


 





A new spectral homotopy analysis method for solving a nonlinear second 

order BVP 

S.S.Motsa,P.Sibanda,S.Shateyi  



 

1992 ][

][

MAPLE,MATLAB



 



h

 

h

h



 HAMh=-1

HAMh=-1/3

HAMh=-0.6

hHAM(1)xxu



hHAMs

h

SHAMHAM(1)u

SHAMHAMF

HAM( )w r

 

SHAM( )w r

 

hHAM0.5

 

hSHAM

 

hSHAM

HAM

SHAM



 



 

n n
xnxnx

n n
x

0mn m

nx



 
lim n
n

xnxn

nxnylim n
n

x xlim n
n

y y

lim n
n

x x

lim n n
n

x y x y

lim n n
n

x y xy

lim n
n

kx kxk

][

nx10

pm pn p

.n mx x

][

n n
a1 2 na a a

1
n

n

anan

Cauchy Sequence  1



 
n

1
n

n

an

1

n

ii
a1 2

1

n

i n
i

a a a an
1

n
n

a

nnS

1
n

n

a
1

n

i
i n

a

1
n

n

a
1

n
n

a

1
n

n

a
1

n
n

a
1

n
n

a

1
n

n

a

1
n

n

alim 0n
n

a

][

1
n

n

a
1

n
n

bS T

1

( )n n
n

a bS T

][



 
1

n
n

a0na

1

n

i
i

a

][

1
n

n

a

1

lim 1n

x
n

a

a1

lim 1n

x
n

a

a

][

0x0
0

n

n
n

a x x

0x0 0x
0

n
n

n

a xna

0
0

n

n
n

a x x

0
0

n

n
n

a xSx

S

0
0

n

n
n

a xx

x0
0

n

n
n

a x



 
0

0

n

n
n

a x x
1

lim n
n

n
a

0x

0x x

][

1

lim n
n

n
a

1
0

0

n

n
n

a x x

r

0r

0r

0,
1

r

0x0r

( , )r0,r

0 0,x r x r0 0,x r x r0 0,x r x r0 0,x r x r



 

0

n
n

n

a x
0

n
n

n

b x
0

n
n

n

c x

0 1 1 0
0

n

n n n n k n k
k

c a b a b a b a b
0

n
n

n

a x
0

n
n

n

b x

][

( )f x1n[ , ]a b

0 [ , ]x a b[ , ]x a b

0
0 !

kn
k

n
k

f a
f x x x R x

k

nR x

1
1

01 !

n
n

n

f
R x x x

n

0x x0,x x0x x0 ,x x

][



  

, , , ,..., 0nF x y y y y

F2nx,..., ,ny y y

42y xy yy x

cos 0y x y x

n, , , ,..., 0nF x y y y y

,..., ,ny y y

xny

n, , , ,..., 0nF x y y y y

y xx

xxx1n x

xx

, , , ,..., 0nF x x x x x



 

2

2
sin 0

d g

dt L
Lg

0 0t0 0t

,f t yy2D

0L

1 2, , ,t y t y D

1 2 1 2, ,f t y f t y L y y

Lf



 
2D2 2 1 1, , ,t y t y

D1 2 1 21 , 1t t y y0 1

D

, ,D t y a t b y,f t yD

fyD

,y a,a t b, ,y f t y

y ta t b

][

][
( , ),

( )

dy
f t y a t b

dt
y a

( )y t

0( )z t

0

( , ) ( ),

( )

dz
f t z t a t b

dt
z a

0a t b( )t

0ka t b



 
( ) ( )z t k t k

2

2
( )

2

d w S qx
w x l

dx EI EI

( )w w xxlq

ESI

(0) ( ) 0w w l



 
f

( , , ),

( ) , ( )

y f x y y a x b

y a y b

, , , ,D x y y a x b y y

f

y

f

y
D

, ,x y y D, , 0
f

x y y
y

M( , , ) , , ,
f

x y y M x y y D
y

][

( , ),

( )

dy
f t y a t b

dt
y a

( )y t

y[ , ]a b



 
[ , ]a b

N0 1, ,..., Nt t t

0,1, 2,...,

i

i N

t a ih

( )b a
h

N

( )y t

[ , ]a b

0,1, 2,..., 1i N1( )iy t

2

1( ) ( ) ( ) ( ) ( )
2i i i i i

h
y t y t h y t hy t y

i1i i it t1i ih t t

i0 1i

2

1( ) ( ) ( ) ( )
2i i i i i

h
y t y t hy t y t h

( )y t

2

1( ) ( ) ( , ( )) ( )
2i i i i i i

h
y t y t hf t y t y t h

0,1,2,..., 1i N

1( ) ( )
( , ( )) ( )

2
i i

i i i i

y t y t h
f t y t y t h

h



 
hy

2 i i

h
y t h

1( ) ( )
( , ( ))i i

i i

y t y t
f t y t

h

0

1 ,i i i i

w

w w hf t w

( )i iw y t1,2,...,i N

0,1,2,...,i N( )i iy y t

iwiy

( , ) ( ) ( , ( ))i i i i if t w y t f t y t



 

23

( 4)RK

0 0

( , )

( )

y f t y

y t y

( 4)RK

1 1 2 3 4

1
2 2

6n ny y k k k k

1n nt t h

1ny( 4)RK1( )ny t

1 ( , )n nk hf t y

2 1

1 1
( , )

2 2n nk hf t h y k

3 2

1 1
( , )

2 2n nk hf t h y k

4 3( , )n nk hf t h y k

C.Runge                                                                                                                     2

M.W.Kutta                                                                                                                 3



 
1( )ny( )ny

4 3 2 1, , ,k k k kh

4

( , , ),

( ) , ( )

y g x y y a x b

y a y b

0t0( )y a t

0

( , , ),

( ) , ( )

y g x y y a x b

y a y a t

x ax b

h0t

x b0( , )y b t0t

0( , )y b t0( , )y b t

1t1( )y a tx ax b

Shooting method4

 



 
h1( , )y b t1( , )y b t

2( )y a t

0k k
t

lim ( , )k
k

y b t

( , )y x t

( , , ),

( ) , ( )

y g x y y a x b

y a y a t

t

( , ) 0y b t

0t

1tt0 0( , )y b t1 1( , )y b t

0

( , , ),

( ) , ( )

y g x y y a x b

y a y a t

1

( , , ),

( ) , ( )

y g x y y a x b

y a y a t



 
2t

2 0 0

1 0 1 0

t t

t t

0
2 0 1 0

1 0

,
( )

( , ) ( , )

y b t
t t t t

y b t y b t

2( )y a t2( , )y b t

3t

1
3 1 2 1

2 1

,
( )

( , ) ( , )

y b t
t t t t

y b t y b t

kt

1, 2,...k1
1 1 1

1

,
( ),

( , ) ( , )
k

k k k k
k k

y b t
t t t t

y b t y b t

0m

( , )my b t

5

( ) ( ) ( ),

( ) , ( )

y p x y q x y r x a x b

y a y b

 Finite Difference5



 
( ), ( ), ( )p x q x r x[ , ]a b

[ , ]a bn
b a

h
n

ix a ih0,1...,i n0x anx b

21 1( ) ( )
( ) ( )

2
i i

i

y x y x
y x O h

h

21 1( ) 2 ( ) ( )
( ) ( )

2
i i i

i

y x y x y x
y x O h

h

ix

21 1 1 1
2

( ) 2 ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

2
i i i i i

i i i i

y x y x y x y x y x
p x q x y x r x O h

h h

2( )T O h

2 2
1 1(1 ) ( 2 ) (1 ) , 1,..., 1

2 2i i i i i i i

h h
p y h q y p y h r i n

0( ), ( ), ( ), ( ), ( ) , ( )i i i i i i i i np p x q q x r r x y y x y y a y y b

1n1n1 2 1,..., ,ny y y



 
Ay b

1

2

1n

b

b
b

b

1

2

1n

y

y
y

y

1 1

2 2

1 1

0

0
n

n n

d c

A a c

a d

22 , 1, 2,..., 1i id h q i n

1 , 1, 2,..., 2
2i i

h
c p i n

1 , 2,3,..., 1
2i i

h
a p i n

2 , 2,3,..., 2i ib h r i n

2 2
1 1 1 1 1 1(1 ) , (1 )

2 2n n n

h h
b h r p b h r p

, ,r p q[ , ]a b

0 max ( ) , ( ) 0, [ , ]
a x b

M p x q x x a b



 
2

h
M

1
1 0

2
Mh

1
1 0,

2 ip h i

2 21 1
1 1 2 2 2

2 2i i i ip h p h h q h q

, 2,3,..., 2i i ia c d i n

1i

2
1 1 1 11 1 2 2

2 2 2

h Mh h
p M p p h q

1 1c d

1i n

2
1 1 1 11 1 2 2

2 2 2n n n n

h Mh h
p M p p h q



 
1 1n na d



 



 

][

][

][][][

HAM][

HAM



 
][

2003

][KVD]

 

[

][][][

HAM

][

 

[0,1]IX

abX

:f I X(1) , (0)f b f aab

 



 
:f I X:g I Xp X

q Xfg

2:H I X

( ,0) ( ), (0, ) ,H s f s H t p

( ,1) ( ), (1, ) ,H s g s H t q

,Y X, :f g X Y

,Y Xfg

:F X I Y,s X s

( ,0) ( ),F s f s

   ( ,1) ( ).F s g s

0 1t

:tF X Y

, ( ) ( , )ts X F s F s t

t

00 ( ) ( ),t F s f s

11 ( ) ( ),t F s g s

tfg



 

]

 

[

[0,1]

( )

(0) f(1) g

,g f

]

 

[

( )F m y



 
2

min ( )F m y

my

F

m

( )F m[0,1]

( )G m

( ,0) ( ), ( ,1) ( )H m G m H m F m y

( ) 0G m

0m

[0,1], ( )m m

( , ) 0H m

0(1) , (0)m m m m

( )m0mm

m0m

m

( , )H mm



 
( , ) ( , ) 0mH m dm H m d

m0(0)m m( )m

(1)m m

[0,1]0 10 ... 1n

0,1,...,k N( , ) 0,kH m

1km1k

k

1k k
1km

km

HAM][

( ) 0f x

0( , ) (1 )[ ( ) ( )] ( )H x q q f x f x qf x



 
0x[0,1]q

1, 0q q

( ,1) ( )H x f x0( ,0) ( ) ( ),H x f x f x

q01( , )H x q0( ) ( )f x f x( )f x

( , ) 0H x q

0(1 )[ ( ) ( )] ( ) 0q f x f x qf x

q

0(1 )[ ( ( )) ( )] ( ( )) 0q f q f x qf q

0q

0 0[ ( )] ( ) 0qf q f x

0 0(0) ,q x

1q

1[ ( )] 0qf q

( ) 0f x



 
1 (1) .q x

q01( )q0x

x( ) 0f x

( )q

q

0(0) x
1

( ) (0) ,k
k

k

q x q

0

( )
( )

k

k q kk

q
x D

q

( )kDk

1q(1) x

0
1

k
k

x x x

kx

kx



 
0[ ( )] ( ) ( ) [ ( )](1 ) [ ( )] ( ) [ ( )] 0f q f x q f q q f q q q f q

0( ) ( ) [ ( )] 0,f x q f q

0q

0( ) (0) [ (0)] 0f x f

q

1 1
1

1 2

( ) ,k k
k k

k k

q kx q x kx q

0q1(0) x

0
0 1 0 1

0

( )
( ) ( ) 0

( )

f x
f x x f x x

f x

2!0q

2
2 0 1 0

1
( ) ( ) 0

2
x f x x f x

2
0 0

2 3
0

( ) ( )
.

2[ ( )]

f x f x
x

f x

kx1,2,...k



 
0

0 1 0
0

( )

( )

f x
x x x x

f x

2
0 0 0

0 1 2 0 3
0 0

( ) ( ) ( )

( ) 2[ ( )]

f x f x f x
x x x x x

f x f x

1q

1q

][0h

0(1 )[ ( ( )) ( )] [ ( )]q f q f x qhf q

0h1q

1[ ( )] 0,qhf q

( ) 0f x(1)x



 
0

1 0 0 1
0

( )
( ) ( )

( )

hf x
x f x hf x x

f x

2
2 0 1 0 1 0

1
( ) (1 ) ( ) ( ) 0

2
x f x h x f x x f x

2
0 0

2 0 3
0

( ) ( )
(1 ) ( )

2[ ( )]

f x f x
x h h f x

f x

0
0 1 0

0

( )
.

( )

f x
x x x x h

f x

2
2 0 0 0

0 1 2 0 3
0 0

( ) ( ) ( )
(1 )

( ) 2[ ( )]

f x f x f x
x x x x h h x h

f x f x

1h

h

h][



 
h

h

h

q

0

1 ( )
( )

!

k

k qk

q
D

k q

k0k

( ) 0N u

[0,1]q

0

k
k

k

u q

[ , ] 0q[0,1]q( ) 0N u

1q( ) 0N u

1
0

q k
k

u u



 
0q

( ) 0N uku

k

0

i
i

i

u q

1 2

1 1 2 2 1 1

1 0 2 10

( ) ... .
k

k k k

k

r rm
k

m m r r r r r r
r r r

D u u u u

k

2k

2

0

( )
m

m m j j
j

D u u

1k k

( )1 ( ) ( )

0

( )
m jk m k m j

j

m

j

( )1 ( )
0

0

1
( ) ( )

!

m jk k m j
m q

j

m
D

jm

0

1
( ! ( ))( )!

!

m
k

j m j
j

m
j D m j u

jm

0

( )
m

k
m j j

j

u D

0

( ).
m

k
j m j

j

u D



 
fgq

0

j
j

j

u q

0

i
i

i

u q

( ) ( ) ( )m m mD f g fD gD

fgqmD

0

i
i

i

u q
0

j
j

j

u q

) ( )m mi D u

) ( ) ( )k
m m kii D q D

0 0

) ( ) ( ) ( ) ( ) ( )
m m

m i m i i m i
i i

iii D D D D D

0 0

) ( ) ( ) ( ) ( ) ( )
m m

n n n
m i m i i m i

i i

i D D D D D

i:( )mD

ii
0 0

k k i k i m
i i m k

i i m k

q q u q u q u q

iii : 

1
0 0

( ) ! ( ) ( ) ! ( ) ( )

!( )! !( )!

m i m i i m im m

m i m i i m
i i

m m

q i m i q q i m i q q



 
0 0 0

0

1 ( ) 1 ( ) 1 ( )
( ) ( )( )

! ! ( 1)!

m i m i

m q q qm i m i
i

D
m q i q m q

0

( ) ( )i m i
i

D D

0

( ) ( ).i m i
i

D D

in

Lq
0

k
k

k

u q

( )L

( ) (( )).m mD L L D

L
0

( ) [ ( )] k
k

k

L L u q

m

( ) ( )m mD L L u

( )i

[ ( )] ( )m mL D L u

( ) (( )).m mD L L D

0

k
k

k

u q



 
1

0

) ( ) (1 ) ( ) ( ), 1
m

m k m k
k

k
i D e D e D m

m

0
0) ( ) uii D e e

i

ii

1 1

1
0

1 1 1 1
( )

! ! !( 1 )!

m m k m km

m m k m k
k

e e
e

m q m q q m k m k q q

1

0

1 1
[ ][ ]

! ( )!

k m km

k m k
k

m k e

m k q m k q

0q

0

k
k

k

u q

0 0) (cos ) sin ,i D u

0 0) (sin ) sin ,ii D u

1

0

) (sin ) (1 ) (cos ) ( ),
m

m k m k
k

k
iii D D D

m

1

0

) (cos ) (1 ) (sin ) ( ).
m

m k m k
k

k
i D D D

m

cos( ) , sin( )
2 2

i i i ie e e e

i



 
0 0

,j i
j i

j i

u q q

[0,1]q

( ) ( ),m m m mD D u

0m0a

][

0

( , ) m
m

m

u x t q[0,1]q

muxtL

0, ,x t u

0 1[(1 ) ( )] [ ( , ) ( , )]m m m mD q L u L u x t u x t

L

0, 1

1, 1m

m

m

Lq

0 0 0(1 ) [ ] [ ],q L u L q u q u



 
0 0 0[(1 ) ( )] [ ]m mD q L u D L q u q u

0 0[ ]mLD q u q u

0( ) ( ) ( )m m mLD D q u D q

1 0[ ( )],m m mL u u u D q

1m( )mL u1m1[ ]m mL u u

0 1[(1 ) ( )] [ ],m m m mD q L u L u u

0

( , ) m
m

m

u x t q[0,1]q

L( )LN

0 ( , )u x thq( , )H x t

q

0(1 ) [ ] ( , ) ( )q L u qhH x t N

( 0)m m

1 1[ ( , ) ( , )] ( , ) [ ( )]m m m mL u x t u x t hH x t D N

0[(1 ) ( )] [ ( , ) ( )],m mD q L u D qhH x t N



 
0 1[(1 ) ( )] [ ]m m m mD q L u L u u

1[ ( , ) ( )] ( , ) [ ( )]m mD qhH x t N hH x t D N

m

0

( , ) m
m

m

u x t q
1

k
k

k

q[0,1]q

kL( )LN

0 ( , )u x t( , )H x tq

0
1

(1 ) [ ] ( , )( ) ( )k
k

k

q L u H x t q N q

m

1
1

[ ( , ) ( , )] ( , ) [ ( )].
m

m m m k m k
k

L u x t u x t H x t D N

0[(1 ) ( )] [ ( , ) ( )],m mD q L u D H x t N

0 1[(1 ) ( )] [ ],m m m mD q L u L u u



 
0

[ ( , ) ( )] ( , ) ( ) ( ( ))
m

m k m k
k

D H x t N H x t D D N

0

( , ) [ ( )],
m

k m k
k

H x t D N

0 0

1

[ ( , ) ( )] ( , ) [ ( )]
m

m k m k
m

D H x t N H x t D N

0

( , ) m
m

m

u x t q
1

( , ) k
k

k

x t q[0,1]q

( , )k x t

L( )LN

0 ( , )u x t

0
1

(1 ) [ ] ( , ) ( )k
k

k

q L u x t q N

m

1
1

[ ( , ) ( , )] ( , ) [ ( )],
m

m m m k m k
k

L u x t u x t x t D N

0[(1 ) ( )] [ ( )],m mD q L u D N



 
0 1[(1 ) ( )] [ ]m m m mD q L u L u u

0 0

[ ( )] ( ) ( ( )) ( , ) [ ( )]
m m

m k m k k m k
k k

D N D D N x t D N

0 ( , ) 0x t

1

[ ( )] ( , ) [ ( )].
m

m k m k
k

D N x t D N

0

( , ) m
m

m

u x t q
1

( , ) k
k

k

x t q[0,1]q

( , )k x t

L( )LN

0 ( , )u x t[ , , , ]A x t q

,xt

[ , , , ] 0A x t q

0, 1q q

0
1

(1 ) [ ] ( , ) [ ( )] ( [ , , , ])k m k m
k

q L u x t D N D A x t q

m

1
1

[ ( , ) ( , )] ( , ) [ ( )] ( [ , , , ])
m

m m m k m k m
k

L u x t u x t x t D N D A x t q



 

0[(1 ) ( )] [ ( )] ( [ , , , ])m m mD q L u D N D A x t q

0 1[(1 ) ( )] [ ]m m m mD q L u L u u

0 0

[ ( )] ( ) [ ( )] ( , ) [ ( )]
m m

m k m k k m k
k k

D N D D N x t D N

0 ( , ) 0x t

1

[ ( )] ( , ) [ ( )]
m

m k m k
k

D N x t D N

0

( , ) m
m

m

u x t q[0,1]q

L( )LN

0 ( , )u x t[ , , , ]B x t q

, , ,q x t

0q[ , , , ] 0B x t q1q[ , , , ] ( , ) ( )B x t q x t N t

( , )x t

0(1 ) [ ] [ , , , ]q L u B x t q



 
m1m

1[ ( , ) ( , )] ( [ , , , ]).m m m mL u x t u x t D B x t q

mDm

0[(1 ) ( )] ( [ , , , ])m mD q L u D B x t q

0 1[(1 ) ( )] [ ]m m m mD q L u L u u

L( , )H x th

( ) 0N u( [ ])D N

HAM

[ ( , )] 0N u x t



 
N( , )u x t,t x

0 ( , )u x t( , )u x t0h

( , ) 0H x tL

[ ( , )] 0L f x t

( , ) 0f x t

0(1 ) [ ( , ; ) ( , )] ( , ) [ ( , ; )] 0q L x t q u x t qhH x t N x t q

( , ; )x t q0 ( , )u x tLh( , )H x t[0,1]q

0q

0[ ( , ;0) ( , )]L x t u x t

1q0h( , ) 0H x t

( , ;1) ( , )x t u x t

q01( , ; )x t q0 ( , )u x t( , )u x t

( , ; )x t q

1

( , ; ) ( , ;0) ( , ) ,m
m

m

x t q x t u x t q



 
0

1 ( , ; )
( , )

!

m

m qm

x t q
u x t

m q

L0 ( , )u x th( , )H x t

1q

0
1

( , ; ) ( , ) ( , )m
m

x t q u x t u x t

( , ) 1H x t

0(1 ) [ ( , ; ) ( , )] [ ( , ; )]q L x t q u x t qhN x t q

0 1( , ), ( , ),..., ( , )n nu u x t u x t u x t

mq!m

0qm

1[ ( , ) ( , )] ( , ) ( ),m m m m mL u x t u x t hH x t R u

1

1 01

1 [ ( , ; )]
( )

( 1)!

m

m m qm

N x t q
R u

m q

0, 1

1, 1m

m

m



 
1

1( , ) ( , ) [ ( , ) ( )].m m m m mu x t u x t L hH x t R u

( , )mu x t

MATLABMAPLE

( ), ( )B q A q1q

(0) (0) 0, (1) (1) 1A B A b

( ), ( )B q A q

1

( ) k
k

k

A q a q

1

( ) k
k

k

B q b q

( ), ( )B q A q1q

1 1

1, 1k k
k k

a b

0[1 ( )]{ [ ( , ; ) ( , )]} ( ) ( , ) [ ( , ; )]B q L x t q u x t A q hH x t N x t q

1

1
1

[ ( , ) ( , )] ( , ) ( , , )
m

m k m k m m
k

L u x t b u x t hH x t K u x t



 
1

1

( , , ) ( , )
m

m m k m k
k

K u x t a x t

( , )n x t

0

1 [ ( , ; )]
( , )

!

n

n qn

N x t q
x t

n q

( ) ( )B q A q q

1q

0
1

( , ) ( , )m
m

u x t u x t[ ( , )]mL u x t

( , )mu x t

0
1

( , ) ( , ) ( , )m
m

S x t u x t u x t



 
1

1
1 1 1

( , ) ( ) [ ( , ) ( , )]
m

m m m k m k
m m k

hH x t K u L u x t b u x t

1

1 1 1

[ ( , ) ( , )]
m

m k m k
m m k

L u x t b u x t

1

1 1 1

[ ( , ) ( , )]
m

m k n
m k n

L u x t b u x t

1 1

[(1 ) ( , )]k m
k m

L b u x t

1

[(1 ) ( , )]k
k

L b S x t

( , ) 0, 0H r t h

1
1

( ) 0m m
m

K u

1
1 1 1

( ) ( , )m m k m k
m m k

K u a x t

1

( , )k m k
k m k

a x t

1 0

( ) ( , )k n
k n

a x t

1 0
1 0 0

1 [ ( , ; )]
( ) ( , ) 0

!

m

m m m qm
m m m

N x t q
K u x t

m q



 
( , ; )x t q

( , ; ) [ ( , ; )]x t q N x t q

( , ; )x t qq

0
1

1 [ ( , ; )]
( , ; ) [ ]

!

m
m

qm
m

x t q
x t q q

m q

0
1

1 ( , ; )
[ ]

!

m
m

qm
m

N x t q
q

m q

1q

0
1

1 ( , ; )
( , ; ) [ ] 0

!

m

qm
m

x t q
x t q

m q

1q( , ; )x t q

0 ( , )u x tL( )A q

( )B qh( , )H x t

][

0( , ), , , ( , )H x t h L u x t



 
0( , ), , , ( , )H x t h L u x t

( , ) 0,1, 2,...ne x t n

0

( , ) ( , )n n
n

u t x c e x t

nc

0 ( , )u x t

0
0

( , ) ( , )
m

n n
n

u x t a e x t

na0m

0( , ), , , ( , )H x t h L u x t

( , )H x t

( , )H x t( , )ne x t



 

0( , ), , ( , )H x t L u x t

0( , ), , ( , )H x t L u x thh

hh

h

h

h

h



 
0, 0( , ) x tu x t

( , )u x t

t,t x,t x

h

h

hhR

hhRh

][

2
( ) 0, 0xx xu u f u x

x



 
(0) , (0) 0xu a u

a( )f u( )u x

1

1 0mx m

0

( ) k
k

k

u x a x

ka

x( )u x

( )u x

2 (1 ) 0mx m

0

( ) (1 ) k
k

k

u x b x

kb

             Lane-emden1



 
0 ( )u x a

2
xx xLu u u

x

1
0[ ] 0

c
L c

x1 0,c c

2

2

( ; ) 2 ( ; )
[ ( ; )] ( ( ; ))

x q x q
N x q f x q

x x x

0u

0(1 ) [ ( ; ) ( )] ( ) [ ( ; )],q L x q u x qhH x N x q

1, 0q q

0( ;0) ( ), ( ;1) ( ), 1x u x x u x m

m

1 1[ ( ) ( )] ( ) ( ), 1m m m m mL u x u x hH x R u m



 
1

1 0

1 [ ( ; )]
( )

( 1)!

m

m m qm

N x q
R u

m q

(0) (0) 0m mu u

MATLABMAPLE

( )H x

( )
(1 )

x
H x

x
( )H x x

,

05

5
( )

(1 )

x
H x

x
( ) 1H x



 
h

( ) ( )mf u u x

0m
2

( ) 0,m
xx xu u u x

x

0m

(0) 1, (0) 0xu u

][

2

1

( ) 1 n
n

n

u x a x

1 2 3

1 (6 5)
, , ,...

6 120 3 7!

m m m
a a a

2m( ) 0u x

0,1,5m

5m

2
1/2

1
( )

(1 )
3

u x
x

HAMh



 
0 ( ) 1u x

2
1

1
( ) ,

6
u x hx

2 2 4 2 2
2

1 1 1
( ) ,

6 24 6
u x hx h x h x

2 2 4 2 2 3 6 3 4 3 2
3

1 1 1 5 1 1
( )

6 12 3 432 12 6
u x hx h x h x h x h x h x

0.6h10

h1.2 0.2h

0.6h

HAM101h



 

HAM10
1

3
h

HAM100.6h



 

h7HAM(1)xxu

                   



 



 

][ 

1MWR

23

Method of weighted residuals                                                                                       1

Trial functions                                                                                                              2

Test functions                                                                                                       3



 

4

5

]

 

[

Global                                                                                                                           4

 

 Local                                                                                                                            5   



 
1 1x

1 2

1 2

( ( ) ( )) [ ( ) ( )] ( ) 0,

( 1) ( 1) 0,

(1) (1) 0,

p x y x q x w x y x

K y K y

L y L y

2 1 2 1, , ,L L K K

( ), ( ), ( )w x q x p x[ 1,1]

2
2

2
( 1 ( )) ( ) 0

1
k k

k
x T x T x

x

2

1
( )

1
w x

x

kk

1( ) cos( cos ), 0,1,...kT x k x k

2
2

0

1 ( 1)!
( ) ( 1) (2 )

2 !( 2)!

k

k
k k

k
T x x

k

0 11, ( ) 1, ( )k T x T x x1 1( ) 2 ( ) ( ),k k kT x xT x T x

1 1x( ) 1,kT x



 
( 1) ( 1)k

kT

2( )kT x k

1
2

1

, 0
( ) ( )

, 1,2,...
2

k

k
w x T x dx

k

2 [ 1,1]wu L

0

( ) ( )k k
k

u x u T x

1

1

2, 02
( ) ( ) ( ) ,

1, 1k k k
k

k
u w x u x T x dx c

kc

1N

(2 1)
cos , 0,1,...,

2 2

, 0,1,...,
1

j

j

j
x j N

N

w j N
N

0

2
cos , 0,1,...,

2 1
2

, , 1,...,
1 2 2

j

j

j
x j N

N

w w j N
N N



 
0

cos , 0,1,...,

, , 1,...,
2

j

j

j
x j N

N

w w j N
N N

0,1,...,j Njx

(1( ) 0, 1 1N jT x j N

(21 2( 1) ( 1)N
NT N

(31 2 1
( ) ( 1) , 1 1

1
j

N j
j

T x N j N
x

(42 21
( 1) ( 1) ( 1)

3
N

NT N N

(51 2
2 2

( ) ( 1) 3
(1 )

jj
N j

j

x
T x N

x

1cos ( )x( ) cosNT x N

1
( ) sin .

sinNT x N N

2
2 3

1 cos
( ) cos sin

sin sinNT x N N N N

3 2
3 4 3

sin cos cos sin
( ) 3 cos

sin sin sin sinN

N d N
T x N N N N

d

j

i

N
sin 0jN



 
1

( ) sin( ) 0, 1 1
sin

j
N j

N
T x N j N

iN
N

2

1 0

1
(1) lim ( ) lim sin

sinN N
x

T T x N N N

0

sin
.lim

sin

N
N

1 2

1

1 cos
( 1) lim ( ) lim sin lim ( 1)

sin cos
N

N N
x

N N
T T x N N N N

1 2
2 2

1 1
( ) cos ( 1) , 1 1

1 cos 1
j

N j
j

j
T x N N N j N

N x

(1)NT( )NT xx1

2
2 31 0

1 cos
(1) lim ( ) lim( cos sin )

sin sinn N
x

T T x N N N

30

1
lim ( cos sin sin cos )

sin
N N N N

3
30

1
lim (( )sin sin )

3sin cos
N N N N

2 2( 1)

3

N N

( 1)NT( )NT xx1

2
2 31

1 cos
( 1) lim ( ) lim( cos sin )

sin sinN N
x

T T x N N N

2
3

1
lim ( cos sin sin .cos )

sin
N N N N



 
3

3

1
lim (( )sin sin )

3sin cos
N N N N

2 2( 1)
( 1)

3
N N N

( )NT x

( ) ( ),

( ) , ,

Lu x f x x

u x g x g R

L

( 1,1)

([ 1,1])NPN

([ 1,1])NP([ 1,1])NP

( )u x( )Nu x

0

( ) ( ) ( )
N

N i i
i

u x u x u x

0

N

i i

([ 1,1])NPiu

( )Nu x

( ) ( ) ( )N nR x Lu x f x



 
1

1

( , ) ( ) ( ) ( ) 0, 0N j w N jR w x R x x dx j N

wj1N

1N

0

N

i i

, 0i g i N

([ 1,1])NP
0

N

i i

1

1

( ) ( ) ( ) 0, 0N kw x R x x dx k N

i i

1

1

( ) ( ) 0, ([ 1,1])N i N Nw x R x dx P

NR([ 1,1])NP

1N
0

[ 1,1]
N

i i
x

( )jx x( ) 1w x



 

0

N

i i

, 0i g i N

1

1

, ( ) ( ) ( ) 0, 0N i N iw
R w x R x x dx j N k

, i N kk p

Nu

67

8910

11

Slatter                                                                                                                            6

 

Kantrovic                                                                                                                      7

Frazer                                                                                                                            8

 

Jones                                                                                                                             9

 

Skan                                                                                                                            10

 

Lanczos                                                                                                                      11

   

          



 
1213

][

141516

17][

18

19

0

( ) ( ) ( ) ( )
N

N i i
i

u x u x u x L x

( )iL x

0,
( ) , 0 ,

1,i j

i j
L x i j N

i j

willadsen                                                                                                                      12

 

Stewart                                                                                                                         13

Kreiss                                                                                                                           14

 

Oliger                                                                                                                           15

 

Pseudospectral                                                                                                             17

 

Frequency space                                                                                                          18

 

Physical space                                                                                                             19



 
( )Nu x( )u x

( )u xjx0 j N

0

( ) ( )
N

N k k
k

u x a x

( )N ju xka

1
( ) [ ( ) ( )] ( )u x u x h u x O h

h

21
( ) [ ( ) ( )] ( )

2
u x u x h u x h O h

h



 
2

2

1
( ) [ ( ) 2 ( ) ( )] ( )u x u x h u x u x h O h

h

u

0( ),..., ( )Nu x u xu

1N

( )N Nu x P][

0

( ) ( ) ( )
N

N i i
i

u x u x L x

( )iL x

0

( ) ( ),0
k i
k

N
k

i
i k

x x
L x i N

x x

0( ),..., ( )Nu x u x0( ),..., ( )N N Nu x u x

0 1, ,..., Nx x x[ 1,1]1( ) [ 1,1]Nu x C

( )Nu x( )u x[ 1,1]x

( )x( 1,1)

( ) ( ) ( )Nu x u x E x

( )E x



 
( 1)

0

( ) ( ( ))
( )

( 1)!

N
N

i
i

x x f x
E x

N

][

2N

1 2
0

0 1 0 2

( )( )
( )

( )( )

x x x x
L x

x x x x

0 2
1

1 0 1 2

( )( )
( )

( )( )

x x x x
L x

x x x x

0 1
2

2 0 2 1

( )( )
( )

( )( )

x x x x
L x

x x x x

( )u x

2 0 0 1 1 2 2( ) ( ) ( ) ( ) ( ) ( ) ( )u x u x L x u x L x u x L x

2 ( )u x

2 0 0 0 0 1 1 0 2 2 0( ) ( ) ( ) ( ) ( ) ( ) ( )u x u x L x u x L x u x L x

2 1 0 0 1 1 1 1 2 2 1( ) ( ) ( ) ( ) ( ) ( ) ( )u x u x L x u x L x u x L x

2 2 0 0 2 1 1 2 2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( )u x u x L x u x L x u x L x

2 1 01, 0, 1x x x

0 0 0 1 0 2

3 1
( ) , ( ) 2, ( )

2 2
L x L x L x

1 0 1 1 1 2

1 1
( ) , ( ) 0, ( )

2 2
L x L x L x



 
2 0 2 1 2 2

1 3
( ) , ( ) 2, ( )

2 2
L x L x L x

2 2

2 2

2 2

3 1
2

2 2(1) (1)
1 1

(0) 0 (0)
2 2

( 1) ( 1)1 3
2

2 2

u u

u u

u u

1N

0 1, ,..., Nx x x

0 , ( )jj N L x

0

1
( ) ( )

i
i j

N

j j
j

L x x x
a

ja

0

( ), 0,1,...,
i
i j

N

j j ia x x h N

0

N

k k
x( 1) ( 1)N N



 
( ), 0 , .kj j kD L x j k N

j( )jL x

0 ,..., Nx x

0 ,..., Nx xijD

0

1

,
( )

( ) ,
k
k j

i

j i j

ij N

j k

a
i j

a x x
D

x x i j

0

( ( )) [ ( )] ln( )
i
i j

N

j i jLn L x Ln x x a

x

0

( ) 1

( ) i
i j

n
j

j i

L x

L x x x

0

1
( ) ( )

i
i j

n

j j
i

L x L x
x x

0
,

( ) 1
( ) ( )

i
i j k

N
j

j j
k i

L x
L x L x

x x x x



 
( ) 0,j kL x k jkx x

( )
( ) lim

k

j
j k

x x
k

L x
L x

x x

0

( )
1

lim
i
i j

k

N

i

x x
j k

x x

a x x

0
,

1
lim ( )

k i
i k j

N

j
x x

j

x x
a

0
,

1
( )

i
i k j

N

k i
j

x x
a

0

( )
1 i

i k

N

k i

j k j

x x

a x x

( )
k

j k j

a

a x x

kjD

,
( )

k
kj

j k j

a
D k j

a x x

0

1
( ) ,

i
i j

N

jj j j
j i

D L x
x x



 

0

N

i i
x

( 1)
,

( )

j k
j

kj
k k j

c
D k j

c x x

2
, 0,

2(1 )
k

kk
k

x
D k N

x

2

00

2 1

6NN

N
D D



 
ic

2, 0,

1, 1 1i

i N
c

i N

0

N

i i
x

1 2

2

( 1) (1 ) ( )
( ) , 0,1,...,

( )

j
N

j
j j

x T x
L x j N

c N x x

( )jL xjx

0

( ) ( )
N

k
k

x x x

2( ) ( 1) ( )N Nx x T x

N
1Nx

1

1 2( ) ( 1) , 0j
j j Nx c N j N

( )jL x

( )
( )

( )( )j
j j

x
L x

x x x

( ), ( )jx x

( )jL x

1 2

2

( 1) (1 ) ( )
( )

( )

j
N

j
j j

x T x
L x

c N x x



 
2

2

( 1) ( 1) ( )
( )

( )

j
N

j
j j

x T x
L x

c N x x

x

2 2
2 2

( 1) 1
( ) [(2 ( ) ( 1) ( ))( ) ( 1) ( )]

( )

j

j N N j N
j j

L x xT x x T x x x x T x
c N x x

0 k j N

( )( 1)
( )

k j
k

j
j k j

c
L x

c x x

1 k j N

( ) 1
( ) lim

k

k
k k

x x
k

L x
L x

x x

2
2

2

( 1)
( 1) ( ) ( )

lim
( )k

k

N k

x x
k

x T x x x
N

x x

2
2

( 1)
(2 ( ) ( 1) ( )) 1

lim
2( )k

k

N N

x x
k

xT x x T x
N

x x

2
2

1 ( 1)
lim (2 ( ) 4 ( ) ( 1) ( ))

2 k

k

N N N
x x

T x xT x x T x
N

2
2 2 2

4 31 ( 1)
( )

2 1 1

k
k k

k k

x x
N

N x x

22(1 )
k

k

x

x



 
22 1

( )
6N N

N
L x

2

0 0

2 1
( )

6

N
L x

( )kj j kD L x

( 1)
,

( )

j k
j

kj
k k j

c
D k j

c x x

2
, 0,

2(1 )
k

kk
k

x
D k N

x

2

00

2 1

6NN

N
D D

1, 2,3N

1 1
1 2 21, ,

1 1 1

2 2

N X D

3 1
2

2 21
1 1

2, 0 , 0
2 2

1 1 3
2

2 2

N X D

19 4 1
4

1 6 3 2
1 11

1 1
3 323, ,

1 1 1
1 1

2 3 3
1 1 4 19

4
2 3 6

N X D



 

0

N

i i
x

0
( )

N

i i
u x( )u x

( )u x

0

( ) ( ) ( )
N

N k k
k

u x u x L x

0

( ) ( ) ( )
N

N k k
k

u x u x L x

jx

0

( ) ( ) ( ), 0
n

N j k k j
k

u x u x L x j N

0 1[ ( ), ( ),..., ( )]TNu u x u x u x0 1[ ( ), ( ),..., ( )]TN N N N Nu u x u x u x

0 1[ ( ), ( ),..., ( )]TNu u x u x u x0 1[ ( ), ( ),..., ( )]TN N N N Nu u x u x u xD

Nu u Du

ku( )N ku

( )k N ku u



 



  
HAM

][

2
2

2
f

eff eff

Cd u G u
u

dy Mk k

fCGk

eff( / )effM



  
2

,
Gh u

y yh u

2
2 2

2

1
0

d u
s u Fsu

dy M

( 1) 0, (1) 0u u

aDFs

3

2

1
, ,f

a
eff a

c Ghk
D F s

h MD

][ 

2

0

1
( )

2

y
u y

]

 

[



  
2

2

( ; )
[ ( ; )]

y q
L y q

y

L

1 2[ ] 0L c c y

2 1,c c

2
2 2

2

( ; ) 1
[ ( ; )] ( ; ) [ ( ; )]

y q
N y q s y q Fs y q

y M

[0,1]q( ; )y q

0(1 ) [ ( ; ) ( )] [ ( ; )]q L y q u y qhN y q

( 1; ) 0, (1; ) 0q q

h0q

0( ;0) ( )y u y

1q

( ;1) ( )y u y

q01( ; )y q0 ( )u y( )u y

( ; )y qq



  
0

1

( ; ) ( ) ( ) m
m

m

y q u y u y q

2

0

1 ( ; )
( )

!m qm

y q
u y

m q

h1q

0
1

( ) ( ) ( )m
m

u y u y u y

( )mu y

1[ ( ) ] ( )m m m mL u y u hR y

( 1) 0, (1) 0m mu u

1
2

1 1 1
0

1
( ) (1 )

m

m m m m m m n
n

R y u s u Fs u u
M

m

0, 1

1, 1m

m

m



  
MAPLE,MATLAB

MAPLE20h

(1)u

h20HAMs

201F M

ss



  

0 2

1 cosh( )
( ) (1 )

cosh( )

sy
u y

s M s

2
2

2

( ; )
[ ( ; )] ( ; )

y q
L y q s y q

y

HAM][

y

cos( ), 0,1,...,j

j
y j N

N

( )u y



  
0

( ) ( ) ( ), 0,1,...,
N

j k k j
k

u y u y u T y j N

kTkku

( )m ju y

2
2

2
0

( ) ( )
N

m
j jk m j

k

d u
y D u y

dy

2
1 1

0

[ ( ) ( )] [ ( ) ( )]
N

jk m j m m j m j m m j
j

D u y u y s u y u y

1
2 2

1 1 1
0 0

1
[ ( ) ( ) (1 ) ( ) ( )]

N m

jk m j m j M n j m n j
j n

h D u y s u y Fs u y u y
M

0( ) 0, ( ) 0m m Nu y u y

D1N][

D

1 ( 1)
,

2 sin ( )sin ( )
2 2

k j
k

kj
j

c
D j k

c j k j k
N N

2

1
, 0,

2 sin ( )

k
kj

x
D k N

k

N



  
2

00

2 1

6NN

N
D D

1
2 2

1 1
0

( )[ ( ) ] (1 )
m

m m m m n m n
n

h
D s I u h u Fsh u u

M

1
2 2 1

1 1
0

( ) ( ) [ (1 ) ]
m

m m m m n m n
n

h
u h u D s I Fsh u u

M

I1Nmu

0 1[ ( ), ( ),..., ( )]m m m m Nu u y u y u y

0 ( )u y( )mu y

1mMAPLE,MATLAB

hSHAMMATLAB

s

s

HAMSHAM



  

h4

HAMSHAM

s1, 1F M(1)u

sSHAM

4h

SHAM1s

HAMSHAM1s

SHAM

HAM1s



  

SHAMHAM

(1)u

SHAM,HAMM,s

F20,15,10,8,4,2

0.85hSHAM4

SHAMHAMF



  

][1

BVP

2
2

2

1
(1 ) 0, 0 1

1

d w dw w
H r

dr r dr w

(0) 0, (1) 0w w

( )w r

rH

2][

,H

MacKee           1

Paullet                                                                                                 2



  

[ , ]a b

[ 1,1]

( )( 1)

2

b a
r

HAM

h

[0,1][ 1,1]

1
, [ 1,1]

2
r

( ) ( )U w r

1 2 3( ) ( ) ( ) ( ) ( ) ( ) 4 ( ) ( ) 2 ( ) ( ) ( )a r U a r U a r U r U U U U r

( 1) (1) 0U U



  
2 2

1 2 3( ) 4 , ( ) 2, ( ) (1 ), ( )a r r a r a r H r r H r

1 2 3( ) ( ) ( ) ( ) ( ) ( ) ( )a r U a r U a r U r

( 1) (1) 0U U

0 ( )U

0 0
0

( ) ( ) ( ), 0,1,...,
N

N
j k k j

k

U U U T j N

kTkkU

0 1, ,..., N

cos( ), 0,1,...,j

j
j N

N

1( ) cos( cos )NT N

( )mw r

0

( ), 0,1,...,
N

m
jk m k

k

d w
D w j N

dt



  
D

0AU

0 0 0
0

( ) 0, ( ) 0
N

Nk k
k

U D U

2
1 2 3A a D a D a

0 0 0 0 1 0[ ( ), ( ),..., ( )] ,T
NU U U U

0 1[ ( ), ( ),..., ( )] ,T
Nr r r

0 1([ ( ), ( ),..., ( )]), 1, 2,3i i i i Na diag a r a r a r r

Tdiag

A

0,U

0 0 0 1 0[ ( ), ( ),..., ( )]NU U U

1
0U A

1 2 3[ ( ; )] ( ) ( ) ( )L U q aU a U a U



  
m

1 1[ ( ) ( )] ( )m m m m mL U U hR U

( 1) (1) 0m mU U

1( )m mR U

1

1 1 1 2 1 3 1 1
0

( ) 4
m

m m m m m k m k
k

R U U U U r U U

1

1
0

(1 ) ( )
m

k m k m
k

U U r
r

1 1 1 1[ ] [ (1 ) ]m m m m m mA U U h AU P

0
0

( ) 0, ( ) 0
N

m Nk m k
k

U D U

1,m mP U

0 1[ ( ), ( ),..., ( )]m m m m NU U U U

1 1
2

1 1 1
0 0

4
m m

m k m k k m k
n k

P r U D U U DU
r

1, mP

A

1m

1 1
1 1( ) [ (1 ) ]m m m m mU h A AU hA P



  
MATLABHAMSHAM

20HAM( )w r

2H

2SHAM( )w r

2H



  
hHAMSHAM0.5

2H

h20HAM2H0.5

h8,6,4,2SHAM

20.5,H



  

h8,6,4,2SHAM

20.5,H

SHAMHAM

10SHAM

20.5, 0.5,1H

HAMSHAM

HAM



  

20HAM20.5, 0.5,1H

10SHAM

20.5, 0.5,1H



  

hSHAM

HAM

SHAMHAM

SHAMHAM

SHAMHAM



  [1] Abbasbandy S,The application of the homotopy analysis method 
        to nonlinear equations arising in heat transfer,Phys lett A;360 
        (2006)109-113. 
  
  [2] Alomari A.K,Nooani M.S.M and Nazar R,On the homotopy analysis 
        method for exact solution of Helmholtz equation.Chaos,Solitons and 
        Fractals 41(2009)1873-1879.  

  [3] Boyd J.P,Chebyshev and Fourier spectral method lecture note in En- 
        Geenring,49,springer-verlag,Berlin(1980).  

  [4] Boren Richard.L,Douglas J, Numerical Analysis,1986  

  [5] Canuto C.Quarteroni A.Hussaiani M.Y.Zang T.A,Spectral method in 
        fluid Mechanic,springer-verlag newyork(1988).  

  [6] Chuiko S.M,Weakly nonlinear boundary value problem in a speci- 
          al critical case,Ukranian Mathematical Journal;61(2009)657-673.  

  [7] Hesthavn.J.S,Gottlitb S,Gottlitb D.,Spectral method for time depen- 
        dent problems,Camridge university press(2004).  

  [8] Hooan K,A perturbation solution forced convection in a prous satur- 
        ated duct.J.Comput.Appl.Math.211(2008)57-66.  

  [9] Kopriva D.A.,Implementing spectral method for partial differential 
        equations.springer(2008).  

  [10] Liao S.J.The proposed homotopy analysis technique for the solu- 
          tion of nonlinear problems.PhD thesis,shanghai jiao Tong univer- 
          sity 1992.  

  [11] Liao S.J.Note on the homotopy analysis method:some definition 
          and theoreis.Cummn Nonlinear Sci Numer Simul;14(2009)983- 
           997.  

  [12] Liao S.J,An explicit,totally analytic approximate solution for Bla- 
          sius viscous flow problem,Int J Non-Linear Mech;34(1999)759- 
          778.   

  [13] Liao S.J,Byond perturbation:Introduction to homotopy analysis m- 
          ethod boca raton:Chapman and Hall CRC press 2003.  



  [14] Liao S.J,Tan Y,A general approch to abtain series solution of Non- 
          Linear diferential equation,stud.Appl.Math.119(2007)297-354.  

  [15] Liao S.J.A kind of approximate solution technique which dose not 
          depend upon small parameters:An application in fluid mechanics. 
           Int J Nonlinear Mech;32(1997)815-822.  

  [16] Liao S.J,A new analytic algorithm of Lane-Emden type equation. 
          Applied Mathematics and Computation 142(2003)1-16.  

  [17] Mckee S,Calculation of electrohidrodynamic flow in a circular cyl- 
          indrical condit, Z Angew Math Mech.77(1997)457-465.  

  [18] Motsa S.S, Sibanda P,Shateyi S,A new spectral homotopy analysis 
          method for solving a nonlinear second BVP,Commun Nonlinear  
          Sci Numer Simulat.15(2010)2293-2302. 

  [19] Nayfeh A.H,Perturbation Method,Newyork;Jhon wiley and sons 
          1973.  

  [20] Paullet JE,One the solution of electrohidrodynamic flow in a circ-  
          ular cylandrical conduit.Zangew math mech.79(1999)357-360.  

  [21] Rudin W,Principle of mathematical analysis ,Third Edition 1976.  

  [22] Stoer J.,Bulrish R.,Introduction to numerical Analysis ,Springer N- 
          ew york(1991).  

[23] Trefethen L.N,Spectral Method in MATLAB,SIAM,philadelphia     
          (2000).  

  [24] VanGorder RA,Vajravelu K.On the selection of auxiliary function 
          operators,and convergence control parameter in application of the 
          homotopy analysis method to nonlinear differential equation:a ge- 
          neral approch.Cmmun Nonlinear Sci Numer Simul;14(2009)4078- 
          4089.  

  [25] Vasudevan G, Watson L.T ,Lutze F,Homotopy approch for solving 
        constrained optimization problem,IEEE Trans,Automat.Control 36   
        (1991)494-498 

  [26] Wazwaz A.M, A new algorithm for solving differential equation of 
          Lane-Emden type,Appl.Math.Comput.118(2001)287-310. 



 
  [27] Wartani MM,Hamdan MH,fully developed flow thorough a prous 
         Channel bounded by flat plates.Appl.Math.Comput.169(2005)749- 
          757.  

  [28] Watson L.T,Globally convergent homotopy method:atutorial.Appl. 
         Math.Comput.31(1989)369-396.  

  [29] Watson L.T,Haftka R.T,Modern homotopy method in optimization 
          comput.Method Appl.Mech.Eng.74(1989)289-305.  

  [30] Watson L.T,Theory of Globally convergent probibility one homot- 
          ies for nonlinear programming.SIAM J.Optim,11(3),761-780.      

         



 







 





    





Abstract 
A modification of the homotopy analysis method(HAM)for solving 
nonlinear second order boundary value problem(BVP) is proposed.the 
implementation of new approach is demonstrate by solving the Darcy-
Brinkman-Forchheimer equation for steady fully developed fluid flow in 
a horizontal channel filled with a prous medium.The model equation is 
solved concurrently using the standard HAM approach and numerically 
using a shooting method based on the fourth order Rang-Kutta 
scheme.The results demonstrate that the new spectral homotopy analysis 
method is more efficient and converges faster than the standard homotopy  

   analysis method  

Keywords  

Homotopy analysis method, chebyshev spectral method, 
Brinkman-Forchheimer model                          
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