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a b s t r a c t

In this paper, strong discontinuities are embedded in finite elements to describe fracture in
quasi-brittle materials. A new formulation is presented in which global nodes are intro-
duced along the crack path. The displacement jumps are transferred to the element nodes
as a rigid body motion. This approach is compared to the discrete approach, in which inter-
face elements are inserted to model discontinuities. The adopted embedded discontinuities
and the interface elements share similar kinematics as well as the same numerical integra-
tion schemes. Thus, the present formulation is obtained within the framework of a discrete
approach and this is why it is called the discrete strong discontinuity approach (DSDA).
Numerical tests are considered, namely a shear band, a mode-I and a mixed-mode fracture
examples and a failure test of a RC beam externally reinforced with a steel sheet. Results
are compared with those obtained from analyses using interface elements and with exper-
imental results. Finally, conclusions are drawn with respect to mesh independence and
robustness of the method.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The use of the cohesive crack approach and non-linear fracture mechanics concepts [1] opened the possibility of accu-
rately modelling fracture behaviour of quasi-brittle materials, such as concrete, masonry and mortar. This cohesive approach
is also known as the discrete crack approach, in which it is assumed that microcracking localizes into a surface of disconti-
nuity, designated as a fictitious crack, modelled by interface elements in the finite element mesh. In the discrete crack ap-
proach some numerical problems exist, related to the fact that the discontinuities must evolve along finite element
boundaries, although the crack path is not usually known a priori. There were two major attempts to circumvent this diffi-
culty at an early stage: (i) the first made use of a remeshing algorithm which enabled the element boundaries to approximate
the true crack path [2–4] and (ii) in the second, the remeshing was not performed and the properties of the crack path were
projected into the fixed element boundaries [5,6].

More recently, discontinuities were embedded within finite elements, giving rise to: (i) weak discontinuity formulations
and (ii) strong discontinuity formulations. In the former case, the discontinuities are modelled as finite width bands and the
displacement field remains continuous [7], whereas in the second case, the kinematics of a true discontinuous displacement
field is approximated. Many examples of the strong discontinuity approach can be found in literature [8–22], which are com-
pared and discussed in [23]. Moreover, towards a unified view of both weak and strong discontinuities, Oliver et al. [24,25]
introduced a continuum strong discontinuity approach (CSDA), in which a strong discontinuity is consistently obtained from
a weak discontinuity when the crack band width tends to zero. In all these works, constant displacement jumps are adopted
within each parent finite element, the parent element is a constant strain triangle, a local formulation at element level is
. All rights reserved.
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introduced and a non-symmetric variational formulation is built. As a consequence, the jumps are not continuous across ele-
ment boundaries and stress locking may occur, depending on the relative position of the discontinuity with respect to the
element edges [23,17,26]. Oliver et al. [24,25], developed an algorithm aiming to eliminate stress locking. In the work pre-
sented in Sancho et al. [27], a different approach is introduced where crack path continuity is not enforced and the element is
always crossed in the best possible way, thus also avoiding locking. Moreover, this formulation is built upon a consistent
weak symmetric formulation, although the usual non-symmetric one is also adopted in [28].

In a different approach, the possibility of interpolating a field over a body using partitions of unity is explored. This
approximation was introduced in the generalized finite element method (GFEM), also known as the extended finite element
method (X-FEM) and the partition of unity method (PUM) [29–34]. In this method, the jumps are modelled by additional
global degrees of freedom located at the standard element nodes. As a consequence, continuous jumps across element
boundaries can be obtained. This formulation is more general than the previous embedded ones since, in principle, any par-
ent element can be adopted. However, each element in the vicinity of the crack path must contain the double of the usual
number of nodes. As a consequence, the total number of degrees of freedom increases rapidly. Furthermore, in this formu-
lation the concept of embedded discontinuities is no longer addressed.

In Alfaiate et al. [35], higher order discontinuities are embedded in finite elements: two new nodes are located along the
discontinuity originating linear displacement jumps. Both local and global implementations of this model can be performed.
In the first case the benefits consist of keeping a constant stiffness matrix bandwidth, although the jumps remain discontin-
uous across element boundaries. Bolzon [36] and Linder and Armero [26] also introduced linear interpolation for the jumps
using a local formulation. In the second case, the additional degrees of freedom are global and the jumps are continuous
across element boundaries but the bandwidth of the stiffness matrix increases upon crack propagation.

In this paper, a new strong embedded discontinuity formulation is presented using higher order discontinuities embed-
ded in finite elements. As in the GFEM/XFEM, any parent element can be used but the transmission of the jumps into the
total element displacements consists of a rigid body motion. As a consequence, the orthogonality condition presented in
Simo et al. [10] is fulfilled, since the enhanced strains are zero. Furthermore, it is shown below that this approach is inspired
by the discrete-interface approach since: (i) it is developed within the scope of a pure discrete crack approach, in which the
discontinuity behaviour is defined separately from the bulk behaviour and (ii) it inherits the same modelling of the discon-
tinuity which is considered an internal interface of the element. This is why the method is called hereafter the discrete strong
discontinuity approach (DSDA).

In Section 2, the kinematics of a body crossed by a discontinuity is presented. Several possibilities are exploited and dis-
cussed, corresponding to different ways of transferring the displacement jumps to the regular nodes. Next, in Section 3, a
review of the variational formulation is presented as a common basis for both the current approach and the discrete-inter-
face approach. In Section 4, the finite element approximation is introduced. A global formulation is adopted, which is con-
sistent with the enforcement of the continuity of the crack path, leading to continuous displacement jumps across element
boundaries. In particular, the numerical integration of the discontinuity is discussed. Due to the similarity between the
embedded discontinuities in this model and the interface elements in the discrete-interface approach, some numerical issues
from the latter are also inherited. In Section 4.5 and in Appendix A, these issues are addressed. In Section 6, numerical exam-
ples are presented and the corresponding results are compared to experimental results and to the results obtained with the
discrete-interface approach.
2. Kinematics of a strong discontinuity

In this section, the kinematics of the displacement and strain fields of a continuum crossed by an embedded discontinuity
is studied using tensor notation.

A strong discontinuity is characterized by a jump on the displacement field, localized at a surface. Consider a domain X,
with boundary @X where a discontinuity surface Cd is supposed to exist (Fig. 1). The external tractions are applied at part Ct

of the boundary whereas the displacements are imposed on part Cu of @X, such that Ct [ Cu ¼ @X and Ct \ Cu ¼£.
The total displacement field is the sum of a continuous regular part on X; û, and a discontinuous part, ~u, corresponding to

the displacement jump sut, localized at the discontinuity surface Cd. The total displacement field uðxÞ can be evaluated as:
Plea
doi:1
uðxÞ ¼ ûðxÞ þHCd
~uðxÞ; ð1Þ
where HCd
is the Heaviside function at the discontinuity Cd,
HCd
¼ 1 if x 2 Xþ

0 otherwise

(
: ð2Þ
In Eq. (1), the additional displacement field ~u is such that:
~ujCd
¼ uþ � u� ¼ sut: ð3Þ
The strain field obtained from the continuous part of the displacement field is:
�̂ ¼ $sû in X n Cd; ð4Þ
se cite this article in press as: Dias-da-Costa D et al. A discrete strong discontinuity approach. Engng Fract Mech (2009),
0.1016/j.engfracmech.2009.01.011



Fig. 1. Domain X crossed by a discontinuity surface Cd .
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where ð�Þs refers to the symmetric part of ð�Þ. The total strain in the body is given by:
Plea
doi:1
� ¼ $su ¼ $ sûþHCd
ð$s

sutÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
bounded

þ dCd
ðsut� nÞs|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
unbounded

in X; ð5Þ
where � denotes a dyadic product and dCd
is the Dirac delta-function along surface Cd. Both the displacement field and the

strain field are continuous in X� and Xþ, since the unbounded term in Eq. (5) vanishes in X n Cd ¼ X� [Xþ.

3. Variational formulation

The governing field equations are imposed separately in X n Cd and on Cd. Together with the boundary conditions, these
can be expressed as (see Fig. 1):
r � rþ b ¼ 0 in X n Cd; ð6Þ
� ¼ $su in X n Cd; ð7Þ
r ¼ rð�Þ in X n Cd; ð8Þ
u ¼ �u at Cu; ð9Þ
r � n ¼ �t at Ct ; ð10Þ
rþ � nþ ¼ tþ at Cd; ð11Þ
r� � n� ¼ t� at Cd; ð12Þ
tþ ¼ �t� ¼ t at Cd; ð13Þ
where b are the body forces and �u and �t are the prescribed displacements and tractions at the boundary, respectively. Eqs.
(6), (9), (10) are, respectively: the equilibrium equations, the essential, and the natural boundary conditions. Eqs. (7) are the
strain displacement relations and Eqs. (8) are the constitutive laws. Eqs. (11) and (12) enforce traction continuity across the
discontinuity surface Cd, where the tractions are denoted by t. As depicted in Fig. 1, nþ ¼ �n�, is the inward normal of Xþ

and tþ ¼ �t� denotes the traction vector acting on Xþ.
In Alfaiate et al. [35], the variational formulation is reviewed as a common basis for various approaches. For instance in

Simo et al. [10] and in Lofti and Shing [11], the extension of the three-field Hu-Washizu variational statements to a body
containing an internal discontinuity surface is considered [37]. In [10], a non-symmetric formulation is obtained due to
the fact that the traction continuity condition is imposed in a strong form, although in average. In [11], a consistent symmet-
ric weak formulation is introduced, in which the traction continuity is enforced, as usual, in the weak sense. The extension of
the three-field Hu-Washizu variational statements is the most general assumption since it is possible to consider u; �; r; sut

as independent unknown fields. This possibility was explored in Lofti and Shing [11], where mixed finite elements were pro-
posed to approximate the independent unknown fields.

In the adopted approach, a consistent symmetric weak form is adopted, in which Eqs. (7) are assumed to be satisfied
according to (5). This is usually the case for both the GFEM and the discrete-interface approach. For instance, in the first case,
se cite this article in press as: Dias-da-Costa D et al. A discrete strong discontinuity approach. Engng Fract Mech (2009),
0.1016/j.engfracmech.2009.01.011



4 D. Dias-da-Costa et al. / Engineering Fracture Mechanics xxx (2009) xxx–xxx

ARTICLE IN PRESS
Simone [38] considers the discontinuity as an internal boundary and separately imposes the principle of virtual work on X
and Xþ, whereas Wells [39] uses the properties of the dirac delta-function to obtain the energy in the discontinuity.

Here, the variational formulation is presented in the same format which is adopted in the discrete-interface approach.
Considering the principle of virtual work, taking the strain energy

R
XnCd
ð$sduÞ : rdX and the external workR

XnCd
du � bdXþ

R
Ct

du � �tdC, which are the usual terms in a continuum approach, and adding the term corresponding to
the work done in the discontinuity

R
Cd

dsut � tþ dC, it is obtained:
Plea
doi:1
�
Z

XnCd

ð$sduÞ : rdXþ
Z

XnCd

du � bdXþ
Z

Ct

du � �tdCþ
Z

Cd

dsut � tþ dC ¼ 0; ð14Þ
where ð�Þ and ð:Þ refer to single and double contractions, respectively. This variational formulation was presented in Malvern
[40] and can be applied to all strong discontinuity formulations mentioned above.

According to Eq. (1) du ¼ dûþHCd
d~u, and considering nonzero variations of d~u and dû, two variational statements are

obtained:
�
Z

XnCd

ð$sdûÞ : rð�̂ÞdXþ
Z

XnCd

dû � bdXþ
Z

Ct

dû � �tdC ¼ 0; ð15Þ

�
Z

Xþ
ð$sd~uÞ : rð�̂ÞdXþ

Z
Xþ

d~u � bdXþ
Z

Ct

d~u � �tdCþ
Z

Cd

dsut � tþ dC ¼ 0: ð16Þ
Eq. (15) is the result of the Principle of Virtual Work applied to the bulk, whereas Eq. (16) corresponds to the work done by
the additional displacement field ~u in X n Cd as well as in the discontinuity Cd.
4. Finite element approximation

Consider a finite element discretisation of the 2D domain X. Assume that one element is crossed by a straight disconti-
nuity Cd, which divides X in two sub-domains Xþ and X�. A local frame (s;n) is introduced such that sðxÞ is aligned with Cd

and n is the normal to the discontinuity (Figs. 2 and 3).

4.1. Non-homogeneous jumps

From Eq. (1), it can be assumed, by simplicity, that the jump sut is a linear function of s, where:
sut ¼ suðsðxÞÞt ¼ ~ujCd
: ð17Þ
In Figs. 2 and 3, where û is neglected for clarity, the total displacement field is depicted in two different situations: in Fig. 2
the discontinuity opens in normal direction only, whereas in Fig. 3 the discontinuity represents a shear band undergoing
sliding displacements.

If the jump is assumed to be constant across Cd, it is sufficient to adopt one internal node to represent function sut. How-
ever, if higher order functions are considered to approximate additional displacements, two more nodes are required for a
linear function, marked in white in Figs. 2 and 3, three more nodes for a quadratic function, and so forth. In the example
above, the additional two nodes (i and j) are located at the intersection of Cd with the edges of the element.

In matrix form, for each finite element e with n nodes, the following approximation of the displacement field is adopted:
ûe ¼ NeðxÞâe in Xe n Ce
d;

sut
e ¼ Ne

w½sðxÞ�we at Ce
d;

ð18Þ
Fig. 2. Normal jump displacement in a four node element crossed by a discontinuity.

se cite this article in press as: Dias-da-Costa D et al. A discrete strong discontinuity approach. Engng Fract Mech (2009),
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where Ne contains the usual element shape functions; âe are the nodal degrees of freedom associated with ûe; Ne
w are the

shape functions used to approximate the jumps sut
e which, in turn, are approximated by the degrees of freedom we mea-

sured at nodes i and j. If the number of nodes in Eqs. (18), used to approximate the jumps, is nw;N
e
w is a ð2� nwÞ matrix; if

nw ¼ 1;Ne
w is the unit matrix; if nw ¼ 2;Ne

w contains linear shape functions, and so on.

4.2. Orthogonality

In the works adopting the embedded discontinuity approach presented in Alfaiate et al. [35] and Linder and Armero [26],
the total strain field in Xe n Ce

d is different from the regular strain field due to the regular displacements, i.e.,
Plea
doi:1
�e–�̂e ¼ $sûe in Xe n Ce
d: ð19Þ
In Simo and Rifai [41], it is assumed that Sh and ~fh are L2 orthogonal, where Sh and ~fh are the admissible stress space and the
admissible enhanced strain space, respectively. As a result, the work done by the stresses on the enhanced strains within the
parent element is null. Applying this orthogonality condition to Xe n Cd, gives:
Z

XenCd

ð$s ~ueÞT : re dX ¼ 0: ð20Þ
As it will become clear in Section 4.4, this condition is satisfied in all formulations adopting embedded discontinuities with
constant jumps, namely in the works from Simo et al. [10], Lofti and Shing [11], Armero and Callari [12], Oliver [14,15], Jirá-
sek and Zimmermann [17,18], Borja [20], Wells and Sluys [21], Alfaiate et al. [22].

A physical interpretation of Eq. (20) can be given in the sense that the stresses in the element are only due to the regular
part of the strain field, r ¼ rð�̂Þ. This result, which is assumed in the variational formulation (see Eqs. (15) and (16)) and in
the works presented in Alfaiate et al. [22,35], is also in agreement with the bounded nature of the stress field as stated by
Oliver [14]. However, if inequality (19) holds, the orthogonality condition (20) is violated. In the present formulation, Eq. (20)
is enforced exactly, by imposing that the enhanced displacements ~ue induce a null enhanced strain field [42]:
~�e ¼ $s ~ue ¼ 0 in Xe n Cd: ð21Þ
Consequently, the additional displacement field ~ue corresponds to a rigid body motion from Xþ with respect to X�:
~ue ¼Me
wðxÞwe: ð22Þ
In Eq. (22), Me
w is a ð2� nwÞ matrix which generates a rigid body motion of Xeþ relative to Xe�. It is given by:
MeT
w ¼

1� ððx2�xi
2Þ sin aÞ
ld

ðx1�xi
1Þ sin a
ld

ðx2�xi
2Þ cos a
ld

1� ðx1�xi
1Þ cos a
ld

ðx2�xi
2Þ sin a
ld

� ðx1�xi
1Þ sin a
ld

�ðx2�xi
2Þ cos a

ld

ðx1�xi
1Þ cos a
ld

2
66666666664

3
77777777775
; ð23Þ
where ld is the length of the discontinuity Ce
d and a is the angle between coordinates s and x1 (see Fig. 4).

It should be noted that, independently of the parent element chosen and for a straight discontinuity Ce
d, the rigid body

motions of Xeþ and Xe� are totally defined by only three additional independent degrees of freedom. The corresponding
shear jump component along the discontinuity is therefore constant, which gives rise to the additional linear constraint
equation:
se cite this article in press as: Dias-da-Costa D et al. A discrete strong discontinuity approach. Engng Fract Mech (2009),
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Plea
doi:1
wi
s ¼ wj

s; ð24Þ
where wi
s and wj

s are the tangential jump components obtained at discontinuity nodes i and j, respectively. In this case the
following equality is obtained:
ueþ � ue� ¼ Me
wjCe

d
we ¼ sut

e ¼ Ne
wwe: ð25Þ
4.3. A discrete crack approach

The orthogonality condition can also be viewed as a direct consequence of the discrete-interface approach. In fact, it is
shown in Section 4.4 that, similar to the latter, it is also possible in the DSDA to decouple the work done in the continuum
from the energy spent in the discontinuity. This is in accordance with the basic hypotheses of the discrete crack approach
and how it relates to physical reality. For instance, considering a concrete specimen submitted to tension (Fig. 5), in a dis-
crete crack approach it is assumed that:

(1) Microcracking develops whenever the tensile strength is reached.
(2) Microcracking is localized in a zero width surface of discontinuity, here designated as strong discontinuity.
(3) This strong discontinuity evolves according to a localized stress–jump relationship undergoing softening.
(4) At the same time, the bulk unloads due to the traction continuity condition.
(5) The total elongation in the specimen is the sum of the continuous part plus the jump, which is transmitted as a rigid

body motion.

There are two statements above which provide the link between the bulk and the discontinuity: (1) and (4). The first
could be rewritten in a more general form such as: microcracking develops at the onset of strain localization. In the Contin-
uum Strong Discontinuity Approach, this condition is automatically satisfied through the definition of the acoustic tensor, as
presented in Oliver et al. [25]. As it is shown in Section 5, both in the discrete-interface approach and in the DSDA this con-
dition is replaced by an initiation criterion, which must be defined separately. Statement (4) is common to all formulations
since it is an equilibrium condition. In the first embedded discontinuity formulations this condition was imposed in a strong
form, although in average. In the discrete-interface approach, in the DSDA, in other embedded formulations such as the
works presented in Sancho et al. [27] and Lofti and Shing [11], as well as in the GFEM/XFEM, traction continuity is imposed
in a weak form. The numerical implementation of the DSDA is discussed in Section 5.

Thus, in the discrete crack approach, although continuum and non-continuum can be characterized through different
material types and constitutive formats as stated in Oliver et al. [25], these are not completely independent from each other.
Apart from the usual traction continuity condition, the link between continuum and discontinuum is introduced through the
definition of an initiation criterion, given in Section 5.
4.4. Discretization

The displacement field in each element is given by:
ue ¼ NeðxÞðâe þHCd
Mek

w weÞ if x 2 Xe n Cd

sut
e ¼ Ne

w½sðxÞ�we at Ce
d:

ð26Þ
se cite this article in press as: Dias-da-Costa D et al. A discrete strong discontinuity approach. Engng Fract Mech (2009),
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were Mek
w is formed by the evaluation of the Eq. (23) in each of the n nodes of the element.

The regular strain field is approximated by:
Plea
doi:1
�̂e ¼ LNeðxÞâe ¼ BeðxÞâe; ð27Þ
where L is the usual differential operator.
Let the unknowns be ae and we, where ae are the total nodal displacements obtained at the regular nodes k:
ae ¼ âe þHe
Cd

~ae; ð28Þ
where He
Cd
¼HCd

I, with I standing for the ð2n� 2nÞ identity matrix, and:
~ae ¼ Mek
w we: ð29Þ
The regular strain field is given by:
�̂e ¼ Beðae �He
Cd

Mek
w weÞ: ð30Þ
The incremental stress field is:
dre ¼ DeBeðdae �He
Cd

Mek
w dweÞ: ð31Þ
As in the discrete-interface approach, the tractions are obtained from the traction–jump law at the discontinuity. In incre-
mental format this gives:
dte ¼ Tedsut
e ¼ TeNe

wdwe at Ce
d: ð32Þ
Discretising Eqs. (15) and (16) by means of the field approximations given in Eqs. (18), (31) and (32), the following uncou-
pled system of equations can be obtained:
Ke
aadâe ¼ dfe

ext ; ð33Þ
Ke

ddwe ¼ dfe
w;ext; ð34Þ
where
dâe ¼ dae �He
Cd

Mek
w dwe; ð35Þ

Ke
aa ¼

Z
Xe

BeT DeBe dX; ð36Þ

Ke
d ¼

Z
Ce

d

NT
weTeNe

w dC; ð37Þ
se cite this article in press as: Dias-da-Costa D et al. A discrete strong discontinuity approach. Engng Fract Mech (2009),
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and
Plea
doi:1
dfe
ext ¼

Z
Xe

NeT dbe dXþ
Z

Ce
t

NeT d�te dC; ð38Þ

dfe
w;ext ¼

Z
Xeþ
ðMek

w Þ
T NeT dbe dXþ

Z
Ceþ

t

ðMek
w Þ

T NeT d�te dC: ð39Þ
Note that, in Eq. (34), the terms related to the gradient of the enhanced strain field are absent, since $sd~ue ¼ 0.
It should be noted that a system of equations similar to the ones adopted in the discrete-interface approach is obtained, in

which Eq. (33) takes into account the bulk behaviour, modelled with the usual finite elements, whereas Eq. (34) takes into
account the discrete law, modelled using the interface elements. However, in the embedded approach, instead of âe, the un-
knowns must be the total degrees of freedom ae of the parent element, which include both the regular degrees of freedom âe,
related to the bulk, and the enhanced degrees of freedom ~ae, related to the discontinuity jumps. As a consequence, Eqs. (33)
and (34), given in an uncoupled form, must be rewritten in a coupled form.

Replacing dâ from Eq. (35) in Eq. (33), gives:
Ke
aa 0

0 Ke
d

" #
dae �He

Cd
Mek

w dwe

dwe

( )
¼

dfe
ext

dfe
w;ext

( )
; ð40Þ
or equivalently
Ke
aa �Ke

aaHe
Cd

Mek
w

0 Ke
d

" #
dae

dwe

� �
¼

dfe
ext

dfe
w;ext

( )
: ð41Þ
Eq. (41) relates the total nodal displacements to the nodal jumps. A symmetric form can be obtained by the following alge-
braic manipulation:
I 0

� He
Cd

Mek
w

� �T
I

" #
Ke

aa �Ke
aaHe

Cd
Mek

w

0 Ke
d

" #
dae

dwe

� �
¼

I 0

� He
Cd

Mek
w

� �T
I

" #
dfe

ext

dfe
w;ext

( )
; ð42Þ
which can be further simplified into:
Ke
aa �Ke

aw

�Ke
wa Ke

ww þ Ke
d

" #
dae

dwe

� �
¼

dfe
ext

dfe
w;ext � ðH

e
Cd

Mek
w Þ

T dfe
ext

( )
; ð43Þ
where,
Ke
aw ¼

Z
Xe

BeT DeBe
w dXe; ð44Þ

Ke
wa ¼ KeT

aw; ð45Þ

Ke
ww ¼

Z
Xe

BeT
w DeBe

w dXe; ð46Þ
and
Be
w ¼ BeHe

Cd
Mek

w ; ð47Þ
If the body forces are neglected and the forces are applied at the nodes, then dfe
w;ext � ðH

e
Cd

Mek
w Þ

T dfe
ext ¼ 0 and only the regular

nodal forces dfe
ext need to be computed. In fact, ðHe

Cd
Mek

w Þ
T acts as a means of transferring the nodal forces acting at the exter-

nal element boundaries into the internal boundary Ce
d, i.e., dfe

w;ext ¼ ðH
e
Cd

Mek
w Þ

T dfe
ext .

The additional nodes can be taken as local, like in previous embedded formulations, or as global, similar to the works pre-
sented in Alfaiate et al. [35,43]. This option is adopted in this implementation and therefore, for nw P 2, continuity of the
jumps at the discontinuities across the element boundaries is automatically enforced.

Finally, as stated in Section 4.2, for a straight discontinuity Ce
d, the rigid body motions of Xeþ and Xe� is totally defined by

only three additional independent degrees of freedom. These degrees of freedom give rise to both: i) a translation and ii) a
rotation. The first case was taken into account in the former embedded formulations, namely in the works presented in Simo
et al. [10], Lofti and Shing [11], Armero and Callari [12], Oliver [14,15], Jirásek and Zimmermann [17,18], Borja [20], Wells
and Sluys [21], Alfaiate et al. [22], where a constant jump was adopted. Thus, the present formulation can also be considered
as a generalization of the former embedded discontinuity models, in which the rigid body rotation is additionally considered.
This is also why all these formulations fulfill Simo’s orthogonality condition, as mentioned in Section 4.2.

4.5. Numerical approximation of an embedded discontinuity in the DSDA

The embedded discontinuity in the DSDA inherits the kinematic properties of interface elements. The presence of
oscillations in the stress profile obtained with interfaces was reported in the literature when Gauss quadrature is used
se cite this article in press as: Dias-da-Costa D et al. A discrete strong discontinuity approach. Engng Fract Mech (2009),
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[44–46,38]. However, when Newton-Cotes scheme is adopted, smoothing of the response is usually observed [45,38]. In fact,
Kikuchi and Oden [47] proved that, in two dimensions, both trapezoidal and Simpson rules give rise to accurate linear and
quadratic solutions, respectively, assuming that a sufficiently refined mesh is provided. As a consequence, the trapezoidal
rule is adopted for the integration of the stiffness matrix of the embedded discontinuities in the DSDA. Further discussion
on the integration of the stiffness matrix of the interface elements is presented in Appendix A.

Rots [44] performed a numerical study in order to assess the performance of interface elements in mode-I fracture. The
same example is studied here in order to numerically verify the efficiency of the DSDA in avoiding spurious stress oscilla-
tions. These oscillations can also be found in other formulations, for instance GFEM based, which, according to [38], should
not be used with a dummy stiffness.

Fig. 6 presents the structural scheme for the notched beam used in [44], with the following bulk material properties:
Young modulus E ¼ 20 GPa and Poisson ratio m ¼ 0:2. The discontinuity constitutive law is linear elastic:
Plea
doi:1
Te ¼
kn 0
0 ks

� �
; ð48Þ
where different normal stiffness parameters kn are used: 103,104,105 and 108 MPa=mm. The notch is simulated with null nor-
mal stiffness, whereas the shear stiffness, ks, is unimportant, since no shear is present along the symmetry line.

The beam is subjected to a plane stress state and a load of 1 kN. Two meshes are studied: a structured and a unstructured
mesh (see Fig. 7). In both cases, bilinear finite elements are used. In Fig. 7a a discontinuity length ld equal to 5 mm is adopted,
whereas in Fig. 7b the mean value of ld is 5:7 mm.

In Fig. 8 it is shown that the use of the Newton-Cotes/Lobatto scheme with the DSDA effectively avoids traction oscilla-
tions. For the penalization range tested, the results are almost independent of the applied penalty. In Fig. 8, the differences
found in the smoothness of the traction profiles are due to the different mesh discretization.

Under mode-II fracture, the connection between the bulk and the discontinuity is not enforced at the discontinuity nodes.
Moreover, since the trapezoidal rule induces independent weights between the integration points, the transmission of the
Fig. 6. Notched beam with 100 mm thickness (all dimensions in mm).

Fig. 7. Mesh used for the DSDA numerical tests: (a) structured mesh; and (b) unstructured mesh.
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Fig. 8. Traction profile in front of the notch of the beam with the DSDA for: (a) structured mesh and (b) unstructured mesh.
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shear jump along the discontinuity is not automatic. This is why it becomes necessary to enforce the additional linear homo-
geneous constraint represented in Eq. (24). For this purpose, two methods are adopted in the present work: (i) the Penalty
Augmentation method and (ii) the Augmented Lagrange Multipliers method. Note that, although the enforcement of this
constraint is crucial in a coarse mesh, it is verified that it lacks importance under mesh refinement.

5. Material and numerical models

In [24,25], the strong discontinuity is obtained as a limit case of a weak discontinuity when the crack band width tends to
zero. As a consequence, the discrete law can be regarded as a projection of the standard continuum constitutive law into the
discontinuity. This continuum strong discontinuity approach (CSDA), although consistent and conceptually appealing, gives
rise to a dependence between the bulk material law and the discrete material law, which can lead to some difficulties
[14,48].

Conversely, in the DSDA an elastic relationship is considered for the bulk and the discrete material law can be defined
independently from the continuum model [35,36]. However, in this case a crack initiation criterion still needs to be given,
since no information regarding strain localization is provided from the bulk. In order to derive an initiation criterion, a limit
surface is defined in the stress space. This limit surface is defined in the traction space tn � ts, where tn is the traction com-
ponent normal to the discontinuity and ts is the traction component parallel to the discontinuity. The corresponding Mohr
representation, in the stress space r� s, is depicted in Fig. 9. The limit surface is given by:
Plea
doi:1
f ¼ t2
s �

f 2
t þ 2c tan /ft � c2

f 2
t

t2
n � c2ð1þ tan2 /Þ þ ðtn þ c tan /Þ2 ¼ 0 ð49Þ
where / is the internal friction angle, c is the cohesion and ft is the tensile strength. This surface enables a smooth transition
between mode-I fracture and mode-II fracture. Depending on the point where the limit surface is reached, the normal to the
new discontinuity nCd

is defined by the angle h, such that nCd
� eI ¼ cos h. Several examples of plane stress states are repre-

sented in Fig. 9: the uniaxial tensile state; uniaxial compression state; an intermediate state and the biaxial compression
state. If point A is reached, the discontinuity initiates according to mode-I fracture, perpendicularly to the direction of
rIðh ¼ 0Þ. From Fig. 9 it can be observed that, unless high values of the compressive normal traction are considered,
mixed-mode usually leads to mode-I crack initiation, as experimentally observed. On the other hand, if high values of the
compressive normal tractions are attained, the normal to the discontinuity defines an angle h with the direction of rI , such
that:
h ¼ 1
2
ðp=2� /0Þ; ð50Þ
and mode-II fracture is obtained. In Eq. 50, the angle /0 obeys:
tan /0 ¼ @ts

@tn

				
				: ð51Þ
Thus, /0 is equal to the internal friction angle / in the case of the uniaxial compression test (point B in Fig. 9) and approaches
zero under strong biaxial compression (point C in Fig. 9).

Crack closure has to be considered as a realistic feature of the discontinuity model: once the normal jump wn decreases to
zero, the crack should not be permitted to close further in order to prevent overlapping of crack faces. This feature is imple-
mented using a penalty function, as done in the discrete-interface approach.

Two energies associated with fracture are defined as material properties: (i) the fracture energy GF and (ii) the energy GII
F ,

defined in mode-II or shear cracking, given by the area below the shear stress-sliding displacement relation obtained in the
absence of a normal confining load. The tensile strength ft is a function of an internal scalar variable j according to the expo-
nential flow rule:
Fig. 9. Limit surface in the traction space.
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Plea
doi:1
ft ¼ ft0 exp � ft0

GF
j


 �
; ð52Þ
where ft0 is the initial tensile strength and j is a scalar variable defined below. In [22] several different damage models and a
plasticity model are introduced in order to take into account mode-I, mixed-mode and mode-II fracture. Here, both an iso-
tropic and a non-isotropic damage models are presented as examples of both mode-I and mixed-mode fracture, respectively.

5.1. Isotropic damage law

In this section the isotropic damage law presented in [22] is described. The constitutive relation is given by:
t ¼ ð1� dÞTelw; ð53Þ
where 0 6 d 6 1 is a scalar damage variable and Tel is the elastic constitutive tensor in which non-diagonal terms are zero
and diagonal terms are penalty functions used to prevent overlapping of crack faces under crack closure. The evolution of
damage is given by:
d ¼ dðjÞ ¼ 1� j0

j
exp � ft0

GF
ðj� j0Þ


 �
; ð54Þ
where j is a scalar variable which takes into account both the maximum positive normal jump component, hwniþ, and the
maximum shear jump component, jwsj:
j ¼ jðwÞ ¼maxhwniþ þ b max jwsj; ð55Þ
and b is discussed below. The internal scalar variable j in Eq. (55) can be considered an equivalent jump (j ¼ weq) and is a
function of the fracture energy GF , and of the initial tensile strength ft0, as well as of the displacement jump components. A
load function in the displacement jump space is given by:
f ¼ hwniþ þ bjwsj � j 6 0: ð56Þ
The factor b P 0 defines the contribution of the shear jump component to the equivalent jump parameter. If b ¼ 0, no con-
tribution from the shear component is considered. In order to define the elastic tensor Tel, an initial value j0 6 j is intro-
duced, such that:
Tel ¼
ft0

j0
I ð57Þ
where I is the Kronecker tensor. Eq. (53) is the total constitutive equation, where d is a scalar parameter which accounts for
the amount of damage through the evolution law given by Eq. (54), such that:
d ¼ 0 if j ¼ j0

d ¼ 1 if j ¼ 1

�
: ð58Þ
Replacing Eqs. (57) and (54) into Eq. (53) and writing the constitutive relation in matrix form gives:
tn

ts

� �
¼ j0

j
exp � ft0

GF
ðj� j0Þ


 �
ft0

j0

1 0
0 1

� �
wn

ws

� �
: ð59Þ
The crack opening is assumed in mode-I and, at the onset of localisation, ws ¼ 0 and ts ¼ 0, whereas wn ¼ j0 and tn ¼ ft0.
Differentiating Eq. (59), the incremental constitutive relation can be derived:
_t ¼ ð1� dÞTel _w� _dTelw ¼ ð1� dÞTel _w� _dtel; ð60Þ
where tel is the elastic traction vector and:
_d ¼ @d
@j

@j
@w

_w: ð61Þ
Eq. (61), together with Eq. (60), leads to:
_t ¼ ð1� dÞTel � @d
@j

tel � @j
@w

� �
_w ð62Þ
If Tel contains the penalty weights used to keep the discontinuity closed before the onset of the localisation, the previous
equation can be further developed:
@d
@j
¼ ðjft0 þ GFÞj0

j2GF
exp � ft0

GF
ðj� j0Þ


 �
; ð63Þ

@j
@w
¼

1
b signðwsÞ

� �
; ð64Þ
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therefore
Plea
doi:1
@d
@j

tel � @j
@w
¼ @d
@j

knwn knwnb signðwsÞ
ksws kswsb signðwsÞ

� �
; ð65Þ
and the following tangential relationship can be written:
_t ¼
kn 1� d� @d

@j wn
� 


� @d
@j knwnb signðwsÞ

� @d
@j ksws ks 1� d� @d

@j wsb signðwsÞ
� 


" #
_w: ð66Þ
If unloading takes place, the rate of damage is zero, _d ¼ 0, and both Eqs. (60) and (62) reduce to:
_t ¼ ð1� dÞTel _w: ð67Þ
Values of 0 6 b 6 1 are adopted herein. A more detailed description of the model can be found in [22].

5.2. Non-isotropic damage law

In this section, a 2D version of the model introduced in Wells and Sluys [21] is presented.
A loading function is defined as:
f ðwn;jÞ ¼ wn � j; ð68Þ
where the internal variable j is taken as the maximum normal relative displacement attained ðj ¼ max wnÞ; ð _j P 0Þ. Mode-I
fracture initiation is considered. If f > 0, loading takes place as well as the evolution of damage ð _j > 0Þ, whereas if f < 0,
closing of the crack occurs and damage does not grow ð _j ¼ 0Þ. An exponential softening law is adopted for the constitutive
relation between the normal traction component tn and the normal relative displacement between crack faces (normal
jump), given by:
tn ¼ ft0 exp � ft0

GF
j


 �
; ð69Þ
where GF is the fracture energy, defined as the amount of energy consumed for the creation of an unit area crack surface and
ft0 is the initial tensile strength of the material. The shear traction component ts is related to the sliding relative displacement
along crack faces (shear jump ws) according to:
ts ¼ Ds0 expðhsjÞws; ð70Þ
where Ds0 is the initial shear stiffness at crack initiation, hs is given by:
hs ¼ � lnðDsj=Ds0Þ; ð71Þ
and Dsj is the shear stiffness which is adopted for an advanced state of damage (j� 0). The incremental constitutive rela-
tion in matrix form is given by:
_tn

_ts

( )
¼ � f 2

t0
GF

exp � ft0
GF

j
� �

0

�hsDs0 exp hsjð Þws Ds0 expðhsjÞ

2
4

3
5 _wn

_ws

� �
: ð72Þ
In the case where mode-I crack evolution is considered, the shear stresses are made equal to zero through the enforcement of
Ds0 ¼ 0. The secant stiffness matrix is used for unloading, which is given by:
Dunloading ¼
ft0
j exp � ft0

GF
j

� �
0

0 Ds0 expðhsjÞ

" #
: ð73Þ
Crack closure is dealt with in the same manner as described in Section 5.2.

5.3. Embedded discontinuity technique

It is assumed that a new embedded discontinuity always crosses the entire parent element; therefore, the crack tip is al-
ways located at the element edge. Only straight discontinuities are considered with the direction defined according to the
corresponding initiation criterion. For instance, in mode-I fracture, the discontinuity is inserted perpendicularly to the direc-
tion of rI which is obtained in the neighbouring area of the crack tip. Although only one discontinuity is allowed in each
parent element, more discontinuities can be considered in each element since the additional degrees of freedom will be
added to the previous total ones according to Eq. (28), which can be generalized as:
ae ¼ âe þ
Xm

c¼1

He
Cdc

~ae
c ¼ âe þ

Xm

c¼1

He
Cdc

Mek
wcwe

c ; ð74Þ
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where m is the number of discontinuities. Crack path continuity is automatically enforced, according to an algorithm similar
to the one presented in [22].

The crack initiation criterion introduced in Section 5 must be verified at the crack tip. Different criteria have been pro-
posed in literature for obtaining the stresses at the tip. In particular, the following are mentioned:

(1) The accurate definition of the stresses near the crack tip is approximated by using special functions taken from linear
elastic fracture mechanics [32,49,50];

(2) The mean values of the stress components obtained at the nearest integration points of the crack tip define the stress
state adopted for crack evolution [6,51], or

(3) A non-local stress state is adopted near the crack tip, in which case the averaging support is extended beyond the ele-
ment size [33].

In the examples presented below, the third criterion is adopted, using a Gaussian weight function to smooth out the stres-
ses at the discontinuity tip:
Plea
doi:1
wi ¼
1

ð2pÞ3=2l3 exp
� r2

2l2

� �
: ð75Þ
In Eq. (75), wi is the weight for the integration point i; r is the distance between the integration point and the discontinuity
tip, and l is a measure of significant distance around the tip. Wells [39] suggests a value of three times the typical element
size, whereas Simone et al. [52] evaluates the typical element size in front of the tip. Herein, l is assumed as circa 1% of the
characteristic length, given by:
lch ¼
GF E
f 2
t
: ð76Þ
Conversely to the former embedded formulations, traction continuity is enforced in a weak manner. As a consequence, the
stress field measured in the bulk is not automatically in equilibrium with the traction field measured in the discontinuity,
i.e., the envelope surface is not reached simultaneously in the bulk and in the discontinuity. At crack initiation, in order to
prevent the traction field at the tip to lie outside the limit surface, a conservative procedure is adopted: the discontinuities
are introduced in an earlier stage, in which the stress field in the bulk lies inside the surface.

It is also known that, in the vicinity of the crack tip, stresses in the bulk lying outside the limit stress surface can be found
before the crack advances [6,22,53]. This can happen both in the former embedded formulations [10,12–14,22] and in the
DSDA. In Alfaiate et al. [22] a radius of influence is introduced to prevent secondary cracking near the crack tip. In this paper
a similar procedure is adopted such that only the main cracks are allowed to develop.

6. Numerical examples

The numerical examples presented in this section consist of a shear band test, a mode-I fracture test and mixed-mode
test, and a failure test of a reinforced concrete beam.

6.1. Shear band test

First, one finite element (1� 1� 1 mm3) is subjected to a plane stress state with all nodes fixed except for the loaded
node in the horizontal direction (see Fig. 10).

Both bulk and discontinuity constitutive laws are linear elastic; the following parameters are adopted: Young’s modulus
E ¼ 30 MPa; Poisson ratio m ¼ 0:0; normal stiffness kn ¼ 105 MPa=mm and shear stiffness ks ¼ 10�5 MPa=mm. The small va-
Fig. 10. Mesh used for the numerical tests: (a) discrete-interface and (b) DSDA.
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lue adopted for the Young’s modulus emphasizes the bulk deformation, whereas the value ks ¼ 10�5 MPa=mm induces a
minimum slip resistance in order to be able to perform the test.

The resulting deformation for both discrete-interface and DSDA is depicted in Fig. 11 (P ¼ 13:49 N). In Table 1, both the
jumps and the top displacement obtained with the DSDA and the discrete-interface approach are shown. The jumps are pro-
portional for both formulations, thus the difference in the overall response is exclusively caused by the bulk.

The result obtained with the DSDA can be interpreted as the superposition of a rigid body motion corresponding to a
shear jump of 0.6 mm (layer 2, in Fig. 12), with the bulk deformation under the assumed boundary conditions (layer 1, in
Fig. 12).

This example is illustrative of the behaviour of an element enriched with the DSDA. Adopting a finer mesh, represented in
Fig. 13, the deformed mesh presented in Fig. 14 is obtained.

In this case, the differences between the discrete-interface and the DSDA practically vanish. The same would occur if a
more realistic, less soft material had been used; for instance, concrete exhibits a Young’s modulus 1000 bigger than the
one adopted in these tests.

6.2. Three point bending beam

A three point bending beam represented in Fig. 15, with a thickness of 50 mm, is analysed assuming a plane stress state.
The material parameters are: Young’s modulus E ¼ 30 GPa;m ¼ 0:2; f t ¼ 3:33 MPa; fracture energy GF ¼ 0:11 N mm=mm2

and the normal and shear stiffness k ¼ kn ¼ ks ¼ 109 MPa=mm. The isotropic damage law referred to in Section 5.1 is
adopted.
Fig. 11. Deformed mesh (reduced 10 times): discrete-interface (continuous) and DSDA (dashed).

Table 1
Shear jumps and horizontal displacement of the loaded node for discrete-interface and DSDA.

Shear jumps (mm) Horizontal displacement (mm)

Left jump Right jump

Discrete-interface 0.9 0.9 1.8
DSDA 0.6 0.6 1.2

Fig. 12. Deformed mesh (reduced 10 times) of DSDA: contribution of each layer to the overall response.
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Fig. 13. Coarse mesh used for the numerical tests: (a) discrete-interface and (b) DSDA.

Fig. 14. Deformed coarse mesh (reduced 10 times): discrete-interface (continuous) and DSDA (dashed).

Fig. 15. Three point bending beam (mm).
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In this example the discontinuity is inserted when the maximum principal stress component obtained from the averaged
stress tensor at the crack tip reaches 0:4 ft.

In Fig. 16 the load-vertical displacement curves obtained are presented for the discrete-interface, the prescribed DSDA
and the DSDA. The prescribed DSDA is obtained by predefining the complete discontinuity path for the DSDA since the begin-
ning of the numerical analysis. From the comparison between the results, it can be concluded that all the adopted formula-
tions are similar. Additionally, it becomes clear that it is possible to use the DSDA as an interface like element (see Fig. 17).

6.3. Single edge notched beam

A single edge notched beam tested by Schlangen [54] is simulated in this section.
The material parameters are the following: Young’s modulus E ¼ 35 GPa;m ¼ 0:15; ft ¼ 3:0 MPa and fracture energy

GF ¼ 0:1 N; mm=mm2. The normal stiffness adopted is kn ¼ 105 MPa=mm, whereas the shear stiffness is ks ¼ 103 MPa=mm.
Two meshes are initially studied, a coarse and a fine mesh, with 458 and 1604 bilinear finite elements, respectively (see

Fig. 18).
The load is controlled using the arc length method in which the monotonic increase of the relative crack mouth sliding

displacement (CMSD) of the notch is enforced. The crack path is represented in Fig. 19, while the CMSD vs. load curve is rep-
resented in Fig. 20. The deformed meshes are depicted in Figs. 21.
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Fig. 16. Three point bending beam: load–vertical displacement curves for the loaded node.

Fig. 17. Three point bending beam: DSDA deformed mesh (magnified 100 times) during softening when the vertical displacement of the loaded node is
uy ¼ 0:8 mm.

Fig. 18. Single edge notched beam [54]: (a) coarse and (b) fine mesh (mm).
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Fig. 19. Single edge notched beam [54]: crack path during softening for P ¼ 20 kN, superposed with experimental results.
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Fig. 20. Single edge notched beam [54]: load–CMSD curves.
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When the isotropic constitutive law for mode-I fracture is adopted, experimental and numerical pre-peak results are
quite similar. It must be emphasized that both CMSD vs. load curve and crack path for the coarse and fine meshes are iden-
tical, leading to the conclusion that good results can be achieved with relatively coarse meshes. Moreover, it can be noticed
that the crack path does not change if the discontinuity is inserted at an early stage: as shown in Fig. 20, the same results are
obtained if the new discontinuities are inserted when the averaged rI value at the tip changes from 0:2 ft to 0:6 ft. This is due
to the fact that the principal stress orientation does not significantly change during the monotonic loading.

The numerical crack path is similar to the experimentally obtained crack path until the final portion of the propagation is
reached – Fig. 19. From this point on, the numerical path shifts inwards the bottom support, whereas the experimental crack
path evolves towards outside the support. Near the support there is a zone of high stress gradients, which is not properly
captured by the meshes used. However, this last stage of crack propagation does not seem important for the overall softening
response of the specimen.

After the peak load is reached, the numerical results are more brittle than the experimental results. According to [22], this
is due to the fact that an isotropic mode-I traction–jump law is used. A better agreement is obtained using a non-isotropic
traction–jump, as shown in Fig. 20.
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Fig. 21. Single edge notched beam: deformed coarse mesh (magnified 100 times) during softening for P ¼ 20 kN: (a) isotropic and (b) non-isotropic
constitutive model.
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6.4. Nooru-mohamed test

This example consists of a double-edged-notched specimen subjected to mixed-mode fracture, experimentally tested
by Nooru–Mohamed [55]. The 200� 200� 50 mm3 specimen has two 25� 5 mm2 horizontal notches located at half height
as shown in Fig. 22. Two L-shaped steel frames were glued to the specimen and the loading was applied at the top
steel frame. One of the experimental load paths is numerically simulated: first, a horizontal force Ph is progressively applied
until the value 10 kN is reached. Then, the force is kept constant and a vertical displacement uv is gradually increased
(Fig. 22).

The material parameters are taken from [55]: Young’s modulus E ¼ 30 GPa;m ¼ 0:2; ft ¼ 3:0 MPa and fracture energy
GF ¼ 0:11 N mm=mm2. The cohesion c0 is estimated using Mohr’s rupture theory for brittle materials:
Plea
doi:1
c0 ¼
1
2

ffiffiffiffiffiffiffiffiffiffi
jfcjft

q
� 5 MPa; ð77Þ
with a compressive strength equal to 38 MPa. The constitutive law adopted for the discontinuity is the isotropic damage law
presented in Section 5.1, considering a value of b ¼ ft=c0 ¼ 0:6.

Two structured meshes are tested (Fig. 23): (a) a coarse mesh, with 435 bilinear finite elements and (b) a fine mesh with
1630 bilinear finite elements.
Fig. 22. Mixed-mode fracture test [55]: structural scheme, including loading and boundary conditions (mm).
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The principal stress direction rotates during the increase of the vertical displacement uv causing the crack path to curve.
Therefore, the discontinuity must be introduced just before crack opening, when the crack orientation is correctly defined.
Two different initiation criteria are applied. When the discontinuity is inserted for an averaged maximum stress component
of 0:4 ft at the tip, the numerically obtained crack path is significantly different from the experimental one (Fig. 24a). If the
discontinuity is inserted when the averaged maximum stress at the tip reaches 0:8 ft, the crack path is similar to the exper-
imentally obtained path as shown in Fig. 24b. In both cases, the crack paths are insensitive to mesh refinement.

The load-vertical displacement curve is depicted in Fig. 25. A small difference between the peak load obtained with the
coarse and fine meshes is obtained. Note that the discontinuity always crosses a complete element each time the initiation
criterion is reached at the discontinuity tip. As a consequence, a smaller value of the load is needed in the coarse mesh to
reach the same tip position (Fig. 26).

The experimental peak load is smaller than the obtained numerical values. Several justifications can be taken from liter-
ature, namely incorrect assessment of material parameters as well as spurious bending occurring in the experimental tests
and giving rise to different crack paths at the front and rear faces of the specimen [56–58]. This is why some authors tend to
focus on the crack path only, disregarding the comparison between numerical and experimental load–displacement curves,
namely [59].

6.5. Numerical modelling of RC beams externally reinforced with steel sheets

The tests consisted of four point bending beams, with a free span of 1800 mm and a cross section of 80� 200 mm. The
internal reinforcements adopted were: 2£8 mm (tensile reinforcement), 2£6 mm (compressive reinforcement) and
£6==0:08 m (shear reinforcement). The external reinforcement consisted of a steel plate with a 0:68 cm2 cross section
(see Fig. 27).
Fig. 23. Mesh used for the numerical tests: (a) coarse and (b) refined mesh.

Fig. 24. Crack path, obtained for uv ¼ 0:05 mm, superposed with experimental results taken from [55]: (a) first initiation criterion and (b) second initiation
criterion.
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Fig. 25. Load vs. vertical displacement uy superposed with experimental results [55].

Fig. 26. Deformed mesh (magnified �100), when uv ¼ 0:05 mm: (a) coarse and (b) fine mesh.
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First, a loading was applied and kept constant in order to introduce damage into the structure. Afterwards, repairing of
the cracking took place and the external reinforcement was glued with epoxy to the beam. During that time, although creep
occurred it is not modelled here, but the corresponding deformation is added to the numerical results in order to allow for a
direct comparison with the experimental curves.

The adopted material properties are: concrete grade C20/25, Young’s modulus Ec ¼ 32 GPa, compression strength
fcm ¼ 29:67 MPa;GF ¼ 0:056 N mm=mm2 evaluated according to CEB [60]. For the internal reinforcements: Young’s modulus
Es ¼ 205 GPa and yield stress of fsy ¼ 410 MPa. For the external reinforcement: Young’s modulus EsR ¼ 200 GPa and yield
stress fsyR ¼ 250 MPa. It was observed that the failure of the concrete-epoxy-external reinforcement interfaces always oc-
curred at the concrete. Thus, in order to characterize this interface, concrete properties are used in the numerical analysis,
namely: cohesion c0 ¼ 2:5 MPa, shear stiffness ks ¼ 103 MPa=mm and fracture energy in mode-II, GII

F ¼ 1:38 N mm=mm2.
These values are taken from a parametric study presented in [61].

The isotropic damage model is adopted with crack initiation occurring in mode-I. Crushing of concrete is taken into ac-
count using perfect plasticity. The internal and external reinforcements are modelled using two-noded truss elements,
adopting an elastoplastic constitutive relation. Interface elements are used to model the bond between the concrete and
the internal reinforcement, using a constitutive relation adopted from [60]. The bond between external reinforcement, epoxy
and concrete is also modelled using interface elements and a mode-II fracture constitutive relation, exhibiting exponential
softening.

A sequentially linear approach is used to solve the equilibrium equations, based on a formulation presented in [62].
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Fig. 27. Schematic representation of the beam, with the micro-cracks numerically obtained immediately after Pcr is attained.
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The experimental and numerical load–displacement curves obtained at mid-span are presented in Figs. 28 and 29. In the
test corresponding to Fig. 28, the beam was subjected to a smaller initial load, before repairing, than the one applied to the
beam in the test corresponding to Fig. 29. In the latter, a more severe degree of damage was initially introduced. Both the
cracking load – Pcr – and the ultimate load – Pult – are marked in the graphics. In order to give more information in relation
to the P � D graphics shown, some notable points are marked on the curves, namely:

– Point A: the stress fcm (crushing) is first attained;
– Point B: first yielding of internal reinforcement;
Fig. 28. P–D curves for the beam with low level of initial damage: experimental curve-thin dashed line and numerical curve-thick line.

Fig. 29. P–D curves for the beam with high level of initial damage: experimental curve-thin dashed line, numerical curve-thick line.
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Fig. 30. Crack pattern and deformed mesh at ultimate load (only cracks widths above 10 lm are marked).
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– Point C: initiation of softening at the epoxy interface;
– Point D: first yielding of external reinforcement.

From Figs. 28 and 29, it is possible to conclude that a good approximation between the numerical and the experimental
results is obtained. First, immediately after the load Pcr is attained, severe micro-cracks develop as shown in Fig. 27. After-
wards, most micro-cracks tend to close and localization occurs for just a few macro-cracks. After repairing and strengthen-
ing, three of these main cracks reopen as shown in Fig. 30, where both the crack pattern and the deformed mesh obtained at
the ultimate load are presented. The obtained crack pattern is similar to the one obtained experimentally.

The fact that some micro-cracks tend to close and some others continue to grow, as well as the reopening of some cracks
after repairing, leads to convergence problems if a standard Newton-Raphson iterative technique is used. This is why the
sequentially linear model is adopted herein, allowing to capture the correct cracking localisation.

7. Summary and conclusions

In this paper, a strong embedded discontinuity formulation is introduced, based on a discrete crack approach. This is why
the present method is designated as the discrete strong discontinuity approach (DSDA).

In the DSDA, the discontinuity is explicitly inserted into the finite element as if it was an interface element. The parent
element is enriched with two or more additional nodes, located along the discontinuity, including the intersection points
between the discontinuity and the element edges, with the following characteristics: (i) non-homogeneous jumps are intro-
duced in each parent element; (ii) the edge nodes can be taken as global nodes since they are shared by two elements at a
common boundary and (iii) continuous jumps across interelement boundaries are automatically obtained. The adopted var-
iational formulation is the same as the one traditionally used with a discrete-interface approach. The kinematics of the dis-
continuity consists of a rigid body motion. As a consequence, Simo’s orthogonality condition is fulfilled exactly, since the
enhanced displacement field induces a null strain field.

The DSDA inherits some characteristics of the discrete-interface approach, namely:

(1) Although the material law adopted for the discontinuity is independent of the material law adopted for the bulk,
which is assumed elastic, a criterion needs to be introduced for crack initiation (given in Section 5);

(2) The discontinuities are numerically integrated in the same way as interface elements, giving rise to less spurious
effects than the continuum or smeared formulations, in particular if a penalized stiffness matrix is used; this aspect
is closely related to the imposition of the rigid body motion, which is dealt with in detail in Section 4.5.

Numerical examples are presented in Section 6, namely a shear band test, mode-I and mixed-mode fracture tests and a
failure test of a RC beam externally reinforced with a steel sheet. The following main conclusions can be drawn from these
tests:

(1) The jumps obtained with both the DSDA and the discrete-interface approach are similar.
(2) The differences between the discrete-interface approach and the DSDA are due to the bulk deformation which is better

represented by the former, since the parent element is split into two different elements; however, for the problems
studied and for quasi-brittle materials in general, softening is the phenomenon which influences mostly the global
structural behaviour and it is correctly taken into account by the DSDA.

(3) No mesh dependence is found with the DSDA.
(4) The DSDA gives rise to good results using relatively coarse meshes.
(5) In the tests presented, a good approximation of the experimental crack paths and load displacement curves is obtained

with the DSDA.
(6) The reinforced concrete tests are well approximated with the DSDA, allowing for the development of the correct

mechanisms experimentally observed, namely crushing of concrete, yielding of both the internal and external rein-
forcements, bond slip of the steel-concrete interfaces and localisation of deformation due to cracking.

As a general conclusion, the DSDA is a powerful tool for the modelling of fracture in quasi-brittle materials. In fact, the use
of the DSDA with a sequentially linear approach simulates well cracking of reinforced concrete elements, for which the usual
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iterative techniques often fail to converge. Some other tests have already been successfully simulated, namely failure tests of
RC beams strengthened with externally bonded CFRP sheets [63,64].

Appendix A. A numerical integration of the discontinuity stiffness

The kinematics of the embedded discontinuity in the DSDA is the same as the kinematics of the interface element. Inter-
face elements can be used to model a wide range of problems, where structural interfaces are present. Goodman et al. [65]
presented a formulation of a zero-thickness finite element for the numerical simulation of jointed rocks. Goodman simulated
failure in tension or shear, rotation of blocks, development of arches and even the collapse pattern for jointed blocks. The
applicability of interface elements is not confined to the analysis of rock joints. Further applications can be found in soil-
structure interaction [46]. Moreover, modelling of discrete cracking for quasi-brittle materials is also possible [6], as well
as the bond between concrete and reinforcement. More recently, those elements have also been used in the study of delam-
ination in layered composite structures [61].

The interface elements can be grouped into classes. According to [45], a first class includes continuous interface elements,
whereas a second class is composed by nodal interface elements, which behave like spring elements. An example of the latter
are the elements developed by Herrmann [66]. Interfaces can also be simulated with distorted finite elements, where the
thickness is reduced. Other numerical procedures include the use of Lagrange multipliers to enforce compatibility between
different media, typically in contact problems.

In a plane interface element, the jumps we can be obtained by taking the difference between top and bottom displace-
ments, for each pair i of nodes:
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The jump field along the discontinuity is interpolated according to Eq. (26)b, where Ne
w½sðxÞ� contains the interpolation func-

tions, Nei

w, for each pair of nodes i.
The incremental jump dsut

e is computed as:
dsut
e ¼ Ne

wdwe ¼ Ne
wLw|fflffl{zfflffl}
Be

dae: ðA:3Þ
The minimization of the total incremental potential energy gives rise to the stationary requirement:
Kedae ¼ dfe
ext; ðA:4Þ
with
Ke ¼
Z

Cd

BeTTeBe dCd; ðA:5Þ
where Ke is the tangential stiffness matrix of the interface element and Te is the discontinuity linearised constitutive rela-
tion. Prior to opening, integration of the stiffness matrix and the choice of the penalty weights contained in Te are of fun-
damental importance. High initial penalty stiffness are usually introduced to enforce practically zero jumps and must,
simultaneously, guarantee that the traction profile is obtained with the necessary accuracy along and through the discon-
tinuity. The choice of the penalty weights is not a closed subject. Basic deficiencies inherent to the element formulation,
induced by the adopted numerical integration procedure, can be responsible for spurious oscillations in the traction profile
[46].

The interface element is hereafter assumed linear, with n ¼ 2, in order to compare results with the DSDA. The result of the
integration of Eq. (A.5) with the Gaussian quadrature is significantly different from the one obtained with the Newton-Cotes/
Lobatto scheme:
Kg ¼
Ad

6

2½Te� �2½Te� ½Te� �½Te�
�2½Te� 2½Te� �½Te� ½Te�
½Te� �½te� 2½Te� �2½Te�
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2
6664

3
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Fig. A.1. Kinematic inconsistency in a linear interface element integrated by Gauss quadrature (interface artificially represented with nonzero thickness).

Fig. A.2. Absence of kinematic inconsistency in a linear interface element integrated by trapezoidal rule (interface artificially represented with nonzero
thickness).
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where Ad is the discontinuity area (thickness � length) and Ktrap is the Newton-Cotes/Lobatto scheme with two integration
points, also known as trapezoidal rule.

In this example, the result obtained using the Gaussian quadrature is coincident with the result obtained for the exact
integration. When comparing both Kg and Kt , it becomes evident that coupling of the two pairs of nodes is only present
in the former. This coupling is pointed by some authors as the cause of tangential traction oscillations (see Figs. A.1 and
A.2). Furthermore, the uncoupled tangential response found with the trapezoidal rule is not necessarily in agreement with
reality [46]. However, the necessary shear connectivity between the interface pairs of nodes is provided by the bulk.

Countinho et al. [67] refer to the existence of a spurious kinematical inconsistency in the Goodman interfaces [65] for the
Gaussian integration (see Fig. A.1). The oscillations in the displacement field directly induce oscillations in the stress field
and the use of high penalty terms increase this effect. The coupling presented between different pair of nodes is also revealed
by an eigenvalue analysis of the element stiffness matrix [45,38].

When overintegration is performed with the Newton-Cotes rule, coupling between the different pairs of nodes is also
present, similar to the Gaussian quadrature. However, according to [45], the element is less vulnerable to spurious oscilla-
tions. Moreover, the oscillation only appears because of the integration point located in the middle of the element. The points
located at the extremities are responsible for a better response in relation to the Gaussian quadrature.

Some authors claim that the high gradient of stresses, that usually appears in the neighbourhood of the interfaces, is the
main reason for the spurious oscillatory behaviour [45,68]. Therefore, it is expected that, upon mesh refinement, the spurious
oscillation of the stress profile becomes less important [46]. In fact, Kikuchi and Oden [47] proved, that, in two dimensions,
both trapezoidal and Simpson rules give rise to accurate linear and quadratic solutions, respectively, assuming that a suffi-
ciently refined mesh is provided. This is why the trapezoidal Newton-Cotes/Lobatto rule is also adopted in the DSDA, in order
to avoid spurious kinematic inconsistencies.
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