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Abstract

This work aims to study numerical methods for systems of partial differential equations (PDEs) that
arise in light-controlled drug delivery. Because of its noninvasive nature, ease of application, and
temporal and spatial control, light has been called a magic tool for controlled drug delivery. We can
classify light-responsive polymeric drug carriers into photochemical and photothermal, depending on
the nature of the links between the drug particles and the polymeric chains. In this work, we consider
photochemical drug carriers. Due to photon scattering, we can use a diffusion equation to describe
light propagation through polymeric structures and live tissue. Consequently, we can model drug
release from a light-responsive polymer using a system of PDEs that describes light propagation,
bound and unbound drug dynamics, and drug transport.

The numerical schemes investigated in this work rely on space discretizations based on finite
differences methods that, under appropriate integration rules, can be written as piecewise linear finite
element methods. The stability and convergence analysis of the proposed numerical schemes are the
main objectives of this work. We remark that the proof of stability requires the uniform boundedness
of the numerical solution with respect to the mesh’s step sizes. Such boundedness is determined using
error estimates established for smooth and nonsmooth solutions. Numerical experiments illustrate the
main theoretical results and the model’s applicability to light-controlled drug delivery.






Resumo

Neste trabalho estudamos métodos numéricos para sistemas de equagdes com derivadas parciais que
surgem no contexto da libertacdo controlada de farmacos ativada por luz. Devido a sua natureza
ndo invasiva, facil utilizacdo, e controlo espacial e temporal, a luz é considerada uma ferramenta
mégica para a libertagao controlada de farmacos. Sistemas poliméricos fotossensiveis para a libertagdo
controlada de fairmacos podem ser classificados em sistemas fotoquimicos e sistemas fototérmicos,
dependendo da natureza das ligacdes entre as particulas de formaco e as cadeias poliméricas. Neste
trabalho consideramos sistemas fotoquimicos. Atendendo ao espalhamento dos fotdes, podemos
utilizar uma equagdo parabdlica para modelar a propagacdo da luz em polimeros e tecido vivo. Conse-
quentemente, modelamos a libertacdo controlada de farmacos a partir de uma estrutura polimérica
fotossensivel por um sistema de equacdes de derivadas parciais que descreve a propagacio da luz, a
dindmica entre fdrmaco ligado e livre e o transporte do farmaco livre.

Os esquemas numéricos investigados neste trabalho assentam em discretizacdes espaciais baseadas
em métodos de diferencas finitas que, utilizando férmulas de quadratura adequadas, podem ser escritos
como métodos de elementos finitos segmentados lineares. A anélise da estabilidade e convergéncia
dos esquemas numéricos propostos € o principal objetivo deste trabalho. Notamos que o estudo da
estabilidade requer a limitagdo uniforme da solu¢do numérica relativamente ao tamanho das malhas.
Esta propriedade é demonstrada utilizando as estimativas de erro estabelecidas para solucdes regulares
e ndo regulares. Simulagdes numéricas ilustram os principais resultados tedricos e a aplicabilidade do
modelo no contexto da libertacdo controlada de fairmacos recorrendo a polimeros fotossensiveis.
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Chapter 1

Introduction

1.1 Drug delivery enhanced by light

Conventional drug delivery systems, such as tablets, capsules, ointments, syrups, suppositories, are
characterized by repeated high doses, concentration fluctuations in the plasma, poor bioavailability,
and poor absorption by the target sites. Due to the repeated applications, oscillatory behavior of the
concentration in the target is observed, with a possible accumulation of drug above the toxic level
leading to side effects. Controlled drug delivery systems were designed to keep the drug concentration
within the therapeutic window, thus avoiding undesirable side effects. The drug and the excipient’s
properties play an essential role in the sustained release of the drug. Examples of controlled drug
delivery systems are eye implants and stents. Eye implants are used in the anterior eye chamber to
treat diseases like glaucoma [9] or in the posterior eye chamber to treat diseases like uveitis, diabetic
macular edema, and retinitis pigmentosa [10], while stents are used to treat atherosclerosis [11].

According to the World Health Organization, cancer is a leading cause of death worldwide, and
the most common cancers are breast, lung, colon, rectum and prostate. Cancer treatment usually
includes surgery, radiotherapy, and/or systemic therapy (chemotherapy, hormonal treatments, and
targeted biological therapies).

The most traditional cancer treatment is the chemotherapy, usually administered systemically.
The chemotherapeutic drugs attack the tumor cells in different phases of their life cycle, altering
their ability to grow and/or to proliferate, leading to their death. However, the chemical agents are
not selective, interfering with the life cycle of non-cancer cells, leading to severe side effects and
life quality deterioration of the cancer patients. Chemotherapy is also limited by high-dose drug
requirements, the formation of drug resistance, and non-specific drug targeting [12—14].

To avoid some of these disadvantages, it is crucial to develop techniques that allow the localized
and controlled delivery of chemotherapeutic drugs to the target, thereby preventing severe side effects
caused by drug interactions with healthy cells. The localized release is crucial to minimize undesirable
side effects induced by drugs with high toxicity, while the controlled release is crucial to maintain the
drug concentration in its therapeutic window. The importance of the therapeutic window is twofold:
first, when the maximum safety range is exceeded, undesirable side effects can occur; second, failure
to reach the minimum therapeutic range leads to no therapeutic effect and increases the risk of drug

resistance by the tumor [12-14].
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The development of nanotechnology contributed tremendously to find new solutions to protect
healthy cells from the aggressiveness of chemotherapeutic drugs. Nanocarriers were proposed to
entrap the drugs, and carry their load to the target, and thus protect the healthy tissues and maintain the
drug properties. To tune the drug release from the nanocarriers, endogenous (pH, redox, enzymes) and
exogenous (temperature, ultrasound, light, electric fields, magnetic fields) stimuli are being explored
([15-20]). Some of the stimuli-responsive drug nanocarriers being studied include dendrimers,
liposomes, micelles, metal particles, polymeric nanoparticles, carbon nanotubes, and hydrogels
([19, 21-23])).

Hydrogels are polymeric materials that can store large amounts of water or biological fluids,
which makes them highly biocompatible. The physical and chemical properties of these polymers
are also highly tunable, and properties like temperature and degradation rate can be controlled by an
external stimulus. These properties make hydrogels an ideal candidate for controlled and localized
drug delivery ([21, 24, 25]). In this work, we focus our discussion on near infrared (NIR) light as
an enhancer of the drug release. NIR light is characterized by wavelengths between 760nm and
1500nm and has two appealing properties: minimal adverse effects on human tissue and relatively
deep tissue penetration. Light is also easy to operate, and several parameters like intensity, duration
and wavelength can be manipulated to fine-tune the drug release rate ([13, 14, 18, 22, 24-29]).

Once a drug-loaded NIR light-responsive hydrogel is in contact with the target tissue, the drug
entrapped in the polymeric matrix can be released by light radiation. The breakage of the links of the
drug particles with polymeric chains occurs due to radiation absorption, photochemical reaction, or
increase in temperature generated by light, photothermal reaction. In what follows, we consider pho-
tochemical reactions. The drug transport through the polymeric structure can be induced by different
factors: temperature rise, hydrogel swelling due to increased osmotic pressure, or disintegration of the
polymeric matrix (i.e., photocleavage) ([30]). Moreover, such processes are reversible, meaning that
diffusion is controlled and regulated over time. The desired release rates are obtained by manipulating
light parameters (e.g., intensity and duration) and hydrogel composition ([21, 24, 26, 27]).

One of the objectives of this thesis is the mathematical modeling and numerical simulation of
drug release from hydrogels. We believe that this work can be helpful for the design of an in silico
laboratory to test drug delivery devices responsive to light. Our main mathematical contribution is
the convergence and stability analysis of numerical methods for modeling controlled drug delivery.
Such properties allow accurate numerical simulations. In silico laboratories are powerful tools that
can be used to test multiple scenarios by changing the parameters governing the interaction between
hydrogel, bounded drug, and light. The numerical simulation provides new insights into the design of
new drug carriers that give rise to optimal target drug release profiles, maximizing drug efficiency and
minimizing undesirable side effects ([12, 13, 31]).

1.2 Outline

Light propagation

In this thesis, we study, from a numerical point of view, systems of partial differential equations that
can be used to describe drug release from a NIR light-responsive polymeric structure. We assume
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that a polymeric platform, loaded with a drug linked by cleavable bonds with the polymeric chains, is
exposed to NIR light irradiation. Due to the light absorption, the links between the polymeric chains
and the drug particles break. The bound drug is converted into a free drug that is allowed to diffuse
according to Fick’s law.

A main ingredient in our problem is the mathematical description of the light propagation. It is
well known that light propagation through a scattering and absorption medium can be described by
the radiative transfer equation ([32]). Let I (W/cm?) be the light intensity. Then the radiative transfer
equation can be written in the following form

Bg+mew=mmm+am, (1.1)
where B (cm/s) denotes the light propagation speed through the medium Q, y, = u, + Us, Ua (cm™ 1)
and i, (cm™!) are the absorption and the scattering coefficients, respectively, u,Fy. and F; denote the
scattering and the source light terms, and ¥ denotes a unit vector in the direction of particle motion.

Depending on the magnitude of the absorption and scattering coefficients, (, and U, we can
consider different approaches to replace the radiative transport equation (1.1). The most basic
mathematical law for the evolution of light intensity / is the so called Beer-Lambert law. This law
is established by assuming that L, > L; the light incidence is orthogonal to the plane where the
material lies and the material is homogeneous ([33-35]):

ar _
dx

Equation (1.2) is obtained from (1.1) considering the stationary state and F;. = F; = 0.

—wd, x€Q. (1.2)

In [36], a system of partial differential equation is established to replace (1.1). Let J be the current
density (W?/cm?). In the domain Q x (0, T, the authors propose the following system

101

- I+V-J=0 1.3

1dJ 1

== J+=VI=0. 1.4

ﬁ8t+(ﬂa+HS) +3 ( )
From (1.3), assuming that the time derivative of the current density is negligible, more precisely

1

m 3 ~ 0, then the diffusion approximation for the current density is established
a S

J=—-D/VI, (1.5)
with Dy = m Consequently, for the light intensity is deduced from the following diffusion
equation

10l
- I =DyAl. 1.6
ﬁ o1 + Ua 14 (1.6)

Other approaches can be used to replace (1.3) and (1.4). In what follows, we consider the drug
release from a polymeric structure enhanced by light following two different approaches for the
mathematical description of the light propagation: Beer-Lambert law (1.2) and the diffusion equation
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(1.6), respectively, in Chapter 3 - Beer—Lambert approach for light, and Chapter 4-Diffusion approach
for light.

Chapter 2: Beer-Lambert approach for light

In this chapter, we consider an isotropic cube hydrogel (0, 1)® where the light incidence is orthogonal
to a cube face. We assume that the drug is homogeneously distributed and the properties of the
polymer-drug mixture are the same at all points of the same transversal section orthogonal to the
light incidence direction. These assumptions allow us to replace the 3D spatial domain with a
one-dimensional Q = (0,1). Let 7 € [0, T], for a fixed T > 0.

From (1.2), considering that the light intensity is known at the incidence face, we have

I(x) = Ihexp(—PBx), x€Q. (1.7)

In what concerns the bound (c;) and free (cy) drug dynamics, the bound drug is converted into free
drug due to the absorption of light energy through the breakage of the links between the polymeric
chains and the drug particles. Let F be the reaction term depending on bound and free drug as well as
on the light intensity / that defines the conversion of the bound drug into the free drug. Let F and S be
the reaction terms for the free drug and bound drug, respectively. From (1.7), in the Beer-Lambert
context, / is known for every point in the domain, then we can consider F and S depending only on
the unknowns ¢y and cy,.

The mathematical problem that we study in chapter 2 is the initial boundary value problem (IBVP)

aactf = ;x <D(Cf)aacxf> +F(cy,cp), (1.8)
aaih:S(Cf,cb),(x,t) e Qx(0,T], (1.9)
ep(x,0) = cpo(x), ¢;(x,0)=0, x€Q, (1.10)
crla,t) =cy(b,t) =0, t€(0,T], (1.11)

where F,S : R?> — R are suitable reaction functions and D : R — R is a diffusion coefficient that is
allowed to depend on cy. Here, for simplicity, we have dropped the dependency on x and ¢. In system
(1.8)-(1.11), we assume that the bound initial drug distribution is known and no free drug exists at
initial time.

A simple choice for the reaction term F is obtained by considering that the unbinding reaction
term is proportional to the light intensity and the bound drug concentration, that is F = ¢Ic; and
S = —¢Icp, where the parameter ¢ (cm?/(Ws)) is the conversion rate of the bound drug to free drug
in presence of NIR light with intensity /.

This chapter is focused on the study of numerical methods for the IBVP (1.8)-(1.11). Several nu-
merical methods have been proposed for similar problems to this IBVP, particularly for the semilinear
case with nonlinear reaction and linear diffusion. Fully nonlinear equations/systems were analyzed,
e.g., in [37-40]. In [37], a coupled reaction-diffusion system was considered in the context of heat
transport. A finite difference method (FDM) was proposed and optimal error estimates in discrete
L? and H' norms were obtained by considering uniform grids. Optimal convergence estimates in
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the L?-norm were also obtained in [38] for a general class of nonlinear reaction-diffusion equations
discretized by mixed finite elements. Finite volume schemes with high order of accuracy were
developed in [39] for general nonlinear advection-diffusion-reaction equations. Stability analysis for
discontinuous Galerkin methods applied to the same class of equations was the subject of [40]. Let us
also mention that FDMs for other type of problems have been previously investigated by some of the
authors of this work ([41-43]).

In [44, 45], IMEX (implicit-explicit) methods are used in the numerical approximation for reaction-
diffusion problems. The stiff term (the diffusion term) is discretized implicitly, and the nonlinear
reaction terms are discretized explicitly. Compared to a fully discrete scheme, this approach avoids a
restrictive time step condition associated with the diffusion term. On the other hand, compared to a
fully implicit scheme, it avoids the solution of non-linear systems associated with the reaction terms.
The advantage of IMEX methods to deal with reaction-diffusion equations is discussed in [45].

Ideally, an IMEX approach should have better stability properties than a fully explicit scheme and
reduce the computational cost associated with a fully implicit scheme, which requires the solution of
nonlinear systems at each time level. IMEX methods have been recently used in [46, 47] to compute
the numerical solutions of wave equations containing terms with different time scales (fast and slow),
where the slow terms are approximated explicitly and the fast terms are approximated implicitly. The
results show that IMEX methods have similar accuracy to a fully implicit method but with much faster
performance.

A comparison between the second order Runge-Kutta-Chebyshev (RKC) methods and Runge-
Kutta-IMEX (RK-IMEX) methods for time integration of reaction-diffusion-convection equations
was recently described in [48]. Combined with second order centered finite difference operators for
the space discretization, the author found that RK-IMEX methods are more accurate than the RKC
methods, and in many cases RK-IMEX outperform RKC methods.

In this chapter, we propose finite difference methods defined in nonuniform meshes that can
be seen as fully discrete in space piecewise linear finite element methods, and the stability and
convergence analysis will be stated. Following the MOL approach (method of lines approach), we
start by considering semi-discrete approximation methods, that is, we discretize the spatial derivatives
in (1.8) reducing the IBVP (1.8)-(1.11) to an ordinary differential system. Fully discrete methods will
be also considered integrating the last problem using an IMEX approach.

As we are dealing with nonlinear differential problems, stability is a local property in the sense
that is established around a fixed numerical solution, see [49, 50]. The proof of the stability requires
the uniform boundedness, in time and mesh size, of the fixed numerical solution. To prove such
boundedness, we use the convergence properties. Consequently, the stability will be concluded if
its initial condition belongs to a certain ball centered in the restriction of the initial condition of the
continuous solution with a mesh size-dependent radius.

In what concerns the convergence analysis, and looking at the proposed methods as finite difference
methods, the corresponding spatial truncation errors are only of first order with respect to the norm
|| - ||~ Nevertheless, we prove that the correspondent spatial global errors are of second order with
respect to norms that can be seen as discrete versions of the usual H'-norm. These results will be
proved for smooth and nonsmooth solutions. For nonsmooth solutions, the approach introduced
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in [51] plays an important role for the one-dimensional case; similarly, [41] is important for the
two-dimensional case.

This approach is based on Bramble-Hilbert Lemma ([52]) which allows us to reduce the smooth-
ness assumptions usually imposed when the convergence analysis is based on the use of Taylor
expansion, and was followed for instance in [17, 43, 53, 54]. In the finite difference context, this
phenomenon is called supraconvergence and was observed in the literature using different techniques,
for instance in [55-61]. In the finite element context, the results proved in this chapter can be seen as
superconvergence results in the sense that the piecewise linear finite element approximation is first
order convergent in the usual H'!-norm, and we show that a fully discrete in space approximation
is second order convergent with respect to a discrete version of the usual H'-norm for smooth and
nonsmooth solutions.

Chapter 3: Diffusion approximation for light

Here we consider Q = (0,1)2, dQ denotes its boundary, and ¢ € [0, T] for a fixed T > 0. We assume
that 0Q =T, U, UL, UT; where I';, T, denote the left and right sides of Q, respectively, and Ty, T,
are the bottom and upper sides of Q, respectively (see Figure (3.1)).

For the light propagation we consider the diffusion approximation (1.6). Consequently, the light
intensity /, the free drug concentration ¢y and the bound drug concentration ¢, are defined by the
following differential system

101

Bar =V-(D;VI)+G(I), (1.12)
a;tf =V (DyVep)+F(Icp,cp), (1.13)
3Cb .

> =S(I,cy,cp), (1.14)

for x € Q,t € (0,T]. In (1.12)-(1.14), Dy and D, are diagonal matrices defined in Q x (0, T], given by

D 0 D 0
p, = P and Dy = [ P4 ’
0 Dix» 0  Dg»

where the diagonal entries are bounded from below by a positive constant.

To close the system (1.12)-(1.14) we assume the initial conditions
I(xv 0) =0, Cf(x>0) =0, Cb(X,O) = Cb,O(x)7 x€Q, (1.15)

and the boundary conditions

I(x,t) =Ih(t), xeTyte(0,T], (1.16)
VI(x,t)-n=0, x€dQ-T,te(0,T] (1.17)
Ver(x,t) =0, x€dQ—T,,1€(0,T], (1.18)

cr(x,t)=0, xel,te(0,T], (1.19)
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where 1) denotes the unitary exterior normal. Boundary condition (1.16) and (1.17) means that the
light intensity is known at the left side of Q and propagates through dQ —I';. For the free drug, the
boundary condition (1.19) means that all the free drug particles that reach I', are immediately removed.
The remaining boundary of Q is not permeable to the drug particles (1.18).

Our main goal is to propose a numerical method for the IBVP (1.12)-(1.19) constructed using
the MOL approach: the spatial discretization followed by the time integration. In what concerns the
spatial discretization, we consider a finite difference discretization defined in a nonuniform rectangular
grid that extends the one considered in chapter 2. The method can be seen as a fully discrete in
space piecewise linear finite element discretization where the triangulation is generated by the finite
difference nonuniform rectangular grid. Fully discrete methods in time and space will be suggested
and obtained by discretizing the semi-discrete initial value problem corresponding to the spatial
discretization using a Crank-Nicolson approach. The theoretical stability and the convergence support
are provided using the approach presented in Chapter 2.

Let us consider the free drug equation (1.14) and its variational formulation

dc f 1
(&,w) . + (Dch‘f,Vw)[Lz]z = (F(I,cr,cp), W), VW € Hy ,(Q), (1.20)
where HolJ(Q) ={ve H'(Q):v=00nT,}. In (1.20), (-,-);2 denotes the usual inner product in
L*(Q) and (-, -)z22 represents the usual inner product in L*(Q) x L*(Q).

We remark that this equality is established by considering the compatibility between (1.13) and
(1.18). In the construction of the numerical methods proposed here, the main tool is the discrete
version of (1.20). This discrete version is obtained by considering a convenient set of fictitious points
as well as convenient discrete inner products for different grid function spaces and the corresponding
norms. In the convergence analysis for a smooth solution, the global error does not have homogeneous
boundary conditions. To get the desired error estimate, a discrete version of the so-called trace
inequality ([62]) will play an important role. The literature is not very fruitful on numerical methods
for IBVP with Neumann or Robin boundary conditions. We mention for instance [63] for a one-
dimensional and [64] for the Laplace operator considering a square. In both cases, the authors assume
smooth solutions. The extension of the results obtained here for nonsmooth solutions is a challenge
that we intend to study in the near future.

We remark that we do not address the existence and uniqueness of the solution of the IBVP
discussed in Chapters 2 and 3. For more details on the global existence and uniqueness of solutions
for more general IBVP than those discussed here, see [65-67].

Chapter 4: Drug delivery enhanced by light

Chapter 4 focuses on the numerical simulation of drug delivery controlled by light in two scenarios:
drug release from a hydrogel and transdermal drug delivery. In the first scenario, we consider Beer-
Lambert law for light propagation and § = —F with F(I,cy,c;) = ¢Ic,. Simulation results reveal a
good agreement with laboratory experiments taken from [26]. In the second scenario, we consider a
polymeric patch in contact with the skin. The drug release occurs in response to a light stimulus, and
we take the diffusion approach for the mathematical description of light propagation. We model the
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coupling between the drug release from the patch and its propagation through the skin. Simulation
results show good agreement with in vivo results taken from [68].

In the context of transdermal delivery, we present a computational tool for optimizing NIR
light stimulus protocols. We assume that a NIR light protocol consists of several identical cycles
characterized by three parameters: laser power, laser-on period, and laser-off period. We formulate a
minimization problem to find the optimal NIR light protocol, i.e., the optimal set of parameters that
lead to a prescribed drug absorption profile. The minimization problem is solved numerically using
the classic Nelder-Mead downhill method.

Conclusions

Here, we present some conclusions and we introduce a significant set of open problems that we would
like to address in the near future.

Main outputs

To conclude this introduction, we would like to highlight that some of the results included in this
thesis were published in the following works:

1. A mathematical model for NIR light protocol optimization in controlled transdermal drug
delivery, J.A. Ferreira, H. Gémez, L. Pinto, Applied Mathematical Modelling, 112 (2022),
1-17;

2. A numerical scheme for a partial differential system motivated by light-triggered drug delivery,
J.A. Ferreira, H. Gémez, L. Pinto, Applied Numerical Mathematics, 184 (2023), 101-120;

3. Numerical simulation and validation of a nonlinear differential system for drug release boosted
by light, J.A. Ferreira, H. Gémez, L. Pinto, to appear in International Conference on Mathemat-
ical Analysis and Applications in Science and Engineering, Porto, Portugal, June 27- July 1,
2022, to be published by Springer.

4. Numerical analysis and numerical simulation in light responsive drug delivery systems, J.A.

Ferreira, H. Gémez, L. Pinto, submitted.



Chapter 2

Beer-Lambert approach for light

2.1 Introduction

Let Q C R be the space domain, Q = (a,b), and [0, T] the time domain, 7 > 0. Our aim is to introduce
stable and convergent numerical methods to approximate the solution (c, c) of the initial boundary
value problem (IBVP)

dey _ 9 )96t )

= = 9% <D(cf) 8x> +F(cyr,cp), inQx(0,7T], (2.1)
a;t” = S(cs,cp), in Q% (0,7], (2.2)
cp(x,0) = cpo(x), cr(x,0) =cro(x), in&, (2.3)
cr(x,1) =0, on 9Q x (0,T], (2.4)

where F,S : R> — R and D : R — R are suitable functions.

The structure of this chapter is as follows, in Section 2.2 we introduce the notations and the basic
definitions. Next, the main two sections are presented, Section 2.3 and Section 2.4. The first is focused
in the semi-discrete approximation for the IBVP (2.1)-(2.4) defined by (2.6)-(2.9), and in the later,
we study fully discrete in time and space numerical methods (2.20)-(2.23) constructed using MOL
approach-spatial discretization followed by a time integration using an implicit-explicit Euler method
where the diffusion and the reaction terms are treated explicitly. Finally, in Section 2.5 we include

some numerical experiments to illustrate the convergence results.

The numerical schemes presented in this chapter are based on finite difference methods that, under
appropriate integration rules, can be written as piecewise linear finite element methods. For the finite
difference formulation of the method we study the stability (propagation in time of perturbations of

the initial data around a fixed numerical solution) and convergence.

The summary of the approach used to prove such properties is the next: consider the semi-discrete
case. Let c7 (), cpn(t) be the fixed numerical solution. From Proposition 2.3.2 we conclude stability
if a certain quantity depending on ¢y () is uniformly bounded for the space and time step size. As
we realise that such boundedness can be concluded from convenient error estimates, we study the
convergence and then we return to the stability and we impose a convenient smoothness assumption

9
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of the spatial grids (condition (2.65)). The steps to conclude stability and convergence for the
fully-discrete approximation are similar.

For the semi-discrete approximation (2.6)-(2.9), the main results of this chapter are: Proposition
2.3.2 for stability, and for convergence Theorems 2.3.1 and 2.3.2, respectively, for smooth and
nonsmooth solutions. The fully discrete version of these results are the stability result- Proposition
2.4.2, and the convergence result - Theorem 2.4.1.

The stability and convergence analysis of the methods introduced in this chapter are established
assuming some smoothness on the reaction F and S as well as on the diffusion coefficient D:

D(x) > Dy >0, (HDy)
|D(x) —D(%)| < Cp|x— %], (HDy)
|[F(x,9)| < Cr(|x]+ ), (HF)
1S(x, )] < Cs(|x]+Iy]), (HS)
|F(x,y) — F(%,5)| < C,(]x— x|+ [y —5]), (HFy)
1S(x,y) — S(%,5)| < Cs,(|x— &+ |y — 7). (HSy)

where x,y,%,¥ € R, and Cp,Cr,Cs,Cf, and Cs, are positive constants.

2.2 Definitions and notations

Let A be a sequence of vectors h = (hy,...,hy) with positive entries such that Zﬁ\;l h; =b—a and

hmax = rrllaxNh[ — 0. For h € A, we introduce in Q = [a, b] the nonuniform grid
i=1,...,

Q,={x,i=0,....N, a=x9, xy=b, x;=x;i_1+h;,i=1,....,N}.

Let W, be the space of grid functions defined in Q, and let Wi, 0 denote the subspace of W), of
the grid functions null on the boundary d€2,. Let also W, be the space of grid functions defined in
Q= QN (a,b). In W9, we define the inner product

N—1

(n,vi)n =Y higr ot (xi) v (x:),
i=1

with A/, = % and uy, vy, € Wy . Let ||-||, be the norm induced by (-, -);. Let us also define

N

(nvi)+ = Y hin(xi)va(xi),  tn, vi € Wi,
i=1

with ||up||+ = / (un, un)+, for uy € Wy,. We also introduce the average operator

My (x;) = un((i) +2uh(Xi_1) ;
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and the finite difference operators

up (xi) — up(xi1) Dy (xs) = up(Xis1) —up(xi)

D_ up(x;) = s
wtt(5) hi his1)2

We observe that holds the following: for u;, € W), o we have

[unlles < Vb —al[D_yup|+, (2.5)
where ||up || = . max 1|uh(xl-)]. In fact, since uy(x;) = 23:1 h;iD_suy(xj) fori=1,...,N, we obtain

=1, N—

un(x)| < VB—all Dy -

In what follows we introduce the two numerical approximations for the solution of the IBVP
(2.1)-(2.4) that will be studied in this chapter: the semi-discrete approximation and the discrete in
time and space approximation.

The semi-discrete finite difference approximation for the solution of the IBVP (2.1)-(2.4) is
solution of the following ordinary differential problem: find ¢ ;(t) € Wi, cp () € W), such that

() = Di(D(Macpp(1))D—sepn(1)) + F (crult),conlt)), in Q, x (0,T], (2.6)
h(t) =S(crn(t),con(t)), in Q, x (0,T], 2.7)
crn(0) =Rucro,  cpn(0) = Rycp.p, in Q,, (2.8)
crn(at) = cru(byt) =0, fort € (0,T). (2.9)

In (2.8), Ry, : C([a,b]) — W, denotes the restriction operator Ryu(x;) = u(x;),i =0,...,N.

The system (2.6)-(2.9) can be written in the variational form:

(ra(t)sun)n = —(D(Mycy (1)) D—xcp (1), D—sttn)+ + (F(cpnlt), con(t)) un)n, (2.10)
(chn(@)svi)n = (S(crn(t),con(t)),vi)n, (2.11)
(crn(0),un)n = (Rncyo,un), (2.12)
(cb,n(0),;v)n = (Rncp.0, Vi), (2.13)

for uy, € ‘/‘/[170, v, € Wh andr € (0, T].

We notice that (2.6)-(2.9) is equivalent to discrete variational system (2.10)-(2.12). To prove this,
consider first (¢ 4(¢),cp (1)) a solution to the IBVP (2.6)-(2.9). Let u;, € Wy, o and v, € Wi Applying
inner product (-, ), to equation (2.6) with u;, and using summation by parts we get

(e n(0),un)n = —(D(Mycyp(1))D—xcpn(t), D—cun) s + (F(cpn(t),con(t)),un)n, 1€ (0,T].
Analogously, from (2.7) we deduce

(chn(®),vi)n = (S(crn(t),con(®)),vi)n, 1€ (0,T].
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Equations (2.10) and (2.11) are complemented by the initial conditions

(crn(0),un)n = (Rncro.un)n,  un € Who,
(co1(0),vi)n = (Rucp0,vi)ns i € Wi

Conversely, assume that (cs;(t),cp4(t)) satisfy the variational system (2.10)-(2.12). Using
summation by parts in equation (2.10) we can obtain

(¢ (8) = DL(D(Mcy n()D—scpn(t)) = F(cpan(t),con(t)) un)n =0, (2.14)

for all u, € Wy, 9. Then, from (2.14), we obtain (2.6).
Analogously, it can be shown that (2.11) and (2.12) lead to (2.7) and (2.8), respectively.

We remark that (2.10)-(2.12) defines a fully discrete in space variational problem that allows the
computation of a solution for the IBVP (2.1)-(2.4).

Remark 2.2.1. We show now that (2.10)-(2.12) can be seem as a fully discrete in space finite
element method. Let i, = Pyuy, be the piecewise linear interpolator of up, € Wy o, and, for u, € W, let
i, = Qnuy, denote the piecewise constant interpolator defined by

h; h; .
ﬁh(x) = Qhuh(x) = uh(x,-), X e (Xi— E,X,'—l- ;1> ,i=1,-- ,N—1. (2.15)

The finite element solution ¢y (t) = Pycyu(t) € HY (Q),8pn(t) = Qnepa(t) € L?(Q) is solution of
the following system of equations for Ywy, € W, o, Vvj, € Wy, and t € (0,T)]

(aéf L (t),Phuh> — (D(@f,h(t))a‘?f "), oF h””‘) + (F(ern(t),épn(0)), Paurr),  (2.16)

ot ox ox
a A
<;bt’h(f)7Qth> = (S(n(1),n(1), Qnwn), (2.17)
(¢1.(0), Phun) = (C1.0, Pattn), (2.18)
(€p1(0),Qnvi) = (€0, OnV)n, (2.19)

where Cro = PyRycy o and ¢, o = QpRycp .
Considering in (2.16) the following quadrature rule

hig

N5t 9¢ 1 ¢
/x i aj;h () Phupdx =~ E(hi+hi+l)%(xiat)["h”h(xi)

i

1 0
= E(hi+hi+1)ﬂ(xiat)”h(xi)ai: l,...,N—1,

dt
oA
X0+ 5 a .
/ s £ (I)Phuhdx ~ 0,
X

0 ot

AN 8CAfh
~(t)Pyupdx ~ 0

/ L 1) Py~ 0,
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RS a¢ h 3Phuh xl“ (crn(xist) +crn(xip1,t))\ 9C¢rn ,  OPuy
/x' D(esat) =5 (1)~ “/ - — o () gy

=D (2 (cpn(xist) +cpp(xip J))) D_cfp(Xig1,1)D_xup(xit1),

fori=0,....N—1, and

X+ 13»1 1
/ F(éf,h(t)ﬁbﬁh(t))Phuhdx =~ 5(/’!,’ —|—hiH)F(cAf,h(xi,t),5;,7h(x,~,t))Phuh(x,’)
X

hj
iT 7

1 .
- E(hi+hiJrl)F(Cf,h(xiat)vCb,h(xiat))uh(xi)al = 17-~'3N_ 1a

x0+7 . _
/ F(Cpn(t),Cpp(t))Prupdx ~ 0

Xo
N 8éfh
—(t)Pyupdx =~ 0,
/xé\' ot ()huhx

we obtain (2.10). Analogously, considering in (2.17) convenient quadrature rule, we deduce
(2.11).

To define the discrete in time and space approximation for the solution of the IBVP (2.1)-(2.4),
we introduce in [0, T] uniform grid {t,,,m =0,... , M} with 1o =0, tyy = T, and t,,| = t,, + At, for
m=20,...,M — 1. The discrete solution is then solution of the following discrete problem: find
c;”,h € Who, c’b’fh € Wy, such that form=1,...,.M

Dy, = D; (DM YDy ) + F(Ep ), inQ,  (220)
D_icpy, = S(C?hlaczlh 1)’ in Q, (2.21)

C?‘,h = Rncy 0, Cg,h = Rycpp, in Qy, (2.22)
f n(x0) = cf (xn) =0, on 9%, (2.23)

In (2.20), D_; denotes the backward finite difference operator

m m—1
Mh — l/th

Doy = =4

We avoid the need to solve a nonlinear system of equations in each time step by using an explicit
discretization for the diffusion coefficient D and the nonlinear terms F' and S. We observe that IMEX
methods are often considered for nonlinear reaction-diffusion problems ([45]). Note that the discrete
equations (2.20) and (2.21) can be rewritten, form =1,...,M, as

(1— AtA)cfh—cfh —l—AtF(cfh cfhl),

I
ey =iy +AS(E e,
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where [ is an (N — 1) x (N — 1) identity matrix and A = {qg; J} _! is a tridiagonal matrix with

entries

2

P S i (i) + ¢y () 1
Ll hi+l/2 2 hl-

M) e (s 1
—D('f’h (i) _f,h(t l)) , i=1,....N—1,

1 Cm—l X; +crn—l Xio1 1
ai 1 = D( RCORE TRC) i=2,... . N—1,

2

1 M- lxl I Loy 1
a1 = D Fh ( +) fh (l) - i=1,...,N—2.
T o hiap 2

We remark that for all v, € W, o and wy, € Wh, the fully discrete FDM (2.20)-(2.23) can be rewritten
in the equivalent variational form

(D} vi)n = = (DM€} YDy, Dvn) 1+ (F (5 ) v, (2.24)
(D—vchpwi)n = (S(5 i) win, (2.25)
(o) = (Rucr.0, V), (2.26)
(Cb woWi)h = (RhCb.0sWh ) (2.27)

form=1,....M.

As in semi-discrete case, it can be shown that (2.20)-(2.23) is equivalent to the fully discrete in
time and space variational system (2.24)-(2.27).

In what follows, we study the stability and convergence properties of the semi-discrete in space
FDM (2.6)-(2.9) and the fully discrete scheme (2.20)-(2.23).

2.3 The semi-discrete FDM

In this section we analyze the semi-discrete approximation defined by (2.6)-(2.9). First, to study the
boundedness of the semi-discrete approximations we assume the hypothesis (HDg)-(HS), in particular,
we ask the functions F' and S to be bounded by a linear function. Secondly, to prove stability, we
replace the boundedness conditions by the Lipschitz properties (HFy) and (HS;). Because of the
nonlinearity of the problem, we study the stability of a fixed solution ¢ ;(f) € Wi, chi(f) € W,
t € [0,T], that is, for any p, > 0 we would like to fix By, (cf,(0)) and By, (cp4(0)) such that, for all

¢r.n(0) € Bpy(crn(0)), €n(0) € By (cpn(0)), we have
lern(t) —Ern(®)lln < Pes llcon(t) = Con(t)lln < pe, t €[0,T]. (2.28)

From Proposition 2.3.2, we realize that to conclude equation (2.28) we need first to show the

uniform bound ,
[Ipcrat e, hea, repoT) (2.29)
0
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For this purpose, we use the following inequalities that hold fori=1,--- /N —1

]D_xcf,;,(x,-,t)|2 < 2<]D_fo,h(xi,t)\2 + ]D_thcf(xi,t)]2>, (2.30)
1

IDEpa(xist)]* < o [DEpa(0)]13 (2.31)
min

where the error Ef ,(x;,t) = Rpcyp(xist) — cpp(xi,t) is involve. Therefore, it is convenient to study
the convergence of the semi-discrete scheme (2.6)-(2.9) (Section 2.3.2), from where we can prove that
Jo ID-+Ef.4(s) |3 ds is bounded and then, we finally are able to conclude the desired stability result
(2.28).

2.3.1 Stability

We start by proving the uniform boundedness of ¢ (), € [0,T],h € A.

Proposition 2.3.1. Let csj(t) € Wy, cpp(t) € Wh, be defined by (2.6)-(2.9) with initial conditions
crn(0) € Wi, cpn(0) € Wi. If the assumptions (HDy), (HF), and (HS) hold, then there exists a
positive constant C, independent of h and t, such that

t
legn@ IR+ llens(@)1F+2D0 | €D erals) B ds < e (Jlepa()F + enn(OF). 232)

fort€]0,T],h € A.

Proof: From (2.10) and (2.11) with u;, = c¢4(t), vy, = ¢ () and considering the smoothness
assumptions (HDy), (HF), and (HS) we easily get

1d
52 (lega @I+ lleon®)l12) +Doll Dse )12

< (legn®lln+llcon®lln)(Crllcs n®)lln+Cslieon®)lln)
< 2max{Cr,Cs}([lcsn()|l} + llcon(®)]]7)-

The last inequality leads to (2.32) with C = 4 max{Cr,Cs}. [ ]
As corollary of the last result we conclude the following uniform boundedness result which is
consequence of inequality (2.5).

Corollary 2.3.1. Under the conditions of Proposition 2.3.1, there exists a positive constant C,
independent of h and t, such that

t
[ lera@l2as<c.

fort €[0,T], h € A, provided that ||cs ,(0) H% + ey (0)

%, h € A, is bounded.

Proposition 2.3.2. Let c7,(t),Crn(t) € Wi, con(t),Con(t) € W, be defined by (2.6)-(2.9) with initial
conditions c;(0), ¢¢1(0) € Who, cp4(0), €,4(0) € Wi If the assumptions (HDy), (HDy), (HFy), and
(HSy) hold, then, for Wr p (t) = Csz(t) — Ef’h(t) and Wy (t) =Chh (t) — 5b,h(t) we have
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t t
wa,h(f)H%JrHwb,h(t)lliﬂLZ(Do—fz)/ el WA D_ w4 (s)|| ds

< BT (o O)F + aps(O)IF),  (233)

fort €[0,T),h € A, where

1
¥(s) = max { @cg ID_xcru(s)||%,4max{Cp,, CS(}} , (2.34)

and € # 0 is an arbitrary constant.

Proof: It can be shown that for @y ;(¢) and @, ;(f) we have

2 (o ()1 + 0 0)F) + (DM, D 4(6). D—s007,0))
(

< (DMpp(t)) — D(Mycyp(t)))D—xcpp(t), D—xpp(t))+
+ (F(ern(t),con(t)) —F(Ern(t),Con(t)), @pn(t))n
+ (S(Cf’h(t),cbﬁ(l‘)) — S(fﬂh(l‘),f‘b,h(l)), wb,h(t))h- (2.35)
Using in (2.35) the assumptions (HDy), (HDy), (HF,) and, (HS,) we get

1d

5= (o) + @04 (0)117) + Dol Ds0r0)[12

< CplID—sepn (1) | @r (O || D—sr (1) +
+Cr([|@pn(t) [+ |0p n () [n) |71 ()]
+Cs, (gm0l + 1,1 () []) | @5, (2) |- (2.36)

From inequality (2.36), we obtain
d , 2 2\ L2 (Dn— e2)IID , 2
2 llorn®lly+llonn0)lli ) +2(Do — €7) [D—xora ()]}
<) (lloga®) I3+ 05 (0) 7). (2.37)

with y(¢) defined by (2.34) and € # 0 an arbitrary constant. Inequality (2.33) follows from (2.37).

From (2.28), the semi-discrete in space FDM (2.6)-(2.6) is local stable in the solution cy (1) €
W0, cou(t) € Wi, t €[0,T], h € A, provided we fix py by

T
po< P ypee 2" e, 2.38)

and (2.29) holds. To conclude (2.29) we study in what follows the convergence of the semi-discrete
problem (2.6)-(2.6).
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2.3.2 Convergence

Convergence for smooth solution and non-smooth solution is proved in this section. In the first
approach use a Taylor representation of the spatial truncation error and consequently we assume that
cr(t) € C*H(Q) and ¢ (f) € C(Q). In the second part we use the Bramble-Hilbert lemma that allow us
to reduce the smoothness on cy(t) and ¢ (7).
Let (cf(t),cp(t)) be a solution of the system (2.1)-(2.4). We define the errors E ;(¢) and Ep, ()
by
Efn(t) = Rucy(t) —cru(t),  Epn(t) = Rpcp(t) —con(t),

where Rjcr(t) and Rj,cp(t) are, respectively, the restriction of ¢(¢) and ¢ () to the mesh €.

Convergence for smooth solutions

In what follows, C is a positive constant which is independent of ¢ and the mesh parameter 4, and
which may have different values in different equations.

We observe that for E;,(¢) we have

dE
= (6) = DU(D(MiRuc (1) DRy (1)) = D (D(Micy 4(0) Descy )
+F(Rucy(t),Rucp(t)) — F(crn(t),con(t)) + Ti(t), inQp, (2.39)
forr € (0,T], where
Th(x,-,t) :Tl(xi,l)+Tr(Xi,t), (2.40)

being 7} and 7, such that fori=1,...,N—1and ¢ € (0,T], we have

T (x;,t) = (hiv1 —hi)s(xi,t),
IT5(xi, 1) < Clh e, ()]l ay

max’

where s and J; ., are smooth functions depending on the spatial derivatives of order lees or equal to
three and less or equal to four, respectively. In the next Theorem 2.3.1, we prove the convergence of

the approximations cy;,(¢) and ¢, 4(t).

Theorem 2.3.1. Let (c(t),cp(t)) be a solution of the system (2.1)-(2.4), and denote a solution of the
FDM (2.6)-(2.9) by (cf4(t),cou(t)). Assume that c¢(t) € CH(Q), cp(t) € C(Q), F, S satisfy conditions
(HF), (HS) respectively. Assume also that D satisfies (HDy).

Then, for Es j,(t) and Ey, ;(t), holds the following

t
' / Y(u)du
IIEf,h(t)||i+IIEb,h(t)Ili+2(Do—68—812)/0 e’s ID_cEfn(s) || ds
241

" s)ds ' 7 au
NAC (1£74(0) 1+ 1E4(O)) + [ L
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fort €[0,T). In (2.41),  and T are such that

N C?
() = max {812) |D_Rucs(t)||2+3(ef + &) +3Cp, +Cr,, Cr,+ 3051} , (2.42)
0
and | |
4 pPr
70) < Oty (32+ 302 ) ler Ok 4

where € # 0,i = 0,1,2 and py is a positive integer.

Proof: From (3.72) we get
(Epn(0),Epn(t))n = —(D(MyRuc (1)) DRy (t) — D(Miucn(t))Dxcyn(t), DoEpa(t)) +
+(F (Rincy(t),Rucp(t)) = F(cpn(t),con(t))s Ern(t))n~+ (Ti(t), Epn(t))n-
As
— (D(MpRycy(1))D-xRpcy (1) — D(Mpcp(t))Dxcpn(t), DrEypp(t)) +
= —((D(MyRycs (1)) = D(Mpcp(t)))DcRpzc (1), DorEp p(t)) +

—D(Mycpp(t)))DEfp(t), DxEpp(t))+
< Cp||D-xRuc () || Epn () 0| D-xEf i (t) ||+ — Dol | DxEs i (t) |12

1
< C%@HD-thCf(f)IIiHEf.,h(f)II% + (&5 — Do) | D+Epn(1)1%
0
where &y # 0, and

(F (R (1), Racu(0) = F (1), 600 Exn®)n < Cr, (1Ea(®) R+ 1B Il Epn(c) )

we conclude

1d

St )HH+(Do—eé)HD-fo,h(t)Hi

< (Chagg ID-Ricr 12 +Cr ) Era(OIf + CrllEvaln Era()lh - 49

+ (Th(t )vEle( -

Now we establish a bound for (7},(¢), E¢ 4(t)n). By taking inner product of 77 () with E (), one
has

N—-1

(Ti (1), Ep.n(t))n = Z hi1 2Ty (xi,)Ep p(xi,1) (2.45)
1 N
*th x, 1, )th(xl 1,t)—s(xl~,t)Ef7h(xi,t)) (2.46)

= —5 Z h?s(x,',l,t)D,foJ,(xi,t)
i=1



2.3 The semi-discrete FDM 19

N ds
(x,1)dx X,
Sa X [ S,

that leads to
c 35 2 2
(T (), Epa(0)n < pro oI (0) 1 ) + S8 (Ern )17+ ID<Epn())17), (2.47)
where €; # 0. On the other hand, we also have

(Ta(1),Ee, () < maxHJl & Ole@ +ENIE O],

4€2

where & # 0, we obtain

1 1
Th(t), Epn(t))n <C(— + 4 o+ e, Oliga g
(B0E <€+ g (MO e OlEm)

3
3 (8 + DB+ S RIDErae)
Inserting the upper bound (2.48) in (2.44) we have

1d

3
S NE O} + (Do — & — S IDEpa(n)

1 3
< (Chygz IDRue (01245 (€2 +83)+ Cr, ) 1Epn(t) I+ Cri | ) a1 Ep () (2.49)
0

+C(gm+ gaz ) e (IO )+ s Ol )

4e?  4de;
Analogously, we also have

1d

7 —1Ep ()]l < Cs | Epn ()17 + Cs,|IE 1) |l Ep.n(2) |- (2.50)

Finally, from (2.49) and (2.51)

1d 2 2 > 3. 2
E E Dy —¢&5— = D_E¢,(t
2dt(” e+ N Epn(0)l7) + (Do — € 231)” @5 2.51)

<O IErn 7 + 1 Eon()7) + T (1),

where § and T are defined by (2.42) and (2.43) respectively.
Finally, inequality (2.51) leads to (2.41). |

Corollary 2.3.2. Under the conditions of Theorem (2.3.1), there exists a positive constant C indepen-
dent of h and t, such that

B+ 1B+ [ 1DAEra(s) s < € (b NEza O+ 1Esa 0)1R).

fort €[0,T] and h € A.
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From the previous result, if we consider c¢4(0) = Rycf(0) and ¢, 4,(0) = Rjcp(0) then

t
IEr O+ Bsa) -+ [ 1DAEpn(s) [ ds < Ol

Convergence for non-smooth solutions

The Taylor-based error estimate (2.41), requires that c¢(t) € C*(Q). Based on the approach introduced
in [51] we establish an error bound for the solution of the scheme (2.1)-(2.4) considering c(t) €
H3(Q)NHL(Q).

Let xj_j/p = x; — % and x4y /p = x; + h’; L. Moreover, define

1 Xi+1/2 )
(&)n(xi) = ; / glx)dx, i=1,....N—1,
i+1/2 Jxi—1)2

k\hg(xi):g(xi—l/Z)v l:17>N
To get an estimate for E(t) we start by noting that

(0. Eg i) = (o 0 B0 (RS 0) (2 1)), a0

+ (D(Micrn(t))D—xcrn(t),D—xErn(t))+ — (F(crn(t),con(t)), Ern(t))n-

We have

(L@ Bt >)h = (Gl L)+ Fles)en)nEralt))
(Do ()RS (1), DEp (1)
+ (D(MRycf (1)) D—xRucs (1), D—Eypp(1))+
— (D(MyRc s (£))D—xRycp(t), D—cEyn(t))+
(P les(e).cofo))n— F(Rucs (0. Rucy(1)), Epu(0)
F(FRaere) Ruc(1), Ex(0)

2
Z Tie(t) = (D(MRyc (1)) D—xRyc(t), D—xEp(1))+
=1

+ (F(Rucs (), Ruew (1)), Epn())ns

where

Ti1(0) = HD(MRyes (DD Rier (1), Ep )« — (DRyes DR AL (1), D (1)
(2.52)

and
Tna(t) = ((F(cp(t),cp(t))n — F (Rucp (1), Rucp (1)), Ef (1) - (2.53)
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Then, for (E} ,(t), Efx(t))n we deduce the following representation

(Efp(0),Epn(t))n = —(D(McRucy(1))D_cRcy(t),D_cEf (1)) +
+ (D(Mycpp(t))D—xcrn(t), D_xErn(t))+
+ (F(Rucr(2), Ruep(t)) — F(cpn(t)scpn(t)), Erp(t))n

3
+ Y Thlt), (2.54)

where
Tis(0) = (Rs o 0 B~ (oL (6 Ep 6 255

From (2.54), taking into account the assumptions (HDy), (HD,), and (HF,), we easily get

1d
—NEpn(0)]7 < —Dol|D_+Epn(t)||% (2.56)
2dr

+Cp, | D—sRuc s (1) oo | Epn () ]| D—cEpn(0) ] +
+Cr(IErn@)lln+ [ Epn (O 1) [ E7.a () 1

3
+ Y The(t), (2.57)
For the error Ej, (1), we have

(Epp(2);Eppn(t))n = (S(Rucy(t), Rucy (1)) = S(crn(t),con(t)), Epn(t))n,
and considering the assumption (HS,), we obtain

1d
5 77 1 Evan(t DIl < Cs, NE @)+ 1 Epn(t) 1)1 Ep (1) 1 (2.58)

In what follows, we establish upper bounds for the terms 7}, ¢(¢),¢ = 1,2, 3. The results presented
in [51] for elliptic equations have a central role here.

Proposition 2.3.3. Let Tj, | (t) be defined by (2.52). If cf(t) € H*(Q)NH} (Q) and (HDy) holds, then
there exists a positive constant Cr,, independent of h and t, such that

aCf

|Th1 (1)] < Cr, 2<CD|| ()Ili+IIDIIi)HCf()HH3 Vimax + 282 [DEpn(0)]13, (2.59)

fort € (0,T],h € A, and with € # 0 an arbitrary constant.

Proof: As

T (6) =~ (D(Ryey (1) ~ DR (1) R oL (1), D Ep5(6)

(DR (1)) Ry L (1)~ D_ Ry 0).DEp4(1))
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we have
dcy ~
T O] < 1 5L O)l1CollRac () ~ MR (0] 1DE (0]«
~ dcy
HID]lRy 5L (1) = DRy (o)1 41D Eg(0)
1 2
=10+ 13(0),
with
(1) dey 5
L, (1) = 1= (OllCollRuc () — MRy ()| [1D—<E . (8)l]+
and 5
2 ~ C
13(0) = IDllallRr 5L 1) — D Rues O] 1D Ep (0]

Considering Theorem 1 of [51], it can be shown that there exist two positive constants C; and C»,
independent of / and ¢, such that

1 aC N 12
100 < CUSLOICo( L lesOleg, ) IDEra@)lls (2:60)
i=1

and N
) 1/2
T3 O < CalIDle (L A ller g, ) |
i=1

ID_Ep 1)+ 2.61)

Inequalities (2.60) and (2.61) easily lead to (2.59). |
The next two propositions give estimates for 7j,»(¢) and T}, 3(t). The proofs also follow from
Theorem 1 of [51].

Proposition 2.3.4. Let T, (t) be defined by (2.53). If F(cs(t),cs(t)) € H*(Q), then there exists a

positive constant Cr,, independent of h and t, such that

1
T2 ()] < Cr, 5 1 F (e (), en(0) 2 ) fiman + €| D—cEpa(0) 13
fort € (0,T],h € A, and with € # 0 an arbitrary constant.

Proposition 2.3.5. Let Tj,5(t) be defined by (2.55). If %(t) € H?(Q), then there exists a positive
constant Cr;, independent of h and t, such that

1
Tha(1)] < Cry 511 (1) 1720 omax + €2 1D —<E a1,
fort € (0,T],h € A, and with € # 0 an arbitrary constant.

Using the estimates of Propositions 2.3.3-2.3.5, we are able to obtain an upper bound for
t
IE (17 + |1 Epn(0)]]7 +/0 ID_Ef4(s)||2ds. We start by noting that from (2.56),(2.58) it can be
shown that holds the following

d

IO+ 1Esa(r)I}) +2(Do = 5E) ID_Epa(0) 12
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1
< @CI%HD—thCf(I)HiHEf,h(t)Hﬁ

+4max{Cr,,Cs, } | Ezn(0)I7 + | Eon()II7) + T (1), (2.62)

where

~ 1 dc
50) = Cr o5 (OIS L WI2 + IDIZ) ey () s
(s (1), en(t) Bz + 15O ) Vi (2.63)

being C; = ZiE}azxg{CTl.}. Using (2.62), we can prove the main result of this section.

Theorem 2.3.2. Let ¢y € L*(0,T,H*>(Q) NHL(Q))NC([0,T],C(Q))NH'(0,T,H*(Q)) and c), €
C'([0,T],C(Q)) be solution of the system (2.1)-(2.4), with D, F, and S satisfying the assumptions
(HDy), (HDy), (HFy), and (HS;). Let ¢z € C'([0,T],Wio), cpn € C'([0,T],Ws) be defined by the
FDM (2.6)-(2.9). Then

t,
HEf,h(t)H%JrHEb7h(l>H;3+2(Do—582)/o el VD Ey(5)]% ds

1 rt A~ rt
< [ el 0Ty (5)ds-+ 10 (| O + Esa(O)I),  (264)
0

fort €10,T],h € A, with € # 0 an arbitrary constant, y defined by
1
’}/(t) = max { TSZC%HD,XRth(I) ||i,4maX{CF£,CS{}} ,

and Ty (1) given by (2.63).

Choosing in (2.64) € conveniently and considering ||Ef4(0)||s = ||Ep1(0)||» = 0, we obtain the
following corollary.

Corollary 2.3.3. Under the assumptions of Theorem 2.3.2, there exists a positive constant C,, inde-
pendent of h and t, such that

t
IIEf,h(t)||i+IIEb.,h(t)II%Jr/O ID—Efn(s)| ds < Coltpae, 1 € [0,T],h €A

2.3.3 Concluding stability

Let us consider cf () € Wy 0,cpi(t) € W, solutions of (2.1)-(2.4). Let Crn(t) € Who,Cpn(t) € W), be
another solution of the same problem but with initial conditions ¢7,(0) € Bp,(cf.4(0)) and &, ,(0) €
Bp,(cpn(0)). As we mentioned before, to conclude that (2.28) holds it is enough to show that
Jo ID_E 1(s)||%.ds is bounded for t € [0,T] and i € A, however, this result follows from Corollary
2.3.3 and therefore we conclude the stability for the IBVP (2.1)-(2.4).

Let us suppose that Q;, for i € A satisfies

P
hmax

min

dCs > 0:

< Cg, h € A, with h,,, small enough. (2.65)



24 Beer-Lambert approach for light

1. If p =1, then to get stability of (2.1)-(2.4) in cf,(t) € Wy o,cpn(t) € W, it is enough to assume
that the correspondent initial conditions verify

HEﬂh(O)Hh < C\/ hmam HEle(O)Hh < C\/ hmax-

2. If p =2, and the initial condition cs ,(0) € Wy 0,c¢p(0) € W), are such that

||Ef,h(0)||h < Chmaxv ||Eb,h(o)”h < Chmaxa

N

then we conclude the stability of (2.1)-(2.4) in ¢ 4(t) € Wy 0,cpu(t) € Wy

We observe that in the last case we consider a weaker smoothness condition for the spatial grid but
we need to consider the initial conditions c7;(0) € Wj0,c5.4(0) € Wy, closer of Ryc7(0) and Rycp(0),
respectively. This fact means that there is compromise between the smoothness of the spatial grid and
the set of solutions of (2.1)-(2.4) where we can state the stability.

2.4 An Implicit-Explicit Euler method

In this section, we analyze the fully discrete scheme (2.20)-(2.23). The structure is similar to the
previous section, we study stability, then convergence and finally the main result on stability is
established.

2.4.1 Stability

From (2.24)-(2.27) with v, = c? o Wh = chh and considering the assumptions (HDy), (HF'), and (HS),
we obtain

2 —1y2 2 — —
7 alls < Nley I3 — 2AtDol| D—se 413 +2A¢Cr (Nl 1+ Iy ) leF alla, (2.66)

lebulli < llegy 17 +2ACs (e la + ek n) lchalln, (2.67)

form=1,...,M. Inequalities (2.66),(2.67) allow us to obtain

(1 =28 max{Cr, Cs}) (el + el ) + 2o D12

< (1+2a0max{Cr, C;}) (Il I + Nl 1)

which leads to

i 1 +2Atmax{Cr,Cs} \"
2 2 02 Cs 0 12110 |2
Il il + 200 B 10l = (e CEEt ) (el Il

provided that
1— 2Atmax{Cp,C5} > 0.

From the previous inequality, we can conclude the following result.
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Proposition 2.4.1. Let c;’{ n € Who, c,’;fh € Wh, be defined by (2.24)-(2.27) with the initial conditions
¢ € Wi, ¢, € Wi If (HDy), (HF), and (HS) hold, then

m
2 2 0 12 At0 0 2 0 2
Il + el + 28D Y 1D 113 < e (el +11chl )
(=1

form=1,....M,h € A, and At € (0,At], where

4max{CF,C5}

0=
1 —2A1 maX{CF,CS} ’

and Aty is such that
1—-2An max{CF,CS} > 0.

The fully discrete scheme (2.24)-(2.27) is stable in the solution c;’ n € Who, chh € Wh, mA:
0,...,M,if for all p; > 0, there exists py > 0 such that, for all solutions E}"’ s 5}17}! € Wh0, Chp> Cptp € W,
m=0,...,M, of (2.24)-(2.27) with initial conditions 6‘}7}!,52’}[ satisfying ||w§fh||h < po,i=f,b, we
have

|04l < pe, i=f.b,

form=1,...,M,h € A.
In the next proposition we establish an upper bound for || @, ||4,i = f,b.

Proposition 2.4.2. Let c?,h,é?” n € Who, CzhvEth S Wh be defined by (2.24)-(2.27) with initial con-
ditions c%h € Who, cgh S Wh. If the assumptions (HDy), (HDy), (HF;), and (HSy) hold, then for

a)j’}fh = c}qh — 5;3-’_}[ and ", = cj', — ¢y, we have

m |2 m 12 L A¢D), e D J2 < mAtj:Inlfi.%MG(J) 0 12 0 12 268
|@F 4% + |0, + At OZH —xwf,hHJr—e @7 ullz +lloplli ), (2.68)
=1

form=1,.... M, h €A and At € (0,An), with
1 —2Atymax{Cp,,Cs,} >0,

and .
B maX{DiOCLZ)HD,xc}ﬁHi, 2max{Cf,,Cs,} } + max{Cp,,Cs, }

. , 2.69
G(]) 1— 2Ato maX{CFwCSg} ( )

Proof: Taking into account the assumptions (HF;) and (HSy), it can be proved that

lofll; < |}y s —28e(D(Mcy, )D i}y — DM}, )D&}y, D 0F) ¢
+2A0C, (|| @l + @y, i) |0y,
2 12 - -
@yl < leogt, 7 +2A:Cs, (@, ln+ leogy ) | @p - (2.70)

Considering now the assumptions (HDg) and (HD,), we have successively

—(D(Mc}, YD1}y = DM}, )D&y, D)+
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= —(D(M&}, " YD @}, D @f,) 4
— (DM, ) =DM}, ))D i, D)+

< —Do||D— @4 |2 + CollD—scf 1=l 0f; |4l D—x o', |+
Using the previous upper bound in (2.70), we obtain
(1 = 2max{Cr,, s, }) (|0l + |0y 7) +24¢(Dy — ) [D— e 12

1
< At@CIZJHD—xC?,hH [[ores i

+ (1+28rmax{Cr,, Cs D0} 13+ g 1),
that leads to
el + lfiall2 -+ 280D — €2) [D—s@fy 12 < (1 -+ Ara(m) (Il 13+ g 7). @71

provided that
1 —2At max{Cf,,Cs, } > 0.

In (2.71), o(m) is given by

1
max {2 2CD||D_chh|| 2max{CF”Cgé}}
1 —2At max{Cf,,Cs, }

o(m) =

Let us fix 2 = 2 =t then, from (2.71), we get
2 2 “ TR =, 0 12 0 2
17l + llph |z +AtDo Y HD—ijjf,h”+ <JJa +At6(j))<||wf,huh+ ”wb,hHh)7
=1 J=0

where now o () is defined by (2.69). Then, we obtain

||wfh”h+||wbh‘|h+AtDOZHDfxwth-i— (1+Ar HllaX o(j)" (”wfh||h+Hwbh||h) (2.72)
e S =

and from inequality (2.72) we easily get (2.68). [ ]
Therefore, the local stability follows from Proposition 2.4.2, with

1
—fT _max o (j)

po < ife LM

We remark that 6(j) depends on [|[D_.c'}, ||.. Consequently, to obtain rhoo independent of /, we
need to establish the uniform boundedness

ID_xc4l2 <€, m=1,...,M,At € (0,An),h € A. (2.73)

In (2.73), C denotes a positive constant independent of 4 and Ar.
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As in the semi-discrete stability analysis, to obtain the upper bound (2.73), we study the conver-
gence properties of c?’h € Who,cp), € Wh, m=0,...,M, solution of (2.24)-(2.27).

2.4.2 Convergence

Theorem 2.4.1 is the main result of this section where we establish the an error bound that will be
used to conclude inequality (2.73). This result considers only non-smooth solutions of the IBVP
2.1)-(2.4).

Theorem 2.4.1. Let ¢y € C([0,T],H*(Q) NH(Q))NC*([0,T],C(Q))NC'(0,T,H*(Q)) and c), €
C%([0,T],C(Q)) be solution of the IBVP (2.1)-(2.4), with D, F, and S satisfying the assumptions
(HDy), (HDy), (HFy), and (HS;). Let c?h € Wh,O,Cth E Wh, be defined by the fully discrete scheme
(2.24)-(2.27) with initial conditions ¢}, € Wi, ¢} ;, € Wi Then, for the errors EY), = Rycy(tm) —
E}', = Rpcp (tm) =}y, holds the following

m—1 m .
7+ ez -+ 28000 =563 (F, T (1-+0@IDELIE + 107 )

m
<[] +aro() ) (NEDAIE + IEDI1)

At
+ 1 —2Atgmax{Cp,,2Cs,

(X T 0vaoing+mr). e
j=1

i=j+1

form=1,....M,h €A and At € (0,An). In (2.74), 6(j) is defined by

1
max { ?C%1 ”D—thCf([j) ”307 ZmaX{CF[CS[} } —+ Inax{CF[7 ZCS[}

o(j)= 2.75
() 1 — 2Atymax{Cr,,2Cs, } ’ (2.73)
€ # 0 is an arbitrary constant such that Dy — 5€> > 0, Aty is fixed by
1 —2Atymax{C,,2Cs,} > 0, (2.76)

and the error term Thj is given by

dc
Zh4 1=, f ) Fe s F IF (e (7)ol i, 2

8 C 1 82(:;,
+||Cf(tj)||mx L) +Afc/ zHRh atzf(S)Hh‘i‘a”RhW(S)H;%)dS? (2.77)
4

j=1,...,m, with C a positive constant, h and At independent.

Proof: We start the proof by noting that

(D Efsn = (55 ) Efs i — (Do Ef )i+ T, (), (2.78)
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where B
Th(l)(tm):(szRth(fm)—(§( m)) s E7 )

We also have

(S () B = (Do) R L (1), D E).

+ ((F(Ruc £ (tm), Rncp (tm)) )ns EF )
—((D(Myc (tmfl))Dfoth(tm)anxE.’;?,h)Jr
+ (F (Rucr (tm—1), Rcp(tm—1) ), EF )

4 Th(l) (1) + Th(3) (1), (2.79)
where
1 1) = ~(D(Ricy (1) R 2L 10).DE,)
+ ((D(Mxcp(tm—1))D—sRncf(tm), D—EF) +
and

T2 (tm) = ((F (Ruc1 (), Ruco(tm)) ) — F(Rucf(tm—1), Rucp(tm—1)), Ef.p)n-

Using (2.79) in (2.78), we obtain

(D—EF 1 EFy)n = —((D(Mcf(tm—1))D—xRics(tm), D—xEF'y)+
+ (DM€}, D sy D2Ey) +
+ (F (Rycp(tm—1), Ruco(tm—1)), EF 3 )n — (F (7 e ) EF

3
+ Y 19(5). (2.80)

From (2.80), considering the assumptions (HDg), (HDy), and (HF;), one can get

<1—ArcmHE¢hui+zAt<Do— )ID-E} 13

SASS CmHD Rucp () |ZEF 17

(14 26:Cr) (IEF 1+ 1B 7) +2AtZT (t). (2.81)
j=1
Furthermore, we also have
(1 ACCs,) [ B 17 < (1+286Co ) (1B 17+ Eg I + 280, (1), (2.82)

with

dc
Ty ) = (D—eRuc(tm) — Rn 5 1), Ef)n
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From (2.81) and (2.82), we conclude
(1= AiCR) | EFali + (1= ACs, )| Egty |l 241 (Do — %) | D—cEF, 11

1
< (1 armax{ 3G ID-Rucy o) 2. 2max(Cr € | ) (Ve I+ 185 )

4 .
+200 Y T (1), (2.83)
=1
In what follows we establish estimates for T,(j ) (tm),j=1,...,4.

n

1. An estimate for Th(l) (tm) : We observe that

dcy dcy

%51 o) = DRy i)~ R )+ R 1)~ (o o)

thRth(l‘m) - ( ot

where, as in Proposition 2.3.3, we have

dcy dcy dcy

1/2
RS 1) — (52 <rm>>h,th>hr<c(Zh4H L) gy y) IDElles @34)

for a positive constant C, independent of / and ¢.

The following representation holds

D_Rye (i) — 2 (5m) = 1 (&(1) ~50)~&/(1)),

with 2(&) = cf(xi,tm—1 + EA?). Let 2 : W21(0,1) — R be defined by
A(g) =g(1) —5(0) —g'(1), g € W>(0,1).

As A € (W?1(0,1)) and A(g) =0 for g = 1,&, from Bramble-Hilbert lemma ([52]) we guarantee the
existence of a positive constant Cy, such that

MG [ 18/ ©)lt Vg € W 0.1)

Consequently,

dcy T 820f
ID-Ruey (xitw) = 5 (o)) <G [ 1555 )10
tm ach 2 1/2
<oVa( [T (S me)aE)

Tm—1

that leads to

dc
D Rie (1) — 2L (100, 7 1] < OV IR L

| IP—Efulles 285)

where C denotes a positive constant, independent of 4 and ¢.
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Finally, from (2.84) and (2.85), we conclude

dc m h
1)
70 ()] < 42(2;14” L+ [ 185 )1as)

tin—

+26%|D_ET, )2, (2.86)

where € # 0 is an arbitrary constant and C is a positive constant, independent of 4 and ¢.

2. An estimate for Th(z) (tm) : As in Proposition 2.3.3, we have

N
2 1 7
17 )] < €z Y it lles e,y + EXID—EF 12 (2.87)
i=1

where € # 0 is an arbitrary constant and C is a positive constant, independent of / and ¢.

3. An estimate for Th(3) (tm) : As in Proposition 2.3.4, we have

N
3 1
17 )] < €z Y HIF (e (i) coltn)) [agy, oy + € ID—EF I3 (2.88)
i=1

where € # 0 is an arbitrary constant and C is a positive constant, independent of 4 and ¢.

4. An estimate for Th(4) (tm) : Following the proof of (2.85), it can be shown that

dcy d’c
((D—Rucn(tn) = 52 (0 Egiil < VARV S 3 2 1

8 cp
1o 2”” s 22((tm 1)

‘ IEp I

< CAt

2 2
Sl
where o # 0 is an arbitrary constant. Fixing in the previous inequality a’= %, we get

C
S IER7 (2.89)

2
|Th( (tm)| <CAt H”Rh 072 HL ((tm=1tm)) ‘h—i_

where C denotes a positive constant, independent of 4 and ¢.

Using the inequalities (2.86)-(2.89) in (2.83), we deduce

EFAll: + | Epulli +2A1(Do — 5€2) [ D_.ET |12

) At
< (+avalm)) (175 G+ 15 1) + T e ey B @90
0 4

where o(m) and 7" are defined by (2.75) and (2.77), respectively.
Finally, from (2.90) we easily get (2.74).
]

Fixing €, and manipulating conveniently the inequality (2.74), we obtain the following corollary.
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Corollary 2.4.1. Under the assumptions of Theorem 2.4.1, there exist a positive constant C, indepen-
dent of h and At, such that

m .
VERAI+ IERIE+Ar Y ID—E] 1 < C (A2 + i+ 1ES 113+ IEDAI), (2.91)
=1

form=1,.... M, h e Aand At € (0,Aty], with Aty fixed by (2.76).

2.4.3 Concluding stability

In section 2.4.1 we conclude that local stability follows from proposition 2.4.2 provided that (2.73)
holds.

We have
2 2 2
1Dz < 2(ID-Ep 2 + ID-Rics ()]
where |
IDLER 2 <D B,
1 m

Aty ||D_EL |2,
o™ 5101

<C

We recall that from Corollary 2.4.1, (2.91) holds and consequently

HDfxE;thHozo <C

(A2 + i 1S 412+ 1541

hminAl
At ht 1

SC< 4 Mmax (EO 2 4 10 2))
et (VR + IER

Let us suppose that the sequence of grids €2,k € A, and the time step size Ar satisfy the following

2p
At Minax
< CG 19

< .
oo AL S Ca, (2.92)

where p is positive and Cg,,i = 1,2, are positive constant, independent of 4 and At. In (2.92) At and

hmin

hmax are small enough.

If the initial conditions c?f n € Who, 62 n € W), are such that

max max’

IE ,lln < Chbyy and  [|ED,lln < CHE (2.93)

then (2.73) holds, and consequently we conclude the stability of (2.24)-(2.27) in c’}’ n €Who,cp), € Wi,
m=0,...,M.

Finally, we point out that as p increases, we reduce the smoothness of the space and time grids but
we also reduce the set of solutions where we are able to conclude stability.
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2.5 Numerical experiments

The goal of this section is to numerically illustrate the main result of this chapter - Theorem 2.4.1,
or more precisely its corollary - Corollary 2.4.1 and the sharpness of the smoothness assumption
imposed on the solution of the IBVP (2.1)-(2.4).

Following Corollary 2.4.1, we introduce the following notation

2 2 2 <
Brrorf = max (IEf3+ I+ Y ID-Ef4)13). (2.94)
=hes k=1

Then the numerical convergence rate is given by

E
Rate, = log, (E;rr((j:jz> ,
71

where Error i denotes the error (2.94) defined by the numerical solution computed in the spatial mesh
obtained by halving the intervals [x;,x;11],i = 0,...,N, associated with the mesh Q. The time step
size At is chosen small enough (of the order of /2,,,) so that the spatial error dominates the time
integration error.

Moreover, we measure the numerical time error introducing

Errorit = max
m=1,...M

EAl7 + I Exalli

and the correspondent convergence rate Ratea, defined as Rate;,.
Let Q= [0,1] and ¢ € [0,1]. We consider the IBVP (2.1)-(2.4) with S(cf,cp) = 2cfci, F(cy,cp) =
ciep, and D(cy) = 1+¢7, ie.,

de ) dc
(th == ((1 +c})a;> +crep+gr(x,1),
dcy,

W = 2C.fcg+gb(x,t),

with homogeneous Dirichlet boundary conditions. The initial conditions and the functions gs(x,?)
and g, (x,t) are such that

cr(x,1) = exp(t)x — 0.5|%(x* —x), cp(x,t) = exp(t)sin(7x), x,7 € [0,1].

The numerical approximation for ¢y and ¢, are then computed using the numerical method
(2.24)-(2.27) where the initial numerical approximations coincide with the theoretical solution.

Firstly, we analyze the convergence rate in space. When o = 3.1, the solution cf() belongs to
H*(Q) ﬂHg (Q), and the regularity conditions of Theorem 2.4.1 are satisfied. However, when ot = 2.1,
we have c/(t) € H*(Q) NH{ (Q).

The computed convergence rates Rate;, are included in Tables 2.1 and Table 2.2. We have second
order convergence for o = 3.1, see Table 2.1, and only first order convergence for & = 2.1, see Table



2.5 Numerical experiments 33

2.2. These results illustrate that the regularity conditions imposed on the continuous solution are

sharp.
N Rnax Errory, Ratey,
20 | 5.5249x 1072 | 4.3243 x 10 -
40 | 2.7625x 1072 | 1.1690 x 1073 | 1.8872
80 | 1.3812x 1072 | 2.9772x 10~* | 1.9732
160 | 6.9061 x 1073 | 7.5112 x 107> | 1.9868
320 | 3.4531 x 1073 | 1.8920 x 107> | 1.9891

Table 2.1 Numerical space convergence rates for o = 3.1.

N Rynax Errory, Ratey,
20 | 5.8156 x 1072 | 1.4089 x 102 -

40 | 2.9078 x 1072 | 7.9888 x 10> | 0.8185
80 | 1.4539x 1072 | 3.8829 x 103 | 1.0409
160 | 7.2695 x 1073 | 1.8877 x 103 | 1.0405
320 | 3.6347 x 1077 | 9.0150 x 10~* | 1.0663

Table 2.2 Numerical space convergence rates for o = 2.1.

Now we illustrate the time convergence rate established in Corollary 2.4.1. We fix the spatial
mesh with N = 320 and /£, = 3.5648 x 1073 and, in what concerns the time grids, we start by
At =5 x 107! and then we halve the time step size. The results obtained are included in Table 4.1.

From these results we conclude first order convergence rate in time.

At Errory, Ratex,
5.0000 x 10" | 2.7196 x 10~! -
2.5000 x 10" | 1.3394x 10! | 1.0218
1.2500 x 10! | 6.6789 x 10~2 | 1.0039
6.2500 x 102 | 3.3355x 102 | 1.0017
3.1250 x 1072 | 1.6607 x 102 | 1.0061

Table 2.3 Numerical time convergence rate for o = 4.

-0.02 B

-0.04.1
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(@ crp.

(b)

Cb,h~

Fig. 2.1 Numerical solution: ¢ (on the left) and c;, (on the right).






Chapter 3

Diffusion approximation for light

3.1 Introduction

This chapter aims to study numerical methods for an IBVP defined in a two-dimensional domain
that can be used to describe the drug release from a polymeric structure enhanced by light. While
in Chapter 2, the Beer—Lambert law was used to describe the light propagation through the spatial
domain, here we use the diffusion approach (1.6). This equation is deduced from system (1.3)-(1.4),

J
assuming in the second equation that m 3 is neglected. Then the current density J is given
a A
by Fick’s law (1.5), and consequently, for the light intensity /, the diffusion equation (1.6) is deduced.
As in Chapter 2, the polymeric structure is loaded with a drug whose molecules are linked with
the polymeric chains through photochemical links. Due to the light absorption, the bound drug is

converted into free drug that is able to diffuse and be released.

We consider Q = (0,1)? and its boundary 9 is given by dQ = I;UT, UT, UT,; where I'; =
{(0,y),y € (0,1)} being I'j, j = d, r,u, defined analogously. These sets are represented in Figure 3.1.
For the light intensity /, free drug concentration ¢y and bound drug concentration c;, we consider the
general differential system

101

aCf

W:V'(Dcvcf)—i_F(I,Cf,Cb), (32)
8cb .

W—S(I,Cf,Cb), (33)

forx € Q,r € (0,T]. In (3.1)-(3.3), Dy, D, are diagonal matrices, depending on () and cy(t), respec-

tively, with nonnegative diagonal entries Dy ;;,i = 1,2,D ;;,i = 1,2.

To close the system (3.1)-(3.3) we assume the initial conditions
I(X, 0) = Oa Cf(x>0) = 07 Cb(X,O) = Cb,O(x)7 X € Q‘a (34)

35
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and the boundary conditions

I(x,t) =1I(t), xelyte(0,T], (3.5)
VI(x,t)-n=0, x€dQ-T,—%;,te(0,T], (3.6)
Veg(x,t)-n=0, x€dQ—T,—%;,te(0,T], 3.7
cr(x,t)=0, xel,te(0,T], (3.8)

where ¢7 = {(1,0),(1,1)}, €5 = {(0,0),(0,1)} and 1 denotes the unitary exterior normal.

9L _
=
9y

oL _
cy =0

.
Sl
e

~ I
I s
o

—
5

Q)

]

Fig. 3.1 The domain Q and the boundary conditions for light intensity / and free drug c;.

Our aim is to introduce a semi-discrete approximation as well as a fully discrete in space and
in time finite difference method for the IBVP (3.1)-(3.8). Similarly as in Chapter 2, by choosing
appropriate integration rules, the proposed method can also be written as piecewise linear finite
element method. In addition, we provide the stability and convergence analysis.

One of the challenges related with the construction of such numerical methods is to obtain a spatial
discretization of equations (3.1)-(3.3) and boundary conditions (3.6)-(3.6) such that the discretization
satisfies an analogous of the equations (3.9)-(3.10).

(V- (DiV1),9)12(0) = (DIVI-1,0) 1290 1) — (DIVI, V) 12 (), Y6 € Hy y(Q), 3.9)
(V . (DCVCf), W)Lz(Q) = (DCVC‘f -n, ‘I’)L2(agff,) — (DCVCf, Vl[/) [L2(Q)]2s Vl[/ S H(},r('Q)7 (310)

where H&I(Q) ={veH' (Q):v=00nT}}, (-, @) () zp and (4, 7)2(9q-t,) denote the
usual inner products in L2(Q), L*(Q) x L*(Q) and L?(dQ —T), respectively. In (3.10) H(}J(Q) and
(*»)12(90-r,) are defined analogously.

To establish the desired discrete version of (3.9)-(3.10), as for the problem studied in Chapter 2,
we need to define discrete versions of the inner products (-,-);2(q), (") z2(q))2 and (,)2(90-r,) and
(*s)r2(9a-t,)- Moreover, if a discrete version of (3.9)-(3.10) hold, the discretization of the boundary



3.2 Definitions, notation and basic results 37

conditions lead to errors defined on sets of grid points on parts of the boundary. To establish a relation
between the norm of a grid function defined on boundary points and the a discrete version of the
H'-norm, a discrete version of the trace inequality ||u|| 20) < Cllullg, forue H 1(Q), ([62]) needs
to be constructed.

Section 3.3 is focused in the stability and convergence properties of the semi-discrete approxima-
tion defined by (3.26)-(3.32). Proposition 3.3.2 establishes the stability of the semi-discrete scheme
in a fixed solution provided that the fixed solution is uniformly bounded in a certain sense. As
in the one-dimensional case, such boundedness property for the fixed solution is consequence of
Theorem 3.3.1, where we establish an error estimate for the semi-discrete approximation Iy (¢) for
the light intensity /(r), and Theorem 3.3.2 that establishes an error estimate for the semi-discrete
approximations c g (¢) and ¢ y(t) for the concentration of free and bound drugs. We notice that the
upper bound depends on the error of the semi-discrete approximation for the light intensity as well as
on the semi-discrete approximation for the free and bound drug concentrations. Theorem 3.3.1 and
Theorem 3.3.2 are use later in Section 3.3.3 to conclude the stability of system (3.26)-(3.32).

In Section 3.4 we develop the stability and convergence support for the fully discrete approximation
(3.49)-(3.55) and we obtain similar results to those mentioned in Section 3.3 for this fully discrete
approximation. Of course, some additional smoothness conditions in time are required.

The error estimates are established assuming that the solution of the IBVP (3.1)-(3.8) is smooth
enough. Moreover, the stability and convergence analysis of the methods introduced in this chapter
are established by assuming some smoothness conditions. For the reaction terms G, F, and S, there
exists positive constants Cg,Cr,Cs,Cg,,CF,, and Cs,, such that

G| < Coll, (46)
IF (x,3.2)| < Crlxl (] + 121, (AF)
1S(x,3.2)| < sl (1] + 121, 4$)
G(x) ~G(3)] < Colx—1, (4G
IF(63,2) = F(2.5.2)] < C, ([#llz— 21+ |zlle— ). (AF)
1S(x,3.2) = S(.5.2)| < Cs, (18llz =2+ lellx — ). (480)

for x,%,y,y,z and Z in R.
Additionally, for the diffusion coefficients Dy ; and D ;;, i = 1,2, there exist positive constants
Dy o,D. and L such that

D ji > Do > 0and D, ;i(x) —D.;i(%)| < Llx—%|, x,x€R,i=1,2 (AD,)

i N —=

Dl,ii > D[7() > (0 and |D17,','(X) — Dy l‘,’(f)| < L]x—)'c"|, X, X e R,i = 1,2 (AD[)

3.2 Definitions, notation and basic results

In what follows, we introduce the definitions and notations that we need to construct the numerical
schemes that allow us to obtain numerical approximations for the solution of the IBVP (3.1)-(3.8) and

to develop their theoretical support of stability and convergence.
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In Q we introduce a nonuniform partition Qg as follows. Let A be a sequence of vectors H = (h, k)
with h = (hy,...,hN,), k = (k1,...,ky,) with positive entries such that

Ny Ny
Y hi=) ki=1,
i=1 j=1

with Hypax = max{fmax, kmax} — 0, where Ay = rPaxN hi and kg = ! axN k;. In what follows
i=1,...N| J=1,....N2

we also use the notation H,yi, = min{Amin, kimin }, With hpin = 1IninN h; and kpin = nin
i=l,..., | J=1ess
be the nonuniform grid

Qp ={(x,y;) i xi=xim1 +hi,yj =yj1+kji=1,...,Ni,j=1,...,N2}, (3.11)

with xg = yg =0, XN, = YN, = 1. Let Qg :ﬁHﬂQ, 8QH :ﬁHﬂaQ, and Fi,H = F,ﬂ(?QH,i =
Liurd.

By W (Qp) we represent the space of grid functions defined in Qp, W ;(Qp) and Wy (Qp) denote
the spaces of grid functions in W(ﬁH) that are null on E’H and 17“,711, respectively. We also need to
consider the space W, (Qpy — ljnH) of grid functions defined in Qy —T',.5.

We introduce now the following finite difference operators:

MH(xiyyj) _’/‘H(xi—lv)’j)
h; ’
up (Xiv1,y;) — g (Xi,y;)

M
hi+%

D_cup(x;,y;) =

D;MH<xl'7yj) =

”H(xi+l7yj) - ”H(xifl,)’j)
hi 4+ hiy

D xup (xi,yj) =

)

and
VHMH = (D,XMH,D,JVMH), V;-IMH = (D;MH,D;MH),

VC,HMH = (Dc,x”HaDc,yMH>,

where D_y, D, and D’yk are the finite difference operators defined analogously to D_, D, and Dy,
respectively.

We define the points:

X_1/2 = X05 AN{+1/2 = XNy

Y—1/2 =Y0; YN,+1/2 = IN»»

then, in W (Qp) we define the inner product

(ugve)n =Y, 10ijlug (xiyj)ve(xi,y)),
(x1,/)€Qn
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where [J;; = [xl._%,xﬂr%] X [yj_%,yﬁ%] NQ, and uy,vy € W(Qpg). The norm induced by this inner

product is denoted by || - || 7. We also use the following notations

(Ur,VE)xt = ) i |wr (xi, y ) v (i, ),
(Xi,yj)Gﬁﬂ —Tin

HuH||x,+ = (MH,MH)x,+,

where Dx,ij = [x,-_l,x,-] X [y ﬂﬁ, and uy,vy € W(ﬁ[-] _fl,H)v

jf%uijr%}

(ur,vE )yt = Y Oy, e (i y5) v (X0, 1),
(xiy))EQu—Tan

ol = v )y

1,X; ] X [yj_l,yj] ﬂﬁ, and uy,vy € W(ﬁH —fdﬂ).

where O, ;; = [x; i+l

=3
For uyg = (MHJ,MH’z),VH = (VH,lgvH,Z), where Ug,1,VH,1 € W(ﬁH —f;ﬁy), Ug2,VH2 € W(ﬁH —

Cyn), we take

(ur,ve)m+ = (g1, Ve e+ + (a2, ve )y and  uglly =/ (ug, ung g+

We introduce the average operators

1
Mpug (xi,y;) = 5(”H<xi7)’j) +up (Xi-1,})),

being M;. defined analogously. By D;(Mpuy) we denote the diagonal matrix with diagonal entries
Dy 11 (Mpup) and Dy 2o (Myug ). The diagonal matrix D.(Mguy ) is defined analogously.

Finally, by Ry : C(Q) — W(Qp) denotes the restriction operator Ryu(xi,y;) = u(x;,y;), for
(xi,y;) € Qu and u € C(Q).

To discretize equation (3.1) and the boundary conditions (3.5)-(3.6) we need to consider the
auxiliary point xy, 1 = xn, +hn,, YN,+1 = YN, +ky, and y_1 = —y; and the fictitious points Fg},, for
i =d,u,r, defined by equations (3.12)-(3.14).

FEI}F {(xi,y—1),i=1,...,Ni}, (3.12)
T = {(nynarn)i = 1, N1}, (3.13)
Tr,lﬁz={(xN1+1,yj),j=0,.-.,Nz}. (3.14)

Similarly, to discretize the free drug concentration equation (3.2) and the boundary condition
(c) f
i f1» for

i=1,d,u, defied by equations (3.15)-(3.17). Figure 3.2 illustrates the introduced sets of grid points.

(3.7)-(3.8) we need to introduce the auxiliary point x_; = —x; and the fictitious points I"

)

Fgﬁz {(e-1,5),7=0,..., N2}, (3.15)
)

), = {(xiy1)si = 0,...,Ny — 1}, (3.16)
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1—‘L:])-I = {(xi7yN2+l)7i:O>-'-aNl - 1} (3.17)
(c)
I\ o
- — — -———9—- 9 |
] ..
| |
! .
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Fig. 3.2 Illustration of the sets of the fictitious grid points Fl(f,),, for i = d,u,r (left) and T’ 1(‘13, for
i=1,d,u (right).

Let W/, and W, be the space of grid functions defined in Qp U (Ui:dyr’ul“%) and Qg U
(Ui:l,d,url(fZ)v respectively.

In the corner points we assume that we have two unitary normal vectors that are the unitary normal
vectors to the sides of Q2. We also need to introduce the boundary operators:

p—

5(DLII(MhuH(xi+la)’j))Dfx”H(xiJrly)’j)

(I vl — =
Dy, (un) (i yj) = + Dy 11 (Mg (xi,y 7)) D—xugs (x:,5)), (xi,7) € Ty,
07 (xiayj) eag)'H_fr,Ha

1
5 (D122 (Myup (xi,y 1)) D—yur (xi, v j11)

D(I,)(”H)(xhy): Dr (M v )\D v v)eTl
My J + 1,22( kuH(xszJ)) 7yuH(-xtvyj))a (xlayj) €lry,
\07 (xiayj> € fl,H L—Jl—‘r,H-
where Fl,y = Fu,H UFd’H U {(1,0), (1, 1)}

The boundary operators D%Cx) (ug) and D%Cy) (upy) are defined analogously. Let Vg?ﬂ (upy) be defined
by Vi (urr) = (DY (ur), DY (unr)). for j = Ic.

Let Q' be a subset of dQ and let dQ};, = dQy NIQ'. By W(dQ};) we represent the space of
grid functions defined on dQ},. In this space we introduce the inner product

(wrve)acy, = Y, |0 lun (e y)ve (xi, ),
(x,-,yj)68Q}i

where [J}; = [0;;N Q' and the corresponding norm
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lunllocy, = \/ (urr,um) oy, -

We establish now a proposition relating the spatial discretization in (3.26) and (3.27) with the
boundary operators Vg?n, for j = I,c, which can be seen as a discrete versions of (3.9) and (3.10),

respectively.

Proposition 3.2.1. Let uy € W/ and wy € Wo (Qpy). Then, for the choice of indexes g =1,p =1

or q = c,p =, the next equality holds

(Vi - (Dy(Myuy))Vyuy),wn)g = —(Dy(Mpuun)Vaug, Vawn )u +

@ (3.18)
+ (VH./r, (uH) -, WH)aQH—f[,JLﬂ

Proof: We consider only the case ¢ = I, p = I. For the term (D} (Dy 11 (Myun))D—xtup), wr ) a We

have successively

(Dy(Dp11(Mpup))D—_sur ), WH )1

= ) 0i;| D3 (D11 (Mpup))D—yug ) (xi,y ) )Wr (Xi, ¥ ;)
(x,y;)€EQHUT g yUL, 1

+ Y |GGIDi (D (Mg )) Dy ) (i, y ;)W (X2, 5)

(xi.y))€Tm

=— Y \Oyij| Dt (Mpug (xi,y;))D—xupg) (xi,;)D—wr (xi,5 )
(xiy))EQu—T1n

+ Y |OIDr 1 (Myup (xi,y))D—cup (xi,y ) wh (%, y)

(xhyj)ETr,H

+ Y |D;j|(Dl,ll(Mh”H(xiJrl7)’j))D7qu(xi+lan)
(xisyj)ean

—Dy 11 (MhuH(xi,)’j))Dfqu(xi,)’j)) wr (Xi,y;)
1
= — (D11 (Myup)D—trr, D i ). + (DY) () M Wiy, T -
||

We shall now establish a set of inequalities that are discrete versions of the corresponding
continuous ones. In particular, equation (3.20) is a discrete version of the Trace Inequality, and
equation (3.21) is a discrete version of the Poincaré inequality.

Proposition 3.2.2. There exist a positive constants C and Cr, both independent of H, such that

1
Jup |2 < C——I|unllz, (3.19)

min

s, < Cr (il + 11V ) (3.20)
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for all uy € Wy (Q). Moreover, there exist positive constants Cp and Cr, both independent of H, such
that for all uy € W(9Qy) with uy = 0 at least on one of the sets Ty, for j = l,u,r,d, we have

lu |7 < Cl|Verun|? (3.21)
1

|2 < Coor— | Vi I (3.22)
mln

Proof: The inequality (3.19) follows immediately from the definitions.
To prove (3.20) we consider uy € W(Qp). For (xo,y;) € oI, 4 we have

(x07yj Z h Dfqu(xm>y])+uH(xl7yj) (323)
m=1
Consequently,
-x07yj Z —qu xm7yj))2+2MH(xi>)’j)27
and
Y 100 lun (x0,y)? < 20D unlz +2 Y (Do un (i),
(x0,y;)€l1 (x0,y/)€l 1.0

that leads to
Y 100l r,3,) < € (1Dt |+ |y ). (3.24)

(x0.y;)€l1

As for (x;,y;) € l:m,H, for m = u,r,d, holds a representation analogous to (3.23) that leads to a similar
inequality to (3.24), we conclude the proof of (3.20).

To prove (3.21), we assume without loss of generality that uy € W(QH) and uy =0 on fLH. As

MH(xiyyj) = Z hmD—qu(xmayj)v

m=1
we obtain N
1
ur (x1,9)17 < Y hn(D—xugs (xm,y)?, (3.25)
m=1
that leads to (3.21).

To prove (3.22), we observe that from (3.25) we obtain

1
un(xiy)F < —— Y 10w (Dsun (7))
min (x; y,)eQpy

Semi-discrete FDM

The semi-discrete approximation Iy (1) € W'y, cru(t) € Wiy, cou(t) €W, (Qu — Ty for the solu-
tion of the IBVP (3.1)-(3.8), I(¢),cf(t), and ¢, (t), respectively, that we study in this chapter is solution
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of the following ordinary-differential system

1 _

31}1 (t) =V (Di(Myly (t))Vuly(t)) +Gu(t)  in (Qu—T;x) x (0,7, (3.26)
C}’H(l) = VI*{ . (DL-(MHCf"H([))VHCf’h(l)) -I-FH(I) in (QH —EH) X (O,T], (3.27)
chu(t) =Su(t) in (Qu —Trp) x (0,T], (3.28)

with initial conditions

CfJ-](O) = (,A‘fJ-](O) in ﬁ[-[, Cb,H(O) = @bH(O) in ﬁ[-] _T"J'h (330)

and boundary conditions

IH(I) :RHIi(l) on fu-[, Vg)(ly(l)) ‘n= 0 on ((991-[ _TI,H) X (O,T], (3.31)
Cf’H(l> =0on fr.,H X <O,T], Vg)(CfVH(l‘)) ‘n= 0 on (8QH _fr,H) X (O,T]. (3.32)

In (3.26)-(3.28), the terms Gy (t),Fy(t), and Sg(t) are defined by Gy (t) = G(Ig(t)), Fu(t) =
F(Iu(t),cru(t),cpnu(t)) and Sg(t) = S(Iu(t),cru(t),cpu(t)). Furthermore, in equations (3.29) and
(3.30), the expressions f;(0), ¢ #(0) and &, (0) denote the numerical approximations for the initial
values 1(0), c¢(0) and ¢;(0), respectively.

Henceforward, to simplify the analysis we take § = 1. Proposition 3.2.1 allow us to conclude that

the semi-discrete problem (3.26)-(3.32) can be rewritten in the following form:

(I (t),ve)u = —(Di(Myulu(t))Vulu(t),Vave)u 4+ + (Gu(t),ve)u, (3.33)
(@), wi)u = —(De(Mucru(t)Vucyu(t), Vawn)u v + (Fu(t),w ) u, (3.34)
(chu(t), P = (Su(t), pr)H, (3.35)

fort € (O,T], and for all vy € W()J(EH), wy € WOJ(EH), and PH € Wb(ﬁH — Fr,H)a with IH(I) =
RulI;(t) on Q; i x (0,T], and with initial conditions given by

(I1(0),ve)r = (I5(0),vey ), Vv € W(Qn), (3.36)
(cru(0),wr)u = (8r,u(0),wr)u, Ywhy € W(Qp), (3.37)
(co(0), pr )t = (Cp 1 (0), pr)Hs  Vpu € Wy(Qu —Trmr). (3.38)

To give sense to the inner product (-,-)y in (3.38), we consider that (-, )y do not include the sum
over the grid points on [, .

Remark 3.2.1. We observe that the last problem can be obtained considering the finite element
approach in space and using convenient quadrature rules.

The variational problem is stated as follows: find 1(t) € H'(Q), cy(t) € H&r(Q) and cy,(t) in L*(Q),
such that 1(t) = I;(t) on I'; and

(I'(8),v) 120 + (DI () VI(), YY)z ayp = (G(). W)y v € H (), (3.39)
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(1), w)i2(0) + (De(cr(0)Ver (1), Vw) e = (F(1),w)12(), YW € Hy (Q), (3.40)
(c3(1). P2y = (S(t), P2y VP € L* (), (3.41)

with initial conditions

1(0) =0 inL*(Q), (3.42)
cr(0)=0, ¢(0)=cppo in L*(Q). (3.43)

The piecewise linear approximations for I(t),cs(t) and the piecewise constant approximation cp(t)
are now introduced. For H € A, let 9y be a triangulation of Q induced by the rectangular partition
Qp. Let Py be the piecewise linear interpolation operator associated with Ty and let Qy the
piecewise constant interpolator defined by Qpuy (x,y) = up (xa,¥a), (x,y) € A,A € Ty, where (xa,ya)
is the vertex of the right angle of A. We consider iy = Pyuy and iiy = Qnuy. To simplify the
presentation we use the following notation Gy (t) = G(Iy(t)), Fu(t) = F(Iy(t)),é/u(t),Conu(t)) and
Su(0) = SUn(0)),E.1(0), G0 (1))

Then, the finite element approximation for the IBVP (3.1)-(3.8) is defined as follows: fort € (0,T],
find Iy(t) € W(Qp), cpu(t) € Wo,,(Qu) and cp u(t) € Wy(Qu — ;) such that Iy (t) = Ryli(t) on T;
and

(I (1), %) 12() + (D1 (0)) VIn (£), VOr) 1202 = (Ga (), P1) 120 (3.44)
(& 1 (), Wr)12(0) + (De(85.1 (1) Ver u (1), Vidw) 22 = (Fu (), Wi )20, (3.45)
(@ n (), Pr)12(0) = (S (1), Pr) 12 (3.46)

for all viy € W 1(Qnr), wi € Wo -(Qu), and pu € Wy,(Qu — Ty i), and with initial conditions given by

Iy(0) =0 in Qy, (3.47)
CfﬂH(O) =0in QH, C},7H(O) = RHC}%O in QH _Tr,H- (348)

To compute a fully discrete in space finite element approximations for the light intensity and for
the free and bound drug concentrations, we need to construct a discrete version of the last problem
(3.44)-(3.48). To do that, we introduce in what follows quadrature rules used to discretize the last
IBVP.

Let A be a triangle in Ty and let (x;,y;), (Xiy1,y;) and (x;,yj+1) be the vertices of A where (x;,y ;)
is the vertex of the right angle of A. To approximate the integral terms involving spatial derivatives,

we consider

. dig Iy . iy oWy
/Aa(uﬂ)iax e dxdyma(uy(xi+%,yj)) AWWdXdy
dily oW
RV’a(]‘/[h”H(xiJrl,)’j))A(975aideXdy

1
~ a(Mpup (Xip 7)’j))§hi+1kj+1D-qu(Xi+l Vi) Doawr (Xi1,y;)-
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The quadrature rule involving y-derivatives is defined analogously. To approximate the integral terms

without derivatives, we take

1
/A g(x,y)dxdy ~ Ehiﬂk,,-“g(xlayj)-

By applying the last quadrature rules in (3.44)-(3.46) we obtain (3.33)-(3.35), respectively.

Fully-discrete FDM

In the time domain [0,7] we define the uniform grid {z,,,m =0,--- ,M}, with 1o =0, tjy = 1 and
tutl =ty +At, form=0,--- M—1.
For the functions uy € W =1, f,b, and any nonlinear function ® with time dependent
arguments u, v, w, we consider the notations
mii2 1
g = E(MH(ferl)‘*‘”H(fm))a
cpm+1/2 _ q)(um+l/27vm+l/27wm+l/2).

If the arguments of the nonlinear function ® are uy,vy,wy € W*H, for j =1, f,b, then, we shall

m+1/2 m+1/2 m+1/2  m+1/2
(I)( 7v]-1 7WH )

the case that the nonlinear function ® depends only on one argument the definition of ®”*1/2 js

use the subscript H on @ to emphasize the dependence, i.e, ®y .In

analogous.

The fully discrete approximations for I(x;,yj,tn), ¢ (Xi,Yj,tm), Ch(Xi,¥j, tm), respectively,
L (xi,y5), ¢f g (xi,y;) and ¢y (i, ), with I} € W'y, cf g € Wiy, ¢y € W, (Qp — Ty, are defined
by

DI =V, (DM I )V 4 G2 in Gy — Ty, (3.49)
Dottt = Vi (De(Mucy 1) Vudy 5 ) + 72 in @y T (3.50)
Dyt =Sy in Qy — T, (3.51)
form=0,...,M—1, with
I = Iy(0), in Qy, (3.52)
¢ty =¢rp(0), in Qy,
L= #(0), in 2y (3.53)
o = Cpu(0), in in Qy — T, g,
and
m_ = o ) m+1/2 o =
IH —RHIl'(l‘m) on Fl,Ha m= 1, M V ( ) n= 0 on (8QH _Fl,H); (354)
My =00nTy,m=1,....M V(] -n=00n(0Qu —Tyn). (3.55)

We remark that system (3.49)-(3.55) can also be written in the form

(DI ug) = —(Dy (ML )Vl Vg g+ (G ug)y (3.56)
(D vin) = —(DeMuc 3 )Vt 2 Vv o+ (F 2 vm)u (3.57)
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(Dac wi ) = Sy owan ), (3.58)

for all uy € Wi 0(Qu),ve € W,0(Qn), and wy € W), (Qy — T, ir) and with initial conditions

ug)g, Vug € W(QHL
)svi)ms Vv € W(Qa), (3.59)
) )H’ VWH S Wb(QH _TF,H)-

(I ) = (I (0),
(%1 ve ) = (7.1 (0

H
() W) = (.1 (0

3.3 The semi-discrete FDM

In this section, we analyze the semi-discrete in space FDM (3.26)-(3.32). Similarly to the previous
chapter, we first study the stability in a fixed semi-discrete solution. We observe that the stability
upper bound depends on the fixed solution. To conclude the desired local stability, the fixed solution
should be uniformly bounded in a sense that we precise in what follows. To get such boundedness we
establish convergence upper bounds that allow us to characterize the fixed solutions where we obtain
stability.

3.3.1 Stability

To study the local stability of the semi-discrete scheme (3.26)-(3.32), we fixe a solution Iy (t) €
Wi cru(t) € Wiy, con(t) € Wp(Qu — Ty ) with the initial conditions I5(0),cy.1(0) and cp (0),
respectively. Let [ (t) € W'y, ¢ru(t) € Wiy, 81(t) € Wp(Qu — Tir) be another solution defined
by (3.26)-(3.32) but with the initial conditions I (0), &7z (0) and &, #(0). Let @; u(t),j =1, f,b be
given by

Let pe > 0. We would like to fix p; > 0, j =1, f,c, such that, if Iy (0) € By, (Iz(0)), ¢u(0) €
By, (cr,n(0)), and &, 1(0) € Bp, (cp,u(0)), then

ijvH(I)HH SPes tE [07T]'

To conclude the stability in the fixed solution, it is sufficient to establish the existence of a constant
C, independent of H and ¢, such that

HCOJ"H(I)”H < Cij,H(O)HHa 1 e [O,T],H eNj=1f,b. (3.60)
We start by establishing upper bounds for the solution of (3.26)-(3.32).

Proposition 3.3.1. Let Iy (1) € W)y, cpu(t) € Wiy and ¢y 5 (t) € Wp(Qu — L) be solution of the
IBVP (3.26)-(3.32) with the initial conditions I (0),c s (0) and cp, (0) and boundary light incidence
function I;(t) = 0. Under conditions (AG)-(AS), and diffusion coefficients D; and D, such that
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D]J'l' > D]’() > O,ini > DQ() >0, fori=1,2. Then
t
125 (1) 17 +2Dr0 /0 NIVl (s) |7 ds < e 14 (0) ||, fort >0, (3.61)

and

4 1
s () s+ o (0) |y +2Deo [ IS5 ds
0 (3.62)

< e2(CF+CS)f(; (171 (5) |2ds (HCfH(O) H%I + ”Cb,H(O) ”%I) ’ fOI’f >0.

Proof: To prove (3.61) is if sufficient to take vy = Iy (¢) in (3.33) and to use the assumption (AG).
Let us consider in (3.34) and (3.35), wyg = ¢ u(t) and py = ¢, u(t), respectively. We obtain

1d

5 2 (leran @+ lewss @)% ) + DeolVaeran )1

< M ()= (C -+ C5) (Nl (0) [+ lenia (0)]y), for £ >0,

from where we can conclude inequality (3.62).
]
Stability bounds are established in the next result. In order to prove it, we impose the following
conditions (AGy),(AFy) and (ASy) on functions G, F, and S, respectively, and the conditions (AD;) and
(AD,) for the diffusion coefficients D; and D..

Proposition 3.3.2. Let @ y(1) =1y (t) —Iy(t), 0f u(t) = cru(t) — Eru(t) and @p p(t) = cpu(t) —
Cp,u(t), where Iy (1),In(t) € Wy cru(t),Eru(t) € Wiy, con(t),81(t) € Wy(Qu —Trr) be solu-
tions of the IBVP (3.26)-(3.32) with the initial conditions Iy (0), 15 (0), c .1 (0),é 1 (0) and cp 11 (0), Ep 1 (0),
respectively.

Under the conditions (ADy)-(AD.) and (AGy)-(ASy), we have

12
SV Bdp
@1 (0)[f+2(Dg0— ) [ ) & IVaeu (7|} de
0 (3.63)

tL2
— Vel (u) Hidﬂ
< /o €2 @z (0) ||, fort >0,

and

u
Va0 u(s)| ds

t t91~ ccepu(l),cr d
Jopas @)1+l 0l +2(Deo %) [ o] S e

t91~ s),cpH(S),cru(s))ds
ge/o Ur(s)s o (s),c1a(5)) ooy, O)[13 + 1| 5.1 (0) 13)

t t9 I ,Cb.H ,Cf, d
+2‘/0 e/s (H(.u) b, ([.L) fH('u)) “HwI,H(S)”IZ-Idsv

(3.64)
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fort €[0,T] and €,1 # 0 arbitrary constants.

In inequality (3.64), 0 is given by

) 1 Cr
G(IH(f)aCb,H(f)vcﬂH(f))ZmaX{LZZHZHVHCf,H(f)!iJF 3 (I17r (1) ]|eo + Cr lleo (1))
(3.65)
CFv T sz
(€5 + SN ate) ot ||cb,H<r>||i}.

Proof: To prove (3.63) we take (3.33) for @y ;(¢) and vy = @y () and considering the assumption
(AG)), we obtain

%HwLH(I)HIZLI < —((Dr(Muly (1)) — Di(Mylu (1)) Valu(t), Ve oru(t)) +

(3.66)
— (Di(My Iy (1)) Vi o (1), Vaoru (1)) 1+ Co, || orm (1)||F-
As
~((Di(Muly (1)) — Di(Mply (1)) Valp(t), Ve (1) +
1
< Lz@HwI,H(t)II?JIIVHIH(t)Hi+82HVHw1,H(t)H2+
from (3.66) we conclude (3.63).
Following the proof of inequality (3.63) it can be easily shown that
o+ (Deo— 1) Va0 < L5 07 n O3] Tner (o)
2 dt f H Cy fs + = 2172 fs H /s 0 (367)
+(Fu (1) = Fu (1), 071 () )
where 1 # 0 is an arbitrary constant and Fy (t) = F(Ig(t),cru(t),cpu(t))
and (1) = F (I (1), 7.0(0), .0 (1),
Considering the assumption (AF;) we obtain
8 Cr. /. -
(Fu(t) = B (1), 07,1 (1)) 11 < = (I (1)l |eo + Cor 0,1 (1) I12) g (1) 74
c | (3.68)
Fy |7
+ M ()l 05,1 (7) I+ EIIwI,H(t)H%,

that inserted in equation (3.67) leads to

1d
5 g l@ruOllf + (Deo=1*) Vo)
C

F
2

1
< (Lzz—nz\IVHCf,H(f)||Zo+

C

F 7 1
5 1751 () o | 5. () |17 + 5| o (1) 17

(I ()1l + o len (1)) Yl op O] (3.69)

_.|_
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Considering now the assumption (AS) we obtain

1d
2dt

Cs,
2

. 1
lleon, 12 (1) 17 < (CSS.HIH(I)Her IICb,H(t)IIi)Hwb,H(f)H?ﬂrEHwI,H(f)H%;- (3.70)

From (3.69) and (3.70) we deduce

e o)y + ) )+ Do~ Vi 1)
<OIu(t),cou(t)scru(®)) (| @puaOf +lonm)]F) (3.71)

+leors ()],

where 0 (I (t),cpu(t),cr.u(t)) is given by (3.65). Finally, we observe that from (3.71) we easily
obtain (3.64).
[
From inequalities (3.63) and (3.64), to conclude the stability we need to prove that ||Vyly (1)l
and O(Iy(t),cpu(t),cru(t)) are uniformly bounded for ¢ € [0,T] and H € A. As in the previous
chapter, we first prove a convergence result that will allow us to conclude stability in following
sections.

3.3.2 Convergence

Two convergence results are stated in this section, the first guarantees the convergence of the approx-
imation /y, the second, the convergence of the approximations cyy and ¢, . The discrete Trace
Inequality (3.20) and the discrete Poincaré inequality (3.21) have an important role in the construction
of these error estimates.

Let (1(2),cy(t),cs(t)) be the solution of the IBVP (3.2)-(3.8) and let Iy(t) € W/'y,cru(t) €
Wiy con(t) € W,(Qp — ') be solutions of the IBVP (3.26)-(3.32). We define the errors

C

EI"H(I) = RHI(I) —IH(Z),
Efn(t) = Rucs(t) —crnu(t),
Eb71-1 (t) = RHCb(l‘) — Cb7H(t)~

In this section we assume that I(¢) € C*(Q;,4) and cy(t) € C*(Q, A) for Hpax small enough, where

Qip= U [0, N 1] X [y—1, ym41],
HeA

ﬁCf,/\ = U [x—laxN] X [)’—17yM+1]-
HeA

The assumption /(t) € C4(§17A) means that the solution of the IBVP (3.1),(3.5), (3.6), with null
initial condition, admits an extension to the set ﬁLA x [0,T], for Hyg, small enough. Moreover,

such extension also belongs to C*(Qy ). A similar conclusion can be obtain from the assumption
cr(t) € C*(Qc,; ). We remark that there exists an extensive set of results on the extension operators
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defined in WP (Q) for smooth domains (see ([62]). In the near future we would like to define the
conditions that allow us to conclude the validity of this assumption.

We recall that for the classical diffusion equation in R™ x R and with a homogeneous boundary
condition at x = 0, the construction of the solution uses the extension of the initial condition (even
extension) to R and the correspondent solution R x R that depends on the Green function.

Error estimate for £} g

The spatial discretization error E; 4(t) is solution of the following IBVP

Ejp(t) = Vi - (Di(MuRyl(1))VuRul (1)) = Vi - (Di(Mulu(t))Valu(t))
+G(Rul (1))~ G(Iu(1)) + Ti(1), (3.72)

in (Qu — T ) x (0,T], with initial and boundary conditions:

Ern(0) = RyI(0) — [4(0) in Qy, (3.73)
E[}H (l) =0 on lil,H, (3.74)
(Vi (RuI(1)) = Vg (1(1))) -1 = Ti(0) on (9Qy — ) x (0,T]. (3.75)

In equation (3.72), 7; is given by

T[(X,‘,yj,t) = Tl,x(t) +T1,y(t> +Tl,r(~xi7yj7t)7 (xivyj) € §H _fl,Hv

where

Trx(xi,yj,) = (hig1 — hi)si(xi,yj,1), and Try(xi,y;,t) = (kjy1 —k;j)or(xi,yj,t),

with s; and o7 depending on the spatial derivatives with respect to x and y, respectively, of order less
or equal to three and
\Ti,0(1)] < Cl11(0) e, ) Himar: (3.76)

where J; /() is a smooth function depending on the partial derivatives of I of order less than or equal
to four.
In equation (3.75), 7; ,(¢) satisfies

|T16(1)| < CIV20 (1)l s, ) Hima (3.77)

where J5 /(1) is a smooth function depending on the partial derivatives of I of order less or equal to
three. In the estimates (3.76) and (3.77) we assume that I(¢) € C*(€Q; 4), for H,, small enough.

Theorem 3.3.1. Let I(t) € C*(Qsa), t € (0,T), be the solution of equation (3.5)-(3.6), with null initial
condition. Let Iy (t) € Wy'y,t € [0, T], be solution of the IBVP (3.26), (3.31) with the initial condition
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I (0). Under the assumption (ADy) and (AGy), for Er (t) = Ryl(t) — Iy (t) holds the following

o G IR ()2
HEI,H(f)H%fFZ(Dl,o—282)/ eJt € IVuELy(7)|5dT

t ]2 (3.78)
ViR () Ry [ et ) s
< 6/0 € I1E1u(0)||7 + / e Tin(t)d,
fort €10,T]. In(3.78), € # 0 is an arbitrary constant and
1
Ti1(5) = Co s Bl 0) g (3.79)

where Ji(t) is a smooth function depending on the spatial derivatives of I of order less than or equal
to four and C is a positive constant independent of H and t.

Proof: Taking into account Proposition 3.2.1, from (3.72) we establish

(E1 1 (t),Eru () = — (Di(MuRul(t))VuRul(t) — Di(Mply (1)) Valu (1), VuEru (1))
+ (Vi Rl (€)= Vi (6) -1, B (D)0, 1, (3.80)
+(G(Rul(t)) — G(n(t),Eru(t)n + (Ti(t), Eru (t)n-

Taking into account the boundary conditions (3.74)-(3.75) into equation (3.80) we get

(E1 (1), Eru(t))n = — (D1(MpRyl(t))VuRyl(t) — Di(Myly (1)) Vuly (1), VuELu(1))
+ (T16(t), ELu (1)) g, -1, (3.81)
+(G(Rul(t)) — G(Iu(t)),Ern (1)1 + (Ti(t), Eru (t))n-

To estimate (7;(t),E; x(t))n we observe that

(Trx(0), ELu()u =Y, |0l T (xiy o) Erp (xi,y5,1)
(xi,y;)€QH

+ Y |Oij| Ty (xi,y j, ) Eru (i, j, 1) (3.82)
(xi,y;)€0Qu—T 1 g

= r,l(t) +Er72(l‘).

To get an estimate for E,.; (1) we observe that

1

M-
Z kj+l/2h S -xl 1,Yjs )E(-xi—layjat)_S1<-xi7yj7t)E(-xi7yj7t))
1 j=1

—1

ﬂMz

S

_|_
g

o~
= =

kj+1/2h12vsl(xN7Yj7t)E(xNy)’j,t)

~
Il

=E, () +E7 ).
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For Er(ll) (1) holds the representation

1

N M—
E( Z Z kj+1/2h ST X, 1,Yjs )D—XE(xlayja )
i=1 j=1
N M—1 5 dsy
_Z Z kj+1/2hl a (x Vi )dXE(xz7yj7 )7
i=1 j=1 Xio1
that leads to
ED ()] < CHZ 510l @y (Vi Ear0) 1+ + [ E ()]l (3.83)

where C is a positive constant independent of H and ¢.

For Er(zl) (r) we have
B ()] < CH 151 (1)l 1 ()

and considering the discrete trace inequality (3.20) we obtain
2
.3 (0)] < Clpllst(6) gy (IEn ()17 + 1 VmEn (1) 3)V2, (3.84)

where C is a positive constant independent of H and ¢.

From equations (3.83) and (3.84) we conclude that there exists a positive constant C independent
of H and t, such that

|E1 ()] < CHpgellst ()l ) (1En ()l + 1V Er (1)) (3.85)

As for E,» () we have an estimate analogous to (3.85) we conclude that there exists a positive constant
C independent of H and T, such that

(T1.(6), Er (0))r < CHpglls1 (1)l ) (1Em ()| + | Ve (1) |3)/2. (3.86)

Analogously, for (7;,(t),E; u(t))n it can be shown an estimate analogous to (3.86). Moreover, we
also have

(T1.0(1), En (1))t < CHpe|01.0(0) oy 1Bt () -

Consequently, we obtain

(T1(t), Erir (1)1 < CHp (I (D)l o1 g )+ 010 1,00+ W10 e o)) 1Bz (O |+ IV ER (1))
(3.87)
where C denotes a positive constant independent of H and 7.

An estimate for (77 5(t), E1.n(t)) yq,, T, ,, i now established using Cauchy-Schwartz inequality
and the discrete trace inequality (3.20)

(Tr0(0), Err (1)) a0,y < CHya 2.0l ) (1E# (O]l + Vi Er (1)]+). (3.88)
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Taking into account the discrete Poincaré inequality (3.21) in (3.87) and in (3.88) we finally

conclude
1
(T1(1), Erm (1)1 + (T1 (1), ELi (1)) g0 -1, < C@Hjmxu‘]](l) ¢, +ENIVHER @I, (3.89)
where € #£ 0 is an arbitrary constant.
Following now the proof of inequality (3.63) we conclude the proof of (3.78). [ ]

Error estimate for E; ; and E}, i

In what follows we establish, for the errors associated with the approximations ¢y #(f) and ¢ (), a
result analogous to Theorem 3.3.1. As for the light intensity solution /(z), we assume that the free
drug concentration c(t) belongs to CHQ. s.A) for Hyg, small enough.

The spatial errors Ef y(t) and Ej, 5(t), for t € [0,T], satisty the following

Ef (1) = Vi (De(MuRucs(t))VuRucy(t)) = Vi - (De(Mucyu () Vucru(t))
+Fy(1) = F(1) + T, (1), (3.90)
Ej, (1) = Su(r) = S(t), (3.91)

in (Qu —T.i) x (0,T], with initial and boundary conditions:

EfJ-](O) :RHCf(O) —Cf,H(O) in ﬁH, (392)
Ep1(0) = Rucp(0) — cp 1 (0) in Qy —Typ, (3.93)
Ern(t)=0 on Ty, (3.94)
Vi (Recp (1)) = Vi) (crn () -1 = Tey (1) on (9Qy —T) x (0, ). (3.95)

We remark that in equations (3.90)-(3.91) we have F(t) = F(I(t),cs(t),cp(t)) and
Fy(t) = F(Iu(t),cru(t),cpn(t)). Analogously for the terms S(z) and Sy (). In addition T, is given
by

TCf(xivijt) = TCf,X(t) + TCf:y(t) +TCf,r(xivyj7t)7 (xivyj) € QH _rr,l'b

where

Tepx(xi,yj,t) = (hiv1 — hi)sp(xi,yj,1), and T, (x;,y;,1) = (kjy1 —kj)op(xi,y),1),

with s and oy depending on the spatial derivatives of ¢, with respect to x and y, respectively, of order

less or equal to three and
Ty 0)] < CW1, Ol it (3.96)

where Ji ., () is a smooth function depending on the spatial derivatives of cs of order less than or
equal to four. In (3.94)-(3.95), T, (1) satisfies

Ty p(0)] < Cle, (D)o, ) Hinars (3.97)
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where Jp ., (t) is a smooth function depending on the spatial derivatives of ¢y of order less than or
equal to three.

In Theorem 3.3.2 we establish an upper bound for || Ef 1 (¢)||% + || Ep.#(t) ||3; without the proof. We
remark that the proof of such result follows the proof of Proposition 3.3.2 with Iy (¢) and Iy (¢) replaced
by RyI(t) and Iy (1), respectively, ¢ p(t),¢r m(t) replaced by Rycy(t) and cr g (t), respectively, and
¢, (1), Ep 1 (t) replaced by Rycp(t) and ¢y (t). In the error equation involving (E} ;(¢), Er u(t))n +
(Ep, 1(t),Ep.u(t))n, that corresponds to the error equation (3.81) for Ey (1), the term

(T, (1), Er ()1 + (T (1), Ep () 50, T (3.98)

needs to be considered. The construction of an upper bound for the this term follows the construction
of the upper bound in Theorem 3.3.1 for the correspondent term considered in the equation for the
light intensity error Ej y(t).

Theorem 3.3.2. Let I(t),cy(t),cp(t) be the solution of the IBVP (3.2)-(3.8) with initial conditions
1(0),¢£(0),¢5(0), where cf(1) € CH(Qe,n), 1 € (0,T). Let In(t) € Wiy, cru(t) € Wiy, cpn(t) €
W, (Qu — T, i) be solutions of the IBVP (3.26)-(3.32) with the initial conditions Iy(0),c s (0) and
cp,1(0), respectively. Under the condition (AD.) and (AFy)-(ASy), for E¢ i (t) and Ep g (t) we have

)sRucp(),Rucy(u))du

!
t / 0 (I (1
17 01+ 1Esn0) y + 2P0 —202) [ e IVuEra(5)|F de

19 Iy(u),Ryc ,Ruc d
Se/o (O 0 Reo) Ry QMR s o

+/0t€/5 G(IH(#)vRHCb(“)’RHCf(u))d“E,H(T)dT

—|—2/0t€/5 9(IH(N),RHCb(N),RHC,f(H))dﬂ”ELH(T)H%CZT,

(3.99)

fort €[0,T] and H € A with H,, small enough.
In inequality (3.99), we have Ej y(t) = Ryl (t) — I (t) and

1

TC,H(I) - CTSZ

e, 02

where J., (t) is a smooth function depending on the spatial derivatives of cy of order less than or equal
to four, where C is a positive constant independent of H and t. Moreover, 0 (I (1), Recp (1), Racr(1L))
is defined in equation (3.65), and 1 # 0 is an arbitrary constant.

From Theorem 3.3.2, if we fix 1 conveniently, we observe that the upper bound (3.99) for

1
NEs (17 + 1 Esr (1)1 +/0 IVHEru()|}dr,
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t
depends on / 11 (5)||ds. To get an estimate with a controlled upper bound we should establish
0
t
condition that allow us to guarantee that / |15 () ||sods is uniformly bounded forz € [0,T],H € A.
0

From Theorem 3.3.1, for € conveniently fixed, we conclude that there exists a positive integer p;
such that
_ p
e,y < MG g, ) (3.100)

where C is independent of /, moreover, we obtain
B+ [ 1VEnn (7)1t < C(IEn OV + i [ 116) g, ds), (10D

forr € [0,T],H € A.

Considering that we have

t 1 t
L 1O lleds < [ 1EL(5) s+ [ IRa1()]ds

where, from inequalities (3.22) and (3.101),

t 1 t
) Vs 9lts < e [NV (s) ] s

T ! , 12
= .102
< \/;</0 "VHEI,H(S)‘|+dS) (3.102)
. (HEIH e +H, / 11(s) ||2p1 ) )
H,,; max ,

min

<C

we deduce

t 1/2
[ (5w < €4 (VA + [ 1060120 1a5) ™)
0 mm (3103)

+ /O |RuI(s)||ds,
provided that Iy (0) is such that

175(0) — R (0) || 7 < C/Hymarry H € AL (3.104)

Finally, if the sequence of grids Qg ,H € A, satisfies the following condition

Hmax

<Cg, HENA, (3.105)

min
t
we conclude that / [Ir (s)||eds < C,t € [0,T],H € A, where C is independent of H and 7.
0

For the free concentration, we remark that there exists a positive integer p, such that

ey ()@ < Cller @l

c,/\) '
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From Theorems 3.3.1 and 3.3.2 we obtain the following result.

Corollary 3.3.1. Under the assumptions of Theorems 3.3.1 and 3.3.2, if the sequence of grids
Qu,H € A, satisfies (3.105) and 1y (0) € By, (Ry1(0)), with py < CHpax,H € A,p > % the there
exists positive constants Cy and C,, both independent of H and t, such that

t
B+ [ 1V ds < s (1412 [ WO)IEg as). G106

and

1
2
a1+ VO B+ [ IVEea(o)3ds < it (148820 [ 106012, ds)

2
+C (HEf,H(O)\%ﬁ HEb,H(O)HHJrHiax/ (Hcf(S)HZZ(QCW) ds) )

(3.107)

fort €[0,T] and H € A, with Hyya, small enough.

If Iy (0) = RyI(0) then inequality (3.106) holds with p = 2.

3.3.3 Concluding stability

We return now to the stability analysis. From Proposition 3.3.2, to conclude the stability of the
IBVP (3.26)-(3.32) in Iy (t),cru(t),cou(t), H € At € [0,T], we need to prove that following four
statements hold.

1. There exists p; > 0 and C > 0 such that, for all I (0) € By, (RyI(0)), we have

t
[19at)2ds <. refo.men, (3.108)
0

Proof: From Corollary 3.3.1, we have inequality (3.106) provided that I (0) € B, (Ru1(0)),
with p; gy < CH}ax,H € A, p > % Then, we have

t t t
/0 Vil (s) | 2ds < 2 / IVHEu(s)|2ds +2 / IViReI(s)|2ds

[ IVuELa s+ 2 [ IVuRal(s) Eds
mm

H,, ~
<CT< ) g (1 [ 1), 05) +2 [ IRl

min

t
<C+2 [ [VuRal(5) 2ds
0

where the last inequality is established taking p > 1 and considering that the sequence of grids
Qpu,H € A, satisfies (3.105). Consequently, inequality (3.108) holds.
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2. There exists p; > 0 and C > 0 such that, for all I;(0) € By, (Rg1(0)), we have

t
/ Tu(s)lwds <C,  1€[0,T],H €A, (3.109)
0

Proof:

We deduce successively

t t t
J Ve s) s < [0 ()llds+ [ 1 (s) s

1 t t
< [ IVhoa ()l ds+ [ s)|ds (3.110)
Hmin 0 0
1/ , N2
< ([ IVhou@IRds) "+ [ ltus)lds.
min 0 0

By Proposition 3.63, inequality (3.63), with € conveniently fixed and considering that inequality
(3.108) holds for I (0) € By, (RuI(0)), with p; ;; < CHpar, H € A,p > 1, and Qg ,H € A,
satisfies (3.105), we have

L ([ 1vnan)tas)” <o)
S A .
Hmin 0 HELH + B Hmin HH "
Then
1 1 , \12
. (/ HVHOJLH(S)Hers) <C, t€[0,T],HEA, (3.111)
min 0

where C is independent of H and ¢, provided that I;(0) € By, (11(0)),H € A, with p; 5 <
: t :

CiHpax, with p > 1, and Qp,H € A, satisfies (3.105). Finally, as / r (s)||ds < C,t €
0

[0,T],H € A, where C is independent of H and ¢, combining (3.111) with (3.110), we conclude

(3.109).

3. There exists py > 0 and C > 0 such that, for all ¢y 5 (0) € Bp,(Rucy(0)),

!
/ |Vacru(s)|2ds <C,  t€[0,T],H €A, (3.112)
0

Proof: To establish the conditions that lead to (3.112), we remark that following the proof of
inequality (3.108), it is enough to assume that I7(0) € By, ,,(RuI(0)), 1.5 < CiHipax,cr1(0) €
By, (Ruc(0)), peyti < CrHiax,o1(0) € Bp,, 1y (Rucy(0)), pey it < CoHygy, Where p,g,r > 1
and C;,i = b, 1, f, are independent of H.

4. There exists p, > 0 and C > 0 such that, for all ¢; 5#(0) € By, (Rucp(0)),
t
/ lepn(s)|2ds<C,  1€[0,T],H € A. (3.113)
0
Proof: We observe that

1
lleo. ()l < —5— 1 Epm |l + |RECH (1) || oo,

min
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and considering the error estimate (3.107), we conclude that (3.113) holds provided that
cr.1(0) € By, (Rucy(0)),Peynt < CrHiaxcyn(0) € By, (Ricy(0)), Pe,.tt < CpHygy, Where
q,r > 2and C;,i = b, f, are independent of H.

In the next corollary we characterize the set of semi-discrete solution Iy (t) € W)y, cru(t) €
W s ¢, (t) € Wy(Qp —T i) defined by the IBVP (3.26)-(3.32) with the initial conditions /5 (0), ¢5.#(0)

c
and ¢p, ;7(0), where we have stability.

Corollary 3.3.2. Under the assumptions of Proposition 3.3.2 and Theorem 3.3.1, 3.3.2 where Iy (0) €

Bp111.1 (RHI(O))a pI,H S CIHnI;a)m Cf7H (0) 6 szrf,H (RHCf(O)) 9 pCf,H S Cffliglla)ca Cb,H(O) E Bp"va (RHCb (O))apcb,H S
C,H”

max»

Qu,H € A, satisfies (3.105), then there exists a positive constant C, independent of H and t, such that

where p > 1, q,r > 2 and C;,i = b, 1, f, are independent of H. If the sequence of spatial grids

t
HwLH(S)H?ﬂr/O Vo1 ()12 ds < Cllars (0)
t
Hwb,H(f)Hiﬂrwaﬂ(t)H?ﬁ/O IVioru(s)%ds < C(|@pm(0) 17+ llor.n (0)7 + | @ra (0)II7).

fort € [0,T],H € A, Hyax small enough, and provided that Iy;(0) € By, (I(0)), where pjy <
CiH,ﬁax, p>1
[

3.4 A Crank-Nicolson fully-discrete FDM

This section is dedicated to the stability and convergence analysis of the fully discrete (space and
time) method (3.49)-(3.55).

3.4.1 Stability

Let Iij € Wiy, iy € WSy, and Chm € W,,(Qp — T, i) be a solution of the IBVP (3.49)—(73.55)X\/ith
the initial conditions Ig, c%  and c27 > respectively. Let [} € W,*:H, E}f n €Wy, E‘Zi 5 EWL(Qu—T'vn)
be another solution with initial conditions fg, 69; y and 52 y- Form=0,--- M, we define
(J‘)InjH = I;{n - IN;{”?
OFy =y —Cfy,
m

_m ~IM
Wy g =Chg—ChH-

We recall that the solution (17}, c;p" H:Ch, ) is stable, form = 0,..., M, if for all £ > 0, there exists
pe > 0 such that, for any other solution (777, & s Gy )5 if

|@? || < pe, for j=1,b, f, (3.114)

then
|yl <e form=1,....M,j=1,b,f, (3.115)
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for At € (0,Aro], H € A, with H,,,, small enough. As in the stability analysis presented in previous
sections, we will consider that p, depends on H € A.

To obtain the stability of the solution I} € WITH, iy € Wiy, o €Wp (Qu-T,n),m=0,...,M,
we first develop in the present Section some estimates for @}, a)]’!f u» and @', Then, in Section 3.4.2
we establish the error analysis which is also necessary to conclude stability in Section 3.4.3.

We shall prove the following estimate for @;’,.

Proposition 3.4.1. Let II’_I",I;’ZI’ e Wy, form=0,...,M, defined by (3.49), (3.52) and (3.54) where the
reaction term G and the diffusion entries Dy ;;,i = 1,2, satisfy (AGy) and (ADy), respectively. Then for

oYy = Iff — I}, we have

m . m
oy 1% + Do Y Vo] 12 < TT( +Ator(0)) oy |13, (3.116)
j=0 =0
where
2 1/2
2 (£ 1Valy IR +Co,)
or(m) = — YD , (3.117)
(1 - an( &5 1valy 12 + o))
and At € (0,At; ), with
L? m+1/2)12 .
1— Aty D—HVHIH |12+Cg | >0, m=0,....M—1. (3.118)
1,0

Proof: From equation (3.56), by considering the assumptions (AGy) and (ADy), we get successively

1/2 1/2 1/2 1/2 1/2 m+1/2
(D" oy M= —(Di(Mulyy PVl DMLy VI Vuo)y Vi
" (GnH1+1/2 B GZ+1/2’ wzgl/z)H

1/2 1/2 1/2 1/2 1/2
< —Dyo|| Vo 1% - ((Dl(f"i’ﬂlg+ ) =Dy (Mulii )Vl ™ Vo )H+

1
+5Ca, (o 'l + o ull7r)

m—+1/2

mt1/2 1 +ef||Vaory I

L? +1/2
< ~DrallVuofl I + 4 5l I+ i )Vt
i

1 2 2
+5Ca, (o I + ol

where €] # 0. Consequently, we obtain

L2
L= A (S5 IValy 2 4 Co, ) ) llog I3 +280(Dro — )| Vaa)y )12
2 (3.119)

L? 2
< (1+At <282||VH1,’;’“/ H30+CG3>> ool
1

Dy

Taking 812 =
establish

in equation (3.119) and considering Az € (0,At; o] with Az satisfying (3.118), we

1/2
oo 1 + AtDyo ||V @)y 212 < (1+ Ator(m)) @)ty 13, (3.120)
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form=0,...,M — 1, where o;(m) is defined by equation (3.117).

From equation (3.120) we deduce

m
+1/2 +1/2
oo I+ arro (1@ I + Y T10 + o) Vaafi 2 ) < [101+ avon(@) ol

j=lt=j
(3.121)
form=20,...,M —1, and this last equation leads to (3.116). |
Corollary 3.4.1. Under the conditions of Proposition 3.4.1, we have
m
o I +AaDro Y IV P13 ) < exp (20m+ 1)ar; ) | @fy - (3.122)
j=0
form=0,....M—1,and At € (0,At; ], with
L2
= max |Vl TR+,
D]() Jj=0,...M—1
o= , (3.123)
1—Ar L—z max ||V I"‘H/ZH2 +C
0 Dy j=0....M~1 " o T G
L? i+1/22
1—At1’0< max HV L L+ Co > > 0. (3.124)
Dy p j=0,...,

and H € A.

Looking to the condition (3.124) we realise that the restriction on the time step size depends on
the solution where we would like to conclude stability. If it is possible, we would like to establish
conditions that do not depend on I7}, form = 1,..., M, and imply (3.124).

Proposition 3.4.2. Let If, It € W}y, ¢ 11,87 1y € Wiy, &y 3ty € Wp(Qu —To), m=0,..., M, be
solutions of the IBVP (3.49)-(3.55). If the reaction terms F and S satisfy the assumptions (AF 1), (ASp),
respectively, and the condition (AD.) holds for the entries of D., then, form =0,... .M — 1, we have

m m
+1/2
oy 17+ Nl 17 +AtDeo Y HVHw}H/ 13 < T +Ar0rs(0) (Il0F 117+ l0p 4ll7)
j=0 =0

m m (Cr +Cx)max,~:j ol HCZHHZO +1
J;MIJJ 4 2(1 — AtpBpmax) (Il H i H)

+At

CF +C i 2 2
omax gy l1% (oo 17 + llor 7).

2 i=m,m+1
(3.125)

where 6(m) = (£ |V 2112+ 525 (max i |1 |+ 1) ) and

Cr +2C i
e )

. j=m,m
o7 p(m) = I : (3.126)
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and At € (0,At. o] with

m+1/2

L2 2 CF +2CS
I—At¢»70 <DC70”VHCf7H Hoo—i-i

( max \|i;;uoo+1>> >0, m=0,....M—1, (3.127)
2 Jj=m,m+1

Proof: From equation (3.57) and (3.58) we obtain

m+1/2 _m+1/2 m+1/2

+1/2 +1/2 +1/2
(D05 o) / )Hzf(DL.(MHc;'ﬁH/ )VHC?’H/ —D(Mué}  )Vaey Vel ey
m+1/2 7~ 1/2  m+1/2
+(E B ol P (3.128)
m m 2 am 2
(D-thglvwb7;l/l)H = (SH+1/ —SHH/ JWH)H, (3.129)
where F;?“ /2 and S’Zﬂ /2 are defined as FI’1”+1/2 and SZH/Z’ respectively, with II{[,C}_H,CAH’ j=

m,m+ 1 replaced by IZ, 5} o EZH,j =m,m+ 1, respectively.

From equation (3.128) we get

1/2 1/2 1/2 12

1/2 1/2 1/2 1/2
— ((De(Muc ) = DM} 3 ) Va3 2 Vol 5 ).
+1/2 ~m—+1/2 +1/2
+(Ey B ol P,

Considering the assumption (AD,) for the entries of D,, from equation (3.128) we get

2
m+1/2 +1/2 L m+1/2 7
(Do o 5 Py < —DeolVae ' P 13+ Vi I (lops 1+ lleofu )
£ (3.130)
—|—(F[T+1/2 _FIZH-I/Z’ w;le/z)H,
where £ # 0.
As
F1/2 mmt1/2 mt1/2 Cr = 2 2
(B2 =R i Py < 5 max (e (gt I+ opulh)
j=mm+1
Cr 7i m+112 m 2
+ 5 (max W1+ 1) (105 + o)
Cr ;
+= maxeh 2 (lofs I+ ol
j=m,m+1 )
and
F1/2 amHl/2 mtl)2 Cs 7
(S =S 0y M < (2 max 1T+ 1) (gt I+ oflullh)
j=m,m+1
Cs P2 2 2
+20 max ], 12 (llofs I+ ofl)
Jj=m,m+1
from equation (3.130) and considering equation (3.129), we deduce
m m 1/2
(1= A0 (m) |05 |3 + (1 — Ary (m) |5 [+ 280 (Deo — ) [ Va @) 2 2 3.131)

< (1+ A6y (m)) || @y ll7y + (1+ Ar6y(m)) ||}y |17 + At 6y (m),
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where

Oym) = = 19 12+ L max 7 +1)
2€ 2 2 Jj=m,m+1 H ’
Cp+2CS i

0 = — I | oo,

blm) = 2= max (17
Cr+Cs j m

6:(m) = =—— max_|lc; yll%(lof 7 + @ l17)

Jj=m,m+1 ?
Fixing €| = DE‘O , from equation (3.131) we establish

1 +1/2
o 13+l I3+ ArD ol Vo 212

) . Ar (3.132)
< (1+Atoy,(m)) (wa,HHH + ||wb,H||H) +

T A (m) 2

where o ,(m) defined by equation (3.126) with Az o fixed by (3.127) and 6 (m) = max{6y(m), 6(m)}.
Finally, inequality (3.132) leads to (3.125). |
Corollary 3.4.2. Under the conditions of Proposition 3.4.2, we have form =0,... .M —1,

m
j+1/2
|5 13+ o 13+ ADeo Y VRl IR

j=0
(Cr +Cs)maxp—o,...u [} |12 ",
< elmmons {(||of I+ @) l) +Ar o Z (leof ' I+ 1o 1)
’ ’ 2(1—At09max =1
(3.133)
L? Cr+2C
where@max_<Dtom_5ﬁr.1‘:'aﬁ/[1HV cmﬂ/ZH2 7F2 S< ax HIH||°°—|—1>> nd
L? +1/2 Cr+2Cs
L A\ R e A
c.0 m=0,....M—1 2 m=0,...,
Ofp = ’ (3.134)

I- AtO 6max ’

and At € (0,At. o] with

L? mﬂ/z 2 Cr+2Gs .
1— At Vu _ I+ 1 0. 3.135
(e 19 P1E FE2E (1)) >0 @

7777

From Propositions 3.4.1 and 3.4.2 we establish the next result:

Corollary 3.4.3. Under the conditions of Proposition 3.4.1 and 3.4.2 we have form =0,... .M — 1,

m
1/2
oo 1% +AtDro Y Vo) 212 < &7 oy 13, (3.136)
j=0
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and

m
j+1/2
o I3+ o I+ ArDeo Y IVm@f 3 < e 0% (((0f Iy + | @f )
3

j (3.137)

.....

where oy and oy are defined by (3.123) and (3.134), respectively, with At € (0,Aty] given by
Aty = min{At; o, At o} where Aty o, At defined by (3.124) and (3.135), respectively.

To conclude the stability from Propositions 3.4.1 and 3.4.2, we need to prove that | VyI}i ()]
and oy, (m) are uniformly bounded for m = 1,...,M and H € A. Similarly to the previous section,

we first prove a convergence result that will allow us to conclude stability in section 3.4.3.

3.4.2 Convergence

Let (/,cy,cp) be the solution of the IBVP (3.2)-(3.8) and let Ijj € Wy, 7 (1) € Wy, cp'y(t) €
Wb(ﬁH — ljr,H) be solutions of the IBVP (3.49)-(3.55). Form =0, --- ,M, we define the errors

El’y = Rul (tm) — Iy,
Efy =Rucs(tm) — fy,

We shall now establish error estimates for each of the errors Ef'y, EY'yy, and Ey,. Because we consider
now the fully discrete case, to use the Taylor representation of the truncation error, we require some
smoothness conditions over the solution (,cy,¢) in the space domain Q, and the time domain [0, 7.

Let k; and k; be nonnegative integers and U C R? closed. We denote C¥1'K2 (U x [0, T]) the space
of functions u : U x [0,T] — R such that, u is k;-times continuously differentiable in U and k,-times

}

continuously differentiable in [0, 7]. In addition, we use the norm

oPu
W(xayﬂ‘)

aal-i-azu

W(xuy’t)

)

ellen sz wtoiry = o 1%, 2%, {
B<k,

For ease of notation, we shall use C1%2 we we refer to Ch1%2(Q x [0,T1]).

Error estimate for £},

We remark that E}"y;,m =0,..., M, is solution of the following discrete IBVP

DLE'; =V (DI(MHRHI’"“/ Z)VHRHImH/Z) ~Vir- <D’(MHI;3 v +1/2> (3.138)
—|—Gm+l/2 . GZ-H/Z + T[m—l—l in (QH —TI,H) X (O,T],

with initial and boundary conditions

E]'y = Ryl(0) — I} in Qy, (3.139)
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E{y=0 onT;y,j=0,....M, (3.140)
(Vi RuI™ Y2 =V () =151 on (9Qu —Tym), m=0,....M—1. (3.141)

In equation (3.138), 7;" is given by T;" = T;"} + T, where

%1 5
5z llco (2120 + 20|20 + 1) +

83
|77 (xi,y7)| < CAP? (Has

a1
at Cl?() ’

with C independent of H and At, and 7;% is defined as 7;(¢) in (3.72) with /(¢) replaced by 1"*+1/2 and

T =Thm + T
Ty, 4 is defined as 7; (t) in equation (3.75) with /(t) replaced by 1172, and

921

aZ
|77 (i, yj)| < CA (Haz il

HchloJr'

) , (3.142)

for H,,,, small enough.
Following the proof of Theorem 3.3.1, it can be shown that

1/2
(1‘”< 2[R ’mH/z‘Z*C‘;)) B + 20 (Dyo — &) [ViE]S 2
L? mi1/2)2 w2 (3.143)
< (e (VR R o, ) ) N
1
m+1/2 +1/2
+At(7}m+lvE1,H / )H+AI(EITZ+17ETH / T

To bound the term (T,’"H,E;fl;,r Y 2) n we follow the steps in the proof of Theorem 3.3.1, and we can
obtain similar inequalities to (3.87)-(3.88). Thereafter, by using the discrete Poincaré inequality
(3.21), we have
1/2 1/2 1/2
(1B P < AW (I 1+ | VaED 1)
< (Co+ DADIVE] P+

C
< L2 AW+ SIVaEl
€
where & # 0 and A(]) is given by
31
40 = (Bl oy + 87 (|5
’ 0.0

2
HI 5l (11042l +1)) ).
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Moreover, in equation (3.143), by first using the trace inequality (3.20) and then, the discrete Poincaré
inequality (3.21), we have

+1/2 +1/2 +1/2
(T ) a0, 1, < CrBU)(IES S P lla+ IVaES 21
< CB(I)||VHER(t)||+
m+1/22

C
< B +IVnED I,
&

where &; # 0 and
9% 9%
B(1) =€ (Bl + 82 (1 Gz leoo s + 15 o ) ).

where C is a positive constant independent of H and At.
Combining the two last upper bounds and taking & = & = &3, for the last term of (3.143) we obtain

1/2 2 1 1/2
(@ By P+ (T )an, 1, < Cqg (AU B 267 V] P (3.144)
1
By substituting equation (3.144) into equation (3.143) we deduce
L? , 2
(1- (282\|VHRHI"“/2||£,+CGS)) B3+ 280(Dro — 368) [V nEp 2
! L2 (3.145)
with
2*1|°
— 2p 4
Y= C ( max”l”cét-,lo + A1 (’ ﬁ 000
%,
I (4 W+ )+ |5 )
Taking 81 = in inequality (3.145), we conclude the following result:

Theorem 3.4.1. Let I} € WZ*H,m =0,...,M, defined by equations (3.49), (3.52) and (3.54) where
the reaction term G and the diffusion entries Dy j;,i = 1,2, satisfy (AGy) and (ADy), respectively.

_ _ _ 02 _
Let 1€ CY(QuA < [0,T))NC™(Qx [0,T])N{u: Qx[0,T] — R,aa—t;‘ € CH(Q % [0,T))} be the
solution of the IBVP (3.5), (3.6) with initial condition 1(0). Then, there exists a positive constant C
independent of I, H, and At, such that, for m =0, ..., M holds the following

e(erl)Al‘G[

m
i+1/2
|IET: Y% 4+ AtDy ) HVHEI{H / I3 < e(mH)AmIHERHH%I‘*‘ T—Ano

Jj=0

Y, (3.146)
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where Y, o, and Oy are such that

9’1
2
1€ (112 iy + 85 (1111 53 o (W4 W+ 1)) ).
o L? )
o= Tmg 0 2DV c@ennyy TG

and At € (0,At; o] with
1 —At;96; > 0. (3.147)

Error estimate for E}fH and EZfH

We consider now the errors for the concentrations: free drug E¥',; and bound drug E'y,, for m =
0,...,M, that are defined by the following equations

DLEN = Vi (De(MuRycy ) VRud} T = iy - (DM} ) Ve 5%
+Fm+1/2 m+1/2+Tm+l, (3148)

DL Ey = St 2 i in Gy T, form=0,..., M — 1, (3.149)

with initial and boundary conditions

E}y = Rucy(to) =}y in Qy, (3.150)
Ep = Rucy(0) —ch in Qy — T, (.151)
Ef ;=0 onTyy,j=0,....M, (3.152)
(Vi Ruc; ) = Vi () n =T on(9Qu—Twn),j=0,....M—1.  (3.153)

In equations (3.148)-(3.149), T"*" is given by 77! = T 4+ T, where

Cf,s 2

93Cf
|n7?‘<xi,yj>|SCAr2(]\()3 1 5a leon (U1es 420 +1) 4 15 e + sl ).

‘ %
and TL’;’JQ] can be bounded as 7;(¢) in section 3.3.2. Then, we have

(T B < Ap(er) (IESS Pl + IIVHESS 1)
< (Cp+ DAp(cp)|IVHE] |1+

C +1/2
< L aAre)’ +8IVhE; ;IR
&

where & # 0 and A(I) is given by

80f

d%c
‘ +”72fHC210(HCfH%:w+2HCch2-o+1)

Af(cf):C( machfHC40 Ax[0.7]) +Af |:H

dc
+ 15 o+ quco_zycbucm]) |
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Similarly, we have

+1/2 +1/2 +1/2
(T ET S ) a0, 10 < CrBrler) (IES Pl + IVHE] 15)

Cfb ?
< CBy(cp)||VuER(2)||+
c 2., .2 +1/2)2
< G2 Brler’ +eIVhEL I
3

where & # 0 and

%y dcs A3y
B(e)) — s (|| 2] |2 /
f(cf) C< max”cf||c30 Q. AX[O T])+ <‘ at2 00 ox C0.0+ aﬂax
Now, for the truncation error TC’;’“ we have
836‘1, 82c;, (921
ol <ca? (|52 | e |G|+ sl | 52
and then c !
+1/2
(T B ) < B es) + 7 (1B I+ 1R )
where 5 2 52
Cp I Cb
By(cy) = || == I
»(cp) H BYE w0 + |lep || coo Frol " + ||| coo I

Following the proof of Proposition 3.4.2, it can be shown the following

" 1/2
(1= MO (m) [ E |3 + (1 — Ary (m)) | Ef5 I3 + 280 (Do — ) | VHES 3 2|12

< (14 A1 (m)) || EF 177 + (1 + Ar6y(m)) | Ep'yy |77 + Aty (m)

+20(T E;’;/z)H +2At(Tm+l E?;rll/z)agﬂ—ﬁﬂ + 2AI(ET+1’EZ?IJ-IFI/2)H7

where

m+1/2 2 Cr j
0r(m) = 2HVHRH % +7(j:rnr1li1x+lHIHHw+l)v
CF—|-2CS
—— max
2 Jj=m,m+1
Cr+Cs

Oy (m) = 1271

6r(m) = jmax_ IRmey |12 (1ET s 7+ NE 7).

Consequently, from (3.154) we deduce

1/2
(1= MO |E 5 I+ (1 — A0, | By |7+ 240 (De — ] — & — &) [VuEfy 2

< (1+A00p) || EF yl[7y + (1 + Ar6p) | By 17+ Ar6y (m) + Aty p(m),

where

6= X v, |2 cr w1
1= gl Verllicop 57 mpax,, Ml

o))
)

(3.154)

(3.155)



68 Diffusion approximation for light

Cr+2C;
Op=——" e 1,
b R X [l +
Cr+Cg
0;(m) = 5 | bHCOO(HEI IE +EIHHH)
and
2pe 83Cf 830}, 2
’}/ﬁb :C max”cf”c40 QXOT 8[3 00 81‘3 0.0
¢ < (3.156)

0%c
12 o e an (e sa + 1) +1) 4 "ucm+||cb|rcoz|u||coz]).

g 2 _ o2 o2 Dep
Fixing ey =& =& =

+1/2
(110, ) (I 1+ B 1) + ArDe ol ViES Sy IR

(3.157)
< (14 808, ) (1B + 1B l) + v, (1ET 13+ I ) + A .
form=20,...,M — 1. In inequality (3.157),
2172 ) Cr +2Cs ;
Ohs = pogIVerlicoop + =5 max, Malle=+1 ) (3.158)
Cr+Cg
= — > llcollgoo- (3.159)
Let Az, o be such that
1 —Alc709b7f > 0. (3.160)
Then, from (3.157), for Ar € (0,At. 0] and form=0,...,M — 1, we have
m m +1/2
(IER I+ UERS 3 + Aol VaE) S P12 < (14 Atoy ) (1EF w1 + 1 l3)
%p,f B 1
Ati Ati
b (VB T+ BT )+ A g
with 0
b?f
Cpr= 3.161
bt 1 —Alq()ebf ( )

We are now ready to state the convergence result for the concentration errors E'y and Ej*,.

Theorem 3.4.2. LetI,cy,cp, be the solution of the IBVP (3.2)-(3.8) with initial conditions 1(0),c(0),cp(0).
Let 1 € C**(Qx[0,T]), ¢y € CH(Qe,a X [0,T)) NCO3(Q % [0,T]) N {u: Q% [0,T] — R,a‘;—j;‘ €
C*O(Q x [0,T))} and ¢, € CO3(Q x [0,T]). Let I}V € Win.cfy € W*H,CZ’H € Wy(Qu —Trp) be
solutions of the IBVP (3.49)-(3.55) with the initial conditions II(_)I7 Cru and cb i respectively. Under
the conditions (AF;), (ASy) and (AD.), there exists a positive constant C, independent of I, cy, ¢p, H,
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and At, such that

j+1/2 DA
||Em+]||H+HEm+l||H+AtDcozHVHE]',H/ 12 <elmt1) P01 (I|E |17 + | Ep e l7r)
: j=0 (3.162)

- (m—l—l)Ath’f
+17At9h7fe 2O‘b,fj7(§nax HEIHHH"i_Yb,f

—Uyeeey

form=0,....M—1, At € (0,At. o], with At. o defined by (3.160) and H € A. In inequality (3.162),
Op. 1, O, Op 5 and v, r are defined by (3.158), (3.159), (3.161), (3.156), respectively.

We remark that o, s depends on ||I}} ||, m = 0,...,M. Considering the upper bound (3.146), we
have successively

15112 < 20|Efy |12 + 2| Read (tn) || 2
< ——IEMy Iz + 2R (1) |12
min
2
< S C(|EP I3 + Hipo + A*) 2] Rit (1) ]|

min

Consequently, if I3 € By, (R;(0)) with pyy < CHyay, and the spatial grids Qpy, H € A, satisfy (3.105)
we obtain
15712 < 20Cq (14 H}g 4 Coupht® ) + [ Rul ()12,

provided that the sequence A and the time stepsize At satisfy the following condition

At

2~ < Cosup (3.163)

Corollary 3.4.4. Under the assumptions of Theorems 3.4.1 and 3.4.2, there exists a positive constant
C, independent of At and H, such that

j+1/2 2
175"+ auDro X 19 1 < (1Bl Bl oy A0°9). G169
Jj=

Moreover, if It € By, (Ry1(0)), with pyr < CHyax, and the grids Qu,H € A, satisfies the condition
(3.105) and (3.163), then there exists a positive constant C such that

m m j+1/2
IEF S 7 + 1 +1”H+AtDcOZHVHE] /H+§C<||EfHHH+HEbH||H
(3.165)

2pe
NI+ Halles o+ )
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form=0,....M—1, Ar € (0,Aty] with Aty = min{At;,At.o}. In equations (3.164)-(3.165), yr is
defined by

2 2pe
11 =C (a1 1o o) +07° Moo+ leglcns + lenlos

d%c dc
1753 Izao (lellzas (leslzeo + 1) + 1) + 1555 1z + lles 2oz 1o

021
|| 2||czo(Hluczwuzuczoﬂ)]

We remark that the convergence rates depend on ||E;’ y|1% and |E ?7 allH+ HEg ul1%. To get the
error estimate (3.165), we should have ||E;) 1l < CHax. Moreover, to obtain convergence we should
impose

IE ller < CH,

max»

forj=1,f,b.

3.4.3 Concluding stability

To conclude the stability from Propositions 3.4.1 and 3.4.2, we need to prove that ||V} (1) and
o,»(m) are uniformly bounded form = 1,...,M and H € A. This boundedness follows from the next
four statements:

1. There exists p; > 0 and C; > 0 such that, for all I}, € B, . (Ry1(0)), we have
IValy 2 < C. (3.166)
Proof: We have
|VH 1’”+1/2H2 < 2|]V Em+1/2||2 2| ViR 22

= M AtZ||VHE",Z”2||2++2HVHRH1'"“/2||i,

min  j=0

and then, using the estimate (3.164), we deduce

IValy™ )2 CIER I+ Hi+ A ) + 20 ViRal™ PRI (3.167)

min

Assuming that (3.105) and (3.163) hold and 1%} € By, ,, (Ri(0)), with pyy < Cv/AtHyay, from
(3.167) we obtain

2

m H?Z
IVl 22 <c<1+cG @ 1 C6Co supAt* +2|VHRHI’"+]/2H2> (3.168)

From (3.168), to conclude (3.166) we need to replace the condition (3.163) by the following
new one

CGJnf < < CG,SMp) (3169)

max
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where Cg ;s and Cg g are positive constants.

2. There exists p; . > 0 and C; > 0 such that, for all I € By, (Ruly (0)),
171l < C. (3.170)
Proof: We observe that

157112 < 2lleof |12+ 20125712

2

< Nl + 2MR
min

Before we proved that if Ig € By, (RyI(0)), with pyy < CH,pqy, and the spatial grids Qu. H €A,

satisfy (3.105) and (3.163), then ||I}||2 < C;,m =0,...,M,H € A. Moreover, imposing that

1Y e By, (R1(0)), with py < CvV/AtHgy, and (3.169) holds, we have (3.166). Then, from

(3.122), we get

1 2 1 0 2
0 |0yl < C——llogyll7-
min min

Consequently, if 12 € By, (1101), with py < CHpgy, and by considering the condition (3.105) we
conclude that (3.170) holds.

3. There exists pre > 0 and Cy > 0 such that, for all C%H € By, . (Rucyr(0)),
IVac 5212 < cy. (3.171)

Proof: Following the proof of (3.166), we need to assume that Iy € By, ,, (Ru1(0)), c(} g €
Bpy . (Rucs(0)), ¢y € Bpy o, (Rucy(0)) with pprar < CV/AtH,ay, and that (3.105), (3.169)
hold.

4. There exists pp ¢ > 0 and Cp, > 0 such that, for all cg u € Bp, . (Rucy(0)),
el m 2 < C. (3.172)

The proof of this inequality is similar to the proof of (3.170).

The following result summarizes the previous conclusions:

Corollary 3.4.5. Under the assumptions of Propositions 3.4.1 and 3.4.2 and Theorems 3.4.1, 3.4.2,
if (3.105) and (3.169) hold, then (3.49)-(3.55) is stable in the solution If; € WITH,C;”’H € W:H,c’b’fH €
Wy, (Qu — T, i) of the IBVP (3.49)-(3.55) with the initial conditions Ig,c%H and cg’H, respectively,
provided that and Iy € By, (Rul(0)), cg)c_’H € By, ,, (Rucs(0)), cg,H € By, o, (Rucp(0)) with pyar <

C \/EHmax. [ |
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3.5 Numerical experiments

This section has two main objectives: to investigate the convergence properties of the scheme (3.26)-
(3.32) using an IMEX method for time integration and considering the smooth and nonsmooth
solutions in space, in addition, a comparison with the fully implicit and second-order Crank-Nicolson
(CN) method is presented in this section.

We COILSidGI‘ that the fully-discrete approximations Iy; € Wiy, ¢y € Wiy,
Chu € Wy (Qp — T, i) are solution of the system

1 * m N _

ED_,I,’;’ = Vi - (DI (Mg I})VuIi™)) + G(I}) inQy—T,p, (3.173)
Dycly = V};~((DC(MHC?H)VHC?;I))+F(IZ,C?H,CKH) inQy — Ty, (3.174)
D.cyy =Sy, ¢y Chn) inQy —L,p, (3.175)

complemented by the following initial and boundary conditions

Ilr_;l = RHIi(tm) on fH,h Vc,ng ‘N = 0 on (89H —THJ) X (0, T], (3176)
C?,H =0on an X (0, T], VC7HC?7H ‘N = Oon (8QH _TV;H) X (0, T] (3177)

The system (3.173)-(3.177) defines an IMEX method that we use to approximate the solution of
system (3.26)-(3.32).

B B}L using the fictitious points we can state that Vi, - ((De(Muc’} H)VHC?Z] )) is well defined in
Qy —I'y ;. Moreover, V. gI}} - 1 is well defined in I'yy ;,i = u, r,d and in the corner points (1,0) and
(1,1) where we consider two unitary normals: the vectors ej, —e; and ej,e;, respectively, where
{e1, ey} is the canonical basis of R2. The same remarks hold for the discretizations of the free drug

concentration.

System (3.173)-(3.177) can be established using the so-called Method of Lines approach: spatial
discretization using finite difference operators, which allows us to replace the IBVP (3.1)-(3.8) by
an ordinary differential problem, followed by a time integration using an IMEX approach to deal
with the nonlinear terms. We discretize the nonlinear reaction terms (G(+), S(-), and F(-)) and the
nonlinear diffusion terms (Dj(-) and D, (-)) explicitly and the remaining terms implicitly. Following
this approach, we can obtain the numerical approximation by solving a linear system at each time
level. For instance, for the intensity light approximation II’L'I’H, we get the following matrix equation,

1

5 <1d - AzAH(zg;))I;z;“ = I+ At (F (1) + G (), (3.178)
where I; is the identity matrix of order Ni(N,+ 1) x Ni(N2+ 1) and Ay (I}}) is a tridiagonal block
matrix.

We observe that we can fix Ar such that At||Ag||. < 1. Consequently, I; — AtAg (I}}) is nonsingular
and then, for each time level, there exists a unique solution of the linear system (3.178). Using similar
arguments, we can guarantee that, for each time level, there exists a unique numerical free drug
concentration.
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To illustrate the convergence behaviour we introduce the following errors

m

Error; = nllaxM |EM 12 + At Z IVuEf|2, (3.179)
k=1
m

Errorff: max H M7 +AY IVRES I, (3.180)
k=1

Errorfb: max HECbHH, (3.181)

=1,

where E* = Ryl(t,,) —Ij], Ry is the restriction operator. Analogously, E;'; = Rucyr(tm) — c? y and
E] = Rycp(tm) — CZH.
The numerical convergence rates are estimated by

E,,
e

for £ =1,cy,cp. Here, Ey y, represent the errors associated with the spatial mesh H /2 that we obtain
from a mesh H by introducing in the intervals (x;,x;41) and (y;,y;4+1) the corresponding midpoints
Xiyrpand yjiq 0.

To illustrate the convergence behaviour of our method in time, we introduce Errora, ¢, for £ =
I, f,b defined by

Erroritv,— max ||E, I8 (3.182)

Error3, ; = E 3.183

rrorAth milll,aXMH CfHH7 ( )
2 _

Errory, = max [ |a, (3.184)

and the corresponding convergence rates

E
RY, = log, (E:;j) : (3.185)

for{=1,f,b.
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Example 3.5.1. Let us consider system (3.1)-(3.3) with initial-boundary conditions given by (3.4)-
(3.8), diffusion coefficients and reaction functions defined by Dy 11 = Dy = I*+0.1, Dc11=Dcpp =
O.ICJ%, G(I)=2I>+1, S(I, cricp) = IQCin and F(I,cr,cp) = I3cbc%. Let us also add suitable source
functions to the right-hand side of the equations (3.1)-(3.3), such that the exact solution of this problem

A

I(x,y,z) = 2t(2x—x2)% (—(y —1)cos(my) + % sin(n’y)) )

1 _ 1) (y; + %(nysin(ny) +008(ﬂy))> :

x2+1 2
cosh(10 —x)
cosh(10)

ertina) = explt)
cp(x,y,2) = 2exp(t) sinh(y)

We solve the resulting system of differential equations using the method (3.173)-(3.177). We start
with a random nonuniform spatial grid and define the sequence of grids by halving the step sizes. The
time stepsize At is fixed, At < H?,

contribution in the global error that will be dominated by the error in space. The total simulation time

ax consequently, the error induced by the time integration has a small

is T = 1. We give the errors and the estimated numerical convergence rates in Table 3.1.

Hiax N N> Error; Rate; Error, 5 Rate, s Error,, Rate.,
1.3429E-1 12 10 1.3552E-3 - 3.4017E-6 - 1.2989E-4 -
6.7143E-2 24 20 | 5.6034E-6 3.9590 | 1.1923E-7 2.4172 | 9.1878E-6 1.9107
3.3572E-2 48 40 | 3.6037E-7 1.9794 | 8.0611E-9 1.9433 | 6.2452E-7 1.9395
1.6786E-2 96 80 | 2.2647E-8 1.9960 | 5.2261E-10 1.9736 | 4.0505E-8 1.9733
8.3929E-3 192 160 | 1.4182E-9 1.9986 | 3.3268E-11 1.9868 | 2.5775E-9 1.9870
4.1965E-3 384 320 | 8.8726E-11 1.9993 | 2.0987E-12 1.9933 | 1.6255E-10 1.9935

Table 3.1 Space errors and convergence rates.

The results presented in Table 3.1 suggest that the spatial errors of I, cy and cj, have second
order convergence. Note that by definition of the errors for I and cy, equations (3.179) and (3.180),
respectively, the second order accuracy holds not only for the numerical approximations Iy and cj’f{ I
but also for the numerical gradients Vyl; and VHCSC”,H. In Figure 3.3 we plot Iy, cyy and cp, y at

final time.

(b)cry.

Fig. 3.3 Numerical solution for Example (3.5.1).



3.5 Numerical experiments 75

Example 3.5.2. The goal of this example is to compare the convergence behaviour of the two methods
for the differential problem (3.1)-(3.3): the IMEX scheme (3.173)-(3.177) and the CN method, which
is, theoretically, second order convergent in time.

Let the diffusion coefficients and reaction functions defined by Dy 11 = Dy = 0.01724+1x 1074,
De11 =De2 = c? +1x107% G(I) =12, S(1, Cr,Cp) = Izcic.f and F(I,cr,cp) = I3CJ2fcb. Let us also
add suitable source functions to the right hand side of the equations (3.1)-(3.3), such that the exact

solution of this problem is

x3 2

1x2) =exp(t) (=5 = 5 ) (- costm),

3 2
eyt =exp0)(1 - (5 47 ).

cp(x,9,2) = exp(t)x*y? sin(my?) sin(mx?).

We fix N = Ny = 100 and successively halve the time step. To evaluate the performance in
time of the mentioned methods, we use the equations (3.182)-(3.185) for the numerical errors and
convergence rates. Table (3.2) and (3.3) illustrate the results obtained with the IMEX method and CN
method, respectively. The results suggest that the IMEX method has first order convergence while the
CN method has second order convergence. In Figure 3.4 we present the approximation Iy ,cr y and

Cp,n using the CN method.

At Erroras s Rate; Erroray ¢ y Rate, s Erroras ¢, Rate,
5.0E-1 3.5967E-2 - 4.1233E-2 - 4.0470E-2 -
2.50E-1 | 1.8542E-2 0.95587 | 2.1034E-2 0.97106 | 2.6208E-2 0.62684
1.250E-1 | 9.2611E-3 1.0015 | 1.0487E-2 1.0042 | 1.4217E-2 0.88236
6.25E-2 | 4.6192E-3 1.0036 | 5.2284E-3 1.0041 | 7.3463E-3 0.95255
Table 3.2 Error on time for IMEX method.

At Errory, Rate; Errorps ¢ ; ratec, Errora;,  Rate,
5.0E-1 1.1326E-3 - 1.3120E-5 - 1.0118E-5 -
2.50E-1 | 5.5360E-5 2.1773 | 8.8022E-7 1.9489 | 6.3143E-7 2.0010
1.250E-1 | 3.1752E-6 2.0619 | 5.6698E-8 1.9782 | 3.9436E-8 2.0005
6.25E-2 | 1.6873E-7 2.1170 | 3.7257E-9 1.9638 | 2.4635E-9 2.0003
Table 3.3 Error on time for CN method.
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Fig. 3.4 Numerical solution for Example (3.5.2) using CN method.

Example 3.5.3. In the present chapter we do not study if low regularity can affect convergence. How-
ever, one may wonder if something similar to what was studied in Chapter 2 also holds for the system
(3.1)-(3.3) with initial-boundary conditions given by (3.4)-(3.8). This example is intended to give a
clue to the answer to that question. Let the diffusion coefficients and reaction functions be defined by
Dinn=Djpn=I1+ 1, D¢11=Dcpp = C?c-l- 1, G(I) =1, S(I, Cf,Cb) = ICIZJCf and F(I,Cf,cb) = Icpcy.
For the fixed data, we consider (3.1)-(3.3) with convenient source terms such that this IBVP as the
following solution

I(x,y,2) = 2t(2x = °)

(=0 oostm) + Lsin(m) )

al—

y oy
crta) =expl0) ) (5 = ) -0,
cp(x,y,2) = exp(t)xysin(my) sin(7x),

for x € Q;t € (0,T]. We remark that, for o =2.1, ¢y € HZ(Q), in contrast, for o, = 3.1 we have
cr€H 3(Q). Table 3.4 and 3.5 illustrate the convergence rates for each of the variables. Notice that
Jor the case of the rate Rate., p we have second order convergence rate for the value o = 3.1 (Table
3.5) and only first order convergence rate for o, = 2.1 (Table 3.4).

Hpax N N Error; Rate; Error, . Rate, ¢ Error,, Rate,
1.000E-1 10 10 | 2.8990E-5 - 5.2886E-8 - 1.4787E-6 -
5.000E-2 20 20 | 1.8312E-6 1.9924 | 1.3695E-8 097462 | 9.1431E-8 2.0077
2.500E-2 40 40 | 1.1192E-7 2.0161 | 3.7220E-9 0.93975 | 5.7390E-9  1.9969
1.250E-2 80 80 | 6.8539E-9 2.0147 | 9.3061E-10 0.99992 | 3.5845E-10 2.0005
6.250E-3 160 160 | 4.2312E-10 2.0089 | 2.1886E-10 1.0441 | 2.2328E-11 2.0024
3.125E-3 320 320 | 2.6269E-11 2.0048 | 4.9678E-11 1.0697 | 1.3861E-12 2.0049

Table 3.4 Space errors and convergence rates for the case o0 = 2.1.

This example suggests that the method’s convergence order (in space) can depend on the theoretical

solution regularity.



3.5 Numerical experiments 77
Hinax N N Error; Rate; Error,, Rate,, Error,, Rate,,
1.000E-1 10 10 | 2.8990E-5 - 9.2469E-9 - 1.4794E-6 -
5.000E-2 20 20 | 1.8312E-6 1.9924 | 9.1735E-10 1.6667 | 9.1528E-8 2.0073
2.500E-2 40 40 | 1.1192E-7 2.0161 | 7.3440E-11 1.8214 | 5.7511E-9 1.9961
1.250E-2 80 80 | 6.8539E-9 2.0147 | 5.1920E-12 1.9111 | 3.5992E-10 1.9990
6.250E-3 160 160 | 4.2312E-10 2.0089 | 3.4588E-13 1.9540 | 2.2503E-11 1.9998
3.125E-3 320 320 | 2.6269E-11 2.0048 | 1.4590E-14 1.9835 | 1.2813E-12 1.9999

Table 3.5 Spacial errors and convergence rates for o0 = 3.1.
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Fig. 3.5 Numerical solution for Example (3.5.3) for oo = 2.1.
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Chapter 4

Drug delivery enhanced by light

4.1 Beer-Lambert Law

In this section, we deal with the mathematical modeling of light-triggered drug delivery, a research area
with applications in cancer treatment. We focus our discussion on a near-infrared (NIR) light-triggered
drug delivery from hydrogels. NIR light-responsive hydrogels are considered ideal candidates for
drug delivery. On one hand, NIR light is safe and allows deep penetration into human tissues. On
the other hand, hydrogels are highly biocompatible and highly tunable, i.e., drug release can be
easily controlled by changing hydrogel properties and light parameters like intensity, duration, and
wavelength ([21, 24-29]).

In vivo experiments involving cancer treatment using NIR light-responsive hydrogels are promis-
ing. For instance, in [26], such type of therapy led to a significant reduction of tumors in nude mice
when compared to control groups. However, as stated by the authors, the translation to human clinical
trials requires further investigations concerning the design of more efficient hydrogels. Mathematical
modeling and simulation can make a significant contribution to this effort. A reliable mathematical
simulation tool is a cheap and fast way to find the light- and hydrogel-related parameters combination
that gives the desired drug release profile.

Now, we present the drug delivery mathematical model that motivated us to study a numerical
scheme for the system (2.1)-(2.4). Let us consider a one-dimensional domain Q = (a,b), containing a
NIR-responsive hydrogel with bound drug particles that we denote by ¢, (g/cm®). When exposed to
NIR light irradiation, the photocleavage of the hydrogel leads to the release of the bound drug c;,. The
released free drug ¢y (g/cm?) diffuses by Fick’s law to the surrounding medium.

Let I (W/cm?) be the NIR light intensity and ¢ (cm?/(Wmin)) the conversion rate of bound drug
cp to free drug cy. The evolution of ¢, is governed by

8cb N

w——(PICb, IHQX(O,T]. (41)

Let D (cm?/min) be the free drug diffusion coefficient. The evolution of ¢ r1s governed by

dcy d%cy .
~r= W4—¢)Ic;,, in Q x (0,T], (4.2)

79
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which is a classical Fick’s diffusion equation with an additional right-hand-side term that takes into
account the unbinding reaction described by equation (4.1). Note that system (4.1),4.2 is a particular
case of the general system (2.1)-(2.4). For the mathematical description of NIR light intensity I we
use the Beer-Lambert law

I(x) = Ipexp(—Bx), x€Q, (4.3)

where Iy (W/cm?) is the known incident light intensity at x = a and 8 (1/cm) is the attenuation
coefficient.

In the following, we investigate if the motivational model (4.1)-(4.3) is adequate to reproduce the
laboratory experiment reported in [26]. The experimental setup consists of a PBS (Phosphate-Buffered
Saline) solution containing a NIR light-responsive hydrogel loaded with the chemotherapy drug
doxorubicin. To simulate this experiment we consider the spatial domain Q = [0, 1] (cm), representing
the PBS solution, being the hydrogel located at 0 < x < 0.05. In Figure 4.1, we give an illustration of
our computational setup. Initially, all the drug is bound to the hydrogel then, we consider the initial

-

an

o

—

=
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Source — | — |
0 005 1

PBS Solution (cm)

Fig. 4.1 Computational 1D domain. The blue line indicates the location of the drug-loaded hydrogel
and the arrow indicates the direction of the light source.

conditions

cp(x,0) =Cp, 0<x<0.05,
cp(x,0)=0, 0.05<x<1,

for the bound drug c;,, with Cy = 1 the normalized initial drug concentration, and
cr(x,0)=0, 0<x<1,

for the free drug. We also consider no-flux boundary conditions for cy.

The authors of [26] irradiated the PBS solution with NIR light and measured the drug release
rate from the hydrogel. To test the responsiveness of the hydrogel, this type of experiment was
repeated using different configurations, like, incident light intensity, hydrogel composition, and drug
concentration. Here, we focus on the experiment that analyzed the impact of changing light intensity
on the drug release rate. Three different intensities were tested, Ip = 0.5,1.0,1.5. To replicate the
experiment, we proceed as follows. First, based on the literature [69, 70], we set the drug diffusion
coefficient D at 3x 104, then, using the experimental data obtained with Ip = 0.5, we found the
best-fit values for the parameters 3 and ¢. In Table 4.1, we give the parameters values. Second, to
validate the model, we calculated the simulated drug release rate from the hydrogel with the incident
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Symbol Variable Value Units
B Attenuation coefficient 4x1073  1/cm
1) Conversion rate 3x1072  cm?/(W min)
D Diffusion coefficient 3x107*  cm?/min

Table 4.1 Model parameters values used in the numerical simulations.

light intensities Iy = 1.0,1.5 and compared it against the experimental data. To solve the model
(4.1)-4.3 we used the fully discrete scheme (2.24)-(2.27) with the uniform space step &7 =5 x 104
and the time step Ar = 1 x 1073,

The release rate (%) at time ¢ is given by the amount of free drug ¢y in the PBS solution at time ¢
divided by the initial (# = 0) amount of bound drug ¢, in the hydrogel. In Figure 4.2, we show the
results of our simulation. Overall, one can say that there is a relatively good agreement between
experimental (circles) and simulated data (solid line). For the case Iy = 1, Figure 4.2 on the left,

100

80 r

60 r

40

Release Rate (%)

201

20 40
Time (min)

100
80
0092

60 r

40 -

Release Rate (%)

20t ©

30 40 50
Time (min)

20 60

Fig. 4.2 Release rate of free drug ¢y with Iy = 1 (W/cm?) (on the left) and with Iy = 1.5 (W/cm?) (on
the right). The experimental data are plotted in solid circles and the simulation data in solid lines.

the simulated release rate closely follows the experimental data until the 30 (min) mark. Afterward,
the simulated values being to deviate from the experimental ones, with the model over-predicting
the release rate. For the case [y = 1.5, Figure 4.2 on the right, the model initially under-predicts the
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release rate, but after the 30 (min) mark, the simulated release rate closely follows the experimental

one.
Experimental =~ Numerical  Absolute Error Mean Absolute
Iy (W/cm?
o(Wlem™) o0 (min) 1, — 60(min) 7, — 60 (min) Error
1 51.04% 62.44% 11.40% 5.86%
1.5 73.17% 70.50% 2.67% 6.68%

Table 4.2 Quantitative evaluation of the numerical simulation results.

To obtain a more precise quantification of the error between the numerical and the experimental
data, we present in Table 4.2 two metrics: the absolute error in the release rate at the end of the
simulation and the mean absolute error, defined by,

Mean Absolute Error = % i \rn(ti) — " (1)),

i=1
where n is the number of experimental observations and ry(;) and r*(¢;) are the numerical and the
experimental release rate at time ¢;, i = 1,...,n, with r; = 0 and ¢, = 60. The values obtained indicate
that the mathematical model performs better for the case Iy = 1.5 than for the case Iy = 1, the absolute
error at the end of the simulation is significantly lower, 2.67% versus 11.40%, and the mean absolute
error is only slightly higher, 6.68% versus 5.86%. Based on the available data, it is difficult to
conclude that this difference in the model performance is only due to the change in incident light
intensity Iy. We would need more experimental data, maybe with varied values of Iy, to draw further
conclusions.

Considering both cases (Ip = 1 and Iy = 1.5), we have an average absolute error of 7.04% and an
average mean absolute error of 6.27%. Given the simplicity of the mathematical model (4.1)-(4.3)
and the one-dimensional setting, errors of this order of magnitude are reasonable. To improve the
results, we could, e.g., consider a three-dimensional domain, replace the Beer-Lambert approximation
(4.3) with the more accurate parabolic diffusion approximation, and account for hydrogel erosion
during NIR light irradiation.

At=1x1073 At=1x10"*%
h Mean Absolute Error Deviation Mean Absolute Error Deviation
5% 1074 5.863% - 5.863% < 0.001%
25x 1074 5.817% 0.046% 5.818% 0.045%
1.25x 1074 5.797% 0.066% 5.797% 0.066%
6.25x 107 5.787% 0.076% 5.788% 0.075%

Table 4.3 Mesh sensitivity analysis for the case Iy = 1(W/cm?).

We also perform a mesh sensitivity analysis to ensure that the experimental results are independent
of the space-time mesh used. For this study, we solved again the case Iy = 1 over refined space-time
meshes. In Table 4.3 we show the mean absolute error on the new meshes and also his deviation

from the one obtained with the space-time mesh that we used in the previous numerical simulation,
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h=5x10"*and At = 1 x 1073. The values show that the experimental results are reliable since
the deviation in the mean absolute error is consistently lower than 0.1%. We can obtain a similar
conclusion for the case Iy = 1.5.

4.2 Controlled Transdermal Drug Delivery

4.2.1 Introduction

Transdermal drug delivery is an attractive area of research due to the recognized skin potential as a
viable alternative to the traditional oral or parenteral routes. The main advantages of transdermal deliv-
ery are the possibility of direct drug application close to the target site, the bypass of drug metabolic
transformations that occur in the gastrointestinal tract, and a noninvasive and self-administration
format that improves patient compliance. The main drawback of transdermal delivery is the low
permeability of the stratum corneum, the skin’s outermost layer. The lipid structure in the stratum
corneum acts as a barrier that has limited transdermal delivery to drugs with moderate lipid solubility,
drugs with small molecular weight, or low-dosage drugs.

However, recently developed strategies, like the application of ultrasound waves, have the power
to disrupt the stratum corneum, enhancing drug absorption through the skin. In ultrasound permeation,
the disruption of the stratum corneum is due to the ultrasound-induced oscillation of endogenous
gas bubbles, a phenomenon known as acoustic cavitation. Other permeation strategies include
iontophoresis, microneedles, and thermal ablation. The application of drug micro-carriers to enhance
skin penetration is also usual, and liposomes, carbon nanotubes, and gold or polymeric nanoparticles
are some of the options available. These drug carriers can even be designed to bind to specific
receptors located in the target cells, promoting drug accumulation in the target site [1, 71-73].

Recent clinical trials have shown that transdermal drug delivery is a promising therapy option
for some cancers, such as localized skin and breast cancers. For the particular case of breast cancer,
a recent trial sought to compare the usual oral administration of the chemotherapeutic agent 4-
hydroxytamoxifen (4-OHT), in the tablet form of Tamoxifen, with the transdermal administration of
4-OHT in gel form. The clinical data revealed that the concentration level of 4-OHT in cancer tissue
was similar in both groups. However, the oral administration of Tamoxifen leads to the spiking of
4-OHT concentration in the blood, which can have serious systemic side effects, such as the risk of
venous thromboembolic events. Therefore, this clinical trial showed that transdermal delivery was
superior to the traditional oral route [74].

Immunomodulation, a technique based on manipulating immune responses to an antigen, is another
fascinating research topic where transdermal delivery has a central role. The skin is particularly
appealing for this purpose due to very active immune mechanisms with several tissue-resident
immune cells. The skin is also easy to access and has connections with many organs. Cancer
vaccines and the treatment of viral, infections, and autoimmune diseases are among the targets of
transdermal immunomodulation [75]. For example, oral administration of immunosuppressive agents
is the standard therapy for psoriasis, one of the most common skin inflammation disorders. Oral
administration is effective, but since it does not target the psoriasis sites, it is associated with the risk
of systemic side effects. In [76], the authors used a transdermal hydrogel formulation containing the
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immunosuppressant agent Tacrolimus in a psoriasis-induced mouse model. The topical formulation
showed no signs of toxicity, and the results indicate that the therapy can be efficient in psoriasis
treatment.

So far, we have seen that localized drug delivery achieved by transdermal delivery is vital to
avoid systemic side effects caused by high-toxicity drugs. Controlled release is the other crucial
feature of a state-of-the-art delivery system. This ability is mandatory to keep drugs within their
optimal therapeutic window, i.e., above the minimum therapeutic level and below the maximum
safe concentration value. In transdermal delivery, we get controlled release using stimuli-responsive
carriers that release the drug only when excited by internal or external stimuli like temperature or
near-infrared (NIR) light [71-73].

One experiment concerned with controlled transdermal delivery is described in [77]. Here, the
authors used a NIR light-responsive transdermal system to treat superficial mice bearing breast tumors.
For this purpose, they encapsulated the chemotherapeutic anti-cancer drug Doxorubicin (DOX) in a
polymeric structure containing NIR light-sensitive nanoparticles and placed it over the target site. The
NIR light protocol consisted of a short laser-on period given once every three days. After 7 days, the
transdermal-treated mice showed complete tumor eradication without adverse side effects. After 50
days, there was no tumor recurrence. All the untreated mice were dead within 16 days. Traditionally
DOX is given intravenously or directly injected into the target site. Compared with transdermal
delivery, these approaches represent a more invasive procedure with higher systemic and local toxicity
since higher doses of DOX are required. These findings show that controlled transdermal delivery
could be an effective treatment option for superficial cancers.

This brief overview shows how transdermal delivery can revolutionize many established therapies.
Easy access, a non-invasive format, and local and controlled delivery are some of the properties
that make transdermal delivery a state-of-the-art technology. The rest of this work focuses on NIR
light-controlled transdermal delivery (NIRTDD). NIRTDD is a popular choice because NIR light is
reasonably safe for human tissues and parameters like intensity and duration are easily adjustable.
NIR-responsive drug carriers are also relatively simple to design, with a wide range of photoresponsive
materials available [78]. The dynamics of NIRTDD consist of two main processes: drug release
from the transdermal patch triggered by NIR light and drug diffusion through the skin until systemic
absorption in the skin network capillarity.

Assume that the engineers have developed a perfect NIRTDD system loaded with a very effective
drug for a specific condition. According to the pharmacologist, the drug’s optimal therapeutic window
is reached with an absorption rate of 0.04/h (a.u.). Everything appears to be in place for a successful
treatment, but the medical team faces one question: what NIR light protocol do I need to prescribe for
this goal absorption rate? What is the intensity and length of the pulse? What is the recommended
number of laser-on cycles? The answer is complex and depends on several factors, including the
material responsiveness to NIR light and drug diffusivity in the skin. It may be possible to discover
the answer through a series of time-consuming and perhaps costly laboratory studies. We aim to solve
this problem using mathematical simulation, a considerably faster and less expensive alternative.

Transdermal drug delivery is a multidisciplinary field with numerous research topics. The literature
on the subject is vast, and it covers various aspects such as coated or swellable drug carriers [79, 80],
electric- or nanoparticle-mediated delivery [81, 82], and accurate geometric representation of relevant
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skin structures like the stratum corneum [83, 84]. These studies follow a similar pattern, with the
derived mathematical models being essentially used to analyze drug release profiles under various

combinations of the model’s parameters.

For instance, in [79], the authors derive a diffusion model for studying drug release from coated
multilayer drug carriers. The interest in such materials stems from their intriguing properties like
increased stability, extended sustainable drug release, and good protection against chemical aggression.
Drug release profiles for various critical parameters such as device geometry and coating resistance

are computed and analyzed for discussion.

A coupled diffusion-deformation model to study transdermal drug delivery from liquid swellable
drug carriers is presented in [80]. One of the interests in these materials lies in controlling the
drug release rate by manipulating the swelling properties of the drug carrier. The rationale is that
liquid-induced swelling allows faster movement of drug molecules, resulting in increased drug release.
Analysis of drug release profiles confirms this reasoning, but the increase in release reaches a plateau
when swelling doubles the drug carrier’s initial weight.

Despite some intriguing findings, the practical utility of these models is limited. For example, in
the context of [79], how should a drug carrier be designed to replicate a target drug release profile? In
the absence of an optimization procedure, the only option is to use a trial-and-error approach covering
all possible model parameter combinations. In this sense, our work goes a step further, allowing us to
find the optimal NIR light protocol behind a target drug absorption profile.

The next sections are organized as follows: in the next section 4.2.2, we validate a two-dimensional
mathematical model that governs the dynamics of NIRTDD, namely, light propagation, bound to free
drug conversion due to NIR light irradiation, and free drug transport through the skin. Section 4.2.3,
is dedicated to the NIR light protocol optimization. The proposed approach relies on an optimization
problem where the goal is to minimize the mismatch between target and simulated drug absorption

profiles and where the minimization variables are suitable NIR light protocol parameters.

4.2.2 A Mathematical Model for NIRTDD

As illustrated in Figure 4.3, the proposed computational domain is of multilayer type, including the
polymeric drug carrier and three skin layers: viable epidermis, where we find the stratum corneum,
followed by dermis and hypodermis. To model NIRTDD, we use three equations, one for each of the
three main variables, NIR light intensity and bound and free drug concentration.

Let Q x [0,T] represent the spatial-temporal domain. We denote by ¢, mg/cm?, ¢ f mg/cm?,
respectively, the bound and free drug concentration, and by / W/cm? the light intensity, i.e., the photon
fluence rate. We assume that the dissociation of the bound drug ¢; from the carrier is triggered by
NIR light-cleavage of chemical bonds at a rate proportional to the light intensity /. Let us also assume
that Fick’s law for diffusion is valid. Then, the bound drug is governed by the equation

dep

5 = Y, (x,y) €Q,0<t<T, (4.4)
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Fig. 4.3 Schematic representation, not in scale, of the computational multilayer domain and the main
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simulation parameters, namely: thickness cm, light attenuation u, cm™ ", light scattering tt, cm™,

free drug diffusion Dy cm?/h, and conversion rate of bound to free drug ¢ cm?>/Wh. The values
adopted for thickness, optical parameters, and drug diffusion are based on the data available in [1-5],
and [1, 2, 6-8], respectively. The brick-like structure in the viable epidermis represents the stratum
corneum, and the horizontal line represents the skin microvessels. By action of NIR light intensity /,
the bond drug ¢, in the drug carrier is converted into free drug cy, which diffuses through the skin
until systemic absorption in the skin microvessels.

where ¢ cm?/Wh is the conversion rate of bound to free drug, and the free drug is governed by the

equation

P)
% =V (D;Ves)+dley, (x,y)€Q,0<t<T, 4.5)

where Dy cm?/h is the drug diffusion coefficient.

Light propagation is governed by the elliptic equation
—V(D[VI)‘i‘[JaI:O, (x,y)EQ,OgtST, (4.6)

which arises from the diffusion approximation to light transport. Here, D; = (3(t, + 1!))~" cm is the
light diffusion coefficient, with u, 1/cm the attenuation coefficient and u! 1/cm the reduced scattering
coefficient.

We consider the boundary conditions from chapter 3 for light intensity and free drug. However,
we extended the computational domain to ensure that the boundary conditions do not affect light
propagation. At the initial time, no free drug is in the system,

cr(x,,0) =0, (xy)€Q,
and all the bound drug is in the drug carrier Qp¢ at a normalized concentration of
Cb(x7y70) = 1? (x7y) GQ'DC-

Equations (4.4)-(4.6) are well-accepted options for describing the underlying processes, and several
other authors used similar equations in various contexts [8§5-87]. The values of the main parameters

are given in Figure 1.
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To discretize the system of equations (4.4)-(4.6) in space, we apply the second-order finite differ-
ence scheme presented in Chapter 3. In time, we use the implicit BDF2 (Backwards Differentiation
Formula 2) method sequentially: first, we solve (4.6), then (4.4), and finally (4.5). The BDF2 is a
two-step method, and whenever required, we used the implicit Euler method for initialization.

For the following simulations, the time step and the mesh step size were fixed at Ar = 0.054
and h = 2.5 x 10~*cm. We found these values using mesh sensitivity analysis, as described in the
following section.

Next, we validate the NIRTDD model (4.4)-(4.6) against experimental data.

Drug Diffusion: we start the validation of our methodology with the free drug diffusion model.
For now, we ignore the light intensity contribution, and we assume that the drug in the polymeric
patch is free to diffuse through the skin. That is, we consider only equation (4.5) without the light
intensity-related term. The goal is to verify if the free drug diffusion equation and the transdermal
computational domain in Figure 4.3 can describe the drug dynamics through the skin layers. To
validate our model, we compare our simulations against the laboratory results reported in [88]. In this
paper, the authors performed in vitro penetration experiment of drug molecules in extraneous skin.
Following the experiment protocol, we placed a probe in the dermis at a skin depth of 0.017 cm and
measured the evolution of the drug concentration at this point during a 10 h period.
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Fig. 4.4 On the left: free drug concentration-time profile at a skin depth of 0.017 cm; solid line stands
for the numerical simulation results, while the dots refer to experimental data. On the right: surf plot
of the normalized free drug c; concentration at the 300 min time point. The dot marks the location of
the probe in the dermis at a depth of 0.017 cm.

Figure 4.4 on the left shows the experimental data in dots. We observe a rapid rise in concentration
until the peak around the 80min mark, followed by a slower decay. Due to the high diffusivity
(D = 0.01cm?/h), the drug is quickly released from the patch, creating a concentration plume
with a very sharp front and a relatively short tail. The viable epidermis’s much lower diffusivity
(Dy = 0.0001cm? /h) acts as a barrier, smoothing and delaying the concentration plume. The plume
front becomes less sharp, and the tail lengthens, giving rise to the experimental data shape shown in
Figure 4.4 on the left.

The simulation data is also displayed in Figure 4.4 on the left as a solid line. Overall, one can
say that there is a good agreement between simulation and experimental data, with the simulation
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capturing the main dynamics, quick rise in concentration until the 80min mark, followed by a slower
decay. In particular, the model accurately captures the concentration peak and the concentration profile
after the 400min mark. During the 150 to 400min time interval, a difference between numerical and
experimental data is observed, with the model predicting a slightly higher concentration.

Drug Cleavage Mediated by NIR Light: the second validation step deals with the NIR light
cleavage of the drug-polymer linkages with the subsequent drug release by diffusion. Here, we need
to consider the full model, i.e., equation (4.6) for light intensity, equation (4.4) for bound drug, and
equation (4.5) for free drug. For the validation, we consider the laboratory experiment described in
[68]. The authors study the responsiveness of a drug-loaded polymeric structure that is sensitive to
NIR light. They used an 808 nm laser and four on/off laser cycles, each cycle consisting of 3min of
irradiation followed by an off period of 30min. They measured the amount of drug released from
the polymer during the duration of the experiment. The results revealed that the drug was released
step-wise, triggered by the laser-on period and with no noticeable release during the laser-off period.
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Fig. 4.5 On the left: experimental (dashed-dotted line) versus computational (solid line) cumulative
drug release from the polymeric carrier. On the right: intensity-time profile of the laser source. Note
the direct relationship between the jumps in the cumulative drug release and the laser-on periods.

For the simulation, and following [68], we use a light source with the time profile shown in
Figure 4.5 on the right. It consists of four on/off cycles where each on cycle has 3 min of irradiation
with a power of 5 W /cm? followed by an off period of 30 min. The light source is located at the
middle top of the polymeric drug patch (see Figure 4.3) and has a uniform line shape with a width of
0.1 cm. By trial and error, we found the best fit value ¢ (the conversion rate of bound to free drug) to
be 70 cm?/W. The comparison between experimental and numerical data given in Figure 4.5 reveals a
good fit by the model. The percentage of drug release during each laser irradiation period is identical
to the experimental one. By the end of the simulation, the total amount of drug released was 70%,
relatively close to the experimental data of 78%.

We give in Figure 4.6 the contour plot of the normalized light intensity (%) during a laser-on
period. At the dermis-hypodermis interface, at a depth of 0.106 cm, the normalized light intensity
is 17%, meaning that light intensity has decreased by more than 80%. The light intensity at the end
of the hypodermis, at a depth of 0.256 cm, is around 1%, revealing that we have a light penetration
depth of around 0.25 cm. This level of penetration in light-tissue interaction is similar to the results
reported in the literature [89]. Note that the drug patch is optically similar to the viable epidermis
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Fig. 4.6 Contour plots of incident light intensity (%) with a beam-width of 0.1 cm (on the left) and a
power of 5 W/cm?. The vertical dashed line marks the interface between dermis and hypodermis.

(see Figure 4.3), so it is reasonable that our results are close to the ones obtained in pure light-tissue
interactions. In the following simulations, the light source is located at the middle top of the polymeric
drug patch and has a uniform line shape with a width of 0.1 cm, as described in this section.

Remark 4.2.1. To test the sensitivity of the numerical scheme to mesh parameters, we solved the
previous experiment using a computational mesh featuring two times more spatial points. For the
percentage of drug released, the maximum and mean absolute differences were 0.321% and 0.254%.
These results should carry over to the following experiments, keeping our numerical solutions within

an acceptable tolerance error.

Remark 4.2.2. Some discrepancies between experimental and simulated data observed in Figures
4.4 and 4.5 are related to model simplifications. For example, we assume free drug concentration
continuity at each interface between two adjacent layers instead of a more realistic partition condition
translating the observed concentration jumps [10]. Also, in the experiment in Figure 4.5, NIR light-
induced drug release is accompanied by polymer melting as the temperature rises, and we neglected
these phenomena in our model. On the other hand, the goal of this section was the model validation
and not the model fitting to these particular experiments. For the simulation in Figure 4.4, for example,
we did not adjust the dimensions of the skin layers to the experimental ones. Overall, the results of

this section indicate that the model is valid and has reasonable accuracy.

4.2.3 Optimizing the NIR Light Protocol

Which NIR light protocol should we use given a target drug absorption profile? As detailed in
the section Introduction, the success of any NIRTDDD treatment is dependent on the answer to
this question. Next, we propose and investigate the feasibility of a computational approach to this
challenge.

To reduce complexity, we assume that a NIR light protocol consists of several identical cycles
characterized by three parameters: the laser power, Lp, the laser-on period, Lo, and the laser-off
period, Lf. In Figure 4.7, we give a schematic representation of this standardized protocol.
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Fig. 4.7 Schematic representation of the standardized light protocol used in the present study. The
shape of the light protocol can be characterized by three parameters, laser power Lp W/cm?, laser-on
period, Lo h, and laser-off period, Lf h.
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Fig. 4.8 Flowchart of the proposed optimization methodology.

Our goal is to find the light protocol defined by the parameters (Lp, Lo, Lf) such that the associated
simulated drug absorption profile, obtained by solving the NIRTDD model (4.4)-(4.6), is in some
sense similar to a target drug absorption profile. In particular, we seek to minimize the square of the

difference between the profiles, and we formulate the following minimization problem

M+1
Lpr.,IgI,lLf r,,z::o(ca(tm) - Cam’h)z
with #3741 = T the total simulation time, ¢/, the simulated drug absorption profile at time #,,, and
cq(t) the target absorption drug profile at time z,,.

To solve the minimization problem, we used an implementation of the classic Nelder-Mead
downhill simplex algorithm [90].

The minimization algorithm makes successive educated guesses of the parameters (Lp, Lo, Lf)
until it finds the combination, i.e., the light protocol, that satisfies a given stopping criteria. For
each algorithm iteration we need to solve the NIRTDD model (4.4)-(4.6) to get the simulated drug
absorption profile ¢/,. Note that in (4.4)-(4.6) the light protocol is represented by the source term
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s in the light equation (4.6). To speed up the minimization process, namely the numerical solution
of system (4.4)-(4.6), we employed a multiscale approach, where the optimal solution obtained with
the mesh 2 = 5 x 10~* cm and the time step Az = 0.2 h is used as starting point for the space-time
mesh 4 = 2.5 x 10~* cm and Az = 0.05 h. In Figure 4.8 we give a flowchart with an overview of the
proposed optimization methodology.

Next, we test our strategy against two target profiles. We chose two examples with opposing
outcomes. The first one illustrates our strategy’s good performance and the second its limitations.

Experiment 1: let us consider the target drug absorption profile
cq(t) =41, t€]0,24]h,

represented by a dashed line in Figure 4.9 on the right. In this 24 h target profile, 96% of the drug is
absorbed into the systemic circulation at a constant rate of 4 %/h. From a clinical perspective, this
profile is convenient to administer drugs that require slow and sustained absorption. We find this need
in immunosuppression therapies [91] and in cases of systemic toxicity due to high drug concentration
[92].
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Fig. 4.9 On the left: optimized light protocol with four irradiation periods of 9 min (Lo) with a laser
power of 3 W/ecm? (Lp) followed by a laser-off period of 5.15 h (Lf). On the right: time evolution
of drug (%) absorbed into the systemic circulation; target profile, dashed line, and simulated profile,
solid line.

After running our optimization, we found the optimal parameters
(Lp, Lo, Lf) = (3W/cm?, 9min, 5.15h),

corresponding to the NIR light protocol shown in Figure 4.9 on the left. This light protocol originates
the simulated absorption profile of Figure 4.9 on the right. Visually, the agreement between target and
simulation profiles is good, as confirmed by a mean absolute error of only 3.471%. A more detailed
comparison also reveals that simulation absorption percentages of 30% after 7 h and 70% after 18
h are in line with the target values. Nevertheless, some discrepancies are still present, reflected in a
simulated final absorption of 85% against a target of 96%.
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Fig. 4.10 Time evolution of drug (%) released from the polymer, in the skin, and absorbed into the
systemic circulation.

In Figure 4.10 we give the time evolution of the three main drug profiles: released, in the skin, and
absorbed. The release profile shows that this protocol cleaves the drug in a step-wise fashion. The first
laser-on period cleaves around 40% of the drug from the polymeric carrier while the second one, 5.15
h later, releases around 25%. The release percentage surpasses 90% by the end of the simulation. This
gradual drug release gives rise to the desired steady and constantly increasing absorption profile. The
evolution of the drug in the skin reaches a maximum of 35% around the 1 h time point. Afterward, due
to absorption, it decreases until the next laser-on period at the 5 h time point. This dynamic repeats
for each laser cycle keeping the percentage of drug in the skin in the interval 8-35%.

Experiment 2: in our second experiment, we consider the target drug absorption profile

cq(t) =100+/(1/24), t€[0,24]h,

represented with a dashed line in Figure 4.11 on the right. This target profile spans 24 h, and 100% of
the drug enters the systemic circulation at a non-constant rate of the order of 1/+/7. This absorption
rate is particularly higher in the first few hours, leading to a target absorption of 50% after only 6 h.
This absorption profile is convenient to administer drugs that require quick absorption. We find this
need in tissue repair therapies [93] and in skin irritation responses [94].

Our optimization algorithm returned the optimal parameters
(Lp, Lo, Lf) = (4 W/cm?, 27 min, Oh),

We note that a value Lf = 0 means that we have a single laser-on period, as revealed in Figure 4.11
on the left, where the corresponding NIR light protocol is shown. In Figure 4.11 on the right, we give
the corresponding simulated drug absorption profile. There are clear discrepancies between simulated
and target profiles, particularly during the initial hours, with the simulated absorption showing a time
lag. Nevertheless, as desired, the drug is still quickly absorbed, achieving the target absorption rates
of 50% after 6 h and 80% after 19 h. Overall, a mean absolute error of 7.291% can still be considered
a relatively small value.
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Fig. 4.11 On the left: optimized light protocol with a single irradiation period (Lf = 0) of 27 min
(Lo) with a laser power of 4 W/cm? (Lp). On the right: time evolution of drug (%) absorbed into the
systemic circulation; target profile, dashed line, and simulated profile, solid line.
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Fig. 4.12 Time evolution of drug (%) released from the polymer, in the skin, and absorbed into the
systemic circulation.

In Figure 4.12, we show the time evolution of drug released, drug in the skin, and drug absorbed.
The drug dynamics in this experiment are fast, the release is over 90% in less than 1 h, and in less
than 2 h, 70% of the drug is in the skin ready to be absorbed. Then, as desired, absorption will occur
at a fast pace. By the 10 h time point, the amount of drug in the skin is already less than 18%, and it
will drop to less than 3% during the next 10 h.

Discussion

We test our framework with two target absorption profiles motivated by real-life drug therapies.
Overall the simulated drug absorption profile was in close agreement with the target profile. The
average mean absolute difference between the two experiments was 5.381%. This is a relatively low
value, but it may be too high for some drugs with a very narrow therapeutic window. Future work can
address some weaknesses of our methodology. For instance,

* NIR light irradiation is known to raise skin temperature and enhance drug diffusion. The
addition of this thermal effect to the model would boost its flexibility. For example, it could

reduce the initial time lag observed in the simulations. This time lag corresponds to the time
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the drug takes to cross the skin by passive diffusion alone. Note that this modification would
introduce additional equations and non-linear relations in the NIRTDD model.

microneedles are an enhancement technique that can be more straightforwardly incorporated
into our model. This technique consists of painless micron-sized needles designed to pierce
the stratum corneum, delivering the drug directly into the dermis. The bypass of the stratum
corneum barrier would allow the simulation of a broader range of drugs.

other enhancers, such as ultrasound or electric fields, can be added into the model [1, 95]. These
enhancers induce a convective drug transport, which increases the model flexibility by allowing
the combination of both passive diffusion and convective transport.

the standardized light protocol can be made more flexible by allowing e.g., laser-on periods with
non-constant duration and power. This will increase the number of parameters in the protocol,
which would bring additional optimization challenges.

since drug molecules also interact with light, a more realistic model would make light intensity
I dependent on bound drug c;, and free drug cy. This dependency would appear on equation
(4.6) through the optical parameters f, and ..

At last, we refer that in all tests, we used the initial guess Lp =1 W/cm?, Lo = 12 min, and

Lf =35 h, and the average execution time was 15 min, suggesting that the optimization procedure is

robust and relatively fast. The execution time can be improved by using a non-uniform mesh and by

implementing a numerical scheme with a variable time step procedure.



Conclusions

The primary goal of this work was to study numerical methods for systems of partial differential
equations that describe drug release from light-responsive hydrogels when the links between the drug
particles and the polymeric chains are of the photochemical type. The breakage of these links occurs
due to energy absorption.

In Chapter 2: Beer-Lambert approach for light, we consider the Beer-Lambert law to describe the
light propagation through the polymeric structure and the IBVP (2.1)-(2.4) for drug release modeling.
We start this chapter by studying the semi-discrete approximation defined by (2.6)-(2.9). We analyze
stability and convergence in section 2.3 and we prove convergence results considering smooth and
nonsmooth solutions in section 2.3.1 and 2.3.2, respectively. We establish the stability and convergence
of the IMEX method (2.20)-(2.23) in section 2.4.1.

In Chapter 3: Diffusion approximation for light, we study the IBVP (3.1)-(3.8) from numerical
point of view. This system can be used to model drug release from a hydrogel when the light scattering
is the dominant phenomenon. Consequently, we can describe light propagation with the diffusion
equation (3.1). Section 3.3 is devoted to the stability and convergence analysis of the semi-discrete
approximation (3.26)-(3.32). The main results are Proposition 3.3.2 and Theorems 3.3.1 and 3.3.2.
We point out that the convergence result, Theorem 3.3.2, is established for smooth solutions. We study
the Crank-Nicolson method (3.49)-(3.55) in section 3.4, where we prove stability and convergence:
Propositions 3.4.1 and 3.4.2 and Theorems 3.4.1 and 3.4.2.

In Chapter 4: Drug delivery enhanced by light, we use our mathematical tools to simulate light-
triggered drug release in two scenarios: drug release from a hydrogel and transdermal drug delivery.
The simulation results are compared to in vitro data from [26], for the first scenario, and from [68] for
the transdermal drug delivery. We investigate the efficacy of different light protocols to deliver drugs
through the skin, using light to control the drug release from a polymeric patch.

To conclude this work, we present some future research directions. Concerning mathematical
modeling, a detailed description of all phenomena involved in drug delivery controlled by light requires
more realistic and complex differential systems. We mention, for instance, the effect of hydrogel
erosion on light attenuation and drug release from the polymeric matrix. The light-induced breakage
of the photosensitive bonds of light-responsive hydrogels originates degradation products. On the one
hand, those products can increase light attenuation, but degradation causes polymer erosion, which
reduces light attenuation. To model this scenario, we can consider a Beer-Lambert law that accounts
for the concentration of all the photoactive species, including bound and free drugs ([34]).

Hydrogel erosion also creates a moving front problem and a drug concentration discontinuity.
While the bound drug remains trapped with an unchanged initial concentration, the free drug diffuses,

95
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giving rise to concentration jumps. In this case, it would be necessary to track the erosion front and
impose appropriate interface conditions for drug concentration through the interface ([96, 97]).

When we consider the polymeric platform in contact with the biological target, the binding and
unbinding of free drug to biological tissue occurs. Therefore, we should couple the set of equations
introduced before for the drug in the hydrogel with a mathematical description of the behavior of
the free drug in the target tissue. In fact, the binding of the free drug to the target, particularly its
penetration depth, is critical information about the therapeutic response.

In this work, we consider that the drug release from the polymeric carrier is caused by photochem-
ical processes. However, drug release via thermochemical processes is also reported in experimental
literature. To describe the drug release in this scenario, we should take into account the heat propaga-
tion and heat effect on the drug transport and on the conversion of bond to free drug. If we consider
that hydrogels and live tissues are viscoelastic materials, to describe the drug release from the hydrogel
and its transport to the target its crucial to consider the heat impact in both tissues.

For simplicity, in this work, the radiative transfer equation (1.1) is replaced by its diffusion
approximation (1.6). However, in a more general setting, we should couple the drug dynamics with
the differential system (1.3)-(1.4). This coupling leads to significant challenges, which we would like
to address in future research.

Concerning the numerical analysis, the main convergence results proved in Chapter 3 are Theorem
3.4.1 and Theorem 3.4.2, where smoothness of the solution of the IBVP (3.1)-(3.8) is required. In
the near future, we would like to study the weakness of these assumptions considering the approach
considered for instance in [41] for elliptic problems with Dirichlet boundary problems.
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