geometry of

the six compact dimensions. Their mass is generated only by non-perturbative

effects so they are typically very light.

In chapter 6 and [11], we have shown that the existence of Na ≳ 100 ax-

ions lighter than a few MeV (the initial temperature of PBHs born with

M ∼ 1012 kg) completely changes the evolution of the PBH spin so that

even PBHs born with ã ≲ 0.01 in the radiation-dominated epoch [196, 197]

can reach ã > 0.1 throughout their evolution. In fact, for Na ≳ 400 light ax-

ion emission dominates the evaporation process and the PBH spin tends to

a constant value (ã = 0.555 for Na → ∞ as found in [90–92]). This offers

not only an opportunity to probe the string axiverse itself by measuring the

present mass and spin distribution of PBH remnants but also, as we will now

show, a novel way to probe particle physics beyond the TeV scale (see also

i.e. [93, 94, 212, 252–255, 289–291] for some recent studies of the effect of spin

on PBH evaporation).

The evolution of a PBH’s mass and spin is determined by the dimension-

less mass and angular momentum loss rates F(ã) ≡ −(M3/M4
P )(Ṁ/M) and

G(ã) ≡ −(M3/M4
P )(J̇/J), which are given by [87–89] and defined in Eq. (5.45).

As discussed in chapter 5, in our analysis 1, we include a massless gravi-

ton (assumed to be the only spin-2 particle), the SM degrees of freedom

as TH crosses the corresponding mass thresholds, an arbitrary number Na

of light axions and new particles at one or multiple mass thresholds above

the electroweak scale. For the QCD degrees of freedom, we include pions for

mπ < TH < ΛQCD and free quarks and gluons according to the constituent

masses given in [101,113–121] (the uncertainty in the exact values of the latter

having no significant impact on our results). We consider new particles of spin

s = 0, 1/2 and 1 typical of most SM extensions, as well as possibly a spin-

1Our computations were done using Mathematica and include field modes up to l = 4
(l = 7/2) for bosons (fermions), which is sufficiently accurate for our purposes. We have
checked that our results for the loss functions agree with those obtained in [87–92].
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3/2 gravitino arising in scenarios with spontaneously broken supersymmetry

(SUSY), which is natural in the context of string compactifications. We note

that in this framework spin-3/2 excitations of quarks and leptons may also be

light enough to be relevant to our calculation 2 [292]. In practice we compute

the contribution of generic massless spin-s particles to F and G, specifying

the particle content at each value of TH by the number of real scalars n0, the

number of Weyl fermions n1/2, the number of vector bosons n1 and the num-

ber of gravitino-like particles n3/2. For instance, the full axiverse-SM content

at TH ≃ 200 GeV corresponds to (n0, n1/2, n1, n3/2) = (4 +Na, 45, 12, 0).

The PBH evolution in the Regge plane can then be obtained according to

(5.49) and (5.50) by integrating:

d log ã

d logM
=

G − 2F
F

, (10.1)

across the different particle mass thresholds. As examples of the resulting evo-

lution, we show in Fig. 10.1 the PBH evolution with Na = 400 light axions,

the SM particles, and the graviton, alongside SM extensions where all new

particles have a common mass threshold at 5 TeV, namely the Minimal Su-

persymmetric SM (MSSM) and a hidden sector (HS) that is a copy of the SM,

inspired by heterotic string scenarios with gauge group E8×E8. These are not

to be perceived as realistic scenarios, which may include multiple mass thresh-

olds and potentially new massless particles like hidden photons or gluons, but

only as simple examples that illustrate the competing effects of new particles

with s = 0 and s ̸= 0.

As one can see in Fig. 10.1, the PBH spins up as a result of axion emission until

its final century, when the emission of free quarks and gluons starts spinning

it down once more. The spin-down rate increases above the electroweak scale,

mainly due to top quark emission. The new physics only has an effect in the

very last second. In the MSSM example, the new scalars (squarks, sleptons and

extra Higgs doublet) nearly balance the spin-down effect of the new fermions

(Higgsinos, gauginos and gravitino), and the net result is only a slightly faster

decrease in ã relative to the SM case.

2We note that SM extensions could include new particles with spin ≥ 2, i.e. the string
excitations of SM gauge bosons or Kaluza-Klein graviton modes. Their inclusion in PBH
evaporation would, however, require a detailed study of Hawking emission of such particles
beyond the scope of this work, so our analysis is restricted to SM extensions with only
s ≤ 3/2 below ∼ 100 TeV.
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Figure 10.1: Evolution of a PBH born with Mi = 2 × 1012 kg and ãi = 0.01,
considering Na = 400 light axions and (i) the SM particles and the graviton
(blue); (ii) the MSSM with MSUSY = 5 TeV (solid red); (iii) the MSSM and
axion superpartners (aMSSM) at the same SUSY breaking scale (dashed red);
and a hidden sector copy of the SM (HS) also with a single mass threshold at
5 TeV (green). The labels indicate the remaining lifetime of the PBH and the
upper horizontal axis gives the corresponding Hawking temperature for ã = 0.

This changes drastically when one includes Na = 400 TeV-scale axion super-

partners, saxions (s = 0) and axinos (s = 1/2), where in particular axino

emission quickly spins down the PBH. The effect is qualitatively similar for

the HS scenario, albeit not so dramatic, since the number of new fermions and

gauge bosons exceeds the number of new scalars.

These examples show that new physics may have a significant impact on the

PBH’s Regge trajectory, reflecting the competing effects of new s = 0 and

s ̸= 0 particles. The MSSM and HS scenarios also illustrate that SM exten-

sions with a comparable number of new degrees of freedom, which is O(100) in

both cases, can lead to very distinct PBH Regge trajectories. In Fig. 10.2 we

plot the mass and angular momentum loss functions for these scenarios. Both
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lead to sharp changes in F and G 3 that signal new particles being emitted by

the PBH, but the MSSM particles lead to a sharper increase in F , while the

HS scenario has a more pronounced effect on G.
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Figure 10.2: Mass and angular momentum loss functions for the SM (blue),
MSSM (red), and HS scenarios (new particles with a common mass threshold
of 5 TeV), considering the emission of Na = 400 light axions.

The loss functions F(ã) and G(ã) may in principle be determined if one can

measure a PBH’s mass and spin as a function of time, as we discuss in more

detail below. Accurate measurements of these functions may, in fact, provide

crucial information about new physics, since they are linear in the number of

particles of each spin, F =
∑

s fsns and G =
∑

s gsns. This means that at

each stage in the PBH evaporation, we may obtain two linearly independent

relations between the particle numbers (n0, n1/2, n1, n3/2). If, in addition, one

fits linear functions to the F and G data in small intervals around each value of

ã, we may determine their derivatives, F ′(ã) and G′(ã). These would provide

3The loss functions should exhibit a smooth, albeit sharp, change across particle mass
thresholds when the sub-leading finite mass effects are taken into account.
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two further linearly independent relations between the particle numbers, thus

fully determining the particle content at each point in the Regge trajectory

(assuming no new particles with spin ≥ 2). This may then yield the number

of particles in each spin representation with mass below the corresponding

Hawking temperature.

Before the last second of a PBH’s lifetime, this procedure can yield the num-

ber of light scalars in the spectrum, Na, these being the only addition to the

SM below the TeV scale that can counteract the PBH’s otherwise inevitable

spin down. In fact, finding even a single Kerr PBH that sustains ã ≳ 0.1, as

it evaporates, would constitute a smoking gun for a string axiverse.

We note that, in this context, the slope of the mass loss function F(ã) may,

however, be too small to be accurately determined, as apparent in Fig. 9.15.

This results from a partial cancellation between the contribution of scalar par-

ticles (namely the axions), since F ′
0 < 0 for ã < 0.62, and of the remaining

particles, since F ′
s > 0 for s > 0. In this case, a further linear relation be-

tween the particle numbers may be found from G′′(ã), obtained i.e. by fitting

the angular momentum loss function to a quadratic polynomial in ã within

appropriate intervals.

10.1.1 Multi-messenger detection of evaporating PBHs

The picture just described could thus provide a powerful probe of new physics

beyond the current reach of particle accelerators like the LHC, distinguishing

different SM extensions. The PBH mass and spin could be determined from

the photon primary Hawking emission spectrum if the distance to the PBH

is known, which may be possible through parallax if it is sufficiently close to

the Earth [11]. We have proposed in previous sections distance-independent

methods to determine both Kerr parameters from the PBH spectrum, but

these are either only applicable to large spin parameters ã > 0.6 (as discussed

in chapter 9 and for which the primary spectrum exhibits a multipolar peak

structure) [14] or rely on the spectrum of secondary photons (those radiated by

i.e. charged particles emitted by the PBH) [13]. The latter depends on whether

the PBH emits new charged or unstable particles that can radiate secondary

photons, so cannot be employed to probe new physics in a model-independent

way.

Here we propose an alternative multi-messenger approach that relies on mea-
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suring the primary emission spectra of both photons and neutrinos, requiring

the simultaneous detection of an evaporating PBH with γ-ray and neutrino

telescopes. These spectra are given by (5.37), as discussed in Chapter 4. We

show in Fig. 10.3 examples of the photon and (single) neutrino spectra inte-

grated over the solid angle Ω, for different values of ã.
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Figure 10.3: Primary photon (red) and single neutrino (blue) Hawking emission
spectra for a PBH with M = 109 kg and ã = 0 (dotted), ã = 0.2 (dashed) and
ã = 0.5 (solid).

As one can see in this figure, the photon and neutrino emission peaks occur

at different energies with distinct emission rates, which depend on the PBH

spin. We also find that both peak energies Eγ,ν ∝ TH ∝ M−1, while the

maximum emission rates Iγ,ν = dṄγ,ν/dE(Eγ,ν) are independent of the PBH

mass. This means that the ratios between these quantities for neutrinos and

photons depend only on ã, and numerically are well fitted by:

Eν

Eγ
= 0.705 − 0.559ã2

1 + 5.18ã
,

Iν
Iγ

= 3.423 − 31.05ã2

1 + 7.05ã
. (10.2)

These ratios thus yield two independent ways of determining ã, while the mass

M can then be determined from the energies Eγ and Eν . The ratio Eν/Eγ

only varies by ∼ 5% for 0 < ã < 0.5, so that sub-percent energy resolution

would be required to determine the PBH spin with ∆ã ≲ 0.1 uncertainty,
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beyond the capabilities of current technology. Fortunately, the ratio Iν/Iγ is

much more sensitive, so that measuring it with O(10%) uncertainty would

yield ∆ã ≲ 10−2, which would be required to probe scenarios like the MSSM

example in Fig. 10.1.

We must, however, take into account the effects of anisotropic emission, since

the measured fluxes depend on the unknown inclination of the PBH axis rel-

ative to our line of sight, θ, according to Eq. (5.36). For 0 < ã ≲ 0.5 both the

neutrino and photon spectra are dominated by the lowest l = m = |s| modes

and therefore the corresponding peak emission rates are θ-dependent. As pro-

posed in [107], one may determine θ by measuring the asymmetry between

the neutrino and anti-neutrino fluxes (the difference between the two terms

in Eq. (5.36)) or the analogous photon polarization asymmetry (although cur-

rent techniques for measuring photon polarization may be difficult to extend

to high-energy γ-rays). We refer the reader to the discussion in [107] for fur-

ther details.

An alternative way to measure the PBH inclination would be to use its proper

motion since θ will vary if the PBH is sufficiently close to the Earth, and

the corresponding signal modulation may then be used to infer the integrated

Iν/Iγ . In fact, one should note that axion emission greatly reduces a PBH’s

lifetime, so that PBHs presently in their final stages should have been born

with a larger mass (and were hence colder) than assuming only SM particle

emission, as in the example of Fig. 10.1 where the initial mass is 2 × 1012 kg.

This means that they would have contributed significantly less to the extra-

galactic γ-ray background than in the standard scenario. We, therefore, expect

that, in the string axiverse, such PBHs may be O(10− 100) times more abun-

dant than in the SM, i.e. that up to a few exploding PBHs may cross the Solar

System within the typical lifetime of a detector.

Our proposal to determine a PBH’s mass and spin does not require specially

dedicated technology, since high-energy γ-ray and neutrino astronomy has a

broad range of scientific goals that will surely motivate future improvements in

sensitivity, energy and angular resolution of existing experiments like HAWC,

Fermi-LAT, LHAASO [293–295] or IceCube. Several neutrino experiments like

KM3Net [296], P-ONE [297], Trident [298] and Baikal-GVD [299] have already

been proposed, alongside γ-ray telescopes with energy range beyond the TeV

scale like CTA [300–302] and SWGO [303, 304] currently under development.

We note that primary photons/neutrinos are more challenging to detect than
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their secondary counterparts (not shown in Fig. 10.3 for clarity), which are

more numerous albeit less energetic. To give an idea of the sensitivity required,

peak primary emission for a PBH at a distance of 10−3 pc corresponds to an

energy flux ∼ 10−7(M/109 kg)−2 GeVs−1cm−2.

This work illustrates the enormous potential of multi-messenger astronomy

to unveil new physics by accurately tracking Kerr PBH evaporation that we

hope may further boost technological developments in this field. Even though

at this stage we can only speculate about their existence, finding even just one

of these compact objects in its last stages would allow us to probe fundamen-

tal aspects of an underlying string theory, from the expected large number of

light scalars to new particles beyond the TeV scale, with PBH spin playing a

key role.
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11 Probing the metric structure us-

ing the Hawking emission

We study a regular rotating black hole evaporating under the Hawking emis-

sion of a single scalar field. The black hole is described by the Kerr-black-

bounce metric with a nearly extremal regularizing parameter ℓ = 0.99r+.

We compare the results with a Kerr black hole evaporating under the same

conditions. Firstly, we compute the gray-body factors and show that the Kerr-

black-bounce evolves towards a non-Schwartzchild-like asymptotic state with

ã ∼ 0.47, differently from a Kerr black hole whose asymptotic spin would be

ã ∼ 0.555. We show that this result depends on the combined contributions

of the changes in the gray-body factors and in the surface gravity introduced

by the regularizing parameter. We also discuss how the surface gravity affects

the temperature and the primary emissivity and decreases those quantities

with respect to the Kerr black hole. Consequently, the regular black hole has a

longer lifetime. Finally, we briefly comment on the possibility of investigating

the beyond-the-horizon structure of a black hole by exploiting its Hawking

emission. This chapter is based on [16].

11.1 Introduction

General Relativity (GR) has been tested for more than one century providing

outstanding results in describing the Solar System and the Universe. Despite

GR’s successes, its lack in addressing many open problems remains and pro-

pels the idea that it may not be the ultimate theory of gravity. The origin of

the cosmic acceleration and the nature of the dark contents of the Universe

have been extensively studied using modified theories of gravity [305]. In recent

years, the detection of Gravitational Waves (GW) from BH coalescence [3] by
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the LIGO/Virgo Collaboration and the direct observation of the BH shadows

at the center of the Milky Way [10] and M87 [4] by the Event Horizon Tele-

scope (EHT) provided a new test bench capable of probing GR robustness in

a strong-field regime [306–309]. The existence of singularities, namely portions

of spacetime with an infinite curvature, is a hint that the classical framework

of GR should break down or, at least, be incomplete at high energies. It is a

commonly accepted idea that singularities just reveal our lack of knowledge

in the high energy regime and the related problem may be cured by a quan-

tum theory of gravity. Unfortunately, a theory of quantum gravity has not

been yet developed despite the several proposals. Nevertheless, it is still pos-

sible to gain intuition by postulating the existence of regularized spacetimes

inspired by quantum gravity arguments and studying whether these new met-

rics give rise to new signatures or modify preexisting characteristics. Since the

90s these motivations have led the research of regularized metrics mimicking

the behavior of BH solutions [310]. Furthermore, in light of the new avail-

able high-energy regime tests, the field gained even more traction, and many

studies about quasi-normal modes, superradiant regimes, and instabilities are

regularly announced [311–327].

An interesting regular metric was proposed in [328] and further analyzed

in [329]. This spacetime configuration, known as black-bounce, interpolates be-

tween the standard and regularized Schwarzschild BH and the Morris-Thorne

traversable wormhole by introducing an additional parameter, ℓ. The black-

bounce metric caused a fervent activity leading to many studies of its char-

acteristics [330–337] and was recently extended in order to account for ro-

tation [309, 338], and afterward rotation and charge [339]. The Kerr-black-

bounce and Kerr-Newman-black-bounce have also been the subject of many

studies [309,340–345].

The main motivation of this part of my work is to further enlarge the analysis

of the Kerr-black-bounce characteristics by considering its dynamical evolution

due to Hawking evaporation driven by a single scalar field. Such characteris-

tics are certainly irrelevant for BHs of the size we measure today but may

become a powerful and handy tool in light of the possible future measurement

of primordial BHs.

The lesson of this study is that under the same conditions, a Kerr-black-bounce

is characterized by a dynamic behavior that differs from its singular counter-

part. This work points out that tracking the evolution of a black hole spin and
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its spectrum will provide information on the spacetime structure.

This chapter is organized as follows. Section 11.2 contains a brief review of the

Kerr-black-bounce. Section 11.3 shows the equation governing the scalar per-

turbation of the Kerr-black-bounce metric, the evolution of the metric under

a single scalar emission, and the numerical method used for calculating the

Gray-Body Factors (GBFs). In section 11.4 the results are presented. Section

11.5 provides a summary in which future perspectives are considered.

11.2 Kerr-black-bounce metric

In this section, we briefly review the Kerr-black bounce metric [338]:

ds2 = −

(
1 − 2M

√
r̃2 + ℓ2

Σ

)
dt2 +

Σ

∆
dr̃2 + Σdθ2

+
A sin2 θ

Σ
dϕ2 − 4Ma

√
r̃2 + ℓ2 sin2 θ

Σ
dtdϕ,

(11.1)

where M , a, and ℓ are the parameters describing mass, spin, and the regular-

izing parameter of the metric, while

Σ = r̃2 + ℓ2 + a2 cos2 θ,

∆ = r̃2 + ℓ2 + a2 − 2M
√
r̃2ℓ2,

A = (r̃2 + ℓ2 + a2)2 − ∆a2 sin2 θ.

(11.2)

This is a generalization of the static and spherically symmetric metric proposed

by Simpson and Visser [328, 329, 346]. It is a stationary, axially symmetric

metric which, by introducing a positive parameter, a < M , describes the

angular momentum of the black-bounce. This line element was recently further

extended in order to describe a charged spacetime [339].

When the positive regularizing parameter ℓ→ 0, the Kerr-black-bounce metric

reduces to the singular Kerr solution, while for ℓ ̸= 0 the spacetime is regular

and possesses a wormhole throat at r̃ = 0. A coordinate singularity interpreted

as an event horizon is present when ∆ = 0, or, equivalently, when

r̃± =
√
r2± − ℓ2, (11.3)
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where r± = M ±
√
M2 − a2.

Depending on the values of the regularizing parameter ℓ, the metric (11.1)

describes a wormhole for ℓ > r+, for which no coordinate singularities are

present on the manifold. If ℓ < r+ the metric (11.1) describes a BH which may

have one or two coordinate singularities depending on r− < ℓ < r+ or ℓ < r−,

respectively. Finally, when ℓ = r+ the throat and the event horizon coincide.

To better visualize this interplay, it is convenient to define a new radial co-

ordinate r =
√
r̃2 + ℓ2 and pass from an extrinsic description of the manifold

to an intrinsic one. It is easy to notice that r ̸= 0 for all ℓ ̸= 0. In particular,

the minimum value of r corresponds to the minimal radius of the throat. The

coordinate r measures the areal radius. Given this new coordinate, the metric

reads

ds2 = −
(

1 − 2Mr2

Σ

)
dt2 +

Σ

δ∆
dr2

+ Σdθ2 +
A sin2 θ

Σ
dϕ2 − 4Mar sin2 θ

Σ
dtdϕ,

(11.4)

and

Σ = r2 + a2 cos2 θ,

∆ = r2 + a2 − 2Mr,

A = (r2 + a2)2 − ∆a2 sin2 θ,

δ = 1 − ℓ2

r2
.

(11.5)

If ℓ ̸= 0, the curvature singularity at r = 0 is always prevented by the worm-

hole throat. When ℓ > r+ the wormhole throat is located at a larger radial

value than the coordinate singularity of the event horizon. In this way, the

presence of the horizon is prevented by the regular finite surface of the worm-

hole throat. If 0 ̸= ℓ < r+, the throat of the wormhole is enclosed by the event

horizon and the metric describes a BH.

In the following part of this chapter, we focus on regular BHs avoiding coor-

dinates singularities and inner horizons. The absence of the inner horizon is a

desirable feature since it might avoid the problems related to mass inflation.

Moreover, this choice allows a nearly maximal value of ℓ for which the metric

(11.1) mostly differs from the Kerr BH and still describes a BH.

It has to be noticed that the metric (11.1) or, equivalently, (11.4), is inspired by
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the reasonable quantum gravity argument of avoiding singularities and other

pathology, and it is not a vacuum solution of GR.

11.3 Scalar perturbations and evolution

In this section, we derive the equation describing the scalar massless pertur-

bations of the metric (11.1) and discuss the appropriate boundary conditions.

The massless Klein-Gordon equation ∇µ∇µΦ = 0 in curved spacetime reads

1√
−g

∂µ(
√
−ggµν∂ν)Φ = 0. (11.6)

Taking into account the decomposition Φ = Rlm(r)Slm(θ)eimϕe−iωt where

ω is the perturbation frequency, m is the azimutal quantum number, (11.6)

separates into an angular equation

1

sin θ

d

dθ

(
sin θ

d

dθ
Slm

)
+

(
a2ω2 cos2 θ +Alm − m2

sin2 θ

)
Slm = 0 (11.7)

describing the spheroidal harmonics equation where Alm are its eigenvalues,

and a radial equation

√
δ
d

dr

(√
δ∆

dRlm

dr

)
+

(
K2

∆
+ 2amω − a2ω2 −Alm

)
Rlm = 0, (11.8)

where K = (r2 + a2)ω − am.

The angular equation (11.7) is the spin-less case of the well-studied spin-

weighted spheroidal harmonics equation [65, 67, 68]. To leading order Alm =

−l(l + 1) + O(aω) and the O(aω) correction can be expressed as a power

series in aω ≪ 1, which is given in [68] and reported in (4.42). Besides, for

our purposes, it is worth studying the radial equation (11.8) in two limits,

near the horizon, and at spatial infinity. If the regularizing parameter satisfies

ℓ < r+ and the Kerr-black bounce metric (11.1) describes a regular BH, then
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the near-horizon solution reads [340],

R(r) ∼ (r − r+)±iσ,

σ =
am− 2Mωr+
γ(r+ − r−)

,

γ =

√
1 − ℓ2

r2+
,

(11.9)

while the far-away solution simply reads

R(r) ∼ 1

r
e±iωr. (11.10)

To study a BH described by (11.1), evolving by the sole emission of scalar

particles due to Hawking radiation, it is necessary to set up a scattering-like

problem and take into account in-going and out-going boundary conditions at

infinity, while at the event horizon, one must consider pure absorption. These

asymptotic solutions and the conservation of energy fluxes, both at the horizon

and at infinity, allow one to calculate the gray-body factor or transmission

coefficients, defined as

T =
dEhole/dt

dEin/dt
. (11.11)

We decided here to denote the gray-body factors with the letter T in order

to underline their difference with respect to the previously computed ones.

Nonetheless, they express the same concept of transmission coefficient filtering

an otherwise black-body radiation and for ℓ→ 0 it is valid T → Γ. The gray-

body factors depend on the modes, and, at a constant ℓ, are functions of both

the BH spin parameter and frequency of the perturbation, T = ℓT
l
m(a, ω).

The gray-body factors emerge as a consequence of a geometrical potential

in equation (11.8) which, acting as a barrier, partially shields the Hawking

radiation from being totally emitted. This way the radiation emerging from

the BH is not the one of a black body. The field quanta have energy and spin

and their emission comes at the expense of both the BH mass and angular

momentum. Following the path outlined in [88], the Kerr Black Bounce rates

of mass and angular momentum loss are called f and g, respectively, and they

read (
f0

g0

)
=
∑
i,l,m

1

2π

∫ ∞

0
dx

ℓTi,l,m

e2πk/κ − 1

(
x

mã−1

)
, (11.12)
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where the sum is taken over all particle species i, and l, m are the usual angular

momentum quantum numbers. Here x = ωM , k = ω −mΩ and

κ =

√
r̃2+

r̃2+ + ℓ2

√
1 − ã2/2r+ (11.13)

is the surface gravity of the BH [310, 339]. Since the choice of analyzing a

singular Kerr BH ℓ = 0 and the regular Kerr-black-bounce BH having ℓ =

0.99r+, the pre-factor
√
r̃2+/(r̃

2
+ + ℓ2) takes just two values accordingly. To

determine whether a BH spins up or down during its evolution it is necessary

to calculate the mass to angular momentum loss rates as defined in 5.5

h0 =
g0
f0

− 2. (11.14)

A root of the function h, ã∗, for which h′(ã∗) > 0, represents a stable state

towards which the BH evolves while evaporating. To investigate the time evo-

lution of angular momentum and mass we followed the path outlined in section

5.5 and in [87–92] defining

y = − ln a, z = − lnM/Mi, τ = −M−3
i t, (11.15)

where Mi is the initial mass of the BH. The evolution is then fully determined

by the differential equations

d

dy
z =

1

h
,

d

dy
τ =

e−3z(y)

hf
, (11.16)

and the initial conditions z(t = 0) = 0 and τ(t = 0) = 0. To estimate the

primary spectrum of scalar particles we used the well-known formula (5.36)

[11,87,88,101,113–121]:

d2N

dtdE
=

1

2π

∑
l,m

Tl,m(ω)

e2πk/κ − 1
. (11.17)

11.3.1 Numerical method

An explicit analytical calculation of the gray-body factors is possible only

under stringent approximations and numerical methods are usually required to

evaluate them. We implemented a code based on the so-called shooting method
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which has been applied to solve similar problems, for example in [70,82], and

allows for the calculation of the gray-body factors with good accuracy.

The first step is to rewrite Eq.(11.8) in terms of the re-scaled coordinate

x =
r − r+
r+

, (11.18)

such that:

δx2(x+ τ)2∂2xR(x)

+ 2x(x+ τ)

(
1

2
(2x+ τδ +

x(x+ τ)

x+ 1
(1 − δ))

)
∂xR(x)

+ V (ω, x)R(x) = 0,

(11.19)

where

V (ω, x) = K2 − x(x+ τ)(Alm + a2ω2 − 2amω), (11.20)

with τ = (r+ − r−)/r+, K = ϖ + x(x + 2)ω̄, ϖ = (2 − τ)(ω̄ −mΩ̄+), where

ω̄ = r+ω, Ω̄+ = r+Ω+ and Ω+ = a/2Mr+.

Setting purely in-going boundary conditions near the horizon, the solutions of

Eq. (4.56) can be expressed in the form of the Taylor expansion [70,82] of the

form

R(x) = x−iϖ/(γτ)
∞∑
n=0

anx
n. (11.21)

The coefficients an can be determined by substituting (11.21) in (4.56) and

solving iteratively the algebraic equations.

The near horizon solution is used to set the boundary conditions and numer-

ically integrate the radial equation up to large distances, where the general

form of the solution takes the form:

R(x) → Y lm
in

r+

e−iω̄x

x
+
Y lm
out

r+

eiω̄x

x
. (11.22)

It is then possible to extract the coefficient Y lm
in (ω) in order to evaluate the

gray-body factor. The normalization of the scattering problem is set by re-

quiring a0 = 1, this way gray-body factors read

T lm(ω) =
ϖ

ω̄
|Y lm

in (ω)|−2. (11.23)
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With this method, we computed the gray-body factors of a scalar perturbation

on a regular BH described by the Kerr-black-bounce metric having a nearly

extremal regularizing parameter (ℓ = 0.99r+). Different values for the spin

parameter of the BH spanning from ã = 0 to ã = 0.99 are considered and the

gray-body factors are calculated up to l = 4.

11.4 Results

Let us compare the scalar perturbations of the Kerr BH and the ones of the

nearly extremal Kerr-black-bounce BH.
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Figure 11.1: (a) gray-body factors of the mode l = m = 0 of a BH rotating at
ã = 0 in the case ℓ = 0.99r+ (solid red line) and ℓ = 0 (blue dashed line). (b)
gray-body factors of the mode l = 1, m = −1 of a BH rotating at ã = 0.99 in
the case ℓ = 0.99r+ (solid red line) and ℓ = 0 (blue dashed line).

These BHs share many characteristics such as the presence of a superradiant

regime and a non-null asymptotic value of the spin parameter ã. Nevertheless,

for the two different metrics, the phenomenology changes and it is of great

interest to analyze those differences.

The gray-body factors of the modes l = m = 0 are identical (as shown in

Fig. 11.1 (a) for the non-rotating cases) and this equality is independent of

the BH spin considered. The gray-body factors of the Kerr-black-bounce BH

show a common behavior for the modes with l ̸= 0. When they are compared

with the Kerr BH ones, they grow faster for frequencies lower than the main
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gray-body factors inflection point, on the contrary, they grow slower for higher

frequencies (as shown in Fig. 11.1 (b) for the l = 1, m = −1 mode). Also, this

behavior is independent of the spin of the BH.

The scalar perturbation of both metrics shows superradiant amplification if

ω < mΩ. When this condition is met, both the gray-body factors have neg-

ative values, which are interpreted as wave amplification. Fig. 11.2 displays

the comparison of the gray-body factors for the l = m = 1 modes at ã = 0.99

highlighting the superradiant regime.
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Figure 11.2: (a) Transmission coefficients of the mode l = m = 1 of a BH
rotating at ã = 0.99 in the case ℓ = 0.99r+ (solid red line) and ℓ = 0 (blue
dashed line). (b) Zoom of the superradiant regime of (a).

The Kerr-black-bounce gray-body factors show a less intense amplification

and the shape of the superradiant regime peaks at lower frequencies. Also, the

shape of the gray-body factors in the superradiant regime is different, being

more symmetric than in the singular case. This result agrees with the tendency

shown in the recent paper [340], which reports that increasing the parameter ℓ

causes a decrease in the superradiant amplification factor. These are common

features of all the superradiant modes. However, it has to be noticed that with

an increasing azimuthal quantum number, the superradiant peak of the Kerr-

black-bounce BH gray-body factors becomes smaller and smaller with respect

to its singular counterpart.

The functions f and g are calculated through Eq. (11.12). The two BHs show
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Figure 11.3: Plot of functions f (a) and g (b) for different values of the BH
spin parameter ã. In the solid blue line is the Kerr BH, and in solid red the
Kerr-black bounce

different values of these functions. These are due to the above-mentioned gray-

body factor differences and in the different surface gravity (11.13), which plays

a crucial role in the Bose-Einstein statistical factor in (11.12) selecting lower

frequency if ℓ ̸= 0. For these reasons, the Kerr-black-bounce BH functions f

and g for ℓ = 0.99r+ are orders of magnitude smaller if compared with the

singular case. Fig. 11.3 reports a comparison of those two cases.

For the same reasons, the functions h are also different. Fig.11.4 shows that

the root of the Kerr BH is located at ã∗ = 0.555, while the one of the Kerr-

black-bounce is at ã∗ = 0.47.

If the natal spin of both BHs is smaller than the respective root of h, the

dominant emission mode is l = 0. In this case, the evaporation due to a single

scalar field will cause both BHs to lose mass faster than angular momentum.

As a result, the evaporating BH will increase its value of ã up to the respec-

tive asymptotic value ã∗. Conversely, the evolution of highly spinning BHs is

dominated by higher l modes decreasing the angular momentum of the BH

and driving it toward its asymptotic values.

It is possible to speculate that the similar asymptotic value is due to the com-

mon origin of the gain/loss of dimensionless angular parameter. In fact, of the

whole scalar modes emitted, l = m = 0 solely does not subtract angular mo-

mentum and as reported in Fig.11.1 the transmission coefficients for the two
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analyzed BHs are the same for this mode. The differences are then related to

the differences in the subdominant l > 0 transmission coefficients. The depen-

dence of the asymptotic BH spin value on the regularizing parameter is mild

but present since a variation in the regularizing parameter incurs variations

in the l > 0 gray-body factors.
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Figure 11.4: Plot of functions h = g/f − 2 at different values of the BH spin
parameter ã. In the solid blue line is the Kerr BH, and in solid red the Kerr-
black bounce.
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Figure 11.5: Plot of the mass (a), spin (b), and temperature (c) as functions
of the time, of a Kerr-black bounce having ℓ = 0.99r+ (solid lines) and a
Kerr-black hole (dotted lines) of the same initial mass MK = 1011 kg, and
spin parameter a∗iK = 0, 01, evolving by the emission of a single type of scalar
particle.
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Figure 11.6: Plot of the mass (a), spin (b), and temperature (c) as functions
of the time, of the Kerr-black bounce having ℓ = 0.99r+ (solid lines) and the
Kerr-black hole (dashed lines) of the same lifetime, evolving by the emission
of a single type of scalar particle.

The regularizing parameter influencing the surface gravity plays a significant

role in the dynamic evolution of the regular BH, which is much slower with re-

spect to its singular counterpart. The lifetime of an isolated Kerr BH emitting

only one scalar particle species and having natal mass and spin of Mi = 1011

kg, and a∗i = 0, 01, is ∼ 2.34 × 1016 s, while a nearly extremal Kerr-black-

bounce BH with the same initial conditions has a lifetime of ∼ 4.37 × 1020 s.

Fig. 11.5 reports mass, spin parameter, and temperature as a function of time
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for such BHs. It is interesting to consider two BHs of the same life span and

analyze their evolution. It is worth noticing that the time evolution of the spin

parameters is different and the Kerr-black-bounce spin grows faster for most

of the evolution as reported in Fig. 11.6.

Given its slower dynamical evolution, it is not surprising that the intensity

peak of the primary emission for the regular BH is smaller than a Kerr BH

with the same mass and spin. This situation is reported in Fig. 11.7 (a) where

masses of M = 3.5× 1010 kg and spin values of ã = 0, 0.9, 0.99 are considered.

This plot shows a reduction in the number of emitted scalars as well as a

reduction in the energy at which they are emitted, in line with the previous

comments. Finally, Fig. 11.7 (b) shows the primary emission rate for the same

temperatures, namely, 301.93, 183.35, and 74.67 MeV for ã = 0, 0.9, 0.99, re-

spectively.

One may compare Fig. 11.7 with Fig. 2 of [94] which describes the primary

emission of a Kerr BH for different field spins. Fig.2 of [94] highlights how the

rotation in a Kerr BH reinforces the emission of s ̸= 0 particles and decreases

the emission of scalar particles. This is no longer valid for the Kerr-bounce

BH. In fact its scalar particle emissivity peaks at higher values for values of

the spin parameter close to extremality.
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FIG. 11.7: (a) Primary emission rate for regular (solid) and singular (dashed)
BHs in the case of same masses of M = 3.5 × 1010 kg for spin values of
ã = 0, 0.9, 0.99 in blue, green, and red, respectively. (b) Primary emission rate
for the same BHs in the case of the same temperature, namely 301.93 MeV for
ã = 0 in blue, 183.35 MeV for ã = 0.9 in green, and 74.67 MeV for ã = 0.99
in red.

11.5 Conclusions

In this chapter, we studied the evolution, under the emission of scalar radi-

ation via the Hawking process, of a rotating regular black hole described by

the Kerr-black-bounce metric. The study is performed in the case of a nearly

extremal value of the regularizing parameter (ℓ = 0.99r+). The differences

in the dynamics of the evaporation of such BH and a Kerr BH are outlined.

Namely, the negative transmission coefficients regime, the asymptotic value of

ã, the emissivity, and the lifetime are discussed and compared.

The main lesson of this toy-model points towards a possible investigation of

beyond-the-horizon features by analyzing the Hawking radiation. For exam-

ple, by assuming a way to infer the BH mass and spin independently from the

primary Hawking emission, it is possible by measuring the peak intensity to

obtain an indirect measure of ℓ in the context of the Kerr-black-bounce solu-

tions, and in general, would provide a measure of how much the BH solution

differs from the Kerr one. We are more likely to observe the Hawking emission

of photons than scalar particles, but, since the definition of f and g for spin-1

bosons is given by Eq. (11.12) with the appropriate gray-body factors, one can
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expect that the differences between the Kerr solution and the regular one are

still present. This work also suggests that tracking the time evolution of the

spin parameter could provide information on the spacetime structure.

Such characteristics are certainly irrelevant for BHs of the size measured today

but may become a powerful and handy tool in light of possible future PBH

detection.

We leave gray-body factors calculation for spin 1/2, 1, and 2 fields and imple-

mentation of an accurate evaporation scenario for future studies.

In a standard evolution scenario, BHs clearly do not evaporate through the

sole emission of a scalar field. Nevertheless, scenarios involving the conspicu-

ous presence of scalar particles such as the string axiverse [11,181] may display

similar characteristics. In fact, in the limit of many axion-like particles, the

emission of scalar particles dominates the evolution which becomes similar, up

to a normalization, to the single scalar case.
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12 Conclusions

The contents of this PhD thesis are also discussed in the original papers

[11–14,16] to which I contributed by realizing the vast majority of the calcula-

tions and plots, and are a part of my production which includes also [17–21].

Although we have already summarized the main conclusions of our results in

each chapter, here we provide an overall summary of the research done for this

dissertation.

Certainly, the detection of evaporating PBHs would per se be an extraor-

dinary achievement, providing information about the early Universe and the

nature of the semi-classical behavior of BHs. On top of that, our analysis shows

that determining their evolution, Hawking emission spectrum and mass-spin

distribution may provide unique probes of physics beyond the SM, and be-

yond vacuum solutions of GR. We identified different mechanisms leading to

footprints of BSM Physics. The mass-spin distribution of PBHs of masses

5×107−1012 kg provides information about the number of BSM light scalars.

In the same range of masses, the presence of a heavy (0.1 − 10 GeV) scalar

particle superradiantly amplified alters the very same mass-spin distribution,

thus revealing a clear sign of its presence. If the heavy scalar has a decaying

channel into photons it may provide an additional signal of its presence in

the form of an emission line in the photon spectrum. Finally, the last stages

of a PBH are characterized by a mass-spin distribution highly dependent on

the particle physics beyond the TeV scale and may provide information on

the particle degrees of freedom present at that energy. These results have mo-

tivated our search for methods to determine the mass and spin of PBHs in

different mass and spin ranges in a distance-independent manner. We have

proposed three distinct methods taking into account the features of the spec-

tra in the analyzed ranges of mass and spin as well as the characteristics of

the physics at the energies involved. In particular, we proposed a method for
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PBHs of low spin (0 ≤ ã ≤ 0.5) and masses 5 × 107 − 1012 kg that relies on

the primary and the secondary spectra. A second method applies in the case

of high spin (0.6 ≤ ã ≤ 0.9999) and in principle can be applied to a vast range

of masses. In order to infer the mass-spin distributions at energies beyond the

SM we proposed a multi-messenger approach that is independent of the puta-

tive coupling between the new heavy particles and the SM particles. Finally,

considering the particular case of the Kerr Black-Bounce, we have shown how

it is possible to investigate the beyond-the-horizon structure of a black hole

by exploiting its Hawking spectrum and the time evolution of its parameters.

The above-described results gain appeal in the light of the many experiments

such as space telescopes, sky surveys, very large arrays, fast radio bursts ob-

servatories, MeV-GeV-TeV gamma-ray telescopes, Cherenkov telescopes, and

neutrinos observatories, which although not designed for PBHs detection have

nonetheless the capability to detect those that pass in the vicinity of the Solar

System.

The examples discussed in this work demonstrate that PBHs can be fantastic

laboratories for fundamental physics.
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A Double check using BlackHawk

To further validate our analysis of chapter 7 we used a modified version of

BlackHawk code [93–96] to compute the evolution of a PBH of mass M0 = 1013

kg and ã = 0.01, 0.99. The modification was implemented ad hoc by Dr. Jeremy

Auffinger (creator of the BlackHawk code) to allow the BH spin parameter to

grow during the BH evaporation. I am extremely thankful to Jeremy for his

work. In fact, the original version of BlackHawk contains the file ’evolution.c’

that is optimized to follow a standard evolution characterized by an ever-

decreasing ã. It is the file “evolution.c” that needs to be modified if one wants

to reproduce our result.
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Figure A.1: PBH spin, ã0, as a function of the PBH mass, M0, for an PBH
with natal spin ã = 0.01 and mass M∗ = 1013 kg. Curves are labeled by the
number of light ALPs.
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Figure A.2: PBH spin, ã0, as a function of the PBH mass, M0, for an PBH
with natal spin ã = 0.99 and mass M∗ = 1013 kg. Curves are labeled by the
number of light ALPs.

Fig. A.1 and A.2 show the evolution of a single PBH of natal mass 1013 kg

and ã = 0.01, 0.99 respectively, in the presence of a different number of light

ALPs characterizing the underlining theory of particle physics.

We want to stress that Figs. A.1 and A.2 differ slightly for large values of the

PBH masses with respect to Figs. 7.1 and 7.2. In fact, for each value of the

number of ALPs, the curve in Figs. 7.1 and 7.2 are obtained by an initial pop-

ulation of PBHs of slightly different masses (∼ 1013 kg) and the same natal

ã evolved for a time given by the lifetime of the universe. The mass and spin

of the remnant are then plotted and are the points constituting the curves. In

this sense, 7.1 and 7.2 represent the mass and spin that it is expected to be

measured today, a snapshot of the present distribution. On the other hand,

the curve in Figs. A.1 and A.2 are obtained by following a single PBH of na-

tal mass 1013 kg during its temporal evolution. This difference is obvious in

the upper right portion of the plots A.2 and 7.2. In the first case, the lines

converge to a single point, while in the second they do not. Basically, in these

plots, we solve the same differential equations with marginal changes in the

initial conditions. Such changes have an influence only in the rightmost part
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of the plots. Anyway, since the changes in natal masses for obtaining (7.1) and

(7.2) are infinitesimal and the plots look similar and the take-home message

is the same: the ALPs modify the evolution of a PBH mass and spin and if

their number is larger than 100 they can spin up or enhance the duration of a

non-negligible spin for present masses of the PBH remnant M < 1012 kg.

Increasing the number of ALPs in Fig. (A.1) and (A.2) does not lead to reach-

ing the asymptotic value of ã = 0.555 described in [90–92] with which we agree

and which is reached when the evolution is dominated by ALPs (10000 ALPs)

in Figs. (7.1) and (7.2). This is a flaw of pushing BlackHawk to do this kind

of calculation. In fact, it is implemented in the framework of the SM where

the scalar contribution comes only from the Higgs doublet and it is by large

subdominant.
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B Contribution of different modes

to the Hawking spectrum

The peaks in the primary photon Hawking spectrum discussed in chapter 9

are, as mentioned in the text, dominated by the maximally co-rotating l = m

modes for ã > 0. To better understand this, we show in Fig. B.1 the contri-

bution of the lowest (l,m) modes, for both limits of a Schwarzschild and a

near-extremal BH.
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Figure B.1: Contribution of different (l,m) modes to the primary photon spec-
trum, for a PBH with M = 1012 kg with ã = 0 (left) and ã = 0.99 (right).
Solid blue/dashed red/dotted green curves correspond to l = 1/2/3 modes,
respectively. In the Schwarzschild case modes with the same l are degenerate,
while in the near-extremal PBH, the curves correspond to m = −l, . . . ,+l
from bottom to top.

As one can see in this figure, in the non-rotating (Schwarzschild) limit modes

with the same l and different m = −l, . . . ,+l yield degenerate contributions
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to the Hawking emission rate, as should be expected from the spherical sym-

metry of the spacetime. One also sees that the contributions from l > 1 modes

never exceed the dominant contribution from the dipolar (l = 1) modes. As

discussed in the main body of this article, this is simply a consequence of

higher-l modes having to cross a higher angular momentum barrier as they

propagate away from the BH horizon, so that only modes with a larger energy,

and hence a more Boltzmann-suppressed emission, are fully transmitted. This

is why only PBHs with a non-zero spin exhibit the multi-peak structure in the

primary Hawking spectrum required by our proposed methodology.

For ã > 0, the m-degeneracy is broken, and maximally co-rotating modes with

l = m give the largest contributions to the spectrum. In fact, as illustrated

in Fig. 9.9, the emission rate increases with m for a given value of l. Super-

radiant amplification plays a crucial role in breaking this degeneracy since

it only occurs for co-rotating modes for which the superradiance condition

ω < mΩ can be satisfied at low energies/frequencies. For these modes, the

exponential Boltzmann factor in Eq. (5.36) is below unity, e2π(ω−mΩ)/κ < 1,

and the transmission coefficient Γ1
l,m < 0 (signaling mode amplification, see

Fig. 9.18), so that both the numerator and denominator of the fraction de-

termining the emission rate are negative. Furthermore, these modes are not

Boltzmann-suppressed, therefore yielding significant contributions to the emis-

sion spectrum.

We also observe that the contributions from modes with l ̸= m are more sup-

pressed for larger values of ã, so that in the regime of interest to our spin

determination method, ã ≳ 0.6, an accurate expression for the spectrum can

be obtained from adding the contributions from only the l = m modes as

shown in Fig. 9.8. Moreover, since we are mainly interested in the shape of

the spectrum near the l = 1 and l = 2 peaks, it is sufficient to compute the

contributions of modes up to l = 4 for the level of precision we are interested

in1.

1We note that for other applications such as computing scattering cross sections, one
needs to include contributions from higher-l modes.
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C Secondary photon emission spec-

trum

An evaporating PBH emits several differently charged particles that radiate

photons as they travel away from the PBH. Photons also result from the de-

cay of unstable particles, like neutral pions. These photons are naturally less

energetic than those directly emitted but yield nevertheless a very significant

contribution to the total photon spectrum at energies smaller than the one

of the primary peak. The full spectrum can then be obtained by convoluting

the primary emission rate in Eq. (5.36) with the number of photons radiated

by each charged/unstable primary particle. This is, generically, a non-trivial

procedure that has to be performed using numerical tools, particularly in the

case of quarks and gluons that hadronize as they move away from the PBH, for

Hawking temperatures roughly exceeding ΛQCD. These reasons often motivate

the adoption of toolkits such as BlackHawk [93–96] that employ the particle

physics codes Hazma and PYTHIA to numerically compute the photon yield

of each primary species.

However, since we are mainly interested in PBHs with M ≳ 1012 kg that

may presently exhibit large spin values, ã ≳ 0.6, and for which TH ≲ 10

MeV, a good approximation to compute the secondary photon spectrum can

be obtained by considering only the primary emission of electrons, muons and

charged pions and the corresponding final state radiation (FSR), as well as

the photon yield from neutral pion decay [100, 110]. The total photon spec-

trum is then given by (5.41), where the prime component is given by (5.36)

while the second by (5.4.2), (5.42). The term (5.4.2) takes into account the

convolution of the primary electron, muon and charged pion primary spectra

as given in Eq. (5.36) with the Altarelli-Parisi splitting functions at leading

order in the electromagnetic fine-structure constant αEM [108,109] where the
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contributions from muons and charged pions are sub-leading and: The term

(5.42) corresponds to the contribution from neutral pion decays into photon

pairs.

In Fig. C.1 we show the total photon emission spectrum obtained using this

method for a PBH with M = 1012 kg and two limiting values of the spin

parameter relevant to our proposed methodology, alongside the corresponding

primary photon component.
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Figure C.1: Primary (red) and total (orange) photon emission spectrum of a
PBH with M = 1012 kg and (left) ã = 0.6 and (right) ã = 0.99.

This figure shows no substantial change in the shape of the spectrum near

the primary emission peaks, particularly the l = 1 and l = 2 peaks relevant

to our discussion, showing that our analysis of section 9.2 neglecting the sec-

ondary photon emission spectrum is robust. This should be expected since

secondary photons carry only a fraction of the energy of their primary progen-

itors (electrons, muons, etc), with primary emission for all species peaking at

comparable energies ∼ E1. Hence, in general, secondary emission is a signifi-

cant component of the spectrum but only at energies well below the primary

photon emission peaks.
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C. Herdeiro, J. A. Font and E. Radu, “Dynamical bar-mode instabil-

ity in spinning bosonic stars,” Phys. Rev. D 102, no.12, 124009 (2020)

[arXiv:2010.05845 [gr-qc]].

[242] A. S. Dmitriev, D. G. Levkov, A. G. Panin, E. K. Pushnaya and

I. I. Tkachev, “Instability of rotating Bose stars,” Phys. Rev. D 104, no.2,

023504 (2021) [arXiv:2104.00962 [gr-qc]].

[243] F. Halzen, B. Keszthelyi and E. Zas, “Neutrinos from primordial black

holes,” Phys. Rev. D 52, 3239-3247 (1995) [arXiv:hep-ph/9502268 [hep-ph]].

[244] P. Dave et al. [IceCube], “Neutrinos from Primordial Black Hole Evap-

oration,” PoS ICRC2019, 863 (2021) [arXiv:1908.05403 [astro-ph.HE]].

[245] A. Capanema, A. Esmaeili and A. Esmaili, “Evaporating primordial

black holes in gamma ray and neutrino telescopes,” JCAP 12, no.12, 051

(2021) [arXiv:2110.05637 [hep-ph]].
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