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Abstract

Perturbative Quantum Chromodynamics (QCD) involves the appearance of di-
vergences in the amplitudes of a process. However, physical observables must
be finite, therefore all the divergences that emerge must be cancelled. The Ki-
noshita—Lee—Nauenberg (KLN) theorem states that the infrared divergences that
appear in a QCD decay rate or cross section must cancel when putting together
the contributions from the virtual and real parts that contribute at the same order
in perturbation theory. In this work, the main goal is to calculate the decay rate of
the Higgs boson into gluons modelled by an effective Lagrangian in the limit of
infinite top quark mass and verify the KLN theorem, using the Implicit Regulariza-
tion (IReg). We derive the Feynman rules of the effective Lagrangian to describe
the interaction between gluons and the Higgs boson, and use them to construct the
amplitudes of the process’ virtual and real diagrams. We then use IReg, which
is a regularization scheme that works in the physical dimension of the theory and
allows for the separation of the ultraviolet and infrared divergences of an ampli-
tude. The ultraviolet divergent integrals are written as basic divergent integrals and
the ultraviolet finite/ infrared divergent integrals are evaluated using the software
Mathematica. After renormalization of the effective theory, we show that the vir-
tual decay rate of the process can be written as a correction to the tree-level decay
rate. We introduce the spinor-helicity formalism to compute the real amplitude.
We then study the explicit computation of the phase space of the real decay and
integrate the squared real amplitude over the phase space to obtain the real decay.
At last, we add the contributions from both virtual and real decay rates to obtain the
final result which is finite as expected, reproducing known results in the literature.
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Resumo

O regime perturbativo de Cromodindmica Quantica (QCD) envolve o apareci-
mento de divergéncias nas amplitudes de um processo. No entanto, as observaveis
fisicas devem ser finitas e, portanto, todas as divergéncias que surgem devem ser
canceladas. De acordo com o teorema Kinoshita—Lee—Nauenberg (KLN), as di-
vergéncias infrevermelhas que aparecem numa taxa de decaimento ou sec¢do efi-
caz em QCD devem cancelar-se ao juntar as contribuicdes das partes virtual e real
que contribuem para a mesma ordem em teoria de perturbacGes. Neste trabalho,
0 objetivo principal € calcular a taxa de decaimento do bosdo de Higgs em gludes
modelado por um Lagrangiano efetivo no limite da massa do quark top infinita, e
verificar o cancelamento das divergéncias usando regularizacdo implicita (IReg).
Para tal, derivamos as regras de Feynman do Lagrangiano efetivo para descrever a
interacdo entre os gludes e o bosdo de Higgs e estas sdo usadas para construir as
amplitudes dos diagramas virtuais e reais do processo. Em seguida, usamos IReg,
que é um esquema de regularizacdo que trabalha na dimensao fisica da teoria e
permite a separacdo das divergéncias de ultravioleta e infravermelhas de uma am-
plitude. Os integrais divergentes de ultravioleta sdo escritos como integrais diver-
gentes bésicos e os integrais finitos no ultravioleva/ divergentes no infravermelho
sdo avaliados usando o software Mathematica. Depois de se fazer renormaliza¢do
da teoria efetiva, mostramos que a taxa de decaimento virtual do processo pode
ser escrita como uma corre¢do a taxa de decaimento a nivel arvore. Introduzimos
o formalismo de spin-helicidade para calcular a amplitude real. Em seguida, es-
tudamos o célculo explicito do espago de fase do decaimento real e integramos a
amplitude real ao longo das varidveis de integragdo do espago fase para obter o
decaimento real. Por fim, adicionamos as contribui¢des das taxas de decaimento
virtual e real para obter o resultado final, que reproduz resultados conhecidos da
literatura.
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Chapter 1

Introduction

The purpose of this thesis is to further investigate if Implicit Regu-
larization (IReg), a non-dimensional regularization scheme satisfies the Ki-
noshita—Lee—Nauenberg (KLN) theorem. For that we do the computation of a
QCD decay rate of the Higgs boson into gluons and verify that infrared (IR) diver-
gences are cancelled in this scheme and the final decay rate is finite.

Regularization and renormalization in QCD

Physical observables are the primary objects of study in physics. Performing
precise measurements of the interaction of known particles is very important to
corroborate or refute new models in physics, [2]. We cannot compute the exact
Green’s functions analytically when we have a QCD Lagrangian, therefore we use
perturbation theory and expand the terms to arbitrary order. To do so, we first
derive the Lagrangian Feynman rules, which we then use as building block to con-
struct the amplitudes of the Feynman diagrams that correspond to the selected order
of expansion. However, while doing higher-order computations, ultraviolet (UV)
and IR divergences are present, causing Feynman amplitudes to diverge. To allow
comparison with experimental data from particle accelerators, precise calculations
of physical observables beyond leading order in perturbation theory are required.
As a result, one of the most important problems in physics is the regularization
and renormalization of these divergent amplitudes in intermediate steps in order to
preserve the predictive power of the underlying theory.

Renormalization is a systematic way of subtracting the divergences of a theory
by doing a redefinition of the parameters of the bare (unrenormalized) Lagrangian.
A renormalizable theory is a theory that has a finite number of superficially di-
vergent diagrams whose divergences can be cancelled order by order by a finite
number of redefinitions of the bare parameters. But before we perform renormal-
ization we need to completely separate the UV divergent parts from the UV finite
parts of the amplitudes. So we need to regularize the theory.

The choice of a regularization scheme is unphysical but it is otherwise very
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important in the sense that we must respect several physical requirements such
as unitarity, causality and symmetries of the system. Several regularization
schemes have been developed over the past years such as conventional dimen-
sional regularization (CDR), ’t Hooft-Veltman scheme (HV), four-dimensional
helicity (FDH), dimensional reduction (DRED) and six-dimensional formalism
(SDF) which are traditional dimensional schemes. Some non-dimensional schemes
developed are implicit regularization (IReg), four-dimension regularization (FDR),
four-dimensional unsubtraction (FDU) and loop regularization (LORE) [3]], [4]].

Regularization of chiral, topological and supersymmetric gauge theories with
dimensional methods can give rise to inconsistencies in higher loop order or to spu-
rious anomalies. On the other hand, IReg, being a non-dimensional regularization
scheme, is expected to preserve the symmetries of the model and we won’t need
to modify the Lagrangian of the underlying theory, [Sl]. IReg acts directly on the
dimension of the theory and is implemented to all orders in perturbation theory.
We assume an implicit regulator that allows us to separate the UV divergent ampli-
tudes that are independent of external momenta from the UV finite ones, which can
be IR divergent or IR finite. UV divergent integrals are classified as basic diver-
gent integrals and UV finite integrals are analytically evaluated using Package-X
of software Mathematica, [0].

Spinor-helicity

The traditional method to calculate unpolarized cross sections or decay rates in
QCD involves squaring the amplitude and then sum over the external states and the
spins. When the number of Feynman diagrams increases, the computation becomes
much more complex. The spinor-helicity formalism is an alternative approach to
construct amplitudes using only physical on-shell external states. The idea behind
this formalism is that instead of using spinor fields that transform under unitary,
irreducible infinite-dimensional representations of the Poincaré group, we use he-
licity spinors, which transform in finite-dimensional representations of the Lorentz
group. The choice of this basis automatically eliminates a large number of ampli-
tude terms and the procedure is highly simplified, [7].

Motivation and goals

It is of great relevance to implement a fully mathematical consistent regulariza-
tion scheme that prevents the emergence of symmetry breaking terms or anomalies
and that is valid to arbitrary higher order. As we mentioned, IReg is an invariant
regularization scheme that has proven to be a promising candidate that fulfills all
the previous requirements. It is also stated by the KLN theorem that perturbative
quantum theories must be IR finite. As a result it is of theoretical interest to test the
applicability of IReg in a practical calculation involving IR divergences that only
cancel at the level of cross sections or decay rates and verify the KLN theorem.
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The decay H — gg which is described by an effective model in which quarks are
neglected and therefore only gluons are considered, provides a simple yet reliable
model to test this regularization scheme, as suggested in [2]] and has already been
used in [8]] to test FDR. The main goal of this work will be the computation of the
total decay rate of this process. We will compute the one-loop virtual diagrams
that arise from this effective model and use IReg to extract the UV divergences
which are absorbed in the process of renormalization, and use the remaining UV
finite amplitudes to obtain the regularized virtual decay rate. Then we apply the
spinor-helicity formalism to compute the real diagrams of the process and obtain
the real decay rate. It is expected to have a cancellation of the IR divergences when
combining these decay rates and the final result must be finite.






Chapter 2

Implicit regularization and
renormalization in perturbative

QCD

In this chapter, we will see that divergences appear in perturbative QCD. As
a result, regularization and renormalization techniques must be developed to deal
with these divergences in order to obtain finite quantities.

2.1 The Kinoshita—Lee—-Nauenberg theorem or KLN the-
orem

The KLN theorem states that although IR divergences may occur in the expan-
sion of the action when doing perturbative calculations, the IR divergences coming
from loop integrals are cancelled by divergences coming from phase space inte-
grals. According to this theorem infrared divergences appear because some of
the states are degenerate in energy. Therefore for a suitably defined physical ob-
servable IR divergences will always cancel at all orders. The importance of this
theorem is that it assures that all quantum field theories are IR finite (free of IR
divergences) in the limit of massless particles and this holds in any order in the
perturbation theory, [9], [10].

2.2 Perturbative QCD

Quantum Field Theory (QFT) allows the computation of decay rates and cross
sections that can be compared with experimental results and give information about
the accuracy of the theoretical models. In order to do this, we start by determining
what are the relevant degrees of freedom (fields) in the energy scale that we aim to
describe and then we write down the Lorenz invariant Lagrangian that incorporates
those fields obeying the symmetries of the system.
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The theory is defined by its generating functional that allows us to write the
Green’s functions by differentiation with respect to the sources. Ideally, the com-
putation of correlation functions would provide us the exact answer to the time
ordered expectation value of the product of # fields defined in different time-space
points. But most of the times, the Lagrangian will contain interaction terms and
it is not possible to analytically compute the exact correlation functions, which
leads us to the idea of perturbative QFT. Essentially what we do is consider that
the interaction parts of a Lagrangian can be written as a series expansion around
a small coupling constant and compute as many terms as necessary to achieve the
requested precision. These terms in the expansion can be alternatively built from
the Feynman diagrams, which work as the building blocks of the theory. The Feyn-
man rules can be derived directly from the Lagrangian as we will do further in this
work. We write down all of the Feynman diagrams until we get the order of per-
turbation we want to compute and then we use the Feynman rules to compute their
amplitudes.

Before entering the framework of perturbative QCD it has to be assured that
the parameter that we are expanding on is small enough so that higher order terms
can be neglected and we still have an accurate result. In the case of QCD only at
high energies the strong coupling constant is small enough so that we can apply
perturbation theory.

It can happen that the process that we want to describe has some dependence
on a long-distance parameter which in the case of QCD means that the coupling
constant is larger and we cannot expand around it. In this case we factorize the
process in short and long distances. The perturbative part depends on the high
energy part and can be computed from the Lagrangian while the non-perturbative
cannot but we can measure it experimentally and the result will be universal.

2.2.1 Renormalization and Regularization

When working with interactive theories, as we have seen before, we need to
approach the problem of computing amplitudes using perturbation theory. By ex-
panding the S-matrix, the terms of interaction can be represented using Feynman
diagrams. We notice that when we compute an amplitude of a Feynman diagram
with a loop with some internal momentum k that is integrated to infinity we may
get divergent integrals. To understand this, we start by defining the superficial de-
gree of divergence of an integral to be D = Power of momentum in numerator —
Powers of momentum in denominator. If D > 0, the integrals diverge, if D = 0
the integrals diverge logarithmically and if D < 0, they do not diverge, [11]. These
type of integrals that appear when the internal momentum in a Feynman diagram
goes to infinity k — oo are UV divergent integrals. Another type of divergent
integrals are IR divergent integrals relate to divergences that may occur when the
internal momentum in a loop goes to zero, k — 0. In this case, for D > 0 the
integrals converge, for D = 0 they are logarithmically divergent and D < 0 they are
divergent.
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Before proceeding in the calculation, we first need to regularize all infinities,
making the amplitudes finite. The UV divergent integrals depend only on the in-
ternal momentum we are integrating, but it is common that the amplitudes have
a dependence on the external momenta. Therefore, it is useful to have a frame-
work that allows us to extract the UV divergent integrals completely from the finite
ones, so that we can renormalize the theory and compute finite physical observ-
ables. Several regularization schemes have been developed over the years. One of
those schemes is IReg that we present in the next section.

Our solution to get free of the divergences is by doing renormalization of the
theory. The bare parameters of a Lagrangian are the parameters of a unrenormal-
ized theory, which will gives us infinities when computing the amplitudes of the
Feynman diagrams. Renormalizing the theory means that we will make a shift
from the bare parameters to some physical parameters. As a result, we get the
counterterms, which are terms that are added to the bare Lagrangian, that will ex-
actly cancel the divergences we had from the bare parameters. In fact, these coun-
terterms are the by-product of the shift of variables that will give us the physical
parameters, which are actually the ones we would observe in nature.

2.3 Renormalization in QCD

The complete QCD Lagrangian is given by

. 1 a  _
Locp = W, o(iYuD" —mg0) W0 — 1 zv,ova’a + CS(_auDﬁb)CS- (2.1)

where D* is the covariant derivative, y, represents the Dirac spinor for the quark
field, m, is the quark mass, Gy is the field-strength tensor of the gluon fields
and ¢“ represent the fields of the Faddeev—Popov ghost. The Lagrangian is not
renormalized and the subscript o stands for the bare fields.

In order to renormalize the theory, we start by making shift in the bare param-
eters, introducing the field renormalization constants

1/2 1/2 1/2
w0 =22y, Auo = 23A%, & =207 (22
Doing these substitutions in the Lagrangian we can find a relation between the
renormalization constants and the coupling constant of QCD g,

2,237 g50 = w40z, (2.3)

The renormalization constants are chosen so that the Green’s functions have a unit
residue. Extensive calculation of these factors is done in [12].

For the case of the effective theory in this work, only interactions between
gluons and the Higgs boson are considered. Quarks and ghosts can be neglected
and the only renormalization constants we need to compute are the ones for the
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vacuum polarization and the coupling constant renormalization. There are given
by Z3 and Z, and are computed in [12]. Their correspondence to IReg in the limit
of zero quarks is given by

11 13 ¢
Za =140 I (u2) = — 2
3 +a‘(4n)b1g(“)<6 2

for the gluon-field renormalization constant and

)cA +0(a?) (2.4)

1 1 11
Ze =1 — 0y —l1pg(A*)—Ca + O 2.5
4 5(4717)[)108( )6 At (S) ( )
for the renormalization of the coupling constant.
Here { is the Gauge parameter, and we use § = 1. Also as we are in SU(3),

we use Cq = 3.

2.4 Implicit regularization

IReg is a regularization method that operates on the momentum space and was
shown to respect unitarity, locality and Lorentz invariance. This procedure oper-
ates on the specific physical dimension of the theory, therefore we do not need to
extend the space-time dimensions. IReg also does not require any changes to the
Lagrangian and can be applicable to arbitrary n-loop calculations, making it an al-
ternative to dimensional schemes. In IReg, we use an algebraic identity recursively
until the UV behavior is only present in irreducible loop integrals that depend on
internal momentum. The UV finite content of the amplitude isolates the depen-
dence on physical parameters (external momenta and masses). The idea behind
this scheme is to assume an implicit regulator u that we rely on to isolate the basic
divergent loop integrals from the UV finite parts. For a better illustration, consider
the following integral in 4 dimensions,

1
J;(kz(k—p)z‘ (2.6)

We will then exemplify the procedure as the following steps. Some extensive dis-
cussion is made in the following references, 3], [3], [13], [14],[15],[16].

2.4.1 Separation of divergences
We start by introducing a regulator t in the denominator like

1
L (k2 —u2)((k—p)*> —p?)’
In the case of IR safe integrals, the regulator u is needed to avoid spurious IR diver-

gences in the course of the evaluation. It will cancel in the end result. In the case
of IR divergent integrals, the u will survive and parameterize the IR divergences.

Q2.7)
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By power counting, we notice that as k — o0 this integral diverges, but there
is a dependence both on internal and external momenta. We want to isolate the UV
divergent content in an integral that is solely dependent on the internal momentum
k on which we are integrating. We notice that it is possible to rewrite the portion
of the integrand that depends on external momentum as

2
! - 2k-p=p , 2.8)
(k=pp—u> kK—w (=) ((k—p)*—u?)
where in the second term we diminish one order of divergence and in the first one
we have an integral depending only on the internal momentum as we wanted. As
a result, this identity can be used to manipulate the expression and isolate the UV
divergent content in integrals depending only on the internal momentum.

The procedure exemplified above work in general, where equation can be

generalised to

.29
N T L[ T
The value of n is chosen so that the UV behaviour, which is regularization depen-
dent is completely separated from the finite part, which is regularization indepen-
dent. Notice that this identity in no way will change the integrand, therefore no
alterations are made in the amplitude.

2 p, —2191 k)! (=1)"(p} —2pi-k)"
(k—pi)? =0

2.4.2 UV divergent integrals as Basic Divergent Integrals (BDI’s)

Following the separation of the divergences of the amplitude, the UV divergent
content of the amplitude can be expressed as integrals whose denominator is only
dependent on the internal momentum k. These integrals are classified as BDI’s and
they can take either logarithmic or quadratic forms which are respectively

Iy (u?) = f K (2.10)
log i (k2 _uz)r+2 :
and
KV
Vi Vor 2\
L™ (1 )—L(kz_“z)rﬂ. (2.11)

Any BDI with odd power of k in the numerator is automatically zero once the
integral goes over the entire space-time and all the denominators have even powers
of k. These BDI’s are written in terms of Lorenz indices and can be rewritten as
scalar integrals, multiplying metric tensors, after setting ST’s to zero, (see section
below). Scalar logarithmic and quadratic divergent integrals are given as

1

Log (1) = L(kz—ﬂz)z (2.12)
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and
quad( ) J;c (‘52 uZ) ' ( . )

2.4.3 Surface terms (ST’s)

Previous work has shown that IReg preserves the symmetries of the system,
such as Lorenz invariance, non-Abelian gauge invariance and supersymmetry. Any
symmetry breaking term can be expressed as a well defined difference between di-
vergent integrals with the same superficial degree of freedom. These are called sur-
face terms and they are not originally fixed, which indicates that they are related to
momentum routing invariance in Feynman diagrams meaning that we could make a
shift in the integration variables. As their value is associated with symmetry break-
ing terms, they play a critical role in IReg for the preservation of the symmetries of
the system and we must carefully choose a value that allows the symmetries of the
underlying theory to be preserved. Nonetheless, in a constrained version of IReg,
it has been proven that these regularization dependent surface terms may be set to
zero, complying with gauge invariance, [[15]. This will actually allow us to reduce
BDI’s with Lorenz indices V...V, to linear combinations of scalar products with
the same degree of divergence plus this well defined surface terms (ST’s). Gener-
ally in the four dimensional Minkowskian space-time a surface term of order j can
be written as

FY[...Vj _ 3 kvz...kvj
! i Oky, (k2 — p2)@+i=1)/2’
with k being the internal momentum and p an implicit regulator. The general

formula allows for the computation of any order surface terms. As examples one
has

(2.14)

0 kY g
uv _ nv 2 W2
o= | & (e - ). s
puva _ f 0 kVkokP
0 ) A (12 _2)3
k Ou (K* —u?) . (2.16)
1
_ uv _of uo vB up voyliog\H™) — uvap 2
24((g 87+ g™ ) = (1 )>7
and
0 kY g
M = [ i (S i) - ). @)

Setting the surface terms to zero we have Fg V= Fg vob _ Fg‘ ¥ =0, and we have the
following relations
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Tiog (%) = = lhog (11%), (2.18)
Ilo “2
Iz’f,:,aﬁ (U?) = (g"Vg*P + ghog"P 4 gt gV“)gz(4), (2.19)
d

. uv o2 8uv 2

Iquad(.u ) = TIquad<.u ) (2.20)

As previously stated, the BDI’s with Lorenz indices can be expressed as a linear
combination of BDI’s containing only scalar integrals with the same order of di-
vergence multiplying combinations of metric tensors.

2.4.4 Renormalization scale

In a massless theory, u represents an infrared regulator that is set to zero in the
end of the calculation, therefore we need to introduce a positive arbitrary constant
A, mass independent scale, which will play the role of the renormalization group
scale. Renormalization functions can be computed using the following regularisa-
tion independent identity

5 OL1og(A?) i

A = 2.21
OA? (4m)?’ (2.21)
with the following solution
2 2 A
Tog (%) = liog (A7) + b1n (£ 5 ). (2:22)
where the constant is b = ——. It's worth noting that a minimal subtraction

4r)?
renormalization scheme eme(rgez, naturally from this formalism, in which the infi-
nite divergences that depend only on the internal momentum are subtracted from
the theory. This means that the I,,(A%) will be subtracted via renormalization
whereas the IR divergent part In(u?) will cancel in the final amplitude for infrared
safe processes and in the cross section/decay rate otherwise, which will be finite.

2.4.5 UV finite integrals

As in previous work, the result of the finite integrals can be determined by
hand but since we have a lot of different forms of integrals, we will use here the
Package-X of software Mathematica, [6l]. We will explain here the procedure to
the particular case of one-loop integrals. To start, we do the input of the one-
loop integral. We define the numerator and the integration variable in terms of
Passarino-Veltman functions, [[17]. The software will then convert the Passarino-
Veltman coefficient functions into analytic expressions. We collect the output and
do an expansion in a dimensionless constant iy around zero which allows to isolate
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all terms that are divergent and finite in the limit, and neglect all the higher order
terms. This gives the final answer to the evaluation of the integrals.

2.5

Summarizing the procedure

For the sake of simplicity, once all of the above concepts have been introduced,
we put down a set of rules in order to manipulate the amplitudes of the Feynman
diagrams in the framework of IReg.

Use Feynman rules of the theory to compute the amplitudes of the theory
which consist of some collection of integrals that can depend on internal or
external momenta;

Introduce a regulator u in all the denominators; when IR divergences do
appear, this parameter will allow us to express all IR divergences in terms
of Iny. On the other hand, if the amplitude is IR safe, it will assure that no
spurious IR divergences arise in intermediate steps;

Apply an algebraic identity as many times as necessary until the UV diver-
gent integrals in the amplitude are entirely separated from the finite ones;

Express the UV divergent integrals in terms of tensorial BDI’s;

Set the surface terms to zero, and by doing this, the tensorial BDI'’s can be
expressed as scalar integrals with the same order of divergence multiplied by
products of metric tensors containing the Lorentz indices;

By the end of the calculation introduce a renormalization scale A and set the
regulator to zero 4 — 0;

Calculate the value of UV finite integrals, either by hand or with software.
In this work we will use the Package-X of the software Mathematica.



Chapter 3

Spinor-helicity formalism

In this chapter we start by discussing the motivation to introduce modern ways
of computing amplitudes and then provide an introduction to the spinor-helicity
formalism. The main purpose is to provide some basic notions for dealing with
color and spin quantum numbers in order to make the computation of tree-level
diagram amplitudes simpler.

3.1 Motivation for the spinor-helicity formalism

The usual method to compute decay rates or cross sections involves computing
the amplitude of a Feynman diagram, square it and then sum over the spins and
colors (if present) of the external states. This can easily become complex if many
Feynman diagrams are present, [18]]. This is because the physical theories must be
gauge invariant, therefore transformations of the type

i
Ay —»UA“UT—g(auU)UT, (3.1)

with A, as a gauge field, U the unitary matrix and g the coupling constant, must
leave the theory invariant. Then when computing the Feynman rules there will be
redundancies and although we end up with a simple and compact expression, the
intermediate steps are very extensive. This means that we have many Feynman di-
agrams that are related by gauge invariance, [[18]. This redundancy is also reflected
in the Lorenz condition that requires €,, - p; = 0, if we do a gauge transformation
in the polarization &;, the equation above must still hold and the amplitude must be
invariant, therefore the gauge transformation & — &; + ap; where a is the gauge
parameter, also leads to redundancies. Additionally, in non-abelian theories there
are to many terms in the Feynman diagrams. As a result, intermediate expressions
may become much more complex than the final result and the process of com-
putation becomes difficult. Therefore, one searches a formalism that reduces the
complexity of the calculation, [19]].

13
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If we consider only the outgoing particles and consider them on-shell, we re-
duce considerably the number of degrees of freedom and also eliminate the con-
nection to quantised fields and therefore gauge redundancies, [19]. This motivates
the usage of an on-shell formalism.

We will explore here how to organize the spin (and helicity) and color in order
to simplify the amplitude into gauge invariant pieces.

3.2 Spinor-helicity formalism

In high-energy collision processes, if we consider ultra-relativistic particles,
they will behave as if they were massless for whom it is known that chirality and
helicity are the same and we have conservation of helicity through the interaction
of the particles,[7]], [18]]. In this context, the helicity basis becomes useful.

The next step is to determine which kinematic variables may be used to write
the scattering amplitudes. The Lorentz group is a Lie group of symmetries of
space-time of special relativity and can have a variety of representations. The four-

. 11 .
vectors p* are represented in the (5, 5) Lorentz space and are the usual choice of
kinematic variables to define the amplitudes. But there is a smaller representation

1 1
of the Lorentz group which is the representation <§,O> @ (0, 5) This represen-

tation of the Lorentz group is the Dirac representation, [7]. The main idea behind
this is using constant spinor that transform under the finite dimensional represen-
tations of the Lorentz group, so we define the helicity spinor as real or complex

1 1
doublets that transform under the (f , O) and (0, 7> representations of the Lorentz

group, [20]. So what we do in spinor-helicity formalism is trading our four vector
momentum pfl for a pair of spinors as follows

we(p) =iy =22,
u(pi) =iy =28

For massless vectors, these are two-dimensional Weyl spinor and they obey the
Dirac massless equation

3.2)

pu+(p) =0, (3.3)

1 1—
where u (p;) = (—;}/S)M(p,-) andu_(p;) = ( 2%) u(p;) are respectively a right-

handed and left-handed 4-component spinors in the Dirac notation and A% and 1.
are the respective 2 component versions with o = 1,2.
To raise and lower the indices we use anti-symmetric tensors of the type

e = g, = b — —€y5 = i0, 0" = <_01 (1)> . (3.4)
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We can use the Pauli matrices ¢ to write the momenta as bispinors. For exam-
ple, for the positive energy solution we have

0_ .3 1, .2
u(pui(p)=p w P (—pl —ip2 pO4p ) (3.5)
from where we infer the following relations
P = o pH, (3.6)
Pas = G P"- 3.7

The determinant of the matrix of the bispinor is

det(p*®) = pi— pi — p3 — p3 = Py poy = m’. (3.8)
If the particles are massless then det(p®®) = 0. This means that we can factor-

ize the matrix into vectors, which is precisely what we have obtained before by
choosing the Weyl basis. In other notation we have

A% = p>> l06 = <p7 id = p]v )La = [p> (39)
where . -
p** =A%A%=p)p (3.10)
and y
Pas = Mara = pJ(p. (3.11)

The momentum conservation in terms of the spinors using the ket notation can
be written as

Dpt=>Tpr =328 =D pli=0. (3.12)
J J

Using the tensor in equation |3.4] we can define the following objects

i (pi)us(py) = € (M) a(A))p = Gij) (3.13)
and

i+ (pi)u—(p;) = € (A)a(A))5 = [if]. (3.14)
The relation between these objects and the usual Mandelstam variables which we
use to compute amplitudes is

pliil =2pipj = (pi+pj)* =sij =3 (3.15)
and a similar reasoning for the other channels. These are our invariant quantities in
terms of the spinors.
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We consider now that we are only working with real momenta. Notice that
this equation does not completely define the vectors A, since in the real Minkowski
space they are complex conjugates and can differ by a complex phase, [21]. The
complex conjugate of the spinors is [ij] = {(ij)* which we notice is just a parity
transformation. This happens because for the case of real momenta, the complex
conjugation is obtained by transposing the matrix p;, meaning that we exchange left
and right handed spinors, [7]. By looking at equation [3.15| we notice the bispinors
can be written as follows

(jy = /sije (3.16)
and
[i] = \/sije ™", (3.17)

and the only difference between them is just a complex phase.
The spinor products also respect anti-symmetry, [[7]]

Gjy ==, [ij] = =LJil, (iiy = [ii] = 0. (3.18)

After having defined a notation for the momenta and their invariant scalar prod-
ucts, we now write the polarization vector for a massless gauge boson

e, (r)]** = xfzﬁig, (3.19)
e, (r)]** = Nowild (3.20)

(rp)”
where we defined a reference momentum r that needs to be chosen so that it can
obey the following properties,[22]]

i1 =0
riorj=0 (3.21)
pi-r; =0, foreach i

The choice of these reference momentum r is arbitrary, which reflects the freedom
of gauge. This means that the amplitudes should be unchanged when the polariza-
tion vector is shifted by an amount proportional to the momentum, [[7].

We have now established a new notation for our objects and, as the amplitudes
should be functions of invariant quantities, the simplest way to do it is to compute
scalar products between momenta and polarizations.

All the above formalism is derived in the basis that helicity is conserved and
particles are massless. But it is know that vector particles like photons and gluons
do not have a conserved helicity. Despite this, in the tree-level reactions, there is
conservation of helicity because all the processes that do not conserve it are zero.
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3.3 Color decomposition

Working in QCD we have the presence of the color degrees of freedom in the
theory. When computing QCD amplitudes using the Feynman rules, we find the
presence of the Lie algebra structure constants f°°. These structure constants are
defined by the commutator

[T¢,T%] = iv2fTe, (3.22)

which allows us to relate the constant structures with the matrices of the funda-
mental representation 7¢

bc i
o= —
V2
We can now use this equation to eliminate the structure constants in the amplitude

in favour of these traces of the matrices T’. Furthermore, products of traces can be
simplified using the Fierz identity, [18]]

(Tr(TT*T¢) — Tr(T°TT?)) (3.23)

. . o 1 . .
DUTHI(TE = 5260 - oo (3.24)
a
This equation means that the generators 7¢ of the SU (N¢) group form a complete
set of traceless hermitian matrices N¢ X N¢, [7]], [18]. More details and discussion
are provided in the appendices.

3.4 The amplitude in the spinor-helicity formalism

After the algebraic manipulation of the colour algebra, we have an amplitude
that is a function of the momenta p; and the polarization of the particles g;. In
the spinor helicity formalism what we do is a transformation to a space where the
amplitudes are a function of spinor u(p) and helicity A;. It is here that the major
simplification is done as we eliminate the redundancies coming from the Lorenz
condition and the gauge invariance of the theories.

Consider a process involving the Higgs plus some number n of gluons. We will
see that the Feynman rules of the vertices involving three or four gluons translate to
the Yang-Mills’ multiplied by some constant. Therefore, the form of the amplitudes
will be the same as for the pure YM theory. For this case, the color decomposition
of the Higgs—n—gluon tree amplitude is

M(pishiar) =" Y Te(Ty" . T )My (g}...&3). (3.25)
€€S8,/Z,
M7 is the partial amplitude with the kinematic variables. The notation is g as

the gauge coupling, p; = i as the momenta, /4; the helicity, a; the color and € the
polarization, S, is the set of all permutations of n objects and Z, is the subset of
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cyclic permutations that preserves the trace. By doing the sum of all polarization
that belong to S,/Z,, what we are doing is sweeping out all cyclically nonequiv-
alent orderings in the trace. This means that the amplitude is color ordered and
is very important, since contributions from some diagrams with a particular cyclic
ordering of the gluons are taken into account, [[7]], [18]].

3.5 Little group covariance

The little group is the ISO(2) group of Lorentz transformations which leaves
the outgoing particle momenta invariant. In terms of bispinors notation we have
that the objects p)[p and p|{p are invariant.

This can also be interpreted as the overall phases of the spinors not being deter-
mined by the Dirac equation, so they can be arbitrarily chosen. Due to this freedom
of choice, in terms of bispinors, we have that the above expressions are invariant
under the transformations

1
p)—zw), |p— g[p (3.26)

The requirement of the little group covariance in a scattering amplitude takes the
generic form

_2h;
M(p!pln) — T 22 M (pl . pl). (3.27)

Notice that the amplitude is covariant and not invariant under the little group.
Nevertheless z; are phases that cancel when we do the modulus squared of the
amplitudes, which will remain invariant.

Since momenta and reference momenta are invariant under little group, only
the polarizations play a part in determining the amplitude here, since we have

_ mlr _
£, = ﬁD)}E] — 2%¢, (1) (3.28)
and
gf = \fz'i][)’; — 272 (1) (3.29)

This will therefore diminish the range of forms of the amplitudes we can accept
for a certain process with certain helicities.



Chapter 4

The effective model for the decay
H—gg

4.1 Effective Field Theories

An EFT is a quantum theory that has a regularization and renormalization
scheme. Its key idea is that the dynamics at low energies given by the scale m
does not depend on the dynamics at high energies %iven by the scale A. As aresult,
we can define a power counting parameter 0 = % and perform the computations
as an expansion to some order n in 8. To better understand the power counting we
start by defining the EFT functional integral as

F = quﬁeiS, 4.1)

with the action being

S = Jdde(x). (4.2)

L is the Lagrangian density with energy dimension d, [L(x)] = d given by the sum
of the products of coefficients c; of dimension d-D with Lorentz invariant operators
O, of dimension D

L(x) = 2 ¢i0i(x). (4.3)

Now following the same logic as for the Lagrangian density, the EFT La-
grangian can be expanded as

Ci(D)Oi(D> LD
Lerr = Z AD—d - Z AD—d’ (4.4
D=0, D=0

19
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where D is the dimension of the higher order operator, d is the dimension of the
Lagrangian of the theory and ¢; are Wilson coefficients that are the coefficients of
the expansion and contain all information about short-distance physics above the
scale m. The energy scale A is the scale at which new physics occurs and guaran-
tees that even if higher order operators are added to the theory, the full Lagrangian
remains at dimension d, which means that the c;s are dimensionless. For d = 4 we
have the following

Lerr =LD<4+%+%+... 4.5)
We notice that one does not stop at D = d, but includes operators of arbitrarily
higher dimension.

EFT can be of two distinct types: bottom-up and top-down. The first is applied
when the underlying theory is known and we write the most general Lagrangian
that is consistent with the symmetries of the system. The top-down EFT is applied
when the full theory is known and we wish to have a Lagrangian to describe a low
energy system; in this case we integrate out the heavy particles.

There are advantages in using EFT, such as the simplification of the compu-
tations, as we are only dealing with the relevant interactions to the energy scale
that we wish to study. Also, when constructing an EFT, the EFT Lagrangian re-
produces the same S-matrix as the original theory and therefore the observables in
both theories must coincide.

So as we have seen EFT provide an efficient method to characterize new
physics using operators of higher dimension, so we will look for a way to con-
struct a Lagrangian that provides us an accurate form to study the system of this
work: the Higgs decay into gluons. This discussion is extensively exposed in [23]].

4.2 The effect of heavy quarks in Higgs boson decay

We are now in a position to derive the Lagrangian of our model. In general

L = Lyp + Lips + Ljggs (4.6)

where Ly, is the Yang-Mills Lagrangian, Ly;e,s represents the kinetic part of the
Higgs Lagrangian and L;,, describes the effective interaction of the Higgs with
the gluons, where the heavier degrees of freedom (quarks) have been integrated
out. For our discussion here the relevant parts will be the YM and the effective
interaction. We can write the interaction part as an expansion in a power of series
as in [24],

Liw = —H ) \ci0;. 4.7)

Here, H stands for the Higgs field, ¢; are the coefficient of the expansion and O;
are local operators. The problem now is to find the local operators with the correct
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dimensions and their corresponding coefficients. This problem has been studied by
Kazama and Yao, [25] and the results for this case have been reported in [24]. So
we have the contribution of the following operator

1
0 = —ZG;;VG;‘V (4.8)

and adding its dimension with the Higgs field dimension, we have a total operator
of dimension 5.

4.3 Higgs decays

The Higgs boson’s decay branching ratios are dependent on the energy scale
being considered, i.e. the Higgs mass. The Higgs boson can decay into a fermion
and an anti-fermion, with the strength of the interaction proportional to the fermion
mass. The final decay rate is proportional to the square of the strength of the
interaction and grows linearly with the Higgs mass. In this case, the most important
final states will be bb, 77 and c¢, the first being the largest one in the range of mass
80GeV to 200GeV as we can see in figure d.1} Also, there are decays of the Higgs
into bosons WW ™ and ZZ, which are proportional to the square of the coupling.
Loop-induced decays, such as gg, vy, and Zv, are also present. The h — 7y and
the h — Zy are dominated by the W boson loop, whereas the 4 — gg decay
is dominated by the top quark loop, with a small contribution from the bottom
quark loop, which will be the focus of this work. All this discussion is extensively
exposed in [26].
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Figure 4.1: Higgs branching ratios and total uncertainty at low mass range. We study the limit where
the Higgs mass is between 80GeV and 200GeV. SOURCE: [1]
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4.4 Effective model to describe the Higgs coupling to glu-
ons

Consider the Higgs decay into two jets of gluons in the mass range 80GeV <
my < 200GeV. We have seen that this occurs via a top quark loop. But if we take
the top quark mass to be infinite, this limit allows us to integrate out the top quark
degree of freedom, replacing the one-loop coupling of the Higgs to the gluons with
a top quark loop by an effective local, gauge invariant operator H G‘,fWG“’“". This
will reduce the number of loops by one at each order, [27] and also, by taking an
infinite mass for the quarks we may have underestimated the decay rate, but the
effective Lagrangian may still give a reliable estimate for these corrections in the
range of mass of the Higgs we are considering, [28]. The effective interaction of
one Higgs with two, three and four gluons is described by the Lagrangian,

1
Leff = —ZAHGZVGH’I'W (49)

that can also be found in [8]], [27] and [29].
G{, is the field strength of the SU(3) gluon field given by

Gly = OuAS — OVAY, + g [ ALAS, (4.10)

and % are the anti-symmetric SU(3) structure constants.
The effective coupling A is given by

Ol 11 o
A= (1 77)7 411
3my * 4 @.11)
where H represents the Higgs boson field and v is the vacuum expectation value,
v? = ——. We can relate the effective coupling with the strong coupling constant,
G2
o

S
47

The virtual diagrams that arise from this effective Lagrangian are generated us-

ing the package FeynArts of the software Mathematica, [30]]. There are 5 diagrams

that contribute to the one-loop order correction, which are represented in figure[d.2]

Virtual diagrams
P, M,a P, U,a

H----- H----

p2>v7b p27vab
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p2,V,b H
\
\
\
\
\
P, U, a A K p27vab
\
\
\
\
H P, U a
p1,H,a

p2,V,b

Figure 4.2: Virtual diagrams contribution to the decay rate H — gg(g). From left to right they are
respectively V1,V5,V3,V4,Vs. The dashed line represents the Higgs field, the curly lines represent the
gluon field.

Real diagrams

The diagrams that will contribute for the real decay until the ¢ order are rep-
resented in figure

Pi P2
p1 p3

Pk H

Figure 4.3: Real diagrams contribution to the decay H — ggg. From left to right they are respec-
tively R; and R,. The dashed line represents the Higgs field and the curly lines represent the gluon
field. The {p;, pj, px} correspond to the three permutations of p;, p; and py, so R; stands for 3 dia-
grams.

The diagrams V; to Vs contribute to the virtual amplitude and the diagrams R
and R, (which corresponds to three diagrams) contribute to the real amplitude at
the same order of expansion.
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4.5 Feynman rules for the effective Lagrangian

By looking at the previous diagrams, notice that the interactions between the
Higgs boson and the gluons arise from the effective interaction while the interac-
tions between only gluons arise from the YM pure lagrangian. In order to evaluate
all the previous diagrams, we need to compute the Feynman rules for the effective
interaction Hgg and the pure YM lagrangian that will be the building blocks for the
amplitudes. We will compute the Feynman rules for the 2-gluon-Higgs, 3-gluon-
Higgs and 4-gluon-Higgs with the effective interaction and the 3-gluon, 4-gluon
interactions and the ghost vertex with the YM lagrangian. We start by deriving the
Feynman rules for the effective interaction. The S-matrix can be written as

S = (O|T (e~ 84" Lers () g & b, (4.12)

! /
where | p‘]x’“ Py b ) are the states of the external gluons with color indices d and
b and |¢) represents the state of the Higgs boson. To derive each Feynman rule
we extract from the Lagrangian the interaction term that describes the diagram we
are interested in and we expand the exponential in the S-matrix until the first order,
and perform the contractions between operators and states. Also, for convention
all the external momenta are going inwards.

2-gluon-Higgs Feynman rule

We start by computing the 2-gluon-Higgs Feynman rule represented in figure

pP1,U,a

P27V7b

Figure 4.4: 2-gluon-Higgs Feynman rule.

The part of the lagrangian that gives origin to this rule is

1 a a a a
L2 =— JAH (DuA5, — 0yAL) (1A — 0% A1)
(4.13)

1
= — JAH(OuAU0M AV — 0, A[ HA™).

Expanding the exponential until first order we get
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O (—i(— JAH)2(OaAG0HA — 0 G HA)) e 0P e (pr)eb ().
(4.14)
We sum for all the possibilities of the operators on the effective Lagrangian acting
on the polarizations €(p;). We get the following

1 ad <ab’ . . . .
= _ZAH5 8 (48vocgv,6(_lplu)(_lplu) _4gua8vﬁ(_lplu)(_’p2v))- (4.15)

Contracting all the indices we get the 2-gluon-Higgs Feynman rule

8*(q+ p1 + p2)iAS“Y H*B (py, p») (4.16)

where the tensor is H%P (p1,p2) = —p[fpg +g%p; - pa.

3-gluon-Higgs Feynman rule

The 3-gluon-Higgs Feynman rule is represented in figure [4.3]

P, U,a
H----- P2,V,b

p3,7,¢

Figure 4.5: 3-gluon-Higgs Feynman rule.

The S matrix is written as follows
4 / / /
(O|T (e~ Lesr (@) | g’ pB¥" pT<”y 4.17)

o ' N
up to the normalization with | p‘lM N pﬁ’b2>’|1’y % as the states of the external gluons
with color indices a', b and ¢’ and |¢) as the Higgs boson. The part of the effective
Lagrangian that gives origin to this rule is

L3 = —gAH f™(0,A%)A*PAY < (4.18)

Again we expand the exponential until first order and we get

(OIT (—i(—gAH f*(0,AG)AFPAYC) | e~ ™At PHrtrs) gd! (p))el! (pa)es (p3)).
(4.19)



CHAPTER 4. THE EFFECTIVE MODEL FOR THE DECAY H—GG 26

In this case we have 3! = 6 different ways of the operators acting on the polariza-
tions £(p;). By summing for all the possibilities we get

—eiatpitpatps) pabe g o

(5aa/gva(_iplll)(5bb’5cc’gvﬁg\/}/+ 5bc’5cb’guygvﬁ)

4.2
+5ab’gvﬁ (_ip[;)(6ba’6cc’g,u(xgvy + 5bc’60a’guygvoc) (4.20)
_’_6ac’gvy(_l~pl31)(Sha’scb’g/,tagvﬁ + 6hh’60a’gul3gva))
By contracting all the indices we get the 3-gluon-Higgs Feynman rule
8*(g+ p1+ pa+ p3) (—Agf VP (p1, pa, p3)), 4.21)

where the tensor is

VY (p1,pap3) = (p1— p2)78%P + (p2 — p3) %P7 + (ps — p1)Pe™.  (4.22)

4-gluon-Higgs Feynman rule

The 4-gluon-Higgs Feynman rule is represented in figure 4.6

p1,H,a pP1,H,a
H R
p1,U,a P1,H,a

Figure 4.6: 4-gluon-Higgs Feynman rule.

_ (g4 / / / /
OIT (e S Lerr @) g ph P Py (4.23)

/ / / /
where [p{,),| o 1PS o pd_,) are the states of the external gluons with color

indices a’, b, ¢, and d' and |g) represents Higgs boson field. The part of the
Lagrangian that gives origin to this rule is

1
4gH
L = — L PAH(fALAL) (A AL). (4.24)

By expanding the exponential in the S-matrix until first order follows
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O (i [ d(~ g PAH (AL (a5 %)

‘e7iqxefip1xefipzxefip3xefip4xgﬁ'/ (Pl >ge: (pz){:‘g// (p3)8;lll (P4)>-

(4.25)

In this case we have 4! = 24 different ways for the operators to act on the states

and we sum for all the possibilities which gives the following

b dd’

b redc ! bbb o’ dd’ ! bb' _cd _dc! ' bc!
= [ L (g 8vv 8 &y + 8w 8w 8ir 8vp + 81w 8vp 8y v

cd _db’ ad’ _bd'

ad’ _bc’ ad’ _bd' _cb' _dc’ cc’
+guu’gvp’g,ur’gvv’ +g,ul.l/gVT/g/.LV/ng’ +g,u,u’gvr’gup’gvv’
cd  da
/JT/gV,u/

ab’ ba' cc’ _dd’ ab’ ba' cd _dc’ ab’ _bc’
+gﬂV/gVM/gI.LP/gVT/ +gMV/gV,LL/gI.LT/gVP/ +gHV/ng/g
ab’ _cd’

db’

ab’ _bc' cd' _dd’ ab’ _bd' cd' _dc’ e’ _dd
+g“v/gvp/g#wgwf -l-g”v/gwfgim/gvp/ + g“\,/gw/g‘fngv“/

ac’ _bd _cb' _dd’ ac’ bd _cd _db ac’ _bb'
+gup/gvu/g,uV’gVT/ +gup/gV/.L'g,uT/gVV/ +g,up/gvv’g

a’ dd’
up'8ve

7 bb cd dd 7 bd cd db 7 bd b dd
+gﬁcpfgvvlg:”/gv(ﬁ/ —|—gﬁ°p/gw/g7ﬁl/gvv/ —|—gﬁcpxgw/g;w/gv‘;u

ad’ _ba ad’ _ba' ad’ _bb'

ch’  _dc’ cc’ _db’ ca' _dc’
T8 8y v &y + &l 8 i 8y T &l Evv i 8 vy

ad’ _bc'

ad’ _bb' _cc' da’ ad’ _bc' _cd _db’ ch' _da
+8uv8vv&up' v T & &vp 8uup 8vv +gmlgvp/gw/gvu,).

By contracting all the indices we get the 4-gluon-Higgs Feynman rule

dv'cd

4 - 2
6 (q+p1 —|—p2 +p3)(—lg )X[J’V’p/T”
with the tensor being
/b/ /d/ Ib/ /d/
XZ/V/L’;/T/ :fa efc e(g“/p/gv/T/ _gu’r’gv’p’)
o b/d/
+f°f e(g,u’v’gp’f’ - g,u’r’gp’v’)
/d/ b/ /
+fCCf Ce(gu’v’gr’p’_gu’p’gv’r’)-

4.6 Yang-Mills Feynman rules

(4.26)

4.27)

(4.28)

We find the vertices by writing explicitly the nonlinear terms in the YM La-

grangian, which can be found in [31]]

1
L= Lo—gf“bc(ﬁkAﬁ)AkbA’lc . Zgz(feabAZAl;L)(feCdAlccA;{)

(4.29)

where Ly is the free field Lagrangian and we choose the convention of all momenta
going inwards. The procedure to compute the Feynman rules is very similar to the

previous one and they read as follows.
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3-gluon Feynman rule
The 3-gluon Feynman rule is represented in figure [4.7]

p3,7,¢

pi;H,a p2,V,b

Figure 4.7: 3-gluon Feynman rule.

and can be read.

V3 = gf P (g"V (p1 — p2)P + 8P (P2 — p3)* + 8P (p3 — p1)Y) (4.30)

4-gluon Feynman rule
The 4-gluon Feynman rule is represented in figure 4.8

P, H,a
P4767d pz,v,b

pP3,pP,¢

Figure 4.8: 4-gluon Feynman rule.

and reads as follows

V4g _ l-g2 (fabefcde(gupgvo' _ g/,tvap)
Je e (ghv P — ghog"P) 4.31)
fadefbce (gyvgpo _ gupgvo))'

Feynman rules as the building blocks for the amplitudes

We notice that an advantage of using this effective model is that the structure of
the Feynman rules of 3-gluon-Higgs and 4-gluon-Higgs is identical to the Feynman
rules for 3-gluon and 4-gluon derived from pure YM theory.
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The Feynman rules derived above from the effective Lagrangian and pure YM
Lagrangian are the building blocks for the the Feynman diagrams of the theory.
They allow to compute the amplitudes of the virtual and real diagrams exposed
above, as we will see in the next chapters.
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Chapter 5

Virtual decay rate H—gg

In this chapter we compute the one-loop amplitude of each of the virtual dia-
grams, from V| to Vs, using the Feynman rules of the effective lagrangian derived
in chapter ] After this we use the fundamental identity of IReg to completely
separate the UV divergent integrals from the UV finite ones. The UV divergent in-
tegrals are written as BDI’s and the UV finite ones are evaluated using Package-X
of the software Mathematica. We perform renormalization of the effective theory
and after that we compute the virtual decay rate of the process H — gg.

5.1 Computation of the amplitudes and separation of the
UV divergent content

For all the diagrams we choose the external momenta of the two gluons to be p;
and p, and the momentum of the Higgs boson to be g and the internal momentum
of the loop to be k. All the external momenta are inwards, therefore we can write
the equation of momentum-energy conservation as p; + pz + g = 0 which is valid
for any of the diagrams. Because the Feynman rules don’t provide us with the
symmetry factor of the diagrams, they were extracted from the package FeynArts
of the software Mathematica. In the end of the computation we apply the on-shell
conditions and impose p% = p% = 0. All the diagrams that we analyse are of order
one-loop, therefore we use the algebraic identity of IReg given in equation[2.8] As
we have two external momenta we have

2
I W /0103 i)
(=p =1~ (=) " R =)k = p)?]— 42
where i = 1,2, will be used to separate the UV divergent content from the finite in
all the amplitudes of the diagrams V; to Vs.

We will use the Feynman Gauge and the Feynman rules used are the ones
—i 5ab guv

k2

derived in chapter The propagators have the form A(k)ff’v = with a,b

31
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being color indices and u, Vv being Lorenz indices and k as the momentum in the
loop.

Diagram V),

To obtain to total amplitude of the diagram V| we notice that we need two 3-
gluon vertices and the 2-gluon-Higgs vertex. The propagators are A(k);‘;) . Alk+

pz)‘i::;’::: and A(k — pl)‘Tl‘Tl,l. The symmetry factor is 1, so we have
Vi =V$ Ve VA HAK)S Ak + pa)tudn Ak — p1)®, (5.2)

suby, " suby, " suby, pp’

for the 3-gluon vertices we have respectively

v

subvl

= gf““(g"P (—k—p1)" + 8" (2p1 — k)P + gP* (2k — p1)M), (5.3)

VS = gf (P Vk—p2)" 48" 2pa+k)P +gT P (<2k—p2)Y) (5.4)

sub\/1 -

and for the 2-gluon-Higgs vertex

o /

Vs 1 =ias" (g% (k—p1)- (k+p2) = (k—p)" (k+p2)7). (5.5

subv]

Expanding the expression and contracting all indices we obtain

1
kz(k — pl)z(k + p2)2

V] = —AgZCASabJ
k

<k4g“V +2(k-p1)*g"Y +2(k- p2)*g"Y +4(p1- p2)e"Y + 11KHKV K — 6ph KV K

— P phky + K2k pY + K2 pY + 9K* ph pY + 6k2k* pY — 3k pli pY

+ K2 ph py —10(k- pr kMK + (k- p ) p kY —6(k- p1)ph k¥ —2(k- p1)k* pY

—6(k-p1)py p{ —6(k- pr)k* p5 + (k- p1)pi p5 —3(k- p1)ps Py

=3k (k- p1)g"” + 10(k - p2)kMk¥ — 6 (k- p2) k" — 2(k- p2) ph k" — 6(k - p2)Kk* pY

+3(k- p2)pi pY +6(k- p2)ph pY + (k- p2)k* p5 — (k- p2) pi p3 + 3K> (k- p2)g”

+4pikH kY +4piph kY + 2pik* py +2piph py — (p1- p2) P K

—4(p1-p2)Py pY + (p1- p2)k Py — (p1- p2) P Py — 9(p1 - p2)kPg™” +6(p1 - p2) (k- p1)gpy

—6(p1-p2) (k- p2)guv +4p3kH k" —2p3pi k¥ — 4p3kH pY +2p3p pY) :

(5.6)
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Equation [5.6] gives us the amplitude before any treatment of divergences. We now
apply the identity to separate the divergences. Despite having many terms, the inte-
grals in the previous equation can all be reduced to 7 types that are given explicitly
and computed in appendix A. We obtain the following regularised amplitude:

V] = —Agch 5ab f
k

<— 10(k- (p1 — p2)k* k" Iy, (k, p1, p2, 1)

+ <2g“v((k-p1)2 + (k- p2)?) + (k- p1)pi k" —6(k- p1) (Py k" + Kk py) —2(k- p1)k* pY
—6(k-p2) (DY K" + K py) = 2(k- pa) ph k¥ + (k- pz)k“p§>151 (k, p1,p2. 1)

+ (—6(k-p1)p§‘plv + (k- p1)pi py —3(k- p1)ps py +3(k- p2) Pl pY

+6(k- p2)ps pY — (k- p2) Py Py — (p1- p2) PV K + (1 - p2)k* py

+6(p1p2) (k- (p1 = p2))guv ) By (k. pr, pas 1)

+ (4(1?1 -p2)* g™ —4(p1-p2)Ph P — (p1 'Pz)PlfP;)Iél (k,p1,p2, 1)

+ (11K K" + K2g"V)E, (k, p1, p2, 1)

(—6p kY — phky + k¥ pY +6kH py =3 (k- (p1 — p2)) 8"V Iy, (k, p1, p2, 1)

+ (i Py + 995 pY =3P\ Py + Ph Py —9(p1 - p2)guv)Iy, (k. pi, p2, u)) :

(5.7

where I"',l, (i = 1...7) stand for different combinations of denominators appearing
in the decomposition of the integral related to the diagram Vi, and given in the
appendix A. Similar notations are used below for the other amplitudes. To simplify
the expression we have already applied the conditions on-shell, p,-2 =0,i=1,2.

Diagram V,

To obtain the total amplitude of the diagram V, we notice that the sub-diagrams
are the 4-gluon vertex and the 2-gluon-Higgs vertex. The propagators are A(k);‘;},

: 1
and A(k— p; — pz)‘é‘;,. The symmetry factor is 550 the amplitude is

1 2g—H ! dd’
V2 = E%ﬁiﬁf‘/sugbvz A(k);i)/A(k—pl _pz)O'GI (58)

For the 4-gluon vertex we have
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Vi = —ig? (f f (P 8" — g7g"P)
facefbde< gu gvp) (59)
fadefbce( gupgvc))

and for the 2-gluon-Higgs vertex

Vs = iA8 4 (g% P (k—p1).(k+pa) — (k—p1)® (k+p2)P"). (5.10)

subV2

Expanding the expression and contracting the indices we obtain

1 1
V, =Ag*C B“bf
278 A | k(= pr— po)?

(4k2g‘” — 4k (p1+ pa)g"” +2kHEY — K (pY + py) — k' (P + p%))-
.11

The expression in[5.11]is still unregularized. In general we have to analyse 3 types
of integrals to which any of the integrals above can be matched given in appendix
A. The regularizes amplitude for V; is then given by

1
V2 =Ag2CA5ab2J (4k2gﬂv1\1/2 (kapl>p2nu“)
k

— (4k - (p1 + p2)g"") Iy, (k, p1, p2, ) + 26KV I, (k, p1, pa. 1) (5.12)
- (k‘u(pi/ +p¥))1\2}2(k’PlaP27ﬂ) - (kv(plll +p¥))1\2/2(kvpl)1727“)) .

Diagram V;
To obtain to total amplitude of the diagrams V3 we notice that the sub-diagrams
are the 3- gluon vertex and the 3-gluon-Higgs vertex. The propagators are given

1
by A(k)“p , and A(k — pz)dd The symmetry factor is 5 80 the amplitude of the
diagram V3 is given by

1

3 3g—H 5 ! !
Vs = > Viuby, Vaubr, Alk—p2)gy A(k)SE. (5.13)

We have for the 3-gluon and the 3-gluon-Higgs vertices, respectively

Vo, =8/ (&P (p2+ k)7 + 877 (=2k+p2)" + 8" (k=2p2)),  (5.14)

subv3
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3 7H /! ! / ’ ! ’
Vo, =A8fT (8P (P2 =20 + P H(k—p1)" + 8" H(p1+k—p2)?).
(5.15)
Expanding the expression and contracting all the indices, we obtain

1 1
V3 =2 Ag xS J k=) (Zkzg‘” =2k p2g"" = 3p1- p2gt’
2 « K2 (k— p2) (5.16)

+2p3gHY + 10KMKY — SKY pH — Sk pY +3pY pb +p§‘pg).

Here we have to analyse 4 types of integrals analysed in the appendix A. For the
diagram V3 we obtain

1
V3 = zAgZCAbe (28”le1/3 (k, p2, 1) — 2k - pog"V Iy, (k, pa, 1t)
k
—3p1 - pag"V Iy, (k, pa, 1) + 10KV T, (k, pa, 1) (5.17)

— (5k¥ Py + SkMpY)IT, (k, pa, 1) + (3pY Py + P pY)Es, (k. pa, u))-

Diagram V,

The diagram Vj is of the same type as the V3 diagram, the difference being
that the external momentum p; is now coming from the effective interaction and

1
p1 from the pure Yang-Mills interaction. The symmetry factor is also 3 and the

propagators the same as in V3 by making p; <= p,. For the 3-gluon vertex we
have

VS =g fC (gP H(—k—p1)T +8"T 2p1—k)P +gP T 2k—pi)H)  (5.18)

subv4
and for the 3-gluon-Higgs vertex
3g—H
Vi, = —A8f (877 (2k = p1)" + 8™ (—k+p1 = p2)? + 8" (p2 = K)"). (5.19)

Expanding the expression and contracting all the indices, we obtain

| |
Vi —=AgC 3“”[(2/8 WY 2k g’ —3p - prghV
4 D) g Ca kkz(k—p1)2 8 P18 P1-D28

+2pighY + 10k k¥ — 5k pif — 5k pY +3p} ph + pif pY) :

(5.20)

We use the integrals in the appendix A to separate the divergences the same way as
for V3 and we obtain the regularized amplitude
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1
Vy = 2Ag2CA5“bJ (268, (k. p1, 1) = 2k prgV I, (ks pr. 1)
k
—3p1-pag"V L, (k, p1, 1) + 10KH KV, (k, p1, 1b) (5.21)

— (5Kl + 5k p)) G, (k, pr, 1) + (3pY Py + P PY)E;, (k7p1,u))-

Diagram V;

To obtain the total amplitude of the diagram V5 we notice that the it is a 4-

1
gluon-Higgs diagram with a loop. The symmetry factor is 5 We obtain

1 [ d*% ig6, . 5 _uvpo

Vs = 2](271’)4/(2(_11457 )X e (5.22)
1

where 3 is the symmetry factor of the diagram. Contracting the indices we obtain

d*k 1
(2m)* k?

Vs = —3Ag2CAf W ghv. (5.23)

5.2 UV divergent integrals as Basic Divergent Integrals

We use equations and [2.11]to write all the UV divergent integrals coming
from the amplitudes V) to Vs in terms of BDI’s. Setting the surface terms to zero
we notice that all the divergences can be written as and[2.13]

For the diagram V| we get

13
- Iquad(ﬂz) (jg#v)

43 1 1 29 (5.24)
2
—liog (W) (=—p1- P28 + 7PV PY = PV Py + 2 PIPh + 7 P5 pY).
For the diagram V, we get
5
Iquad(ﬂ2)(§8#v)
1 13 1 1 1 (5:25)
2
+ Shog (W) (=1 p2g"” = 2P PY = 3PV Y — 31 Py — 315 PY).
For the diagram V3 we get
7
Iquad(ﬂz)(ié’w)
| ) (5.206)
+ S liog (1) 3P Py —3p1 - pagh” — P py))-

2 3
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For the diagram V4 the BDI’s take the same form as the ones from diagram V3 and
they take the overall form

7
IQuad(.uz) (Eguv)
(5.27

1 2
+ Shiog (W) 3PPy = 3p1-pagh” = S pY)).
For the diagram Vs the only integral contributing is an UV divergent integral. In
terms of BDI’s this integral is classified as quadratic

—3gHV

fkkz—liz = _3Iquad(.u2)g“v- (5.28)

Joining the UV divergent content of all diagrams

After the classification of the BDI’s of the diagrams V] to Vs we joined all their
contributions. We notice that each diagram individually contributes with logarith-
mic and/or quadratic divergences. Despite this, the integrals Iquad(uz) from V; to
Vs cancelled so there was only left Il(,g(p.z). This is because in our effective model
we only include the coupling of the Higgs with gluons. The Higgs propagator is
not included, so there is only going to be renormalization of the gluon field and the
effective coupling

LrenmAHGlJvGuv = ZayZA(AHG/JvGIJV), (5.29)

where Z, is the renormalization constant of the gluon and Z,, is the renormal-
ization constant of the strong coupling constant that allows us to renormalize the
effective coupling (see section below). Therefore, all the UV divergence must be
absorbed in Zy Z4. In this case, there’s no terms in the renormalization to absorb
quadratic divergences. As a result, the quadratic divergences were expected to
cancel between themselves.

Adding all the contributions from V] to V5 we obtain the amplitude V;;, coming
from the UV divergent contribution of the diagrams

3
Vain = AZ*Ca8™ iog (u*) (5 (PY PY + Py P3) = 2(pYPh = p1-p2g™"). (5.30)
As we have defined before H*Y (p1,p2) = p1 - p2g"¥ — p}’p‘zl is the tree level 2-
gluon-Higgs. After multiplying the previous result with the external polarizations
sf and &), because of the Lorenz condition we have sf pip =0and &)pay =0and
we eliminate the first terms. The UV divergent contribution is given by

Vaiv = AG2CA8P2H"Y (p1, p2)l1og (14*) (5.31)
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and defining the tree-level amplitude Vy = iA§*’ H*" and using b = we can

i
(47)°
write the UV contribution of the amplitudes in terms of the tree-level amplitude in
the following way

11
Vaiv = VOO‘SEECAZIlog(NZ)‘ (532)

5.3 Renormalization

Our result in equation [5.32]is still UV and IR divergent. Before we proceed
to compute the virtual decay rate, we need to perform renormalization. Our La-
grangian written in equation [4.6]is our bare Lagrangian and therefore we need to
perform a redefinition of the variables and find the counterterms to cancel the diver-
gences. We redefine the fields A, the coupling constant g and o in the following
way,

AY = ZuAy, (5.33)
=2, (5.34)

and
ol = Zy, o, (5.35)

where the subscript o means that we are referring to the bare parameters. After
these redefinitions, our renormalized effective Lagrangian is given by

1
(Legp)ren = = 5 Za.ZaAH Guy G (5.36)
Zj and Z,,_ are given by
Zy =1+ 6504 (5.37)
and
Zg, =1+ 64,0. (5.38)

Substituting Z4 and Z, in the Lagrangian in we notice that the counterterm
for the effective vertex is given by

Vcount = as(aoqT + 5A)VO- (539)

Using equations 2.4]and 2.5| we have Zs = Z3 and Z, relates with Z,.

Our counterterm depends of J,, rather than J,, but we can relate them using

2
o, = & and equations [5.34|and [5.35| and we can write

4r
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g’ =Zug (5.40)

therefore

Zy =/Zq,. (5.41)

Doing a Taylor expansion in Z,, we can write the relation

Oa, = 26,. (5.42)
As we are in a Feynman Gauge, { = 1, we obtain the counterterm

1 1 5 11
Vcount = astZ@CA (ghog(”z) - ? log(12)> . (543)

Adding the counterterm to the UV contribution of the Feynman diagrams, we
obtain V.,

11 11 11
Vren = Vdiv + Vcount = asVOB@CA (?Ilog(uz) - ?Il()g (12)) . (544)
Using the equation of the renormalization function, [2.22] and making C4 = 3, we
obtain

o, 11 /A2
Vien = Vo=~ In <P) (5.45)

rendering an UV finite result.

5.4 UV Finite integrals

The UV finite integrals from V) to V5 were treated using the Package-X of the
software Mathematica, [6]. The diagram V5 has no finite integrals, therefore will
automatically not contribute to the calculus of the decay rate. The integrals in V3
and V; were evaluated to zero after performing the integration and conveniently
applying the on-shell conditions. As a result, only the diagrams V; and V, will
contribute with a UV finite contribution to the decay rate of the Higgs boson.

In order to use the package-X to evaluate the amplitude, we start by making an
input of the integral in its original form with the internal momentum k, the external
momenta p; and the regulator 1. We then integrate using the package and apply the
on-shell conditions that require that p? = p3 = 0. These conditions reflect the fact
that we are considering massless gluons in the final state of the decay. We define

2 2

=3 H = 'u—. After collecting and summing all the integrals we expand in
pP1-pP2 S12

a power series the final result in Ly and neglect all the terms above the order zero.

Our final result is given by
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i
Viin = Vi + V2 = —Ag?Ca 8 —In(—o)* (= pY ps + p1 - p2g™”)

(47) (5.46)
= —Ag*C46

AR H (51, p2)

We notice that again, as for the UV divergent integrals, the final result for the finite
integrals is proportional to the tree level H—gg. By doing the expansion of the
logarithm the following way

In(—po)* = In(o)* + 2imIn(po) — 77, (5.47)

and substituting in equation [5.46] and using the tree-level amplitude we can
write the contribution from the UV finite integrals as

3%y (in(uo)? + 2imn(uo) — 72). (5.48)

‘/fi”: 4 1

5.5 Virtual decay rate

The amplitude with the one-loop virtual correction V, is given by the sum of
the tree-level amplitude of the process with the renormalized amplitude coming
from the UV divergent integrals and the UV finite contributions

V=VW+Ve + Vf,‘n. (5.49)

By squaring this result up to the order considered we obtain

V]2 = V3 +2Re(Vo(Vien + Viin) ™), (5.50)

where * stands for the complex conjugate. The differential decay rate for the 2-
gluon decay can be found in [32] and is generally given by

S d&p d’p,
2mH (27[)32E1 (271')32E2

dl = |V|? (27)*8*(pu — p1 — p2), (5.51)
where S is a factor that accounts for the presence of identical particles in the final
state and has the form 1/;! where j is the number of identical particles in the final

state. Here S = —. We are considering the reference frame where the Higgs is at

rest. Therefore the only possible outcome for the final momenta of the gluons is
that they must be anti-parallel, p> = —p7. This requirement allows us to integrate
over all the final momenta to obtain the decay rate without knowing the explicit
form of the amplitude. All these computations can be found in [32]. After the
integrations and some simplification the final expression is given by



41 CHAPTER 5. VIRTUAL DECAY RATE H—GG

VP
C 327mmy

(5.52)

Substituting [5.45] and [5.48] in the square modulus of the virtual amplitude in equa-

tion[5.50] we get

) 2 o, (11 A%\ 3 2
VI = ol <1+;(71H(F>+§(—ln(uo) 7 )) (5.53)
u?
and using [y = —-, the virtual decay rate is given by
My
o (11 A%\ 3 u?
r=To(1+ 2 (S (%) -5 (2 (£5) -2%))). 5.54
0 +7r > n T 3 n m%I T ( )

Here, I'V is the tree-level decay rate of the process, as we will see in section
6.3.1.

Notice that the virtual decay rate with the one-loop correction is written as a
correction to the tree-level decay H — gg. Also, there are still present IR diver-
gences parameterized by the regulator (.
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Chapter 6

Real decay rate H—gg(g)

In this chapter we use the spinor-helicity formalism to compute the real am-
plitudes of the process H — gg(g). We also compute the 3-body phase space in
terms of dimensionless variables and do the calculation of the real decay rate.

6.1 Real amplitude

The real emission diagrams represent processes that are of the same order in
o as the one-loop virtual ones, but notice that we have more final particle states
than in the virtual contribution, which will make the calculus more complex. The
final states momenta will be p’f , Py, p3 and the external polarizations will be given
by 8{‘ ,&5,€{. There are four tree-level diagrams contributing to the decay rate.
R; contributes with three diagrams because we have permutations {pi, p2,p3},
{p3,p1,p2}> {pP2,p3,p1} which will correspond to s,z,u channels and R, con-
tributes with a one vertex of 3-gluon-Higgs. We start by computing the amplitudes
individually using the Feynman rules and then sum them. After this we apply
spinor-helicity formalism in order to simplify the squared amplitude.

Amplitude of R

As previously stated, R; actually corresponds to three diagrams linked by per-
mutations of external momenta and are represented in figure As aresult, com-
puting one of the channels is sufficient, and the others can be computed directly
from the other using only momenta permutations.
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p2 P1 p3

- -
- -
- -
- -

pP1

Figure 6.1: Momenta permutations in the real diagram R;.

The sub-diagrams of the s channel of R; are given by the 3-gluon coming from
the pure YM interaction and 2-gluon-Higgs originated by the effective interaction.

iMg, = gf*'V¥™ (pa,p3,—(p2 + P3))i%iA5ad1Halu(—(Pz +Pp3),P1)E| &€
— —Agfhee rt o) VVTO POl eY et
6.1
where the expanded tensors are given by
VY¥(p2,p3,—(p2+ p3)) = (p2— p3)°8"" — g™ + pig® (6.2)

and

HO"((—(p2+p3))sp1) = 8"°p1 - (—(p2+p3)) — P (—(p2+p3))*.  (6.3)

Contracting all the indices we get

_Agfbca

iMg, =
i (P2+P3)2

e ey € ((Pl p2)(8" (2ps +p2)¥ — gV (2pa+ p3)t —2p5g"")
+(p1-p3) (8" (2p3 +p2)¥ — " (2p2+ p3) " +2p58"")

—pi(p2+p3)* 2p3+p2)” + pY (P2 + p3)" (2p2 +p3)7)-
(6.4)

We can now make use of the Lorenz condition in order to eliminate all the following
scalar products

elpy=¢e'pi=¢€'pry=€p; =0, (6.5)

and finally we get for the s channel
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_Agfbca u u
= W% 82V€3T<(P1 -p2)(2p3ghT —2pighY —2p5g¥T)

+(p1-p3)(2p5e"™ —2pSghY +2ph g"") (6.6)

—2pi(p2+p3)"'py +2p1 (p2 + P3)”P§) -

Notice that we will now purposefully contract the momenta with the polarizations,
as it will come in handy when employing the spinor-helicity formalism to obtain

MR, :—A:me(su +513)((&1-83)(p3- &) — (p2- &) (&1 - &))
—s12(p3-€1)(&2-&) +s13(p2-&1)(&2- &)

+2(p2-&1+p3-€)((p1-&)(p2-&)—(p1-&)(p3-&)).

(6.7)

We now have an amplitude that is determined by scalar products of momenta and
polarizations, allowing us to use the spinor-helicity formalism. Firstly we define
three auxiliary momenta r;, i = 1,2,3, one for each of the massless gluon. This
choice is arbitrary, as choosing a different reference momenta is the equivalent of
doing a gauge transformation which leaves the square amplitude invariant. Here,
we choose

r(er) = p3 =3, r&)=p1 =1, r(&) = p,=2. (6.8)

By doing this choice the terms p; - & = p; - & = p3 - € = 0 are automatically zero,
which allows for a great deal of simplification of the amplitude:

_Agfbca
523
(s12+513)((e1-8)(p3-&)) +513(p2-€1)(&2- &) —2(p2-&1)(p1-&3)(p3- &2)).
(6.9)

iMg, =

The ¢ channel is obtained by making 1 «— 3,2 «— 1 and 3 «<— 2 in the s channel
and the u channel is obtained by making 1 «— 2,2 «<—— 3 and 3 «<— 1. We have
then for the ¢t and u channels respectively,

_Agfahc
S12
(s13+523)((&5-€2)(p2-€1)) +523(p1- &) (€1 - &) —2(p1- &) (p3- &) (p2- €1)),
(6.10)

iMg, =
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_ cab
Y —
513
(s23 +s12)((€1-€2)(p1-&)) +512(p3-&2)(83-€1) —2(p3- &) (p2-€1)(p1 - &3))-
(6.11)
Amplitude of R,

The amplitude for R; is given by the contraction of the Feynman rule of 3-
gluon-Higgs with the external polarizations,

iMg, = —Ag " V*V¥(p1, pa, p3 )€l &) €], (6.12)

the tensor being

VEYE(p1,pa,p3) = (p1 —p2)" 8" + (P2 — p3)*8"" + (p3 —p1) """, (6.13)

By contracting all the indices we will have an amplitude written in terms of scalar
products between momenta and polarizations,

iMg, = —Agf™ ((I?l —p2)-&(&1-&)+(p2—p3)-e(&-&)+(p3—p1)-al(e '83))-

(6.14)
Applying the spinor-helicity formalism and remembering the choice of reference
momenta in equation [6.8] we simplify the expression above to be

iMR2 = —Agfabc (p1 . 83(81 . 82) +p2- € (82 . 83) + p3- 82(81 . 83)) . (615)

Notice that we could have made a different choice of reference momenta, but it’s
crucial that once we made a choice, the same needs to be applied to all diagrams
so that we have a consistent result.

Total amplitude M

We will now compute the total amplitude. Summing the s,  and u channels
from R; with the one vertex diagram from R, we have
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M = —A8< S:l (s12+513)((€1-83)(p3-€)) +513(p2-€1)(&2-8) —2(p2-&1)(p1-&)(p3- &))

abc
o (513 +523)((&3- &) (p2- &1)) +523(p1 - &) (€1- &) —2(p1- &) (p3 - &2)(p2- &1))
+ s‘;“: (s23+s512)((€1-&)(p1-&)) +s12(p3-&)(&3-€) —2(p3-&)(p2-€1)(p1-&))

+((p1—p2) - &3(&1- &) + (p2 — p3 )€1 (&2 &) + (P3—P1)82(81'83))>-
(6.16)

To obtain the square of the amplitude we need to sum to all the possible colors
and helicities,

|M‘2 |M+++|2+|M+77|2+|M +-— |2+|M77+|2

(6.17)
+|M———|2+|M—++|2+|M+ +|2_|_|M++ |2.

To obtain the square of the amplitude we do for example |[M*~~|*> =
(M+=7)(M*~7)* where the (M™~7)* is obtained from M*~~ by exchanging
() «— [] and adding a minus sign. Following this logic for each helicity we have
the following relations

’M+++‘2 _ \M“‘|2
|M+77‘2 |M ++|2
’M_ ‘2 ‘M+ +|2
|M77+‘2 |M++ |2

(6.18)

so we write the unpolarized amplitude as

M= 3 MP = 2 (M P bR )
col,polr col
(6.19)
and by permutations of s, #, and u we can obtain |[M~*~|?> and |M~~*|? from
|M*~~|2. So the only amplitudes we need to calculate are M**+ and M+~ and
their squares.

| 2

For the helicity + — — we use the expressions introduced in the spinor-helicity
3 2 3
chapter and write the polarizations as €;" = v/2 <;£> =2 [>[] 2 [>[]

and the momenta as p; = 1)[1, p, = 2)[2, p3 = 3)[3 where for simplicity we used
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the notation p; =i and r; = j. We are now in conditions to compute the scalar
products between polarizations as

23
g & =0, g e =0, & & = <[32]>, (6.20)
and the products between momenta and polarizations as
pz~8+:i% pl-S_ZL% p3.g_ziw
VG ERCID V2 [32] 272 [21]
(6.21)

The amplitude M~ is obtained by making the previous substitutions of the scalar
products in the expression of the total amplitude, after which we obtain

b pgpabe (D CHI2]N (513 513 93
M B Agf <[32] <31> ) <S23 + S12 i S12 * 1)
1 (23)[12] 1 (13)[21] 1 (32)[13] 1 1 1
2([ 315 ) <ﬁ [32] ) <T@ 21] ) (g T E)
(6.22)
and by squaring the amplitude we obtain
$3
‘M+__ ’2 A2g2‘fabc‘2 23 (6.23)

12513
By making permutations of the indices we obtain the amplitudes for the helicities
—+—and — —+

3
S S
3
|M——+|2 A2 Z‘fabc|2 S (6.25)
523512

For the helicity ++ 4+ we have already defined 81 but we still need to de-

ne 8 an 8 € can now construct the scalar products

<12> <23>
between the polarizations as
[12] [13] [23]
81 82 <21> 81+ '8;_ = <371>, 82+ '8;_ = @ (626)

and the scalar product between polarizations and momenta as
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1 (12)[31] L1 3)12] 1GR3
pl'gi:ﬁW’ PrE =T a1 p3'8;_ﬁw
(6.27)

We do these substitutions in the general equation for the total amplitude and obtain
the expression for the amplitude for the + + + helicity

M+++ _ _Agfabc
[13] 1 <31>[23] S12+813  S12
(Grv i O et
[23] 1 <23>[12] S13+823 S13
(32)v2 3l ( 512 +g+l) (6.28)
[12] 1 <12>[31] $23 +812 823
tanve @ Coes T Y
1 @o02) 1 aplo) 1 Gl 1, 1 1y
V2 @B v2 23y V2 12) Tsiposizoss’/

By squaring the amplitude we obtain

_|_

2 2 2 paber2 (512 S%% 533

+++ abc 3

MR = p2g2| e (2 g 23
$23513  S12823  S12513

2 2 2 2 2 2
s S S S S S
+4(£+£+£+£+2+2)
$23 513 S12 $23 S12 813 (6.29)
S12813 | S12523 | S13523
+6( + + )
523 513 S12

+ 12(S12 + 8513 + S23)> .
The conservation of energy is expressed by the condition m%, = s12 + 513 + 523 and
we can express the M+ amplitude in terms of the Higgs mass,

8
my

|M+++|2 — A2g2|fal7()’2 (630)

512513523
We are in conditions to write the full unpolarized amplitude because we already

know the amplitude for each possible helicity. The structure constants can be writ-
2_

1
ten as | f*|?> = 2C3Cr with Cr = and C4 = N with N = 3 for the SU(3)

group. We also have defined o = é%t More details are given in the appendices.

We get the final result for the dimensionless real unpolarized squared amplitude
which is in accordance with [8]],



CHAPTER 6. REAL DECAY RATE H—GG(G) 50

3 3 3 2 2 2 2 2 2
— R) N S S S h) h) A A
IM|*> = A2 192mo(—2— + =13 723 4 pliz 712 713 4 713 4 123 ) 723y
§23513 §12823 §$12513 5§23 $13 $12 §23 $12 513
$12513 §12823 §13823
+3( + + ) +6(s12+513+523))

523 513 S12
1
L A2192m 0 — (5, 4 s + sty ).
§12513523
(6.31)

6.2 Phase Space

After evaluating the unpolarized amplitude, we now need to compute the phase
space for the three gluons that result of the decay of the Higgs boson,

43 43
p- f P Lpr s s pmpy) (632)

27)320; (27)32w, (27)320w;3

where g denotes the Higgs momenta and p;,i = 1,2,3 are the momenta of the
gluons. The phase space p has dimension of mass square. Choosing the reference
frame where the Higgs 3-momentum is zero, § = 0 we get the equation for the
conservation of momentum pj + p» + p3 = 0. The gluon energies are defined by

= W2+ |p1|* = w2 + |paf* + |31 + 2| P21 P3| cos 623 = 2| pa|| 3| cos 63
@3 = W+ |pa|* = w2 + |pi [P + |5 + 2[ P P3| cos 813 = 2| pi || 3| cos B3
= W+ |ps|* = w2 + |1 > + | Pal? + 2| P[] 2| cos 812 = 2|1 || p2| cos 612
(6.33)
where (1 is the regulator mass and |p| P2 = |p5* = 0 and 6;; is the angle
between the gluons i and j. Integrating p over d°ps3 and changing to spherical
coordinates we get

’ 2

d3pi 1
20 2
and where the solid angle Q is given by d€Q2; = d cos 6;d¢; so we get

—0;dw;dQ;,i=1,2 (6.34)

P1d3P2
p= j27r SR )(2w3)6(q0_w1_w2_w3)

1 0)uid)ui§21 (OQd(DQdS22
(27:)5 w2 )T
w3

(6.35)

)8 (g0 — 01 — 0 — @3).

The integral over one of the variables ; is trivial because we can choose any
direction, so integrating we get Q; = 47 and for the other variable we have {Q, =
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2ndcos 61 where 01, represents the angle between the direction of the gluons 1 and

2. Differentiating the gluon energies expression in|6.33|we have 03 s =dcos 0.
The phase space integral simplifies to be b2
p= f?,;ﬂda)ldcozdwg&qo—w] — ) — w3) (6.36)
and finally integrating over @s; we obtain
1 Wimax Wainax
P=m . dwy szmm das, (6.37)

where the conservation of energy is given by go — ®w; — w, — w3 = 0.

6.2.1 Dimensionless variables

It is useful to introduce dimensionless variables instead, following [3]]. This
will provide us with a dimensionless p and also allows us to use the same regulator
U as in the virtual decay. We define the new variables y; as

Xi=—>5 — 7> (6.38)

with i = 1,2,3. By expanding the equation we get

2p; - 2Up%° — 5.3
zi=1-P4 <pr Dt 9. (6.39)
q 9 — 4|
In the referential where the Higgs 3-momentum is zero ¢ = 0 we have
a).
q0
and differentiating both sides of the equation we get
2
dyi = ——da;, (6.41)
q0
and the phase space integral in terms of dimensionless variables is then
1 ) Xlmax [ X2max
=— dxidxs. 6.42
p 1287[3 qo J;Clmin J;CZmin Xl XZ ( )

As before we could relate the three gluons energies with the equation of conser-
vation of energy, we can now write down an equation that relates the three new
dimensionless variables ;. Substituting in the equation of conservation of
energy we get

xitx+x=1 (6.43)

The limits of integration for this case will be for y»
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-0 (1 —30) (1= x1)* — 4p0)
min = — 6.44
© 2 \/ 4(x1 + po) (04
and
1=y [ (= 3u0) (1= x1)* —4uo)
max — + 3 6.45
© 2 \/ 401+ Ho) (04
and for )
Xlimin = 3.“0 (646)
and
Ximax = 1 —2+/Ho. (6.47)

6.3 Computation of the real decay rate

We start by computing the tree level decay rate H — gg and then proceed to
show that the H —> gg(g) real decay can be written in terms of the H —> gg.

6.3.1 H—gg real decay rate

The tree-level amplitude is given by

Myge = iAS™ ((p1-p2)(€1- &) — (p1-€)(p2-€1)) (6.48)

and making the choice of reference momenta to be

I"(Sl) = P2, l"(82) = P11, (649)
eliminates the last term in the amplitude. Also, this choice only allows a non-zero
++ and —— amplitudes. Also, as we have stated before, |M§gy = |Mp | s0 we

2
only compute M;Irg; We have 81 82 <[ 1 2]> and that p; - p = 7 Substituting
these and squaring the amplitude,
M2 P = 4A%sT, = 4A%my (6.50)

where in the last step we used the conservation of energy-momentum p; + py = py
which means that s%z = mj,. The decay rate for the 2 massless gluons can be found
in [32]] and we obtain

_ Mg |? _ A’my
32wmy 8r

(6.51)



53 CHAPTER 6. REAL DECAY RATE H—GG(G)

6.3.2 H-—gg(g) real decay rate

For the H — gg(g) real decay the decay rate has the form
— S
T, = | [MP~——p (6.52)
2mH

1
and can be found in [32]], where for this case S = 3 because we have 3 identical

particles in the final state. We have already computed the unpolarized amplitude
given in equation [6.31| and the phase space in terms of dimensionless variables in
equation [6.42] We will now perform the integration in equation [6.52] to obtain the
real decay rate.

Whereas for the calculus of the virtual amplitude we applied the on-shell condi-
tions and considered p% = p% = 0, we will here integrate the amplitude in a massive
phase space where p? = p2 = u? for the external particles and internal particles stay
massless. This means that where before we had s;; = 2p; - pj, now we need to make
the substitution s;; = (p; + p j)z in the denominators, [8]. We can rewrite this in
a more straightforward way to use our new variables using the energy-momentum
conservation equation p; + px + p3 —gq =0,

sij = (pi+pj)* = (pr—a)’ (6.53)
and substituting the old variables with the dimensionless ones and defining Ly =
‘u—j we obtain
q

sij = 4° (O + Ho)- (6.54)

We have then the following relations using the equation of conservation of energy-
momentum for the dimensionless variables

s12= (%3 + to) = ¢° (1= 11 — X2 + o)
513 = q* (X2 + o) (6.55)
523 = ¢* (X1 + Mo)

We substitute the variables in [6.55]in the unpolarized amplitude [6.31) and then do

all these substitutions in the decay rate in [6.52] After some manipulation of the
mute variables of integrations we get the result

243 ——+ = — ).
x2 X2 X2 X2 %1%2>

The integrals were evaluated using the following equations which can be found in

(81, (31,

4 5 2
q2( ALK (6.56)

11
[, = |1927a,A?
r J 2RO i 12870

1
1s) = J O ) (o + 1) ©>D
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and

p

Jp(s) = JdXIdXZ(XZJj_IHO) (6.58)

with p > 0. Using our limit of integrations from to the integrals are
evaluated to be

I(S) _ 1n2(1u'0> — 77’-2

== (6.59)
and
1 1 »
Jp(s) =— In(to) + | dxixy [In(x1) +21In(1— x1)]
p+1 0
6.60
S AR N oo
B TS R e | n

We are now in conditions to perform the integration in equation [6.56] using [6.59]
and The effective coupling A is given in equation We have defined

Uo = u—z SO we obtain
m
H

1 3,73 11, ,u? 5 u? )
P (= + —In(5) + P (55) —77). (6.61
12mH1287r32q(6+3 () T Ca) 7). ©6n

[, = J1927rocsA2

In the reference frame where the Higgs is at rest, § = 0, we have ¢*> = q(z) = m%,

Making use of equation [6.51| we have the final real decay rate written in function
of tree level decay

Frzl“o%(g—i—%ln (Z;,) +%(ln2 (2)—712)) (6.62)

Notice the real decay rate is also IR divergent with the divergences parameterized
by the regulator U.
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Discussion and conclusion

In previous work,[8]] and [27], the decay rate using this effective model has
been computed and has the form

F(H —> g8(s)) = To(H — g8) (1+ 6 ). (7.1)

95 . . .
where 0 = — — —Np, but as we are only considering here interactions between

gluons and the Higgs boson we can set Np = 0 and the decay rate is the following

['(H — gg(g)) =To(H — gg) (1 +——). (7.2)

By combining our previous results in equations [5.54] and [6.62] we get the final
decay rate for the process H — gg(g) modelled by the effective model with the
one-loop order correction

Pr(H — g8(8)) =Ty 4T = To(H — ) (14 % (24 Tin (:S))) (1.3)

4 2 4
. . Ol 11 o
We need now to take into account the correction of A = gy (1+ Z?) We
v

have that T?ocA? and only keeping the terms until order o} we get the following
correction in the decay rate

ot — ssle) = Lol — g0) (14 2(2 =L (22))) a4

Notice that the cancellation of all logarithms depending on the regularization pa-
rameter ( happens only when combining the virtual and real decay rates. The
logarithm that appears on the final result is parameterized only by the renormaliza-
tion scale A.

By choosing A = my, we see that the total decay rate taking into account the
one-loop virtual diagrams writes as

55
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5 ) (75)

Ir(H — gg(g)) =To(H — gg)(l t

. . . .. B
Looking at the previous equation we see that the correction is Z;’ In [33]

we find that the value o (mz) = 0.1175 with a £0.9% uncertainty and we can find
the contribution of our correction to be an increment of 88,8% in the final result,
emphasizing the importance of the one-loop corrections in this decay rate.

Summarizing, we have concluded that the use of IReg in the effective decay
H —> gg(g) verifies the KLN theorem. We also show that by adopting an effective
theory to describe our system, we verify a cancellation of all the quadratic diver-
gences (I uqq(14?)) when summing the contributions of all the virtual diagrams and
the Ilog(;LZ) divergences were absorbed in the process of renormalization. Addi-
tionally, we verify that the UV behaviour of the amplitudes displayed in terms of
BDTI’s should not be disregarded in IReg, as they are essential in the final decay
rate so that all the divergences are cancelled and we get a result independent of the
regulator (. It should be noticed that along this computation we did not make any
changes on the Lagrangian, or the amplitudes or in the dimension of the underly-
ing theory. We simply have assumed an implicit regulator in an algebraic identity
that allowed us to separate divergences and to make the amplitude have a more
convenient form to be treated. We have also showed that spinor-helicity is a good
framework to compute the Feynman amplitudes, as the task of computation of the
amplitudes became much more easier. We showed that we can apply this formal-
ism in Feynman amplitudes of an effective theory involving gluons and a massive
scalar.
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Appendix A

Divergence separation in the
integrals

Diagram V,

For the diagram V; all the integrals have the structure of one of the following
and after applying the separation identity and collecting the terms we obtain

ko‘kﬁk"p5
Lk%kpl)%szﬂ -
k% kP ke pd k*kBko pd (—2k - py) k*kPko pOkY (2k - py)
L(kZ—WL K — 2y *L (2 — 2y
Jk“kﬁk“p%zk-pl)(—zk-pz) f kP ko p® (—2k - p2)? AD)
k(B —p2)((k+p2)?—p?)  Jp (B —p?)*((k+p2)? — p?)

+J KUkB KO pd (2k - )
k (2 —p2)3((k—p1)* = pu?)((k+ p2)* — u?)
= J KR RO, (k, p1, pa, 1)

k

9
The 1°-3° integrals are UV divergent. The 4°-5° integrals are IR divergent as

and the 6° integral is IR finite.

K0
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KkPpop®
Lkz(k_pl)z(k—i—pz)z -
J k“kP p°p? f kP pp® (=2k - p2)
k(R —p2)? o Jp (= p2) ((k+ p2)* — p?) (A2)
+J k“kﬁp"p‘s(Zk'Pl)
¢ (2= p2)2 (k= p1)2 = p2)((k+ p2)? = 22)

IJ;kakBpGp6l\%l (kvphpzuu’)

k7
The 1° integral is UV divergent, the 2° integral is IR divergent as iR the 3° integral

is IR finite.

j kapﬁpGPS
i K2 (k—p1)?(k+ p2)? (A3)
= k*pP p°p°L, (k, p1.pa, 1)

The integral is UV finite and IR finite.

f p*pPpop?
i k2 (k— p1)*(k + p2)? (A.4)
= ppP p°p°K;, (k. p1, 2, 1)

4

The integral is UV finite and IR divergent as &

f k*kP i

K2 (k—p1)?(k+p2)?

J kKB f kKB (=2k - py) f kKB (2k - py)
k k k

(kz _lu2)2 + (kz _#2)3 (kz _lu2)3
f KkB (—2k - py)? f kP (2k - p1) (=2k - p2) f kKB (2K - p1)?
v (—p?) K (k2 — p2)* ¢ (—p?)t
f keKP (=2k - ps)? f k%P (2k - p1)(—2k - p2)?
k(R —12)* (k4 p2)> —p?) * Jp (R =)} ((k+ p2)? — u?)
J k*kP (2k - p1)*(—2k - p2) f kP (2k - pi1)?
(R —p2)* (k4 p2)> —p?) S (R = p2)3((k—p1)? — p?) ((k+ p2)? — 12

= kakﬁ]\s/l (k7 P1, D2, [.L)
(A.5)
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k9
The 1°-6° integral are UV finite. The 7°-9° integrals are IR divergent as — and the

10° integral is IR finite. ©
k* phP
L(k_p1>2(k+p2)2 -
f k®pP Jkapﬂ—zk-pz) fk“pﬁ@k-m)
(2 —p2)? e (B —p?)? v (K —p?)?
+J k*pP (2k - p1)(—2k- p2) J k@ pP (=2 - p)? (A.6)
k(= p2)3((k+p2)*—p?) - S (= p2) ((k+ p2)* — p?)

+J k“pP (2k- p1)?
k (k2= p2)?((k=p1)* = p?)((k+ p2)* — u?)
= kapﬁl‘G/l (k7p1ap27.u“)

k7
The 1°-3° integrals are UV finite. The 4°-5° integrals are IR divergent as 7 and the

6° integral is IR finite.

J peph _
k (k—p1)?(k+ p2)?

f pepl +f peph(—2k- p2)
k (kK2 —p2)? (k2 — u?)?((k+ p2)? — u?) (A7)

papb(2 )
*L(kZ—m«k =
= ppP Iy (k. p1,pa,1t)

k5
The 1° integral is UV divergent, the 2° integral is IR divergent as o and the 3°

integral is IR finite.
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Diagram V,

1
L(k—m—pz)z:
1 2k-(p1+p2) —2pl-p2 (2k- (p1 + p2))?
LkLuz L (k> —pu?)? +Jl;(k2/~12)2+J;c (kZiu2)3
J 2(=2p1 - p2) (2k- (p1 + p2)) f (—2p1-p2)?
k (K2 —=u2)2((k=p1—p2)? —u?)  Ji (K = p?)?((k—p1 —p2)* — u?)

+J (2k- (p1 + p2))? +J 2(=2pi1 - p2)(2k- (p1 + p2))*
k (=23 ((k—p1—p2)?—u?)  Jp (R —=p2)3((k—p1—p2)* —u?)
= Iy, (k,p1,p2, 1)
(A8)

k5
The integral 1°-4° integrals are UV divergent. The 5° integral is IR divergent as ﬁ;
k* K’
the 6° integral is IR divergent as k—s; the 7° integral is IR divergent as 7 and the 8°

6

integral is IR divergent as o

f, = -
k k2 (k—p1 — p2)?

f ke pP JkaPB(Zk'(m%-Pz) f kepP (=2p1 - p2)

P (R—p2)? " Je (B —p?)? k (k2 = p2)2((k—p1 — p2)* — u?)
+J k*pP (2k- (p1 + p2))? Jk"‘Pﬁ(Zk-(m +p2))(=2p1 - p2)

k (2= p2)3((k—p1—p2)? —p2)  Jy (K2 = u2)3((k—p1 — p2)* — u?)

= kP I3 (k, p1, p2, 1t)

(A9)

The 1°-2° integrals are UV divergent. The 3°-5° integrals are IR divergent as re-
_ Kk kS
spectively: S
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J k% KP _

i k2 (k—p1— p2)?
| R [ KB (2K (p1 + p2)) Jkakﬁ<—zp1-pz>
k(K2 —p2)? Jy (k2 —u?)3 v (K2—p?)?

KRk )l [ Ayt C2p1p)
k (k2 —u2)* k (k2 —u2)3((k—p1—p2)* —u?)

+J kKB (=2p; - pa)? f kKB (2k - (p1 + p2))?
k (K2 —p2)3((k—p1r—p2)?—u?)  Ji (= p2)2((k—p1—p2) —pu?)
J k%kP (2k - (p1 + p2))*(—2p1 - p2)
k (K2 —u?)*((k—p1 —p2)* —u?)
= K"K (k, p1, p2. 1t)

(A.10)
Diagrams V3 and V,
[
k (k—p2)?
f 1 +J 2k - p2 +f (2k-p2)? +J (2k-p2)°
pk2—p o e (R —p?)? o e (R —p?)? o J (k2= p?)3((k— p2)* — p?)
= Iy, (k, p2. 11)
(A.11)
k7
The 1°-3° integrals are UV divergent and the 4° integral is IR divergent as 7
e
 kA(k—p2)?
f k% pP f kepP (2k-pa) | f k% pP(2k - p2)° (A.12)
R —p2)2 e (R —p2)d - S (R —u2)3((k—p2)® — 1)
= k“pPI3 (k. pa. 1)
k7
The 1°-2° integrals are UV divergent and the 3° integral is IR divergent as a
J I
k k2 (k—p2)?
f p*p’ J (p*pP) (2K p2) (A.13)
k(R —p2)? o Jy (2= p?)>((k— p2)* — p?)

= p*PPL, (k,pa, 1)
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k5
The 1° integral is UV divergent and the 2° integral is IR divergent as o
J k*kP
(K2 (k—p2)?
J k*kP J kKB (2k - py) J kKB (2k - py)?
p(R—w2)? e (R—p?)? o Je (-2t (A.14)

f k*KkP (2k - p,)3
i (K2 —pu2)*((k— p2)> — u?)
= k*kP I, (k, p2, 1)

9

The 1°-3° integrals are UV divergent and the 4° integral is IR divergent as o As

the structure of the diagrams V3 and Vj is identical we can have i = 3,4.



Appendix B

Color factors

The fundamental representation of a group is the algebra smallest, non-trivial
representation. The generators of the fundamental representation of SU(N) is a set
of N x N Hermitian matrices with determinant equal to 1 that can be multiplied.
For the SU(3) the generators can be written as

a_ L,
T =22 (B.1)

where A’ are the Gell-Mann matrices with a=1,...8. They can be found explicitly
computed in [31]. We normalize the generators conveniently in the following way

ZfaCdbed _ Néab (B.2)
cd
The adjoint representation is defined as the following
(To)" = —if " (B.3)

and is given by 8 x 8 matrices in the SU(3) representation.
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