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Abstract

The motivation of the studies presented in this thesis is the modelling of drug delivery, from polymeric
matrices, enhanced by external stimuli, namely by heat. Drug delivery is a large domain of active
research on the development of new materials and transport systems for efficient therapeutic release
of drugs. Many new drug delivery systems are at an experimental stage. Therefore, mathematical
modelling and numerical simulation of drug release, appears as an important coadjuvant in such
pioneering experimental studies.

In this thesis, we study numerical methods for systems of nonlinear parabolic equations and
systems composed by a nonlinear elliptic equation coupled with two nonlinear parabolic equations.
The first systems can be used to describe drug transport enhanced by heat, while the second one can
be used to describe iontophoresis drug delivery. The numerical methods proposed may be viewed as
finite difference methods as well as fully discrete piecewise linear finite element methods.

Concerning the first class of systems, systems of nonlinear parabolic equations, we analyse their
stability and convergence when the solutions are in H3. We prove that the approximations of the
solutions and their gradients are second order convergent with respect to discrete L>-norms.

Regarding the numerical methods proposed for the second class of systems, a nonlinear elliptic
equation coupled with a system of nonlinear parabolic equations, we prove second order convergence,
with respect to a discrete L?-norm, for the solutions of the parabolic equations. We propose a nu-
merical method for the elliptic equation, whose solutions converge, to the corresponding continuous
solutions, with a second order convergence rate with respect to a discrete version of the usual H'-
norm. Concerning these systems, the main difficulty in the design of efficient and accurate numerical
methods is the dependence of the convective velocity, of one of the time dependent equations, on
the gradient of the solution of the nonlinear elliptic equation. The convergence results established
can be viewed as supraconvergence results, in the framework of finite difference convergence theory,
and supercloseness results, within finite element convergence theory. The stability of the numerical
methods proposed is also addressed. As we are dealing with nonlinear problems, to get local stability,
a usual required assumption is the boundedness of the sequence of numerical solutions. We prove
that this assumption is a consequence of the error properties and therefore we conclude the stability
of the proposed methods. Numerical experiments illustrating the convergence results obtained are
included. These experiments show the sharpness of the smoothness assumptions on the solutions of
the differential problems. From the perspective of drug delivery applications, the qualitative behaviour
of the previous systems is numerically studied in different scenarios: drug transport enhanced by heat
and iontophoresis drug delivery. Finally, we remark that the mathematical models studied before
were established using Fick’s law for the drug flux, which does not take into account the viscoelastic
properties of the matrices where the drug is dispersed. In the last chapter we present an exploratory
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study of pulsatile drug delivery from thermoresponsive polymeric matrices. The model takes into
account the mechanistic properties of the polymeric matrix under the effect of temperature and is
represented by a moving boundary initial value problem. A semi-analytic approach is considered and
the solution of the initial boundary value problem is obtained using Fourier analysis.

Keywords: Stimuli drug delivery - Heat - Finite difference methods - Piecewise finite element
methods - Convergence - Stability



Resumo

A motivagdo para o estudo apresentado nesta dissertagcdo € a libertagdo de fairmacos de matrizes
poliméricas, estimulada por estimulos externos, nomeadamente pela temperatura. A libertagdo de
farmacos faz parte de um dominio alargado da investigacdo ativa do desenvolvimento de novos
materiais e sistemas de transporte para uma eficiente libertagdo terapéutica de fairmacos. Muitos
sistemas de libertacao de farmacos mais recentes encontram-se numa etapa experimental. Por esta
razdo, a modelacdo matematica e a simulacdo numérica de libertagdo de farmacos surgem como um
coadjuvante importante em tais estudos experimentais pioneiros. Nesta dissertacio, estudamos os
métodos numéricos para os sistemas de equagdes parabdlicas ndo lineares e sistemas de uma equagao
eliptica ndo linear associada a duas equagdes parabdlicas ndo lineares. Os primeiros sistemas podem
ser utilizados para descrever o transporte de farmacos estimulado pela temperatura, ao passo que o
segundo pode ser utilizado para descrever a libertacao de farmacos através da iontoforese. Os métodos
numéricos propostos podem ser vistos como métodos de diferencas finitas, bem como método de
elementos finitos segmentado linear completamente discreto. A respeito dos sistemas de primeira
classe, sistemas de equacdes parabdlicas ndo lineares, analisamos a sua estabilidade e convergéncia
quando as solucdes estio em H>. Provamos que as aproximacdes das solugdes e os seus gradientes sdo
convergentes de segunda ordem relativamente s normas-L? discretas. Quanto aos métodos numéricos
propostos para a segunda classe de sistemas, uma equagdo eliptica ndo linear associada a um sistema
de equacdes parabdlicas nao lineares, provamos a convergéncia de segunda ordem, relativamente a
norma-L? discreta, para as solucdes das equacdes parabélicas. Propomos um método numérico para a
equacio eliptica, cujas solugdes convergem para as correspondentes derivadas da solucdo continua,
com uma taxa de convergéncia de segunda ordem, relativamente a uma versio discreta da norma-H'
usual. A respeito destes sistemas, a principal dificuldade na concec¢ao de métodos numéricos eficientes
e exatos € a dependéncia da velocidade convectiva, de uma das equacdes dependentes do tempo, no
gradiente da solu¢d@o da equacdo eliptica ndo linear.

Os resultados da convergéncia estabelecida podem ser vistos como resultados de supraconvergén-
cia, no ambito da teoria da convergéncia de diferencas finitas e como resultados de superaproximacao,
dentro da teoria da convergéncia de elementos finitos. Também abordamos a estabilidade de méto-
dos numéricos propostos. Visto tratar-se de problemas ndo lineares, de forma a obter estabilidade
local, uma das imposi¢des comuns necessdrias € a limitagdo da sequéncia de solugdes numéricas.
Provamos que este imposicdo ¢ uma consequéncia das propriedades do erro e, portanto, concluimos a
estabilidade dos métodos propostos. Estdo incluidas as experimentacdes numéricas ilustrativas dos
resultados de convergéncia obtidos. Estas experimentacdes comprovam a precisdo das hipéteses de
regularidade das solugdes dos problemas diferenciais. Do ponto de vista das aplica¢Oes da libertagdo
de farmacos, o comportamento qualitativo dos sistemas anteriores é estudado numericamente em



cendrios diferentes: transporte de farmacos estimulado pela temperatura ou libertacdo de farmacos
através da iontoforese. Por fim, observamos que os modelos matematicos estudados anteriormente
foram definidos utilizando a Lei de Fick para fluxo de fdrmacos que ndo consideram as propriedades
viscoeldsticas das matrizes em que os formacos sdo distribuidos. Neste tltimo capitulo, apresentamos
um estudo exploratério da libertag@o pulsétil de fArmacos para matrizes poliméricas termoresponsivas.
O modelo tem em consideragdo as propriedades mecénicas da matriz polimérica sob o efeito da
temperatura e é representado através de um problema de condi¢des iniciais e de fronteira mével.
¢é considerada uma abordagem semi-analitica e a solu¢do do problema de condigdes iniciais e de
fronteira € obtida utilizando a anélise de Fourier.

Palavras-chave: Libertacdo estimulada de fairmacos - Temperatura - Método de diferencas Finitas
- Método de Elementos Finitos Segmentado Linear - Convergéncia - Estabilidade
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Chapter 1

Introduction

1 General framework

Drug delivery is a large domain of research on the development of new materials or transport systems,
used for efficient therapeutic release of drugs. It plays a crucial role in disease treatment and it
represents an important tool in the advancement of precision medicine. The most challenging problems
faced by researchers in the area are the development of systems for targeted release, controlled release
or enhanced release. Targeted release refers to systems that directly deliver drugs to specific parts
of the body, avoiding global systemic absorption and degradation within the gastrointestinal tract, if
taken orally. A therapeutic concentration of the drug is achieved at a specific site- the target organ or
tissue- for a desired period without causing undesirable side effects. Examples of targeted delivery
systems are cardiovascular drug delivery stents or intravitreal implants, where the drug is dispersed in
a polymeric platform. In addition, the use of nanoparticles, as drug carriers, has revolutionized how
drugs are delivered. After the drug targets the tissue or organ the release can be sustained or enhanced.
The release is controlled or sustained when it is extended over a period, to keep concentration levels
within a therapeutic window (see Figure 1.1). In the case of polymeric implants the release can
be controlled by tuning the properties of the polymer and of the drug-polymer interactions. The
enhancement of drug release and of drug transport through the target tissue or organ is achieved
with different stimuli as chemical enhancers or physical enhancers as electric fields, magnetic fields,
ultrasounds or heat sources. These stimuli can be applied separately or coupled. They are used in
different areas, but oncology is one of the most promising and challenging (see [10], [11], [24], [36]
and [40])). In oncologic diseases, the transport of the chemotherapy cocktails can be made by specific
nanoparticles and the stimuli act to enhance the drug release from the transporter ([19], [29], [35],
[36], [39], [41]).

Another area of application is transdermal delivery where it is crucial to enhance the permeability
of the stratum corneum, the outermost layer of the epidermis. In this case external stimuli as heat,
electric fields or ultrasounds have been used with great success (see for instance [6], [31], [27], [37],
[41], [49] and [56]). Ultrasounds play also a very important role in drug delivery to the brain where
the stimulus act as a disruptor of the blood brain barrier ([34], [55]).

In the present dissertation we are mainly interested on drug delivery systems where the drug
release is enhanced by the temperature. Heat has been used as enhancer in different situations as for

1
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A Traditional release

Controlled releaseA /

Concentration

Therapeutic window

Fig. I.1 Different profiles of release

instance, in transdermal drug delivery. An increasing body of evidence suggests that temperature
largely influences drug distribution, altering rate profile ([31]).

One popular application of heat in transdermal drug delivery are patches. We mention, for example
patches where dispersed iron powder represent a heat source. Oxidation of the iron powder generates
an increase of the temperature that lead to an increase of permeability of the skin as well as a decrease
in its Young modulus ([56]). Consequently, an augmented the drug flux through the skin is observed,
and due to the increase of the superficial blood perfusion, an intensification of the drug absorption
occurs (see [41], [49]). Heat can be also generated by the application of other stimuli as ultrasounds
[27] or electric fields [6].

When temperature increases, the pattern of Brownian motion is altered. In fact the, rate of
diffusion defined by the diffusion coefficient strongly depends on temperature. In the case of spherical
particles, diffusing in a liquid with low Reynolds number, the Stokes-Einstein equation postulates that
the diffusion coefficient D is defined by

 KsT
~6nnr’

where T denotes the temperature, Kp is the Boltzman constant, r represents the radius of a spherical
drug molecule and 7 the viscosity.

The diffusion coefficient in solids at a specific temperature 7 is given by the Arrhenius equation

D=D, Ea (1.1)
=Doexp| ——== .
0 €Xp RT |’
where Dy is the maximal diffusion coefficient (at infinite temperature), Ey4 is the activation energy for
diffusion, and R denotes the universal gas constant.

In Chapter III we describe the drug transport in a tissue or organ £, by the convection-diffusion-

reaction equation

‘3? FV.(W(T)c) = V.(Dg(T)Ve) + 0(c) in @ x (0,1] (1.2)

where ¢ denotes the concentration and the temperature 7T is governed by

oT

5 = V-Dr(T)VT) +G(T) in Qx (0.17]. (13)
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In (I.2), v(T') denotes the drug release velocity, Dy is the diffusion coefficient and 7, denotes the final
time. To describe the dependence of drug distribution on temperature, we assume that D, in (I.2) is a
function of the temperature 7. We observe that equations (I.2) and (I.3) describe the drug evolution in
two different situations: when heat is generated by a source term, like in heat patches applications, or
when heat is generated as a secondary stimulus. Equations (I.2) and (I.3) should be coupled with drug
release equations from a reservoir (nanoparticles loaded with the drug) as well as the equations for
the reservoir transport. Moreover, in equation (I.2), the convective velocity depends explicitly in the

temperature. To complete the model an equation for the velocity can be added [2].

The concentration and temperature equations, (I1.2) and (I.3), respectively, are complemented with

homogeneous Dirichlet boundary conditions
c(t) =00n dQ x (0,17],T(¢) =00n I x (0,4], (14)

and initial conditions
c(0) =coin Q,T(0) =Tpin Q. (L5)

However, heat is also generated as a consequence of the application of other physical enhancers
as electric fields or ultrasounds. We remark that electric fields are currently used to enhance drug
transport through the skin namely for electric charged drug molecules. In this case a convective
drug transport arises induced by the electric field defined by the gradient of the electric potential
([6]). Moreover, nowadays we can assist to the use of electric fields to enhance drug transport and
drug absorption in other contexts like pancreatic cancer ([8], [9]), breast cancer ([33]), ophthalmic
applications (see [40], [28] and the references therein).

Several authors have addressed the problem of drug transport electrically enhanced. We mention
without being exhaustive [6], [16], [42] and [47]. Thereby, in chapter IV is introduced the following
model that includes a nonlinear elliptic equation for the electric field and the two parabolic equations
from the previous model with the necessary adaptations.

—V.(6(|V9|)V9) = finQ, (L6)

aT .
5y = V-(Dr(T)VT) + G(T) +F(V9) inQx (0.17] (L7)
g¢ +V.(W(T,Vé)c) = V.(Dg(T)Ve) +Q(c) inQ x (0,17]. (1.8)

ot

that is completed by the following boundary and initial conditions
¢ =0,T =0,c=00ndQ x (0,/] 1.9)

and
T(0) =Ty, c(0) = coinQ. (1.10)
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In (I.6), f = 0, ¢ represents the electric potential, ¢ denotes the electrical conductivity coefficient. In
[6] while studying the transdermal electroporation the authors defined ¢ by

e )
1

o(y) =01+ (0o —o071) 1L11)

es0) _ 1’
where o;,y;,i = 0,1, and B are convenient constants that can be computed from laboratorial data. In
the model proposed in this chapter we give equation (I.7), that describes the generation of heat by an
electric field, the form of a modified Pennes’ bioheat equation. Penne’s equation reads

pks?;; =V.(DrVT) — @ucp(T —T,) +q+Qy, (1.12)

where T denotes the temperature, p represents the tissue density, k; is the specific heat of the tissue,

Dr is the thermal conductivity, T, is the arterial blood temperature, ¢ is the metabolic volumetric

heat generation, w,, is the nondirectional blood flow associated with perfusion, ¢, is the specific heat

of blood and in (I.13), Q; that denotes the heat generated by the applied potential ¢, is given by

Q; = o|V¢|?, where o is the electrical conductivity and |.| represents the Euclidian norm (see for
instance [6]). The modified form of Pennes’ equation adopted in our model, assumes the form

oT

pks o0

=V.(DrVT) — Oncy(T —T,) + g+ F(V9), (1.13)

where F'is given by

F(V9)=0(IVe|)|Vo|, (1.14)

In equation (I.8), D, is the diffusion coefficient, v is the convective transport, that is related with
the diffusion coefficient via Einstein-Smoluchowski relation, is given by the modified Nernst-Planck
equation

F
W(T, V) = Dd%V¢) +vp, (1.15)

where z is the drug valence, F, Faraday’s constant, R represents the universal gas constant and v,
denotes the electro-osmotic convective velocity.

The main numerical question that arises in the solution of the initial boundary value problem
(IBVP) (1.6)-(1.8), (1.9), (1.10) is the dependence of the concentration variable on the gradient of
the solution of the nonlinear elliptic equation (1.6). If the numerical approximation of the elliptic
equation (1.6) is such that the numerical gradient does not converge to the corresponding continuous
gradient, or if it converges with a lower convergence order, then the numerical approximation for
the concentration does not converge to the corresponding continuous concentration or it converges
with lower convergence order, respectively. This problem was previously studied in [4] for the non
Fickian transport in a porous medium when Darcy’s law is replaced by an elliptic linear equation for
the pressure. Fickian transport in porous media were considered in [25].

In chapter V we study the effect of temperature on drug delivery, when the drug is dispersed
in a thermoresponsive polymer. Thermoresponsive polymers are stimuli-responsive materials that
exhibit a change of their physical properties with temperature. Ideally a thermoresponsive polymer,
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where a drug is dispersed, should retain it at body temperature (37 °C), and release the drug when
the temperature is higher, signalizing an infectious process. As temperature increases, the force that
keeps the atoms together decreases, the polymer collapses and the drug is released. More precisely
thermoresponsive polymers have a phase transition temperature, the so-called Critical Solution
Temperature (CST). A large class of polymers has a Lower Critical Solution Temperature (LCST),
that is the polymers swell for temperatures below the LCST and they shrink when the temperature is
above the LCST. In the case a drug is dispersed in a thermosensitive polymeric matrix, the drug is
released as the polymer shrinks. In the chapters before V, we take into account the influence of the
temperature on the diffusion coefficient and on the convection rate of the drug, but we assume that
there was no effect of the temperature on the properties of the platform where the drug is dispersed.
The model presented in chapter V is based on a different approach. In fact, in thermoresponsive
materials, the phenomena underlying a pulsatile delivery are essentially related with changes in the
properties of the platform.

In the previous chapters, we studied Fickian models that can be used to describe drug transport
enhanced by heat. This means that the parabolic equations for the temperature and for the concentration
are established from Fick’s law for the flux

J(x,t) = —DVL(x,1) (L.16)
with the mass conservation equation
al
E(x,t) +VJ(x,t) =R(€(x,1)), x € Q,t € (0,1], (L.17)

where ¢ = T, ¢, and R represents the reaction terms.

2 Thesis description

One of the main objectives of the present work is the convergence analysis of finite difference
methods for systems of nonlinear partial differential equations using lower smoothness assumptions
for the solution than those usually considered. Classically, for linear initial value problems, the
Lax-Richtmeyer equivalence theorem states that a consistent finite difference method is convergent if
and only if is stable ([36]). From this result, a practical strategy used to study convergence of finite
difference methods for linear initial value problems, is defined by

Stability + Consistency = Convergence,

where the convergence order is at least equal to the consistency order.

When the finite difference methods are defined with nonuniform meshes, the consistency order
can be less than the order of the corresponding finite difference methods defined with uniform meshes.
Consequently, based on the Lax-Richtmeyer theorem, we cannot conclude that the convergence order
on nonuniform meshes is equal to the convergence order on uniform meshes.

There exists a long list of contributions showing that the convergence order of several linear finite
difference methods defined on nonuniform grids is equal to the convergence order of the correspondent
finite difference methods, defined on uniform grids. Without being exhaustive we mention the classical
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papers [26], [38], [18], where the analysis requires smoothness of the solutions of the continuous
problem, and [5], [25], [19] where the convergence analysis requires less smoothness than in the first
group of papers. We notice that only the work [25] deals with a system of partial differential equations
defined by an elliptic equation and a parabolic equation.

We begin in Chapter II by studying a coupled abstract system composed by two nonlinear diffusion
equations - for concentration and temperature. We propose a method that can be viewed as a fully
discrete piecewise linear finite element method and we prove its supraconvergence.

In Chapter III we consider a more general coupled system - equations (I.3) and (I.2)- and we
propose a stable and accurate method to compute numerical approximations for the temperature
and concentration. The method is based on a piecewise linear finite element method combined with
particular integration formulas. Such fully discrete method can be seen as a finite difference method
defined on a nonuniform grid. We prove that the approximations for the temperature and concentration
and their gradients are second order convergent with respect to discrete L>-norms. It is well known
that the piecewise linear finite element method (FEM) leads to first order approximations for the
gradient. Such result shows the supercloseness of the gradient approximations presented in this work.
As the fully discrete FEM is equivalent to a finite difference method defined on a nonuniform grid
with first order truncation error with respect to the norm ||.|/; ... The supraconvergence of the new
method is established. The results in Chapter III are published online in the journal Computers &
Mathematics with Applications.

The system of PDE’s studied in the last chapter is coupled with a nonlinear elliptic equation that
will be presented in the next chapter.

The main objective of chapter IV is to design a numerical method for the IBVP (1.6)-(1.8),
(1.9), (I.10) that leads to second order approximations for the numerical gradient of ¢ and for the
temperature T, leading consequently to a second order approximation for the approximation of c¢. The
main ingredient in our study is the extension of the results presented in [5] to the nonlinear elliptic
equation (I.6) and the approach followed in [4] and [25]. The numerical method proposed belongs to
the class of finite difference methods (FDM) but it is equivalent to a fully discrete in space piecewise
linear finite element method (PLFEM). We will show that the FD approximation for ¢ is second order
convergent to ¢ with respect a discrete H'-norm while the numerical approximations for 7 and ¢ are
second order convergent to 7' and c, respectively, with respect to a discrete L2-norm. These results are
unexpected in the scope of FDM because the truncations errors associated with the FDM are only of
first order with respect to the norm ||.||.. as well as in the scope of FEM because their are based in the
piecewise linear FEM.

Until this point, we studied Fickian models to describe drug transport enhanced by temperature,
in the remain chapter is introduced a hybrid Non Fickian model.

In chapter V, we construct an hybric Non Fickian mathematical model for the drug transport
through the manipulation of an integro-differential equation. For the IBVP’s defined in special spatial
and discrete time domains, are computed the solution.

In chapter VI are addressed some conclusions about the work and referenced a variety of problems
that remain open and that will be subject of study in the future.

To complete this work and cover the results needed in the proofs we attached the Appendix with

relevant definitions and results.



Chapter 11

Convergence analysis for an abstract
coupled problem

1 Introduction

In this chapter our objective is to analyse a finite difference scheme for the following system, assuming
that Q = (a,b), ty denotes a final time and Dy is constant:

oT 2T

W(x,t) :DTW(X,I),(x,t) € Qx (0,1] (IL.1)
and 3 5 5
a—:(x,t) =5 <Dd(T(x,t))a;(x,t)) L(x5,1) € Qx (0,1/]. (I1.2)

The system (II.1), (IL.2) is completed by the boundary conditions
T(t)=0and c¢(t) =0 on dQ x (0,1] (I.3)

and the initial conditions
T(0) = Tp and ¢(0) = o in Q. (IL.4)

To simplify the presentation the following notation are used: if w: Q x [0,7;] — R, we represent by
w(t) the function w(t) : Q — R such that w(t)(x) = w(x,t),x € Q.

The finite difference method that will be studied is defined on nonuniform grids and it can be seen
as a fully discrete piecewise linear finite element method. The convergence analysis will be performed
assuming that T (¢),c(t) € C*(Q), t € (0,¢;]. We show that the numerical approximations for 7'(t)
and c(1), Tj,(t) and ¢ (1), respectively, are second order accurate approximations.

This chapter is composed by five sections that we describe briefly. In Section 2 we present some
preliminary definitions and results. The first convergence results are presented in Section 3 where
we establish first order estimates for the errors of 7j,(t) and c;(t), assuming that T'(¢),c(t) € C*(Q).
The convergence orders established in the previous section are improved in Section 4 assuming that
T(t),c(t) € C*HQ).
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2 Preliminary definitions and results

N
Let A be a sequence of vectors & of positive entries (hy,---,hy) such that } h; =b—a and hy, =
i=1
max h;, such that A, — 0. For i € A we introduce in Q the nonuniform grid
l

Qn={x;,i=0,-- N xi—x;i_1 =hj,i=1,...,N,xo = a,xy = b}.

We denote by Q;, and dQ, the set of interior nodes N Q;, and the boundary points QN Qy,
respectively.

By W, we represent the space of grid functions defined in &, and the space of grid functions in
W), that are null at the boundary points is denoted by W), o.

We introduce in the following lines, the inner products and norms in W), and W}, o, as well as the
finite difference operators that we need at this work. In W}, o we define the inner product

N-1
(nyvi)n =Y, Bt oun(xi)va(Xi),un, vie € Whoo,

i=1

hi+hit

where h; 1/, = >

. The corresponding norm is denoted by ||.||,. We also use the related

notations
N

(nyvi)+ = Y hittn(xi)vi(xi), up, vi € W,
i=1

N
]I = ;hi(uh(xi))2-

1

We introduce now the following finite difference operators:

up(x;) — up(xi—1)

D_up(x;) = . ,i=1,---,N (IL.5)
i
Diw(x) = 401 —/uh@.)’ =1 N-1, (IL6)
i+1/2
D_ h\Ai —D_ h\Ai) .
Douy(x;) = = (xill) ) o (xl),l =1,--- ,N—1,
i+1/2

where u;, € W),.

In the next result we establish a discrete version of the integration by parts rule and a discrete
version of the Poincaré-Friedrich’s inequality.

Proposition 2.0.1 [30] For all u, € Wy, and vy, € Wy, 0, we deduce that
(—=Dxup,vi)n = (un,D—xvi)+,

(—=Doup,vi)n = (D—xup,D_xvp)+,
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and
[vall; < [QUID—cvall3-

where |Q| denotes the measure of Q.

Therefore, we are able to present the semi-discrete finite difference method. By 7},(7) and ¢, (t) we
represent the semi-discrete approximations for 7'(¢) and c(t), respectively, defined by the following
ordinary differential systems

T}:(l‘) = DTDzTh(l‘) in Q X (O,tf]
Ti(t) = 0 on 9y, x (0,1/] (I1.7)
Th(O) = RhT() in Qh

C;l(l) = D;(Dd(MhTh(t))D_xCh(t)) in Qh X (O,tf]
Ch(l‘) =0on th X (O,If] (11.8)
cr(0) = Ryco in y,

where M;, denotes the average operator
1 .
Mhuh(xi) = E(uh(xi_l) + uh(xi)),l =1,...,Nyu, € W, (I1.9)

We notice that 7j,(¢) and ¢, (¢) defined by (I1.7), (II.8), respectively, can be seen as fully discrete

piecewise linear finite element solutions. In fact, the weak formulation of the initial boundary value
problems (IBVP) (1I.1), (I1.2), (I1.3), (IL.4) is given by

(T(t),u) = Dy @i(,)’ (;Z) ae. in (0,17, Vi € Ho (@) (IL10)
(T(0),u) = (To,u), Vu € L*(Q),
and 9 p)
(d(t),w) = <Dd(T(t))a;(t)7 a;v) ae. in (0,17],Yw € Hy (), (IL11)

(c(0),w) = (co,w), Yw € L2(Q).

In (IL.10), (IL.11), a.e. means almost everywhere and by L?(Q) and HJ(Q) we denote the usual
Sobolev spaces.

Considering that for w;, € W,,, P,w;, denotes the continuous piecewise linear interpolation of wy,
with respect to the partition ;. The piecewise linear finite element approximations for 7'(¢) and
c(t), defined by (IL.10), (IL.11), are computed considering the piecewise linear interpolation functions
P (1), Pucn(t) € HY(Q), Ty(t),cn(t) € Wi o, that are solutions of the following weak problems:

P, T JP
(PuT; (1), Pyuy) = Dr < a};h (1), a};uh) in (0,2¢], Yuy, € Wy,

(PuT(0), Pyup) = (PuRyTo, Poup), Yup € Wy o,

(IL12)
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and

P P .
(Phc;(z),Phwh)z<Dd(PhTh(z)) ;xch(t), ;;Vh> in (0,2¢],Ywy, € Wio,

(Phen(0), Pawy) = (PuRpco, Pown), Ywy, € Wi 0,

(I.13)

where Ry, : C(Q) — W}, denotes the restriction operator Ryu(x;) = u(x;),i =0,...,N.
The two finite problems (II.12), (I.13) are then replaced by the fully discrete piecewise linear
finite element approximations

(Th/(l‘),uh)h = —DT(D_xTh(l‘),D_xuh)+ in (O,tf],Vuh S Wh’(),

(I1.14)
(T3,(0), up)n = (RyTo, up ), Yy € Wi,

and
(ch(0),wn)n = —(Da(My,Ty (1)) D—xcp(t), D—wy) 4 in (0,2¢],Yw;, € Wi, (IL15)
(cn(0),wn)n = (Ruco, wn)n, Ywi € Wo.

Finally, choosing in each equation of (II.14), (II.15) a sequence of grid functions where each element
is equal to one in a grid point and zero in the others we deduce the IBVP (I1.7) and (II.8).

3 Convergence analysis for solutions in C3(Q)

In this section we establish estimates for the errors E7(t) = R,T(¢t) — Tj,(t), Ec(t) = Ruc(t) — cp(t),
where T},(¢),cp(t) are given by (IL.7), (IL.8) or (I1.14), (IL.15).

We assume that the coefficient function D, has bounded first derivative, which means that it
belongs to C} (R) and satisfies the following assumption: D; > f8 > 0in R.

3.1 Temperature

We start by studying the error E7 (1) = RyT(t) — Tj(1).

Theorem 3.1.1 Let the solution of T (II.1) be in L*(0,t7,C*(Q)) and let T, be defined by (I1.7), such
that
RhT, T, € Cl([o,lf],Whp).

Then there exists a positive constant Const, h and t independent, such that Er(t) = R, T (t) — Tj,(1)
satisfies

t t
Er @)+ | 1D-Er(s) B ds < Constiy, [ 17 (5) 3 s (IL16)

fort €0,t¢] and h € A.

Proof: Let 7,7 () be the truncation error induced by the spatial discretization defined in (I1.7).
Taking into account that D,R;,T (x;,¢) will be obtained through Taylor expansion series, for the
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truncation error, we get the following representation

0*T
T.r(xit) =Dr <8 5 (xist )—DthT(xi,f)>

_ DT 2 83T - _ 283'1" .
— m (hlurlﬁ(nt,t) hi ﬁ(éht)>7

i+3
where 1;,&; € [xi—1,xi1],i=1,...,N— 1.
For the error E7(t) we obtain successively
(Er(t),Er(t))n = (RaT'(t) = T;;(t),E7(1))n
— (DR 2L (1) Dy DyT (1) Er (1)
=\ PrRng3 D2 Ti(t

=Dy (D2E7 (1), Er(t))n+ (Trr (1), Ex(
= —Dr(D_,Er(t),D_Er(t))+ + (T;r (t)a Er(t))n, t € (0,27].

where t € (0,¢].

Young’s inequality leads to
1
5 7 [Er @i+ Dr[DEr (|2 < 5 | Tr 01 + €21 Er ()17,
where € # 0. Considering now the discrete Poincaré inequality we get
d 2 2 2 1 2
NEr @)l +2(Dr — Qe ID-Er ()| < 551 Tr ()], L.17)

To establish an estimation for E7(t), we compute an upper bound for || 7,7 (t)||7. We have, successively,

W(BT N\ R, (3T, N’

< <axg(§i)) + 13 <8x3 (m))
h? h?

D} (Tl o)+ “EH T o)

DHQIIT 1Z (g

IN

=
AN
Iyl
S
~T

1
;‘.

T (117

>~
L

VAN AN
O | NH'M

max

Then, if we fix € such that Dy — £2|Q| > 0, and if we take

1 D3|Q
Const = L
M T 18e2 Dy — 2/’
we establish
d 2 ! 2 2
E(HET(t)Hh—I—/O||D,XET(S)||+ds—Consthmax/ IT(5) 2 qpas) <01 € 0. (1Y)

that leads to (I.16)
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3.2 Concentration

In this section we establish an upper bound for the error E. (1) = Rjc(t) — cp(t), where c is defined by
(I1.2). However, ¢ depends on the solution 7" of (IL.1), the upper bound for E. () depends on the error
Er(t) as well as on the truncation error associated with the spatial discretization defined in (IL.8).

Theorem 3.2.1 Let the solutions T and c of (II.1) and (I1.2), respectively, belong to L*(0,t7,C*(Q))
and let Ty, cj, be defined by (I1.7) and (11.8), respectively. Let Er(t) and E.(t) be the spatial discretiza-
tion errors Ep(t) = RyT (t) — Ty(t) and E.(t) = Ryc(t) — cu(t). If

Ruc,ci € CH([0,17], Wio), R T, T, € C([0, 7], Wio),

there exists a positive constant Const, space and time-independent, such that

t t
DI+ | 1D-E(5) ds < Const ([ 1Er(6)F106) B s

(11.19)
e [ 16 s (1T 6) ey D+ B )
fort €0,t¢] and h € A.
Proof: Let 7;..(¢) be the truncation error induced by the spatial discretization defined in (I.8)
d dc .
Tre(xi,t) = = Da(T (xi,1)) 5 (xi,1) | = D (Da(MRyT (x1,1))D—xRyc(x3,1))
fori=1,...,N—1.1It can be shown that 7. (¢) admits the representation
hi — h 9°T dc oT d%c
Tr,C(t) _Dd(T(xl? )) l ak z(xht)i(xivt)—i_ (xlv ) z(xlv )
2 dx ox dx ox
Du(T (xi,1)) PER , (11.20)
Tﬂﬂ a 3(@7 ) — 1+1a 3(7% ) )+ O (M)
where O'(h2,,.) represents a term, depending on l[c(®)l @) and [|T(#) |3 (g)» such that

|O(h2,,.)| < Const h?

max?

where Const represents a positive space and time independent constant.

From (I1.20), for ||7;..(t)|| we have, successively,

T < T RO D)5 [(fé)z(ii)z*(g)z(gfﬁ)z]

N-l D2 d°c d3c
i (5) ot (5)

< 1Dl 2 (16hfmuT||Cz eliZaig) + 5 FaarlclZaqay + O

_l’_

+0 hﬁmx Z ht+1/2

=1 Yhina)

— max )
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where, to simplify we omit the arguments of 7" and c. It is easy then to conclude that
1T ()7 < Consthiax(HT(I)H%z(Q)HC(t)Héz(Q) e 10y + Himas)- (IL21)

For the error E,(t) we have, successively,

(Ei-(t) c(t))n = (Rnc' (1) — cj(t), Ec(t))n
(Dd(MthT( ))D_thC(t>,D_xEc(l))++(Dd(MhTh(t))D_xCh(t),D_XEC(I))+
JF(Tr,C(t)aEC(t))h
—([Da(MpRyT (t)) — Da(My T3 (1))} D—xRc (), D—cEc(t)) 1
— (DM (1)) D Eet), D Eelt))+ + (T (1), Eclt)). (1122)
As we have
|([Da(MRRAT (1)) — Da(MpTj(t))| D—xRpc(t), D—xEc(t))+|
< 1Dallcyr) V2IEr (@) 1lle(?) o1 ) [P Ee (1) ]+

for € # 0,i = 1,2, considering the assumption H; we obtain

d
SE@IG +2(B —&f = |Qle)IDEe ()3

1 ) ) 1 ) (I1.23)
< STQHDdHCbl(R)||ET(t)Hh||C(t)”C1(§) +2722HTr,c(t)llh-
Then, fixing constants &;,i = 1,2, such that
2(B— & —|Qlez) >0
we guarantee the existence of a positive constant, 4 and ¢ independent, such that
B+ [ DB ds < Const [ 1Er(6) Rl g+ I Tels)lids 124
finally taking into account the upper bound (I[.21) we deduce (I1.19). [ |

Corollary 3.2.2 Under the assumptions of Theorems 3.1.1 and 3.2.1 for E.(t) = Ryc(t) — cp(t) we
have

t
B+ [ 1D B ds < Const o [ 1e65) 0 (1T B+ 1)ds + e @129

4 Convergence analysis for solutions in C*(Q)

In Theorems 3.1.1 and 3.2.1 we establish that if the solutions T'(¢) and ¢(¢) are in C*(Q), then

|ET(t)||n < Consthpgy, || Ec(2)]|n < Consthpgy,
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and

t
/ |D_Er(s)||%ds < Consth?
0

max»

/ |D_Ec(s)||2ds < Consth?, t €[0,17], h € A.

max»

In this section we increase the convergence orders by increasing the hypothesis on the regularity of
T(t) and c(t), namely we assume that T (¢),c(t) € C*(Q).

4.1 Temperature

Theorem 4.1.1 Let the solution T of (II.1) be in L*(0,t7,C*(Q)) and let T, be defined by (I1.7), such
that
RyT, Tj, € C'([0,1£], Wio).

Then there exists a positive constant Const, space and time independent, such that Et(t) = R,T (1) —

T),(¢) satisfies

t t
Er @)+ [ 1D-2Er ()] ds < Consthe [/ 17 (5) 2 gy (11.26)

fort €0,t¢] and h € A.

Proof: As in the proof of the Theorem 3.1.1, we have

1d

57 1Er(t Ol +Drl|D—Er (1)1} = (Tur (1), Er (1)) (IL.27)

We establish in what follows an upper bound for (7.7 (), Er(t))s. Taking into account that 7'(¢) €
C*(Q), we have for 7,7(t) the following representation

D ’T
%(hm hi) 5 (.1 N+0(h,), (11.28)

where |O'(h2,,,)| < ConsthiMHT(I)HCz;@). Then for (7,7(t),Er(t)), we obtain

Tr,T(-xbt) =

N—1 3 3
(B0, Er(0)s =2 X 1 (G i Br ) = 53 05110 (0s-1.0)) + (0000, Er (),

i=1

that leads to

33
(TnT(t)a Z hlza 3 xh ET(XH )7ET(xifl7t))

N 3
42 th( wu) = 2 i, >)ET<xl~_1,r>> (O Er (1)

i=1

Dy N2l LT ) 4T ,
< ? 121 hz o3 (XH )D—XET xl? Z h ax4 x t)dXET(xl 1) ) (ﬁ(hmax) (l))h
A B
_Dr

6 (A+B) (ﬁ(hmax) ET( ))
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For A and B we have the following upper bounds

’A| < hmax\/’EHT HC3 ’D—XET( )H-‘r? (1129)

0°T
81 < 2| S50

|E7 ()]s, (11.30)
L2(Q)

respectively.

Thus, applying Young’s and Poincaré inequalities to the previous estimates and considering
o*T

& #0,i=1,2,3, we conclude
D21 1 2
T,7(t),Er(t h“(—T—Qthf——t
(T ErO] < B (51 (4£]2| IO+ | 7

+Const SIT(0)|. ) + (83 +1Q1(&3 +E)ID_Er ()13

(IL31)
Using this last upper bound in (I1.27) we deduce
1d 2 2 2, .2 2
5 77 1Er (Olla+ (D — (&7 + €23 + &) [ D-Er (1)]]5
D3 *T 117 (I1.32)
4 T 2 i _ 2
< (3L (32 2T O+ 7| |7 O, ) +Const IOl m):

fort € (0,¢7]. Fixing in (I1.32) & # 0,i = 1,2,3, such that
Dr — (& +1QI(g} +&)) > 0,

we guarantee the existence of a positive constant Const, h and ¢ independent, such that (II.26) holds. m

4.2 Concentration

Theorem 4.2.1 Let the solutions T and c belong to (II.1) and (I1.2), respectively, in L*(0,t,C*(Q))
and let Ty, cp, be defined by (11.7) and (I1.8), respectively. Let Er(t) and E.(t) be the spatial-
discretization errors Er(t) = Ry T (t) — T;,(t) and E(t) = Ryc(t) — cu(t). If

Ruc,ci € CH([0,17], Wio), R T, Ty, € C([0, 7], Wio),

there exists a positive constant h and t independent such that

t t
EW+ || 1D—Ee(s) s < Const ([ 187 ()] s

(11.33)
e [ 1e00) s (1T gy + 1)),

fort €0,t¢] and h € A.
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Proof: The truncation error induced by the spatial discretization defined in (IL.8) has the represen-
tation

1 0°T dc aT d%c
Tr,C(xht) = (hi—hi+1)(§D21(T(xivt)) |:a > (xlat)a(xiﬂt) + 5= ox (xH )a 2(xlﬂt)
1 d3c 5
3Dl (50,0)) 55 () ) + O ),
where | ()| < Constlle(o)]|es @ (1T (1) ey + 1) e
Let g(x;,7),i=1,...,N — 1, be defined by
1 9°T dc aT d%c 1 d3c
sl = (§PUT0500) | G 05) 55 050) + G 5) 5 0) | 4 30T a0) .5 )

Then, as in the proof of Theorem 4.1.1 we have

(T B < 3 (109D, E) 2| 50
_Hﬁ( max)’”Ec(t)Hh-

Consequently, the discrete Poincaré-Friedrichs inequality leads to

B )

(G0 Eel)n] < (5 lﬂl(”g“”c *‘fH

< 13 (3R 180y +v2| | 20
2

712\ {C max(uga)rré(mea§<f>

())+|ﬁ ) |/ 191 | D—Ec(1) |+
)+ 10 IIVIA) + D)

(@)

) H10URL)P) +e2ID-Ee(n)]12.

L(Q)
where € # 0.

Following the proof of Theorem 3.2.1, instead of the inequality (I1.23), we obtain

1d 1
5 g 1B+ (B —&f = &)IDEe(1)]I% < 2?22HDdHc;m)IIET(I)HﬁIIC(t)Hé@

)+, Y

d
+72|Q|( max<||g(t)\lé(g)+2Hai(t)

L(Q)

We notice that fixing € # 0,i = 1,2, such that f — 812 — 822 > 0, there exists a positive constant Const,
h and t independent, such that, for 7 € (0, tf],

d
TE@E+IDE )] < Const(llEr(t)lliH ()6 )+ Foma IO 12y (IT 01 ) + 1))-
(I1.35)
Finally, we observe that the inequality (I1.35) leads easily to (I1.33).

]
From Theorems 4.1.1 and 4.2.1 we conclude the last result of this chapter where the second
convergence order is established for the solution of (IL.8).
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Corollary 4.2.2 Under the assumptions of the Theorems 4.1.1 and 4.2.1 for the error E.(t) = Ryc(t) —
cp(t) holds the following

1 t
IEF+ | ND-Ee(s)]1 3 ds < Consthiy [ (IT(5)12s iy + e(s) 2 @ (1T (5) s gy + 1)) s

fort €0,ts] and h € A.

5 Conclusion

In this chapter we establish error estimates for the numerical approximations for the solution of (II.1)
and (IL.2) which is a simpler version of the system that we would like to study in the next chapter. The
numerical approximations were defined considering the finite difference methods presented in (IL.7)
and (IL.8) on non uniform grids. As we noticed, these methods can be seen as fully discrete piecewise
linear finite element methods.

Theorems 4.1.1 and 4.2.1 are the main results of this chapter. In Theorem 4.1.1 is proved that
the finite difference method (I1.7) leads to a second order approximations for the solution of (II.1).
This result shows that the method is supraconvergent that is, though the spatial truncation error is
only of first order, the method is second convergence order. In Theorem 4.2.1 we establish an error
estimate for the numerical approximations defined by (I1.7) and (IL.8). As a corollary of this result, we
conclude that the method (I1.7) and (I1.8) is also supraconvergent.

The regularity of the solutions of the IBVP (II.1) and (I1.2), T(¢),c(t) € C*(Q) is the main
requirement imposed in the proof of the mentioned results. In what follows we intend to obtain the
estimates established in the Theorems 4.1.1 and 4.2.1 but considering T (t),c(t) € H*(Q).






Chapter 111

An accurate discrete model for solutions
in H°(Q)

1 Introduction

In this chapter III our goal is to study the convection-diffusion-reaction equation for a drug concentra-
tion (I.2), where T denotes the temperature, that is defined by equation (I.3). This system of PDE’s is
coupled with homogeneous Dirichlet boundary conditions (I.4) and initial conditions (I.5).

In Section 2 we present a study of the stability of the continuous coupled model (1.2)-(I.3). The
method proposed to solve numerically the coupled problem is introduced in Section 3. In this section,
the stability of the method is established under certain conditions. In Section 4, an error analysis is
developed which is not based on the use of the truncation error neither on the stability of the method.
Numerical experiments illustrating the convergence results and the behaviour of the concentration and

temperature are included in Section 5. Finally, in Section 6 we present some conclusions.

d
Note that during this chapter we use Vu(x,?) to denote a—u (x,1).
x

2 The continuous model: stability analysis

In this section we study the stability of the coupled problems (1.2)-(1.3). Let ¢(¢), T (¢) € L*(0,t7,H} (Q))
be such that

(T'(t),u) = —(Dr(T())VT (1), Vu) + (G(T(t)),u) ae. in (0,¢7],Yu € Hy (Q), (IIL.1)
and

(c(t),w) — (W(T(t))e(t), Vw) = —(Da(T (1)) Ve(t), Vw) + (Q(c(t)),w) ae. in (0,¢7],Yw € Hy ().
(II1.2)
In (I11.1) and (II1.2), (.,.) denotes the usual inner product in L?(Q), ||.|| represents the corresponding
norm. The use of a.e. in(0,7;] stands for almost everywhere in (0,7]. We assume the following

conditions:

Hy : Dy € C}(R) and Dr > ffp > 0in R,

19
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H2 : |G(y)|§ﬁl|y|7y€]R7
Hy : ()| < Byl yER,
Hy :Ddec,l(]R) andDd2B3>0in]R,

Hs :|Q(y)| < Bsalyl, y € R,

where C}'(R) denotes the space of bounded functions with bounded m order derivatives in R. To
obtain upper bounds for the temperature and concentration, the previous assumptions will be used. To
establish the stability of the weak problem (III.1), (IIL.2), H,, H3 and Hs will be replaced by

H} : GECi(R),
H} :veCH(R),
H: : Q€ C}(R),

respectively.

2.1 Energy estimates

We present energy estimates for the solution of the system and for the corresponding fully discretized
problem.
Temperature: Taking in (IIL.1) u = T'(¢), we get

(T(1),T(t)) = —(Dr (T (t))VT (), VT (1)) + (G(T (1)), T (t))

assuming H; and H,, we obtain

1d
S AT +BollVT @)1 < BT ()]
2dt
This inequality leads to
t t
IIT(t)H2+2ﬁo/O IIVT(S)IIZdSSHT(O)H2+2ﬁ1/O 1T (s) s, (IL.3)

If T € C'([0,¢7],L*(Q)) NL*(0,t7,H (Q)), by the Gronwall Lemma we conclude

HT(t)||2+/O IVT(s)|[ds < SPINT(0)]7, 1 € [0,1]. (IL.4)

1
min{1,2f}
Concentration: Let w = ¢(t) in (IIL.2).

('(t),c(t)) = (T (1))e(r), Ve(t)) = —(Da(T (1)) Ve(t), Ve(t)) +(Q(e(t)), c(t))-

Moreover, as H} (Q) is continuously embedded in C°(Q) and using H3, Hs and Hs, we have

successively

—(Da(T (1)) Vel(r), Ve(r) < =B5[[Ve@l,  (Q(c(1),c(t)) < Ballc(@)]|  and
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(T (0))e(r), Ve@)] < BallT @)= lle@)[[[Ve@)]
< a2 BITO g le@] + & [Ve@)]?,

where €] # 0 is an arbitrary constant. Then, applying the previous inequalities in (I11.2), we easily get

(IIL.5)

eI +2(8s ~ &) [ 1Ve(s)Ps < ey P+ [ (£ HT ) () 281 e(s) s, (IL6)

If T € C([0,t7],H} (Q)) then, for & such that B; — & > 0, we guarantee the existence of two
positive constants Y. ;,i = 1,2, such that

2 Yealy (HT( )= +1)d

le(z HZ+/ IVe(s)|Pds < Y1 lle(0)]%e t €0,z (IIL7)

provided that ¢ € C'([0,77],L*(Q)) N L*(0,t7,Hy (£2)). Furthermore, as [|T(t)|z=q) < [[VT(7)],
instead of (II1.7), we have

2 Y2y (HVT( )|\2+1)ds

e(t |!2+/ IVe(s)|[Pds < Yel|c(0)]%e t € [0,17]. (I11.8)

t
where the term / IVT (s)||*ds in (IIL.4) is bounded, by (IIL.4) for ¢ € [0,7/].
0

However, if instead of considering the estimation (IIL.5) for the convection term estimate, we
(T (1))c(t),Ve@)| < BT (O le(®)ll =@ Ve@)]], as [le(t) |- (@) < [[Ve(?)|| we get

(T (1))e(1), Ve(n))] < BalIT (@) [ V()1 (IIL.9)

consider

then

2dtH (O + (Bs = BT O Ve)* < Balle(n)]>

Consequently, if the drug convection-diffusion equation (I.2) is diffusion dominated in the sense that
—Bao||T(1)]] > Ye.e > 0 ace. in (0,14], (I11.10)

then c satisfies .
eI +2%c [ [Ve()ds < e(0) e, € 0.1 (IIL11)

Moreover, if the reaction term Q satisfies
H; : Q€ C'(R),and Q(0) =0, Q'(c) < s <0in R,

instead of Hs, then (III.11) is replaced by

t
e+ 2%e.c / P91 Ve (s)|Pds < ||c(0)]]2e®P 1 € [0,1]. (111.12)
0
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2.2 Stability estimates

Let T, T and ¢, be solutions with initial conditions cg, &y and Tp, 7o, respectively. Under the assump-
tions specified before, for T, T and c, ¢ hold the energy estimates previously established. In what
follows we will obtain estimates for 7 — T and ¢ — ¢.

Temperature: Considering that T and T satisfy (IIL.1), for wr () = T (t) — T (¢) we obtain
(07 (t), 07 (1)) +(Dr (T ()VT (1), Var(t)) - (Dr(T(t))VT (1), Vor (1)) = (G(T (1)) - G(T (1)), or (1))
Adding and subtracting (D7 (T (t))VT(t),Vr(t)) we get

1d

s ler®IF +((Dr(T(0) = Dr(T(@)VT (1), Var (1)) + (Dr (T(1)) Vor (1), Vor (1))
G(T

= (G(T (1)) = G(T (1)), or (1))

Using the assumption H; and H3, we have successively,

~(Dr(T()Vor (1), Vor (1) < —pol|Vor ()| and (G(T(1)) ~ G(T(t)), 0r(1)) < Gl 0r (1)

and
[(Dr(T(t)) = Dr (T (1)) VT (1), Veor (1))
<H113 @ lorOIIVT @)llr= ) IVor @) (I1.13)
_4812 1D 1oy IV T (1) |7 [l 07 (D) [|* + €7 [ Veor (2)

where €| # 0. Consequently, we obtain

1d

5 2 lor )|+ (Bo— €D IVor (1) < (G + 42HDTHLw VT (0)3-(qy ) llor ()%, (1L.14)

If Bop— €} >0and T,T € C1([0,t/], L*(Q)) N L*(0,7, H} (Q) NW1=(Q)), from (II1.14) we obtain

& ~Jo (2Gim 2HD 700 () VT (1t )HLw(Q))
e

d
= (ller()
= Jo { 2Ghat 50z 1D 7ee ) IV T (1) o0 ) bt
v2(f—ed) [ e (oot ) [Var(s)|*ds) <o,

that, applying Gronwall’s Lemma, leads to

2G,

max 2¢ 2

HD HZN(R)HVT(/J)sz

d
) " IVaor(s)|ds

ZGr/nax+ l2 HD HL°° R)HVT( )HZ‘”(Q))dS

2 _ g2 t f(
lor()|* +2(Bo 81)/0 (I11.15)

i
< o (0)[e e [0,1/]-
From (1I1.15), stability is established for T € C'([0,2/],L*(Q)) N L?(0,t, H} (Q) NW'=(Q)) and
T € C1([0,1/],13(9)) N L3 (0,17, HY(2).
Although we have already a stability result we still can obtain an estimation where the smoothness
of T can be weakened, at the cost of imposing a stronger condition on |VT'(¢)]|. In fact, if rather than
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(II1.13), we use the following relation

(Dr(T (1)) = Dr(T()))VT (1), Vor (1)) < | D7||-w) I VT @)1 Ver (1)

we deduce, if
Bo = ID7 =) [VT (1) | = vr > 0 ae. in(0,t7], (IIL.16)

for some positive constant Y, instead of (III.15), we conclude

! 4 !
|r (1) |1 + 2yr / Pna1=9) ||\ Vo (5)||?ds < || (0)]|>eXmd | 1 € [0,17]. (I11.17)
0

which guarantees stability, providing that T satisfies (II.16) and T, T € C*([0,#/],L*(Q))NL? (0,17, H} (Q)).

Concentration: Let consider ¢ and ¢ that satisfy (II.2), then for @.(¢) = c(z) — &(t), we get

(0(1), @:(1)) — (/T (1)e(0), Vo (1)) + (v(T (1)(e), Vo 1)
= ~(DATO)VE(), T + (DT O)TE0, Var(0) +(Q(e0), (1) = Q). u()

We need an estimative for each parcel. For the convection term we have

(VT (0)e(t) =v(T(1)é(t), Vaor(r))]
= (T () =T (0)))e() + V(T (1)) @ (1), Vo (1))
||v1 =@ llor ()[lle)]l=@) IIVwc(t)||1+ﬁzHT(t)lle(g)ch(t)IIHVwc(t)H
STIQHVHL‘X’ Rl ||wr(t)H2+E%ﬁzZHT(t)Hiw(g)ch(t)|!2+(812+822)HVwc(t)H2,

(II.19)
with & # 0,i = 1,2, arbitrary constants. For the diffusion term, adding and subtracting the term

(Da(T(1))Ve(t), Ve (t)), we get

(Da(T (1)) Ve(t) —Da(T (1)) VE(t), Veor (1))
= ((Da(T(t)) = Da(T (1)) Ve(t) +Da(T (1)) Vor(t), Vor (1)),
where
[(Da(T (1)) = Da(T (1)) Ve(t), Vo (r))|
< HD 2=yl ()[[[[Ve(®) =0 V@ (2) | (I11.20)
< 22 ID4llZe gy Ve @)1= l0r (1) [P + &5 Ve (1)
and

(Da(T (1)) Ve (1), V(1)) > Bs|[ Ve (r)|>

For the reaction term, using Hs we deduce

(0(c(r) = Q(E(1)), @) < Qpuelleoc]>

Then we obtain the differential inequality
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2S00l + (B~ — & —eD) Ve (1)
<(4% i VT 0)1P + Q) 0 (6) P+ (4;2\\v’!\iw<R>llc(t>!!%w<g) + g2 1Dl V<) i)
leor (¢ )H2 (IIL.21)
whose solution satisfies
o0 28— 6 -8 [[ o (21T g
< () 2o fo( 5 IVT ( )H2+2Qim>du+ /fef; (%\IVT(H)I\ZJrZanm)du (I11.22)
0

1 1
(2812”‘/”%‘”(1{) le($) 170y + 2832HDZiHi“(R)HVC(S)”iN(QO lor (s)|*ds,

fort € [0,/ and provided that c € C' ([0, 7], L*(Q)) NL* (0,7, H} (Q)NW1=(Q)), & € C1([0,2],L*(Q)) N
L2(07tf7H(} (Q))’ T e Lz(ovtf7L2<‘Q))7T € Lz(oatfaH(% (‘Q))

3
Finally for &;,i = 1,2,3, such that ;3 — Z 8,~2 > 0, we get the desired upper bound.
i=1

t
To conclude we recall that an upper bound for / |VT (1)||?du is established in (II1.4) and upper
0

bounds for ||@r(t)||? are defined in (II1.15) or (II.17) when T € C'([0,#/],L*(Q)) NL?*(0, T, HL (X))
and T € C'((0,7],L2(Q)) N L*(0, T, Hy (Q) NW'=(Q)).

From (II1.22), the stability of (II.1) and (II1.2) is concluded when ¢ € L=(0,2¢, H} (Q) N"W1=(Q)) N
C'([0,#/],L*(Q)), T € C'([0,t],L*(Q))NL*(0,t¢, H} (Q)) and assuming that &, T € C' ([0,¢/],L2(Q)) N
L*(0,t7,Hg ().

Similarly to the temperature case, we can also get stability estimates under weaker assumption for
the concentration. In order to do that we use ||wr(t)||~ < ||Vor(t)]|, replacing respectively, (II1.19)
and (II1.20), by

|(v(T)e(t) =v(T)e(r), Ve (1)) |
< <482||v 17w HC(I)Hiw(Q)HVwT||2+Qﬁf!!VT(t)Hz\lwc(t)Her(812+822)||Vwc(t)||2

and
[((Da(T (1)) = Da(T (1)) Ve(t), Var (1)) < 4;2IIDizlliw(R)IIVC(t)Iiw(mIIVwT(t)IV+€32|Vwc(t)|2,

respectively.
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Consequently, (I11.22) is replaced by

3 t tﬁ
\@mW+ﬂm—ZéjAﬁ<%
i=1

\VT(u)HZ+zQ;m)du
IV (s)||*ds

(B vr 2120 )d t "(ﬁ VT (u)|*+20, )d
S Ha)c(())Hzejo <2£%H (I"’)H max #—i—/ ejs 28% H ([.L)H max IJ
0
1 1
(2812’V/|’%°°(R)||C(S)||%w(g) +2832HD&\iw(R)HVC(S)Hiw(g)) IVoor (s)|[*ds, t € [0,1¢].
(I11.23)

An upper bound for /t VT (1)||*du is given by (II.4). Upper bounds for /t |Vor(s)||*ds are
defined by (I11.15) prc?vided that T € C([0,¢],L*(Q)) N L2(0,¢, H} (Q) mwhg’(g)) and for T €
CH([0,#/],L*(Q))NL%(0,t7, Hi (Q)); or by (II1.17) provided that (II1.16) holds and T, T € C' ([0, /], L*(Q)) N
L2(0,17, Hy ().

From (II1.23) we conclude the stability of the initial value problem (III.1) and (III.2) for ¢ €
L=(0,t7,H} (Q) NW=(Q)) NCL([0,2f], L*(Q)), &, T, T € C'([0,27],L*(Q)) NL*(0,t7, HL (Q)).

3 A Finite Element Method that mimics the continuous model: stabil-
ity analysis

3.1 Fully discrete method

In this section we present a fully discrete method that mimics system (I1I.1) and (IIL.2).

Regarding the discretization process, we follow the notations introduced in chapter II where the
nonuniform partition of Q = (a,b) is defined through A, the sequence of vectors h. As before W,
represents the space of grid functions defined in Q;, and Who = {wn € W, : wj =00ndQy }.

Moreover, the inner products, norms, operators and results defined in Section 1 of Chapter II hold .
We observe that x; |/, = x; + %, Xi_1/2 =X — EI And notice that by ||.||; , we represent the norm
el = (o2 1D )

For wy, € Wy, P,w;, denotes the continuous piecewise linear interpolation of wy, with respect to the
partition Q.

The piecewise linear finite element approximations for the solutions of (III.1) and (II1.2) are
defined as follow: P,T;(t), Pucy(t) € H} () such that Vuy,, w, € Wi, o,

(PhTh,(t)aPhuh) = —(DT (PhTh (l‘))VPhTh([),VPhuh) =+ (G(PhTh),Pth), (11124)
and

(Puc), (1), Bowp) — (V(PLTh) Pucn(t), VBwy) = —(Da(PyT;(t))VPuch(t), VPowy) + (Q(Puch(t)), Bowp).

(111.25)
To define the fully discrete piecewise linear approximations for the temperature and concentration we
need to define approximations for the integral terms in (I11.24) and (I11.25).
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Considering the approximation rules defined in [19], we introduce the following approximations:

(f.8) =~ (Ruf . Rig), f,8 € C(Q), (111.26)

where once again R;, denotes the restriction operator,
(a(Pugn)V Poutgy, VPywi) == (a(Muqp)D—xttyy, D—xWp) 1, Giy tn, Wi, € W0, (I11.27)

and remembering that M}, is the average operator. The variational problem for the finite element
approximation P,7},(t) is defined by the following fully discrete FEM: compute 7},(¢) € W}, such that

(T1(6), un)n = — (D (M T3 (6))D—xT(t), D—ttn) + + (G(Ti(2)), up ), Yt € Wio. (IIL.28)

To define the fully discrete problem for the concentration, we need to introduce the approximation
of the integral term associated with the convective term (v(P,Tj,(t))Pycp(t), VPywy). We consider

(V(PhTh(t))PhCh (t), VPhWh) ~ (Mh(v(Th(t))Ch(t)),D_xWh)+.

Using quadrature rules in (II1.25), we get the fully discrete FEM: compute cj () € W), o such that

(ch(0),wn)n — (M (V(Ti (1)) (t)), D—xwi) + = —(Da(MyT;,())D—xcn(t), D—xwp) + 4 (Q(cn(t))s wa ),
(II1.29)

Ywy, € Wh,O-
We remark that the coupled system (I11.28), (II1.29) can be rewritten as an ordinary differential system.
To do that, we recall the finite difference operator D} (a(Myq,)D—.uy) defined by

1

i+1/2

Dy (a(Mygn)D—xup)(xi) = <a(Mth (Xit1)) D—xttn (Xi1)a(Mugn (xi) ) Dy (Xi)) 7

fori=1,...,N—1. For g,,u, € Wy 0. By D. we denote the centered finite difference operator

up(Xi1) — up(xi-1)

D.(up)(x;) = Jd=1,...,N—1.
c(n) (i) hi + hit1
We then have the following result.
Proposition 3.1.1 If u, € W;, and w, € W, then
(Deutpy, wp)n = —(Mp(up),D—_xwp) 4, (I1.30)
and
M3 (un) | < V2] up |- (I1.31)
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We introduce now the ordinary differential systems

Th/(l‘) = FT(Th(t)) ngy, x (O,tf]
T (Z‘) 0indQ, x (O,l‘f] (II1.32)
T;(0) = R, Tp inQy,,

and
ch(t) = Fe(Ty(1), ca(t)) in€y x (0,1y]
cp(t) =0indQy, x (0,1¢] (1I1.33)
¢n(0) = RycoinQy,
where
Fr(Ti(1)) = Dy (Dr (MyT;(1))D T (1)) + G (Ti (1))
and

Fe(Ti(t),cn(t)) = Dy (Da(Mp Ty (1)) D—xcn(t)) — De(v(Ti(1) )en(t)) + Qlen(r)).

Considering the inner product of the first equation of (II1.32) and (II1.33), with respect to (., . ), by
up € W0 and wy, € W, g, respectively, we get (111.28) and (I11.29). These results show the equivalence
between the fully discrete FEM (I11.28), (I11.29) and the FDMs (111.32) and (I11.33), respectively.

3.2 Stability

Firstly, we establish the existence of the semi-discrete approximations, at least locally, this means that
there exists an interval [0,7/] and functions 7j(¢),cp(¢) solutions of the ordinary differential problems
(111.32) and (I11.33).

We observe that the previous coupled problem can be rewritten in the following equivalent form
Z) (1) = Fy(Zy(1))in €y, x (0,1¢],
Z1(0) = Zp ,inQy, (111.34)
Zp(t) =0indQy, x (0,1,
where Z,(t) = (Tj,(t), cn(t)), Zo,, = (RyTo, Rnco) and
Fi(Zy(1)) = (Fr (Ty(2)), Fe(Ti (1), cn(2)))-
Proposition 3.2.1 Under the assumptions Hy,H5, H3, Hy and Hs,
Fy: Bs, (RiTy) x Bs, (Rnco) — [Wio)?
is one-side Lipschitz, where
B (un) = {zn € Who : |lzn — unlln < 8},

fO}’ up = RhTo,RhC(), and 6 = 6T7 6C, and where [Wh?o]z = Wh70 X Wh70.
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Proof: Let Zy = (g1, wn), Zn = (G, Wn) € Bs, (RiTo) X Bs, (Ryco), and @y = qp — G, @y = wj, —Wp
and ® = (o, ®,). We have, successively, the following

(Fi(Zn) — Fu(Z1), O)w,o2 = (Fr(qn) — Fr(Gn), @g)n+ (Fe(qn, wn) — Fe(Gn, Wn), @w )

(Fr(qn) —Fr(dn), @g)n = —((Dr(Mnqn) — D1 (MyGn))D—xqn, D—0)+
— (D1 (MpGn)D—x04,D_,04) + + (G(gqn) — G(Gn), 0g)n
<V2|IDr ller vy |y [ D x| ool D—x 04 ||+ — BollD—x @y |13 + G|l 0|17
=~ Tllc'(R) 1 Wglln x4qn||h, xWq ||+ 0 xWq || L max || Wqllp

10711

)
< (€% = Po)[ID—coog || + 62 1Dl . + anax> leog

where ||up|[p0 = max_ |un(x;)|, with N* = N or N* = N — 1 depending on the definition of uy,.
i=1,....N*

2
Moreover, we establish that ||[D_ g5, < h% (5T + HRhTOHh) , then taking €2 = By, we deduce

2
(Fr(an) = Fr@)s @) < (7= (8 + IRuTolln) 1D7 12, gy + G ) 4

in

(IIL.35)
= Ly (h)||ooy][j-

For (F.(qn,wn) — Fe(Gn, Wn), @), we establish

(Fe(qn, wn) — Fe(Gn, Wn), ) =
= —((Da(Mngn) — Da(MyGn))D—xwh, D—x @)+ — (Da(MnGn) D—x @y, D @y) +
+(My((v(gn) = v(Gn))wn), D—x®y) 1 + (My(v(Gn)) @, D)+ + Op | 0 1
< \ﬁHDdHCIl(R)||(0qHh”DfohHh,oo”DfwaHJr — BslID—v 1%
+\@HVHC,;(R) 1169 [ l[whl| 5,00l D—x |+ + V2 B2 |G| .00 l| 030 || Dy ||+ + Q| 00117

2 2
Since [ Dl < 5= (8 + [Rucoll) s lanllF < 725 (8 + IRaTolln) " and . < 52 (8 +

hmin

2
HRhCOHh) , thus, choosing €2 = %ﬁ3, we conclude that

- 3/ 4 2 2
(Fxlanwon) = Eean i), 0 < 5= (5 I1Paleyuy + Wy ) (3 + IRncoll) g
min min
685 1 2
(2 (54 IRTo )+ Qe
min
= Lea (W)@} +Lea(h) o (I11.36)

From (II1.35) and (II1.36) we finally obtain

(Fi(Zn)  —Fi(Zn),Zn— Zn)w, > < (L (1) + Lea () || gl + Le2 () |

< max{LT (h) + L (h) , Lc72 (h) } ||Zh — Zh H[2W;,70]2'

(II1.37)
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We remark that the one-side Lipschitz condition (II1.37), established in Proposition 3.2.1, guaran-
tees the existence of the semi-discrete approximations 7,(¢),c (), at least locally.

We observe that if we use the previous result to get upper bounds for ||y (#)]|w, 2> Where
oy (t) = Zy(t) — Zp,(t), Zu(t) = (Ty(t),cp(t)) is the solution of (II1.34) with initial condition Z;(0), and
Z;(t) is the solution of the same problem but with a perturbed initial condition Z,(0), then we have

21Oy, e = (B(Z0(0) = Fu(Za(6)), @0(0))

(I11.38)
< max{Ly () + Le. (1) Lea(W) Hon(0) 3,
where Ly (h),L. 1 (h) and L. (h) are defined in Proposition 3.2.1. Consequently, we obtain
”wh (l‘) H[ZWM]Z < eZmaX{LT(h)-i-La.l (h),Lep(h)}t ||wh (0) H[ZW;,‘O}Z’t > 0. (IH.39)

The upper bound (I11.39) guarantees the stability of the semi-discretization defined by Fj, in
bounded time intervals for each 4. However, when & decreases, from this upper bound we are not able
to conclude such stability behaviour. This fact is our motivation to study the stability using the energy
method for each semi-discretization defined by Fr and F;. To obtain the stability upper bounds, we
start by establishing convenient upper bounds for 7j(¢) and ¢, () which are solutions of (II1.28) and
(IIL.29), respectively.

Energy estimates

Temperature: For the fully discretized problem, for the temperature case we find energy estimates,
replacing uy, by Tj,(¢) in (II1.28). As before, we have

(Th(0), Ti () = —(Dr(MpTy(2))D Ty (1), DTy (1)) 1 + (G(Tn (1)), T () s (II.40)

and following the proof of (II1.4), we easily get

t
T3+ [ ID- TR ds < ) 7,(0)1 .41)

1
min{1,2f}
for ¢ € [0,tf], provided that T, € C'([0,t], Wh,0)-

Concentration: In this case, let consider w;, = ¢ () in (IIL.29). As in the continuous case, we have

(ch(t),en(t))n — (Mu(v(Ti(t))cn(t)), D—xen(t)) +
= —(Da(MyTy(t))D—xcn(t), D_xcn(t))+ + (Qcn(t)), cn(t) n-

So establishing upper bounds for the terms we get

(I11.42)

(M (T ) Dsen)s] < VBT (0) ool enOlla|Dscn(0)] -
zlelzﬁzzun,(t)Hi,muchwui+e%||D_xch<z>||i (II1.43)

IN

and
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—(Da(MyTy(t))D (1), D—xen(t))+ < —B3[|D—xca(t) |3 and (Q(cn(?)), calt))n < Ballea(t) |7

where €] # 0 is an arbitrary constant. Hence, for &; such that 3 — 812 > 0, we easily get

2
! o 1 (BT (9).+28: ) s
. cn(0)[lpe N1 ‘ , (II144)
m1n{1,2([33—812)}” (O

for t € [0,7], provided that ¢, € C'([0,t7], Wy 0).
t
From (1IL.41), the term / |D_,Ti(s)||%ds is uniformly bounded in [0,7], provided that ||T;,(0) |,
0

!
lesOlfi+ [ ID-sen(s) B ds <

t t t
is uniformly bounded in & € A. As / 1T (s)|2ds < |2 / ID_T; (s)||% ds, we have that / 1T (5)|2.dls <
0 ’ 0 0 ’
1

— ™| 7,(0)|)? and th
mln{l,zﬁo}e H h( )Hh an €n

t B 2| 0)||2+2B4t
leaOl+ [ 1D-en(s) s < allea(0) et =T e o, mas)
0

On other hand, if we replace (I11.43) by

|(My(v(Ti())en(0)). D—sxcn()+] - < V2Bal|Ta(e)lnllen(t)|lnooll D—sen(e) |1
< QIV2BATu(0) [4lID—xen(D)]3- (I1L.46)

we may impose the discrete version of (II1.10)
Bs —V2UIQUBTi(0) s > Yo > 0 ae. in (0,17),

for some positive constant ¥, ., in order to get ¢ () satisfying the following discrete version of (IIL.11)

t
sl +2%c [ 1D-scn(s) B ds < len(0) R € 0.17] (111.47)

Remarking that ||7,(¢)||, is bounded in [0,#¢], according with the result (IIL.41).

Stability estimates

At this point we are able to establish the stability relations for the discretized problem. That consists in
analysing the differences wr(t) = Tj,(t) — T;,(t), @c(t) = c(t) — &(t), when T}, (¢), T;,(t) and c;,(t), &, ()
are solutions of (I11.29) and (II1.28), respectively, with initial conditions 7}(0), 7;,(0) and ¢;(0),&,(0),
respectively.

Temperature: For wr(t) = T;(t) — T;,(¢), we have

S or @)l +(Dr M) ~ Dr (MTh(0)D (1), D007 (1))«
Dy (MATi(1)D 1 (1), D007 (1))

= (G(Th(1)) — G(Tu(1)), @r (1))
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We establish the upper bounds

~(Dr (M T (1)) D—x0r (t), D_y 7 (1)) < —Po[D—oor (1) % and
(G(Tu(1)) = G(Ti(1)), @r (1)) < Gruellor (1)1,
but, to find an upper bound for (D7 (M, T;(t)) — D7 (MyT;,(¢)))D_Ty(t),D_ 07 (t)) 1, we need
to impose an additional condition to D_,T;,(¢).
t
Hs : / |ID_ T3 (5) |7 oods is uniformly bounded in h € A, t € (0,2/].
0 ,

This way, under the assumption Hg, we get

((Dr (MyT; (1)) — Dr (M T3(2))) DTy (1), D—x0or (1) )+
< V2|Dr ) vy 1D (1) | ol 07 () |11 | D07 (£) |+ (I11.48)
< Z%IzHDTH%;(R)HD—xTh(l)HimeT(l)Hﬁ + &7 | D_ror (1)]13.

where € # 0.
For € such that By — 812 > 0, it can be shown that

>\|DfxTh(u)H%‘w+2G’m)

s (LHDTHz du
lor@I} +2(By—ep) [ e\ ek ID-sor(s) 2 ds

S UDEIP L 1D Ti(s)|7 2Gf,m>d
§||a)T(0)||,2,efO<£12| T\ICbI(R)H () [0t s

(I11.49)
NS [O,I f}.
The assumption He guarantees that the upper bound in (I11.49) is bounded by Const.||@r(0)|7 in

[0,7/]. Consequently we conclude the stability of the FEM (II1.28), or equivalently, the stability of the
FDM (I11.32), in 7j(¢). We observe that it remains to analyse when Hp effectively holds.

We can obtain another upper bound avoiding the assumption Hg. Firstly, we observe that (I11.48)
can be replaced by

((Dr (MyT;(t)) — Dr (M T;(2))) DT (1), D_x0or (1) )+
< IDrllcy gy ID—Tn () |+ | 07 (£) [ .o | D (£) [+ (I11.50)
<1QD7[ley ry 1D+ (1) |+ | D—xe0r (1) 1%,

since ||@7 (1)]|n00 < |Q|||D—_x07(r)||+. Thus, we establish, by Gronwall Lemma, that

t 4 4
leor (£) I + 2 /0 0| D_or (5) | ds < ||or (0) 5%, 1 € [0,17], (IL.51)

provided that
Bo— ‘Q’”DTHCA(R)HD—xTh(f)H+ >y >0a.e.in (0,1], (1I1.52)

for some positive constant .
From (II1.50) we conclude the stability of (II1.28) or equivalently (II1.32) in 7},(¢) provided that (II1.52)
holds. Condition (II1.52) means that ||7;,(¢)||; » is a.e bounded in (0,¢] uniformly in 4 € A.
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Concentration: Defining . (t) = c(t) — ¢(t), we get

(w’(t),wc( i = (M (v(Ti (1)) (1), D—x0c (1)1 + (M (v(Ti (1))@ (1), D—ce0c (1)) +
(Dd (MhTh( ))D_xch(l),D_xa)c(l))+ + (Dd(MhTh (t))D_xfh (t),D_x(Dc(t))+ (II1.53)

(Q(Ch( )) = Q(En(t)), @c (1))

Then, let treat each parcel separately. For the convective term, if we add and subtract the term
(Mu(v(Ti(0)))en(), D@, (1)) we deduce

( Ch _V(Th( )) ( ))7Dfch(t))+|

= |(Mh( (Ti(1)) = V(T (1)) e (1), D—xc (1)) + + (My (v(Ti(1))) (cn(t) — En(t) ), D—x (1)) + |

< V2|l rylor @) llnllen() e D- ch( D4+ V2B T (1) |10l @ (1) 1] D0 (1) |+

VIiés @y lor (O llen(0)1l7.0 + e 232 1T () [ | 0 (1) 17+ (€7 + &3 [ID—s 0 (1) 2,
(I11.54)

- 282|
with g # 0,i = 1,2, are arbitrary constants.

For the diffusion terms we get

(Da(MyT3 (1)) = Da(MTh(0)))Dccn(0), D (1))
< V2IDdl | @r () 1D (8) e 1D ()] (111.55)
< 521Dy g 0 () FID -0+ D0 (1)

and
(Dd(MhTh(t))D—XG)C(t)?D—x(DC(t))-F > B3”D—xw6(t)||%r'

For the reaction term, we get

(Q(ca(r)) = O(En(r)), (1)) < Q| @ (1) 13-

Following the steps used to establish (I11.22) with the convenient adaptations, it can be show that, for

3
g #0,i=1,2,3, such that 5 — 281'2 > 0, we have

i=1

I n,w+2QmM)
(1) + / | “ID-a(s) 2 ds
2 2
1 (ﬁzlﬁ 2w+2Q§w)d ! ;’(& Ti(u 3m+2Q£m>du
- 2 (Hwé( e (3B Mr/ (BT
min{1,2(8; — X1, &)} 0

1 2 1 2 2 2
(Slzuvuq(m\ch<s>uh,m %deHC;(R)HD_m)\h,w) lor()lds), 1 € [0,17]
(I11.56)

To conclude the stability of (I11.28) and (II1.29), we recall that an upper bound for || @r(7)||7 in
[0,2/] is established in (II1.49) (provided that Hs holds) or (IIL.51) (provided that (IIL.52) holds). To
guarantee that the previous estimate holds, we need to assume that 7, T, cp,é € C! ([O,tf],Wh,O).
However, the obtained upper bound will be h-dependent. To get a stability estimate #-independent,
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we need to assume that

t t
LTI <ds and [ (les(s) .+ 1D-scn )] I or (s) s

t t
are uniformly bounded in & € A. As / |1 T5,(5)||7 ods < ||Q] / |ID_.T5,(s)||%.ds, then, by (IIL.41) or
0 ' 0
t !
(MIL.44), / [175,(5)||7 .dls is uniformly bounded in z € A. To find an upper bound to / (||ch ()7 o+
0 ' 0 ’

t
|\D,xch(s)|y,3w) l|r (s)||2ds, we need to guarantee that / (Hch(s)H,Qm + \|D,xch(s)|\,3w)ds is uni-
: 0 : :
formly bounded in & € A. As we will see later, to do that we assume an additional condition on the
spatial grids Q,h € A, and we show that ¢, (7) is a second order approximations for c(z).

Analogously to the continuous case, as well as the temperature discrete case, we are able to obtain
another stability estimate if instead of using the bounds (I11.54) and (II1.55) we use, respectively, the

following

| (M (v(Ti)en(£) = v(Th)En(t) ), D—xc(t)) +]
1 -
|V”éb1(R)HD*wa(t)H%-HCh(I)H}ZL‘FngﬁzanfxTh(t)HiHwC(t)||}21+(812+€22)’|D7x60c(t)”3-
2
(I1L57)
considering ||@7(t)||« < |[[D_ o7 (t)|+ (for above and below) and ||T(¢)|ne < [|[D—xT (t)|+ (for

above), and

< —
_2812|

|((Da(MyT,) — Dy (M T3))D—xcp(t), D—_x (1)) £ |
< Pallcs ry llor ()l |D—cen(@) |+ 1D (1) ]+ (IIL.58)
< uDdHCl D—c0r (1) I D—cn (1) I + €31 D0 (1) 13-

Thus, in conclusion, (III.56) is replaced by

HD ]-;l )HZ +2Q:)1(ZX) dIJ'
@)1+ / A0 D@ (9|2 ds

2

I ( \|D_Jh<s>n2+zgfw) o (“—2 ID_Ti(w) 2 +2Qm)

< s (o) 3"\ & P [\ -
mm{l,2(B3— Yl e)} 0

! e
(g My len(5) 1+ gz 1Dy I-sen(5)I ) ID-s@r ()]s ). £ € [0,
1

(11I1.59)
t

In this case, upper bounds for / |D—Tj,(s)||%.ds can be easily obtained from (IIL41). An estimate
0

!
for / |D_xr(s) ||ids is established in (I11.49) or (II1.51). To conclude from (II1.59) the stability
0
of (I11.28) and (I11.29), we need to guarantee that ||c;(s)|| + ||D_xcx(s)|| is bounded a.e. in (0,z7),
t
)l and [ 1Dse1(s) 2 ds

are bounded for all ¢ € [0,7], uniformly in & € A, and consequently, ||c4(#)||2 + ||D—xca(2)||3 is
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t
bounded a.e. in (0,7¢), uniformly in 4 € A. In fact, if/ |D_xen(s)||2ds < K,Vt € [0,17],Vh € A,
0

then ess sup ||D_xcp||+ < K,Vh € A (Theorem 2.14, [1]).
(0.t1)
Thus, we conclude the desired stability. It remains, now, to justify assumption Hg, in order to

guarantee that (II1.56) also gives us stability.
We remark that the assumption Hg is verified if 7, and ¢, verify

t
|Er(2)||7 + /O |D_Er(s)||2ds < Chppgrrt € [0,1], (I11.60)

and .
IO+ [ 1D-1Eu(s) s < Chigot € [0.17], (IIL61)

0

where Er(t) = RyT(t) — Ty(t), Ec.(t) = Ryc(t) — ci(t), and under the assumption on the spatial grids
of the sequence A
h4
M < Const,h € A. (111.62)

min

In fact,

t 1 1
[ 10T @lRads <2 [ DBy} ads+2 [ [97(5)]2ds
2 t t
= [ ID_Eis) B ds+2 [ IVT(5)2ds
H;lef 0 0
T 2
< = 2Tl 04 0100

min

<

In the following proposition we summarize our stability result for (II1.28) and (I11.29).

Proposition 3.2.2 Under the assumptions Hy — Hs, H3 ,H; and Hs, if Qp,h € A, satisfy (111.62),
Ty, cp € C! ([0,2£], Who),h € A, satisfy (II1.60), (II1.61), respectively, then there exists a set of positive
constants C;, i = 1,...,6, h-independent, such that, for T;, &, € C'([0,1/],Wy0), and or(t) = Ty(t) —
Th(t), @c(t) = cu(t) — &(t), h € A, we have

1 , )
Jor@+ [ @0 ID_or(s) Rds < CillorO)] (1L.63)

! /
0.l + [ 2D (s)|3ds

Jo (ITL.64)
< QTN (4|0, (0)]F + | @r (0) [} (Cs + Collen(O)IF) ) € [0,17]

We establish in the next section the error estimates (II1.60) and (II1.61).

4 Convergence analysis

In this section, our goal is to introduce a new approach for the analysis of convergence, distinct from
the one studied in chapter II and highlight the advantages of doing the convergence study following
this line.
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This comparative study will focus on the order of convergence as well as in the function’s regularity
demands. A majority of the results are consequence of Bramble-Hilbert Theorem ([11]), which are
presented particularly as in [5] and also [4],[19], [22].

In what follows we use the following notation

(&)n(xi) \D\/ x)dx,x; € Qy,

with O; = [xi—l/27Xi+]/2]‘

4.1 Error estimate for the temperature 7},(7)

Our aim is to establish the upper bound (IIL.60) for the error E7(t) = R,T (t) — Tj,(t), where T,(¢) is
defined by (III.28). We have successively

(Er(t),Er(t))n = ((RaT" ()1, Ex (t))1 — (T (2), E (1) ) (I11.65)

Adding and subtracting ((7'(¢))n, Er(¢))n we get

T())VT ()i, Er () + Dr(My(Ty(t)))D—xTi(t),D—_xEr(t))s  (IIL66)

Thus, we add and subtract the terms (D7 (M (R, T (t)))D—_xRyT (t),D_xEr(t))+ and (R,G(T (t)),Er (1))
and organize expressions as follows

(Er(t),ET(t))n = —(Dr(Mp(RiT (t)))D—xRy T (t) — D (M (Tin(t)))D—xTi(t), D—xEr (1)) +
+RyG(T (1)) — G(Ti(1)), Ex(t))n + Ta(E7(t)) + T, (Er (1)) + T6(E7 (1)),
(I1.67)
where
C(Er(t)) = (RaT' (1) — (T' (1) )y Ex (1)), (IIL68)

T, (Er (1)) = (V(Dr(T(1))VT (2)))n, Er(1))n+ (D1 (Ma(RaT (1)) D—<Ri T (), D—xEr (1)) +
and

%6(Er (1)) = ((G(T(0))n, Ex (t))n — (RuG(T (1)), Er (t) )n-

In order to establish an estimation to (IV.40) we need to estimate the introduced error terms. In
this regard, we will start by proving the next propositions that will give us upper bound for the 7’s
terms.

Proposition 4.1.1 [fT'(t) € H*(Q) then

N 1/2
12a(Er ()] < COnsz(Zh;‘HT’(z)ng(m) ID_Er (1) (I1L69)

i=1
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Proof: First of all, we consider 7,(Er(¢)) = (R,T'(t) — (T'(¢))n, E7(t))5. Let rename R, T’ (x;,1)
by g(x;,t), noting that our goal is to reuse later the estimations that we will find for g, just replacing it
by other convenient functions.

Let, then, find an upper bound for (g(z),Er(¢))n — ((g(¢))n, E7(2))s. We have that

(8(1), ET( N —((&(t))ns ET(t))n

N—1

i+1/2
= Z hl+|g xi,1)Er (xi,1) = Y (/ " g(x,t dx)ET(x,, )
Xi—1/2

i=1

N_l hi Xi i X

- Z (Eg(xi,t)—/ g(x,t)dx )ET Xiyt) + Z ( s (xz',t)—/ +1/zg(x,t)dx)ET(xi)
i=1 Xi—1/2 Xi
hl Xi hl X

(ig(xi,t) _/ g(%t)dx)ET(Xht) + Z (—g(xi,l,t) —/ l/zg(x,t)dx)ET(xFl,t)’
2 Xi—1/2 i=1 2

Xi—1

=

—_

adding and subtracting the following terms,

Lo(xio1,t)Er (xi,t ),

™=
ENIS

h;
Z (XH )ET(xi—17Z)7

HMz

1

i;(/Xi o, t)dX)ET (xi_1,t), and Z (/ e g(x t)dx)ET(Xi,t)

i=1 Xi—1/2 -

and organizing sums we gather information as follows,

S
I
™=

i
N = N =

et sl = [ )] (Brsn) + Ers1,0)
[Zi(g(xl',t) —g(xi—1,1)) — (/:1/2g(x,t)dx_/xi1/2 g(xvt)dx>:| (Er(x;) —Er(xi-1))-

Xi—1

=
I
™=

—

Now, we reduce the problem to the estimation of A and B. For A we apply Lemma 4.0.3
(Appendix), so we have

|E7 (xi,t) + Er(xi_1,1)]

=
IN
=

Il
_

e+ - [ stunan

IN
™=
N = B =

l
_

Ch1I18" ()11 iy o) /BT (%0 1) + E (xi-1,1)

IN
STNQ

- 1

W lg" ()| 21 /il Ex (it !+Zh2|!g” ey Vil Er (xie1 8

IN

N‘S
POy

Zfﬁug" Ollzay) VEO]

Thus, applying Poincaré inequality we deduce

N 4 1/2
A1 < Const (Y ki l1gley)  I1D-Er (1)« (I1L70)
i=1
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For B, we use Lemma 4.0.4,

N1k x; .
Bl < Y5 7(g(xiyl‘)_g(xi717t))_(/ g(x,r)dx—/ g(x,t)dX> |Er(xi,1) = Er(xi-1,1)]
i:]z 2 1 -
N | /
= ZEChing Ozt (-1 ) [ET (352,8) = E7 (xi-1,1)
i=1
C N
< 5 YRS Ol VhiD-cEr (xi,1)
i=1
Cry 2 12 N N\ 1/2
< 2(;% g >||H1(1i)> (;hi(DxET(X,',t)) )

from here we get,

N . 1/2
1B < Const (L ntle0) ) I1D-Er(1)]+ (m.71)
i=1

At this point we are able to replace back g by R, T’ and obtain

ID_Er(r)] (IL72)

|T4(E7(t))| < Const [(Zh""T HH2(1,-> (Zh4HT Vi )1/2

To reach the result we remark that H'(Q) C H*(Q).

Proposition 4.1.2 If T (¢) € H>(Q) NH} (Q), then
4 1/2
[, (Er(0))] < Const|Dr ¢y ey (1+ 1T v )(Zh IT()3s) 1D Er ()] @1LT3)

Proof: For tp, (1) we have

o, (1) :((v( t))h,ETt p 4 (Dr (T (1)) D—sRaT (1), D—_Er (1))~
—(Dr (Ty(t ))D—thT(t),D ~Er(t))+ + (D1 (My(RyT (1)) D—cRi T (1), D—<E7 (1)) +
=1 (1) + (1),
where

u() = ((V(or@e)VT()) Er(0) +(Dr(B(0)D-RiT (1), D1Er (1))s.

(t) = —(Dr (Fo(£))D_oRuT(£),D_Er (t))+ + (Dr (My(RiT (1)))D_RyT (£),D_cEr(t)) 4

and Tj,(¢) (x;) = T (xi—1/2,1)-



38 An accurate discrete model for solutions in H>(Q)

* For 7;(¢) we have sucessively

010) = (V(Dr (T)VT (W) Er () + (Dr(Fu(0)DRiT (). D_Er (1)) s
_ T: ( /// V (D (1) VT (x.1)) d ) Er (1.1) + iﬁlhiDTm(,))DthT(xi,t)DxET(m)
:t;uh%T@HLQ»VT@HULOET@hﬂ—Jh(T@FUbt»VT@FULOET&hﬂ
+i_ithr<T<xf-1/z,r>>DthT<xl~,r>DxET<x,.,t>

= ﬁ;hiDT(T(xi_l/z)) [D_RAT (x1,1) — VT (x;_1 j2,1)] D—xEr (xi,1)

= (Dr(Ti(t))(D—xRyT (1) = RyV T (1)), D—Er (1)) +

where R VT (x;,t) = VT (x;_1)2,1).

Thereby, applying Lemma 4.0.2, we guarantee the existence of a constant Const such that

N
(@) < Y hi|Dr(T(xio1)2:1))| [D—cRiT (xi,1) = VT (x;_12,1) | ID—xE7 (xi,1))|
i=1

IN

N
ZConst hiz ’DT(T(xi,l/z, | ||T ||L1 (io111) ]D,XET(xi,t)|
i=1

IN

N 1/2
2
Const (L1 [Dr (T (1 0,0) P IT() 30 ) 1D Er (1)«
i=1

IN

N 1/2
Const [Drlleyry (L HIT (1) 3s)  1D—Er (1)1 (I1L74)
i=1

* To get an estimate for 7,(¢) first observe that
(1) = (Dr (MR, T ())D_ Ry T (t),D_Er(t)) + — (D (Tj,(¢))D_xRyT(t),D_Er(t)) 4
Zh,(DT(MthT(x,, )) — Dz (T3) (xi,))D_xRy T (x;,t)D_E1 (x;,1)
N
= Zh,’(DT < (x” )+2T(XI L )> _DT(T(xi—l/Zat
)1

ul xla +T'x17
<HDT||CI!(R)Zhl.<( £+ T (i

D,thT(xi, I)D,XET (x,', t)
)

D)
> xi—1/27t)> D_RyT (xi,t)D_,E(xi,1)

(II1.75)
Then, by Lemma 4.0.2, we have
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N
)] < 1Drlm K Consthf [T () o DT ()] |D—1Er )
1=
N
< Const|IDrlleymy Y IT D0 s, ) |D—RAT (5] /il D ()]
z:l
N 5 1/2
< Const|IDrlleye) (L AIT Oy I T2 ) IDEr ()]

i=1
We conclude for |tp, (Er(2))| the next estimate
4 2 1/2
o Er )] < Comst el (L HITO )
=

N 1/2
(AT I ITOReg) ) IDEr O]+
i=1

that lead to (IV.45).

Proposition 4.1.3 If G € C2(R) and T (t) € H*(Q) N H{ (Q), then
4 172
26 (Er(1))] < Constl|Glleaqey (1+ IT0)ll v (Zh ITOeg)  ID-Er @] a1i76)

Proof: We consider 76(E7 (1)) = ((G(T(¢)))n, Er(t))n — (RhG(T (¢)),E7(t))n, we may observe
that the computation of 7¢ is analogous to the 7, case, so if we consider that in (II1.70) and (IIL.71), g
is replaced by G(T'), we deduce the following upper bound for 76 (Er(1)),

N
a(Er(0)] < Const (LHIGTO)luey)  ID-Er(0)]

Then applying H?-norm definition and taking into account the assumption H; we conclude
(II1.76).

Now we are able to establish the major result that guarantees the upper bound for E(7) :

Theorem 4.1.4 We assume that
T € L*(0,17, H> (Q) NHy (Q))NH' (0,17, H*(Q)),

RyT, Ty, € C'([0,1/], Who),

the coefficient functions Dr and G satisfy the assumptions Hy,H,, respectively, as well as the as-
sumption of Propositions 4.1.2 and 4.1.3. Then, for € such that By — 4€> > 0, the error Er(t) =
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Ry T (t) — Ty (t) satisfies the following

du
ID—<Ex (s)|I%.ds

I (;2|DT|§;<R)|D.thT<u>|ﬁ_w+2G;W)ds<

t
IEr @+ [ e

tf 1 2 2 4
15 (G 1Dr 1y g 10T () 2426,
1

2
= min{1,2(B — 4e7)} ¢ |Er 0)]} (IIL77)

1t = o (FIDr1%) o ID—cRiT (1)]242G 0 ) dpt
+7282/ 0 (52 Mejm) ! ) TT(S>dS),t € [0,14],
0

where

2 N
(1) = Const (14170l gy ) Xt (IT @)+ 170l Fegsy)-
i=1
Proof: From (IV.40), applying H; and Mean Value Theorem, we get

* |(Dr (MpRAT) — D1 (MyT;,))D—xRy T, D—Er) +| < | Drlcs ) V2 Ex |1 D—RiT || oo | D—xEr || +
* —(Dr(MyTy)D_<Er,D_Er) < —Bo||D_<ET||+

* (RWG(T),Er)p— (G(Th),Er)n = Gho|| E |7

max

hence, using Propositions 4.1.1, 4.1.2 and 4.1.3, we easily arrive to

1d
S S NEr (@) -+ BollDEr (]2

< V2|IDr ||y ) I Er () || DR T (1) 1ol | D—cE7 (1) ] + (IIL.78)

1
+ G| Er ()17 + 12 +3e*|D_Er(1)]1%,

where € # 0 is an arbitrary constant.
The inequality (II1.78) leads to

(L D 2 D_\R THV 2w+2Gr/nax d"" d
. Js (1 7llcy gy IP=<RsT (1)1, ) EHET(t)H%

— (S UDr |2, D RAT ()]12 o A2Glr ) ds
2B —deDe 15 (D712 gy ID-RT (51, )

30 (B 1DrIy g |- AT )14 26 ) s
D

ID—cEr ()12

1
(1072 gy ID-RT ()]}

1 =l (G IDr1%) o ID—xRAT (5|7 A2 e ) ds
+2G;nax)HET<[)”£+@e 0(52 T C;17(R) nd ()1, mu\) STT ; ,

(I11.79)

for t € [0,17]. Finally, choosing € such that ) — 4€? > 0 and considering the continuous imbedding
of H(Q) in C!'(Q), we conclude (I11.77).

Corollary 4.1.5 Under the assumptions of Theorem 4.1.4, if T;,(0) = R,T(0) then there exists a
positive constant C such that the error Er(t) satisfies

max>

t 4
IEr (W) + [ ot D Er(5)|} s < Chiot € 0,1,
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If the sequence A of the spatial vectors 4 satisfies the assumption (I11.62), then the sequence of
approximations for the temperature 75,2 € A, is uniformly bounded in the sense

t U
1T ll5ee < C, /0 0nelt=5)||D_ Ty (5|2 ds < C, 1 € [0,1/],h € A.

4.2 Error estimate for the concentration c; ()

Considering the error E.(t) = Ryc(t) — c(t), where Tj,() and ¢, (¢) are defined by (II1.28) and (II1.29)
and proceeding similarly to the temperature case, we get successively

( () Ec(t))n = ((c'(t))n Ec(t))n — (CZ(t)aEc(t))thTd(Et(f))
—(Da(My(RpT (t)))D—xRpc(t) — Da(Mp(Ty(t))) D—xcn(t), D—xEc(t))+
(Mh(Rh(V(T(f))C(I) ) D—xEc(t))+ — (Mu(v(Ti())en(t)), D—xEc(t))+
+(RuQ(c(t)) = Q(en(t)), Ec(t))n + Ta(Ec(t)) + p, (Ec(t)) + T (Ee (1)) + To(Ec(t)),

(I11.80)

where 7,(E.(t)) is defined by (II1.68) with T'(¢) and Er(¢) replaced by ¢(¢) and E,(¢), respectively,
and the other 7s are given as

T, (Ec(t)) = (V(Da(T (1)) V() Ec(t))n + (Da(Ma(RyT (£)))D—xRyc(t), D—xEc (1)) +

T(Ec(r)) = —((V-((T(1))e(1))) r Ee (1)) — (M (Ru(V(T (1)) (1)), D—Ec (1)) 4, (ITL.81)
and

To(Ec(t)) = ((Q(c(t))n, Ee(1))n — (RnQ(c(t)), Ec(t) -

Let establish through the next Propositions upper bounds for the previous 7’s.

Proposition 4.2.1 If /(1) € H*(Q) then

1/2
[l <>>\<cOnsr():h4||c Miey)  ID—Ee®l+ (11L82)

Proof: This result follows exactly the proof of Proposition 4.1.1, just replacing T by c.

Proposition 4.2.2 If Q € C2(R) and c(t) € H*(Q) NH} (Q), then

1/2
t(Ec(t)] < Constl|Qlesry (14 11e(t) v )(Zh“n W ) |0 E(r)].. (IL83)

Proof: This result is completely analogous to the previous result for TG (Er(2)), just replacing G
by Q and T by c.
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Proposition 4.2.3 IfT(t) € H*(Q) NH} (Q) and c(t) € H>(Q) NH} (Q), then

o0, (Er ()] < Const1Duy ((Zhﬂ W) +le®llom (Zh“uT Ol )2)

[D—xEc(t)] 4
(I11.84)

Proof: In this proof we follow almost all the steps of the proof of Proposition 4.1.2, with relevant

changes. We consider the following estimates for 7; and 7,

1/2
71(0)] < Const|Dallcy (Zh“n () 3py)  ID-Ee0ls

N 1/2
[©a(0)] < Const|Dall gy (L AT O3 Ie®lZ ) 1D Eel)]]
i=1

Whereby result that

N
20, ()] < Const|[Dalcy [(Zh“n W)+ (ZHIT Oy el y) | 1Bl
which leads us to (II1.84).
]
Proposition 4.2.4 Ifv(T(t))c(t) € H*(Q)NHL(Q) then
N 1/2
4 (Er )] < Const(LAIMTO)0)rq)) 1D (I1L.85)
Proof: From (II1.81) we have that
w(E(r) == ((YO(T0)e)) E0), <Mh< < < (1))e(0)))s D—eEe(t))+
" Y ((T)e) (i, 1) + (T )e) (i)
= ;/x IZV(v(T) ¢)(x,t)dxE.(x;,1) Zih, > D_\E.(x;,t)
N ’ N 5
= ¥ WD)y 0D Eelir) = Yy VLDV (3

[
_

i=1 i

Then, applying modulus, and using Lemma (4.0.5) we obtain the estimate
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|7 (Ec(2))]

IA
™=
=

I
—_

IN
M=

Consthy || (v(T)e)" (1)l (s x| D—xEe (3i,1)

IN
—
™= -

—_

12 , N 1/2
Constht | (+(T)e)" ()2, ) (ghiw_xEc(xi,t»z)

1/2
Consthif||(v(T)e) ()7, y ) ID—Eclo)]+

A\
—
™=

Il
_

IA

N 1/2
Const (Y W [W(T)e(t) Fas))  ID-<Eer) 1+
i=1

Thus we conclude (II1.85).

Theorem 4.2.5 Let us suppose that
T,c € 2(0,t7, HY (@) N HY(Q) N H (0,17, H(),

Ry T,Ryc, Ty, cp, € Cl ([O,l‘f],Whp),

the coefficient function Dt and G satisfy the assumptions Hy,H,, respectively, Q,G € C,%(]R), v and
Dy satisfy the assumption Hy, Hy, respectively, and v(T (t))c(t) € H*(Q) NH(Q). If the sequence A
of the spatial vectors h satisfies the assumption (I11.62), then for the error E.(t) = Rjc(t) — ci(t) we
have

”E ||2+/ s eszHTh Hhm+2Qmax)dIJHD_xE ( )H%rds
]0 (;zﬁz HTh(S)Hh,oc-i_QQ;mLx)ds (HEc(O) HZ

= m1n{1,2([33—782)} h

s (BRI +20)ee ) d
—I—fée lo (Szﬁzu i ()10 Qm) #(éHDdHé(R)HD—xC(S)H%,m

1 1 t (1 2|75, 2 490 d
+?HVH%;(R)HC(S)H%,OQ)HET(S)H%dS‘f‘?/0 e o (ezﬁzl\ W)l et Qmm) ”Tc(s)ds),t € [0,t/],
(II1.86)

where € # 0 is such that B3 — Er(t)||3 is bounded in (I11.77) and

N
(1) —Consz(zh“uc Wiy + 218 (10 sy + 1) ony 17 @) )
i=1 (111.87)

+2h4||v () 3e0))-

Proof: From Theorem 4.1.4, || T, (¢) || ..o,k € A, is uniformly bounded in [0,7/].
From (II1.80), applying H3, H4 and the Mean Value Theorem, we get

o (Mu(R(W(T))) = My(v(T3)e: DorEe) s < V2l ey o | Erlln el D Ee
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o (My(W(Ti)Ee, D—sEc)+ < V2B Till ol Eellnl| D—<Ec ||+

* |((Da(MyRT ) — Da(Mych))D—xRuc, D—Ec)+| < [IDallcyr) V2l Ee |l D—xRucllh oo D—Ee] |+

—(Da(MyTy)D—xE.,D_E.) < —Bs||D_.E.||*

(RhQ(C),Ec)h - (Q(Ch)vEC)h = ;naxHECH%;

Thus arise from here that

§§||E (O + BslD—cEc(1)]2
< (V2IIDalls ) ID—xRue (1) 1o+ IVl ) V2l (0) l0) |E () | D3 Ee (1) |+ + Qpuael | Ec (1]
V2B Th(O) | Ec (14| D—xEe (1) |4+ T Ec(2)) + Tp, (Ec(t)) + To(Ec(t)) + To(Ec(r)).

Consequently, E,(t) satisfies
d
S IE@;+2(Bs = 7€) | D—cEc(0)]2
1 1
< (31Dl g ID—Ric(Ol o+ 5 12 g 1RO ) 1 () (In.88)

1
(BT Ol + 200 [Ee () [+ 5 7e(0),

where € # 0 is an arbitrary constant, and 7.(¢) is given by (IIL.87).
The inequality (II1.88) is equivalent to the following one

|E(1)]2+2(Bs — 7¢?) / D Ee(s) 2 ds
< 1B+ [ (Ially g ID- Rmnhm IRy g ) ) 1B (5) s

+ [ GBI o+ 20 I ds + 5 /rc )ds,

that leads to (II1.86).

By Corollary 4.1.5, for the error E7(t) we have the following
|z (1)1 < Chipgest € [0,17].

Then, from Theorem 4.2.5, we finally conclude the next estimate.

Corollary 4.2.6 Under the assumptions of Theorems 4.1.4 and 4.2.5, if T;,(0) = R,T(0), ¢,(0) =
Ry,c(0), then there exists a positive constant C such that the error E.(t) satisfies

t ' s
IEc@)f+ [ 2| D_E(9)2ds < Chiot € 0,1
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5 Numerical simulations

5.1 Convergence rates

In this section our goal is to illustrate the main results in chapter III: Theorems 4.1.4 and 4.2.5. We
consider #y = 0.1, and we introduce in [0,7;] the uniform grid {z,,,m = 0,...,M} with stepsize At
such that At < Consth?

max*

As we intend to illustrate the convergence rates established in Theorems 4.1.4 and 4.2.5, we consider
the differential equations (1.2) and (I.3) with reaction terms f>(¢) and fi(¢), respectively. These
new reaction terms generate in (II1.28), (II1.29), the new terms ((fi(¢))n,un)n and ((f2(¢))n, wn)n.
respectively, or equivalently in the semi-discrete FD problems (II1.32) and (II1.33) the new reaction
terms (f1(7)), and (f2(¢))n, respectively. These terms will be fixed in order to have problems with
known solutions.

To avoid the computation of the solution of non-linear systems, the new version of the semi-discrete
FE problem (I11.28), (II1.29), or equivalently the new version of the semi-discrete FD problem (II1.32)
and (II1.33), are integrated in time using Euler’s method following an implicit-explicit approach
(IMEX approach)

(Thmﬂa(f’h)h +At(DT(MhThm)DfxThmH7Dfx¢h)+ = (" @)
+AH(G(T"), On)n + At ((f1(tm) s On ),

(I11.89)
m=0,....M—1,Y¢, € Wy,
70 = Ry To,
and
(L Wi — A (M (T Y), D)« + A (Dg(MTY)D D) ¢
= (', wm) + A (O(), W)+ At ((fo(tm) > W) (I11.90)

m:07"'7M_ lvah € Wh,Oa
C?,:Rhco-

The fully discrete FE discretizations (II1.89), (II1.90) are equivalent to the following FD discretiza-
tions

z?“—AuﬁQh@@EﬁDﬁﬂﬁﬁ):7W+AKHH@+ANﬂM5
inQy,m=0,....M—1, (111.91)

T =00ndQ,,m=1,...,M,
g+ AD((AT eyt h) — ADE(Da (M T )D eyt = e

At m At min Q =0,... M—1
O | +A1Q(cy) +At(f2)y in Qp,m=0,..., ’ (111.92)
¢; = RycoinQy,,
CZ = OonaQ;“m = 17...,M-

The numerical temperature at time level m + 1, Therl is evaluated solving the linear system
equivalent to (II1.91). As in (I11.92) the temperature Thm+1 is computed in the previous first step, the
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numerical concentration at time level m 41 is obtained solving the linear system equivalent to (I11.92).
This approach is particularly recommended in this case.

In the error tables that we present in what follows, we illustrate the behaviour of the errors

, J _
Errorgp = max (HE}H% +ArY HD_xEéHi> A=T,c,
J=L i=1

where
E] =Ryl(tj)—0],j=1,....M,

and E{; is the approximation for ¢,(¢;) defined by the IMEX method (II1.89), (II1.90) (or (IIL.91),
(I11.92)). We also include the convergence rates Rate; defined considering the following formula

lo Errory, Mo
g Errork'hmax.i-%-]
h b g - T7 C7
1 0 max,i
g hmax,i+l

where h4x,; and Ay i1 are defined by two consecutive grids Qj,; and Qj, ;1.

Rate) =

We consider Dy (T) = Dy, with Dy = 1073 (cm?/s), and the diffusion coefficient for the con-
centration given by the Arrhenius equation (I.1), with R = 8.3144621, E, = 1.60217662 x 10~1%,
Do = 107! (cm?/s). Moreover, to simplify, we assume that the convective velocity is defined by
v(T) = bT (cm/s), where b = 10~ (cm/s°K). We also take G = Q = 0 and At = 107%(s).

In the first example we consider fi and f, such that the differential system (I.2), (I.3) has the
following solution
T (x,t) = e Prisin(mx),

I11.93
c(x,t) = e 'sin(2mx), for x € [0,1],1 € [0,2¢]. ( )

In Table III.1 we include the errors for the numerical approximations for Ey and E, obtained with
(111.89), (I11.90) (or (I11.91), (I11.92)). We also exhibit the correspondent convergence rates Rate;,{ =
T,c. The results included in this table illustrate Theorems 4.1.4 and 4.2.5 when T and ¢ are smooth

functions.
Npoints Rinax Er Rt E. Rate,
40 3.75x 1072 266001 x 107> | —— [433994%x 103 [ ——
80 1.875x 1072 | 1.16484 x 1075 | 1.19130 | 1.12487 x 1073 | 1.94791
160 9.375x 1073 | 3.75280 x 107° | 1.63409 | 2.82498 x 10~* | 1.99345
320 4.6875 x 1073 1.0090 x 107% | 1.89504 | 7.09491 x 10~ | 1.99338
640 | 2.34375x 1073 | 2.56835x 107 | 1.97401 | 1.77873 x 1073 | 1.99594
1280 | 1.171875x 1073 | 6.44969 x 1078 | 1.99354 | 4.48864 x 107° | 1.98649

Table III.1 Convergence rates of the numerical approximations for the smooth solutions (I11.93).
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To illutrate the sharpness of our convergence results, in what concerns the smoothness assumptions
for the solutions, we consider now the differential system (I1.2), (I.3) with solution

T(x,t) = e Prisin(mx)|2x — 1%,

111.94
c(x,t) =e'x(1—x)[2x—1|%, forx € [0,1],¢ € [0,7]. ( )

We observe that T'(¢),c(t) € H*(Q) for o > 3, and T(¢),c(t) € H*(Q) for a € (2,3]. In Tables I11.2
and II1.3 we include the errors and the correspondent convergence rates obtained for o = 3.1 and
a = 2.1, respectively. The results show that when the solutions 7" and ¢ do not satisfy the smoothness
assumption T'(¢),c(t) € H3(Q), then we lose the second order convergence rates.

Npoints ‘ Pmax ‘ Er Ry E. Rate,
40 3.75x 1072 8.02419x10° | —— [5.20569x 10| ——
80 1.875x 1072 | 3.37646 x 107> | 1.24885 | 1.33263 x 10~* | 1.96581
160 9.375x 1073 1.06791 x 1073 | 1.66072 | 3.37786 x 107> | 1.98009
320 4.6875x 1073 | 2.88317x 1076 | 1.88907 | 8.49696 x 10~° | 1.99109
640 | 2.34375x 1073 | 7.39408 x 10~7 | 1.96321 | 2.13042 x 107% | 1.99581

1280 | 1.171875x 1073 | 1.86910 x 10~7 | 1.98403 | 5.32633 x 10~7 | 1.99992

Table III.2 Convergence rates for the ¢-solution numerical approximation with o = 3.1

Np()ints hmax ET RT Ec Rc
40 3.75x 1072 1.11053 x 10°* | —— [4.07632x107% | ——
80 1.875x 1072 | 5.09896 x 107> | 1.12297 | 1.46949 x 10~* | 1.47195
160 9.375x 1073 | 2.06318 x 107> | 1.30533 | 6.00531 x 107> | 1.29101
320 4.6875x 1073 | 9.77867 x 107¢ | 1.07715 | 2.65040 x 10~ | 1.18003
640 | 2.34375x 1073 | 5.36280x 107° | 0.86665 | 1.21129 x 1073 | 1.12967
1280 | 1.171875x 1073 | 2.90522 x 1075 | 0.88434 | 5.61021 x 107° | 1.11041

Table II1.3 Convergence rates for the o-solution numerical approximation with ot = 2.1

5.2 Qualitative behaviour

In this section we illustrate the effectiveness of the temperature as a drug release enhancer. We
consider an isotropic and homogeneous tissue where a drug is initially dispersed. The assumptions on
the properties of the tissue allow us to replace the 3D drug release problem by a 1D problem.

In order to observe the behaviour of the drug transport enhanced by the temperature variations, we
will point three distinct situations:

(I) The heat source is in contact with the tissue at the boundaries,
(I) The heat source is applied to the full tissue during a defined time interval,

(IIT) The heat source is in contact with one of the boundaries where the flux of drug is proportional
to the amount of drug that is already in the blood.
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From the biological literature we know that the increase of the temperature increases the tissue
permeability, the body fluid circulation, the blood vessel wall permeability, the rate-limiting membrane
permeability and the drug solubility. These phenomena explain the reason why heat sources are drug
delivery enhancers.

(I) Heat source term at the boundaries

In this first case, those phenomena are macroscopically taken into account in the convective
velocity v(T') and in the drug diffusion coefficient D;(T) that we assume to be given by the
Arrhenius equation (I.1).

We consider that the heat sources are applied at the boundaries of the domain Q = (0,1).
Initially, the drug concentration is defined by c(x,0) = x(1 —x) (g/cm?) , x € (0,1). We
consider G =0 and t; = 10* (s), Dy = 1077 (cm? /), Do = 10~* (cm? /). We take At = 107!
(s) and i = 1.25 x 1072 (cm).

* In what follows we consider that the heat is generated by 7(0,¢) = T(1,¢) =310+40.1z
(?K) for an activation energy E, such that E, /R = 4.43 x 10? (s), and v(¢) = 0.
In Figure III.1 we plot the temperature curves for different times. As the heat sources
are localized at the boundaries, we observe an increasing of the temperature from the
boundaries to the interior. The evolution of the concentration when the diffusion coefficient
depends on the temperature is illustrated in Figure II1.2. In this case we consider the
temperature given in Figure III.1. As the time increases, an increasing on the transport
near the left and right boundaries is observed. This fact is consequence of the increasing
on the temperature observed in these zones. The correspondent released mass M, (t) =
M(0) — /Q c(x,t)dx is plotted in Figure II1.3. The released mass increases when the drug

transport is enhanced by the temperature.

1400 - 1400 -

— 0
1300+ —— 1210°
i ——t=3.10°
1200 (4 1=5.10°
4 —t=7.10°
1100 T- 4 —t=10°

1300+

I
1200
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1000 1000 o

Fig. III.1 Plots of the temperature for 7(0,¢) = T(1,£) = 310+0.1z at t = 0, 103, 3 x 103, 5 x 10,
7 x 103, 10*. The right figure is a zoom of the left figure.

+ We assume now that the heat is generated by T(0,¢) = T(1,¢) = 310+ 5 x 10~* (°K), for
t >0, and the heat induces a convective transport given by v(T) = bT, with b = 5 x 1074,
(cm/s°K). We assume that the activation energy E, is such that E,/R = 103 (s).
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Fig. I11.2 Plots of the concentration when the heat sources are defined by 7(0,¢) = T(1,7) =310+0.1z
andv=0atr =0, 10%, 3 x 10%, 5 x 10%, 7 x 103, 10*. The right figure is a zoom of the left figure.

0 L L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
X

Fig. II1.3 Evolution of the released drug mass M,: under the effect of the temperature (dashed line);
without the temperature effect (continuous line) for the diffusion coefficient D; = 1074, T(0,t) =
T(1,t)=310+0.1f and v=0.

Figure I11.4 illustrates the behaviour of the temperature. As we can see, it increases when
t increases from the boundaries, where the heat sources are located, to the interior. In
Figure IIL.5 we plot the evolution of the corresponding drug concentration. As v(T) = bT,
with b = 5 x 107#, the heat generates a convective term that induces a displacement of
the drug concentration from left to the right. Moreover, the highest concentration value
decreases in time due to the drug release and this value moves from the left to the right and
such displacement increases with time. The behaviour of the released drug mass M, (¢) is
illustrated in Figure I11.6. The heat, generated by the sources applied at the boundaries of
the domain, increases the transport from the left to the right and, consequently, it increases
the released drug. In this case, we observe that the drug mass was completely released at
t ~ 5 x 103 while in the absence of the heat stimulus at # = 10* the drug release continues.
The increase of the temperature in live tissues, like the skin, leads to an increase of the
drug permeation through the tissue, an increase of the skin perfusion and an increase
to the clarence to systemic circulation ([31]). These complex alterations in the tissue
were mathematically translated by D;(T ), a temperature depending diffusion coefficient
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which is an increasing function of the temperature, and by the convective term v(T'). The

obtained results are physically sound.
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Fig. I11.4 Plots of the temperature for 7(0,¢) = T(1,t) =310+ 5 x 1074 at t = 0, 103, 3 x 10°,
5x103,7 x 103, 10*. The right figure is a zoom of the left figure.
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Fig. I1L.5 Plots of the concentration when the heat source is given by 7'(0,7) = T'(1,7) =310+ 5 x
107* and v(T) =5 x 107#T att = 0, 10°, 3 x 103, 5 x 103, 7 x 10°, 10*. The right figure is a zoom

of the left figure.
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Fig. I11.6 Evolution of the released drug mass M,: under the effect of the temperature (dashed
line); without the temperature effect (continuous line) for the diffusion coefficient D; = 10~* and

v(T)=5x107T.

(II) Heat source applied to the full tissue during a defined time interval
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We consider for this approach the initial temperature and concentrations given by 7' (x,0) =
310x(1 —x)(°K) and ¢(x,0) = x(1 —x)(g/cm?). The reaction term is inexistent. The convective
term is a linear function of the temperature considering b = 0.01, and for the diffusion functions
we assume, in this case that, both functions are given by Arrhenius equation with E, = 10,
R=28.314,Dy 1 = 10~2 and Dy = 1072, With respect time step we consider Ar = 10~% and
we take 7y = 10; regarding the space stepsize we consider 7 = 1072 (to simplify uniform grids
are used). The source term is the following

6(T) = 312 —2cos(3t), t < 0.4 (I11.95)
0,7>0.4. |

The effect of heat is taken into account through diffusion for temperature and through diffusion
and convection for the drug concentration. We will focus on two different aspects when we
consider a source term (through function G(7')) applied to the full spatial domain. The first
aspect regards the effect on the total mass released when a heat source is applied to the entire
domain during a certain time. We exhibit in (I11.7) the evolution of temperature (left) and the
evolution of drug concentration inside the domain. We observe that for r = 1 the total mass of
drug, under the action of the heat source, has been totally released.

As we can observe the difference between the two cases is obvious and gives a natural justifica-
tion for instance for the use of patches at its effectiveness.
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Fig. I11.7 Evolution of the temperature (on the left) and concentration inside the domain (on the right)
for G(T) given by (IIL.95)

The second aspect we want to address is to illustrate the dependence of the drug release pattern
on the duration of heat application. The heat source is defined in (II1.95), but instead of assuming
t < 0.4, we consider that source acts during the intervals [0, 1], [0, 3], [4,7], [1,10] and [8,10].

Observing the Figure (II1.9) we conclude that the time interval [0, 3] guarantees a very efficient

release, the total mass of drug being totally released during the action of the heat source.

(II) The heat source is in contact with one of the boundaries and the flux of drug is proportional to

the concentration of drug in the blood



An accurate discrete model for solutions in H>(Q)

0.18

018 |

with source
without source

o1al |
012} |
01}
.08l |/
0.06f |/
004

0.02 ’/

t

0.18

0.16 S

4 [8,10]
[0.1]

[4.7]

[0.3]

[1,10]

014 |

012 /

01r

0.08f
006 |
0.04f [/

0.02ff,

t

Fig. I11.9 Evolution of the released drug mass for the source applied during distinct time intervals

In this case, we consider that the drug concentration that enters the blood at x = 1 is represented

by a Robin boundary condition of type

—Dd(T)g)CC(l,t) =a(c(l,t)—cp)

where & and cp are positive constants. In (II1.96) & represents the permeability of the interface
drug domain/ release medium and cp is the concentration of drug in the blood. We recall that
for the boundaries the drug is immediately washed out that is we have ¢(0,7) = 0. The discrete

version of the Boundary conditions is given by

(111.96)

cmH _Cm+1
m\ N N-1
_Dd(TN) W

cg =0, form=1,--- M

= (X(Cln\}—H — CB)
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In the numerical simulations of problem (III) we consider the initial functions 7' (x,0) =

310 + 10sin(7x)(°K) and c(x,0) = sin(nx)(g/cm?), for the temperature and concentration,
respectively. Assuming that G(T) =0, Q(c¢) =0, v(T) = bT, Dr(T) = D4(T) = DT, where
b =D =0.01. Moreover, we fix 1 = 0.01, Az = 0.001 and 7 = 5 x 1073,

Mass released for °b=0'001
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Fig. I11.10 Comparison of mass released for different ot’s assuming cp = 0.001(g/cm?)

We observe that when we decrease o we are decreasing the membrane permeability, conse-

quently the mass released is smaller when & goes to zero. On the other hand, as we can see in

Figure (III.11), if cp increases that will cause a decrease of the mass released, at certain time.
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Fig. III.11 Comparison of mass released fixing o = 1 and varying the values of cp

6 Conclusions

The use of heat as an external stimulus to enhance drug release is nowadays a common approach in

several medical applications (see [14], [15], [34], [46] and [53]). Mathematically, the drug release

enhanced by the temperature is described by a diffusion-reaction equation for the temperature and
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a convection-diffusion-reaction equation for the drug, where the convective and the drug diffusion
coefficients depend on the temperature.

In this Chapter we propose a numerical method to compute the temperature and the drug concen-
tration. The method is based on the piecewise linear finite element method, combined with special
quadrature rules. It leads to second order numerical approximations for the temperature and for
the concentration provided that both solutions are in H3(Q) N H} () (Theorems 4.1.4 and 4.2.5).
The proposed method mimics the continuous coupling in what concerns the stability behaviour as
it was shown, in Section 2, for the continuous coupling, and, in Subsection 3.2, for the numerical
coupling problem. The main stability result - Proposition 3.2.2 - establishes that the fully discrete
finite element method (I11.28), (II1.29) or, equivalently, the finite difference method (I11.32), (I11.33) is
stable. This result was proved under assumption Hg, that is a consequence of the second convergence
order established in Theorems 4.1.4 and 4.2.5.

We reinforce the fact that the convergence analysis presented in this chapter is not based on the
classical approach: consistency and stability imply convergence. The error analysis is based on the
analysis of the error equation and on the use of the approach introduced by one of the authors in [5],
and used later for the coupling between an elliptic equation and an integro-differential equation in [4],
and for the coupling between a hyperbolic equation and a convection-diffusion equation that arises in
models for drug delivery enhanced by ultrasounds in [22].

Numerical results were included to illustrate the main convergence results. The rates of conver-
gence presented in Tables III.1, II1.2 and Table I11.3 illustrate the sharpness of our results in what
concerns the smoothness assumptions for the temperature and concentration.

The numerical results presented in Figures II1.3, II1.6 and IIL.8 illustrate the use of heat to
enhance drug release is an effective procedure. It is observed that if the drug transport is enhanced by
temperature then the drug delivery attains its steady state very quickly. These results are physically
sound because the increase of temperature in live tissues, like the skin, leads to an increase of the drug
permeation through the tissue, an increase of the skin perfusion and an increase in the clearance to
systemic circulation ([31]).



Chapter IV

Coupling nonlinear electric fields:
stability and convergence analysis

1 Introduction

As it was already mentioned this system can be used to describe the drug transport through a target
tissue when an electric field is used as enhancer (see for instance [6], [16], [42], [47]).

The expressions for the functions o, Dr, v, Dy, F, G and Q were defined in chapter 1. Their
smoothness will be specified throughout the body of the chapter.

In what concerns the organization of the chapter we start by introducing the preliminary notations
and definitions in Section 2. In Section 3 we analyse the stability and convergence properties of
the discretization of the elliptic equation (I1.6). The convergence properties of the semi-discrete
approximations for 7 and c are studied in Section 4 and 5, respectively. Finally, in Section 6 we
present numerical experiments illustrating the main convergence results as well as the qualitative
behaviour of the solution of the IBVP (1.6)-(1.8), (1.9), (I.10). Some conclusions are presented in
Section 7.

2 Preliminary notations and definitions

As mentioned before, by L?(Q) and H/ () we denote the usual Sobolev spaces and, for m € Ny, by
H™(0,t7,V) we represent the space of functions w : Q x [0,#;] — R such that w/) (1) €V, j =0,...,m,
where wl/) (¢) is the weak time derivative of order ;.

The weak solution of the IBVP (1.6)-(1.8), (1.9), (I1.10) is defined by
((Pv T7C) € H(; ('Q> X [Lz(oatf'7H(} ('Q‘)) mHl (OvtfaLz(Q‘))]z

such that
(o(IVe]), V) = (f,w), Yy € Hy (Q), (IV.1)

55
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(T'(t),w) +ar(T(t),w) = (G(T()),w) + (F(V$),w) ae. in (0,7,),Yw € H} (Q), (Iv.2)
(' (t),u) +ac(c(t),u) = (Q(c(t)),u) ae. in(0,t),Yu € H}(Q), (IV.3)

and
(T(0),w) = (To,w), Yw € L*(Q), (c(0),u) = (co,u), Yu € L*(Q). (IV.4)

In (IV.2) and (IV.3) the following notation were used
ar(T(t),w) = (Dr(T(1))VT (1), Vw),

ac(c(t),u) = (Da(T (1)) Ve(t), Vu) = (v(T (1), V9)c(t), Vu).

To introduce the piecewise linear FE approximations for ¢, 7'(z) and c(¢), we consider the sequence
A of vectors h = (hy,--- , h,) introduced in chapter II, assuming I; = (x;_1,x;). We recall that W), and
Wi, o represent, respectively, the vector space of grid functions defined in Q;, and the subspace of W, of
functions null on the boundary points dQ;, = {xo,xy}. For u;, € W, by P,u;, we denote the piecewise
linear interpolation of uy,.
The piecewise linear FE approximations for ¢,7(¢) and ¢(¢) are then the solution of the following
system
(o (IVPu@r|), VP W) = (f, W), YW € Wi, (IV.5)

(PhTh/(l‘),Wh) +aT(PhTh(l‘),PhWh) = (G(PhTh(l)),PhWh) + (F(VPh(Ph),PhWh) a.e. in (O,Z‘f), (IV.6)
VW}, S Wh70,
(PhCZ(t),Mh) —|—ac(Phch(t),Phuh) = (Q(Phch(t)),Phuh) a.e. in (O,Z‘f), (IV.7)

Yuy, € Wh70,
(PuTy(0), Pywy) = (PuRyTo, Pawy), YwpWi o,

(IV.8)
(Phch(O),Phuh) = (Pthco,Phuh)Vuh c Wh’().

In (IV.8), R, denotes the following restriction operator Ry, : C(Q) — Wj, Rug(x;) = g(xi),i =0,...,N,
g €C(Q).

Once more D_, denotes the usual backward finite difference operator and for the operators D,
D, and M), we consider the expressions introduced in (IL.5) and (I1.9). The finite difference operator

Dy, is given by:
hip1 D—yup (x;) + hiD_sup (xit1)

Dhuh(xi): h'+1—|—h' ,izl,-",N—l,
i i

hi+hiq

where h; 12 = >
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If g € L*(Q), then by (g);, we represent the following discrete function

(@) =5 [ gl

1 o Xit+1/2 .
(8)n(xi) = / gx)dx,i=1,....N—1, (IV.9)
hi{l/Z Xi—1/2
XN
@) =5 [ gax
N Jxn_1)2

In what concerns the inner products and norms we keep the notations stated previously.

Then the fully discrete FE approximations for ¢, 7 (t),c(t) € H} (Q) are defined by

(0 (ID—x@u|)D—x O, D—xWin)n+ = ((f)ns Wi)ns YW € Whyo, (IV.10)

(T (1) wi)n +az, (Ti(t),wi) = (G(Ty(t)), win)n + (F (Dp@n), wi)n in (0,2¢], Ywy, € Wy, (IV.11)

(c}l(t),uh)h —i—ach(ch(t),uh) = (Q(ch(t)),uh)h in (O,Z‘f], Yuy, € Wh70, (Iv.12)
Th(O) = RhT(), Ch(O) = RhCO in .Qh, (IV13)
where
ar,(Ty(2), wn) = (Dr(MyT())D_Ti(t). D ow) 1
and

ac, (cn(t),un) = —(Myp(V(Ti(2), D) cn(t)), D—xun)+ + (Da (M Ty (1)) D—xcp(t), D—xitp) +-

We remark that the fully discrete FE approximations defined by (IV.10)-(IV.12), (IV.13) can be

obtained solving the following nonlinear finite difference system

—D;(0(|D—x¢n|)D—x¢) = (f)n in Qp, (IV.14)

Th/(l) = D;(DT(Mh(Th(l)))D_xTh(t)) +G(Th(l)) +F(Dh¢h) in Qj X (O,If], (IV.15)

C;l(l‘) +DC(V(Th(t),Dh¢h)Ch(l‘)) = D;(Dd(Mh(Th(t)))D,xCh(l‘)) -I-Q(Ch(l‘)) in Q X (O,Z‘f], (IV.16)

where take Dy, @, (xo) = D_, @ (x1) and Dy @ (xy) = D_p,(xy). System (IV.14)-(IV.16) is completed
with the initial conditions (IV.13) and the boundary conditions

Th(l‘) = Ch(l) =0 on th X (O,tf]. IV.17)
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3 A Finite element method for the nonlinear elliptic equation

In this Section we study the stability and convergence properties of the piecewise linear FEM (IV.10)
or equivalently the FDM (IV.14).

3.1 Stability: a first approach

To study the stability of the nonlinear finite difference operator defined by (IV.14) with Dirichlet
boundary conditions we consider @, as the solution of (IV.14) with (f), replaced by fj,. Then for
W, = Oy — ¢;h we have

(G(|DfX¢h‘)Dfx¢h7Dfxwp)+ - G(’Dfx(ﬁhDDfx(ﬁhanxwp)Jr = ((f)h _fhv wp)h7

that leads to

(0 (ID—xn)D—s@0p, D3 )+ = ((6(|D—x$n]) — (ID-291])) D9, D—xp)+ + ((f ) = fi» @p)i-

We need to impose the following smoothness assumption on G:
H;: 6 €Cl(RJ)and 6 > Bs > 0inR.

where C,l (R]) denotes the space of real functions with bounded derivative in R and with norm
denoted by H.||C]!(Rg>.

Under the assumption H; we conclude

BslID—x, |13 < (|01l ey iy 1D—xnll | D—c0p |5+ 11 ()i = Fallnll @p 1, (IV.18)

where
[D—x@nlec = max_[D_y(x;)|.
i=1,...,.N

As for uj, € Wy, holds the discrete Friedrichs-Poincaré inequality ||up||, < |Q|||D—xup]|+, where |Q|
denotes the measure of Q, from (IV.18) we get

1 ~
(Bs = llolcyry) IP—<9ulle — €21 Q) 1D—cp 3 < 25 11(F)n = Full (IV.19)
where € # 0. If we are able to fix € such that
Bs = llollc rg) 1 D-xnll — €212 > 0, € A, (IV.20)

then we conclude the stability of (IV.14). The condition (IV.20) requires that there exists a positive
constant Const such that
|ID_x®n||e < Const, h € A. Iv.21)

In what follows we show that the condition (IV.21) is consequence of the accuracy of ¢j,.
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3.2 Supraconvergence-supercloseness
> 0 then there exist

Theorem 3.2.1 Let Ey = Ry¢ — ¢ where ¢ and @y, are defined by (1.6) and (IV.14), respectively. If
¢ € H3(Q)NHI(Q), o satisfies the assumption Hy and s — ol wp)llollcr @)
(Iv.22)

constants Const > 0 such that

i=1

N
|D—sEy |1} < Const Y 11913,

Proof: It can be shown that for the error Ey holds the following equation
(0(ID_c04)D—1Eg,D_Eg) s = (6(ID—04)D—sR0,D_Ep) s — (()1sEo) (IV.23)
For ((f)n,E¢)r we deduce
H»I/Z
((mEol = / o(IV9]) VG )drEy (x)
; Xi—1/2
=Y hio(IVe(xi1/2)) VO (xim1/2) D—sE (xi)
i=1
= (Ru(ca(|Ve[)Ve),D_Ep)+
where R,g(x;) = g(x;_12),i=1,...,N.
(Iv.24)

Inserting the last representation in (IV.23) we obtain
(0(ID—04)D-xEg, D—1Eg) ;. = (6(ID-x0u)D_Ri9 — Ru(G(IV9|)V9),D_.Ey)

As
(ID—x0n)D—cRy9 — Ry (c(IV9|)V9) A
= (6(ID—94]) — G(ID_Ru91))D_Ri9 + (0 (ID_Ru9| — Ry (|V6]))D_.R1)
+R,0(IVO|)(D_.Ry9 — R,V )
from (IV.24) we also obtain
3
(IV.25)

i=1

( (|D—X¢h‘)D—xE¢HD—xE¢»)+ = ZTH

where
T = ((G(’D—xq)h‘) - (‘D_th(I)’))D_th¢,D_xE¢)+,

7 = ((6(|D_xRi$|) —Ryo (|VO])) DRy, D_(Ey)

and
(Ruo(IVO|) (D R — Ry V$),D_.E)

In what follows we deduce estimates for 7;, i =1,2,3
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i) For 7, we easily establish

71l < 19lle @)l ol ri) ID-<Eo 1% (IV.26)

ii) To obtain an estimate for 7, we start by remarking that

N
%] < ID-xRu9 |l |0t rp) Yo il D2 (xi) = VO (xim1/2)||D—xE (1)
i=1

and

hilD—c¢ (xi) =V (x;—1)2)] = [A(1) = A(0) = A'(5)]
with (&) = ¢ (x;—1 + Eh;). As Bramble-Hilbert lemma leads to

1
A (1) = 2(0) —l’(%)! < Const/ AP (&)d& < Const Wi /1|9l
0

we conclude
Al 4 2 172
22| < CO”SIHD—xRWHwHGHcg(Rg) (Zhi H¢HH3(I;)> 1D—Eo ||+
i=1
that is

\T2!<C0nst S ID-cRid|1Z]1018 s Zh4H¢HHa +& DBy % (IV.27)

iii) Analogously, for 73 we have

| 73] < Const 2HcrllC. (&) Zh“wl!m +&||DE 13- (IV.28)

Inserting (IV.26)-(IV.28) into (IV.25) we establish

(Bs —2€> ~ [ 8|1y 10 llcy (1)) ID—xEo 1 < Const 2H0Hc1 &) (11018 ) Zh4H¢Hm

(IV.29)
Finally, if B5s — || o] ClRY) [9]lc1 (@) > O we guarantee the existence of a positive constant Const such
that (IV.22) holds.

Corollary 3.2.2 Under the assumptions of Theorem 3.2.1 we have

[RLO — Bn|| 1.1 < Consthi,. (IV.30)
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Corollary 3.2.3 Let us suppose that the sequence of grids Qj,,h € A, is such that there exists a
positive constant C that satisfies

h
T < Ca, (IV.31)

min

where hyip = r}nnNh Then, under the assumptions of Theorem 3.2.1, there exists a positive constant

.....

Const, h independent, such that (IV.21) holds.

Proof: We remark that, fori =1,...,N, we have
N
D (xi)| S Z JID—xEg (x})| + D¢ (xi)]

< \/IQ 1D 2B+ + 19l er @)

< hmax \/@Const Pmax + 1191 (©)
min

that conclude the proof. [ ]

3.3 Stability: second approach

As we have shown in the beginning of this section, to establish the stability of (IV.14), with Dirichlet
boundary conditions, in ¢y,h € A, we need to impose the boundness of ||D_, ||, 7 € A. Corollary
3.2.3 establishes that, under the assumptions of Theorem 3.2.1, if the sequence of grids Q;,,h € A,
satisfies the condition (IV.31) then the boundness condition (IV.21) holds.

Theorem 3.3.1 Under the assumptions of Theorem 3.2.1, Q. h € A, satisfies the condition (IV.31),
Bs — ol i) 1Dl > 0,1 € A, (IV.32)

and ¢y, € Who,h € A, is defined by (IV.14) with (f); replaced by fi then there exists a positive
constant Const, h independent, such that

106 — Bull1.n < Const||(f)n— Fullns h € A (IV.33)

Moreover, if fi € Bp,((f)n) = {gn is defined in Qy, : |gn — (fulln < P}, h € A, where p, <
Phmax,h € A, then ||D_ @yl < Const,h € A, with Const h independent.

Proof: As we have

|D—x@nlco < ||D—s(@h — P)[oo + | D00 <

(f)h _thh + HD*X‘P}IH“”

we conclude the proof using the uniform boundness of ||D_, |, n € A, and the fact f, € By, ((f)n),h €
A, with p, < phyar,h € A [ |

To conclude the stability analysis of the finite difference discretization of the nonlinear elliptic
operator we establish the final stability result.
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Corollary 3.3.2 Under the assumptions of Theorem 3.3.1, iff,j,fh € By, ((f)n),h € A, with p, <
Phyax,h € A, and ¢y, o € Wi, o are solutions of the finite difference equations

=D (o (|D_x¢;|)D—x¢,) = f; in Qp,
D (0 (|D—x@n|) D) = fin in Q,

then |D_.9; || < Const, ||D_,n||e < Const,h € A, with Const h independent, and if
Bs = llollcrg) ID-x85 | > 0 0r Bs — (|0 |y (g 1D+ nl|- > O,

for h € A, then
16 = Gnll1.n < Const|| fif — fulln, h € A (IV.34)

4 Temperature - second order error estimates with respect to the dis-
crete L>-norm

4.1 Stability

We start this section by establishing energy estimates for the discrete temperature 7j,(¢) € Wj, o defined
by (IV.11) or (IV.15) and with initial condition 7;,(0). We assume that the coefficient function Dy
satisfy Hp, the assumption on G is replaced by the less restrictive condition H;:

Hy : G(0) = 0,(G(up) — G(wn), un,— wn)n < Bullun —wall}, un, v € Wi o,
and F satisfy
Hg : F(0) =0 and F is a Lipschitz function with Lipschitz constant 3.

The previous assumptions are assumed only for theoretical purposes. For instance, if we consider
Pennes’ equation (I.13), we have G(x) = —wy,cpx that satisfies H,. However, F defined by (1.14)
satisfies Hg only locally.

Theorem 4.1.1 Under the assumptions Hy,H> and Hg, if the sequence of grids Q;,h € A, satisfies
the condition (IV.31) and Ty, € C'([0,t],Wi0) then

s 2BCa
IT0)1+280 [ o200 D1 5) s < 2P T )+ S50 (P 1) gy
(IV.35)
fort €[0,tf].

Proof: Fixing in (IV.11) wy, = Tj(¢) and considering the assumptions H;,H, and Hg and the
condition (IV.31) we easily obtain

d
EHTh(f)H% +2Boll DT ()12 < 2B1 [ Th() 3 +2V2Bs v/ Call Dl | Ti(1) 1.7 € (0,171,
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that leads to

d/ _ . s
(PRI <28 [ B TR ds
2B2Ca _
*mfﬁ(“e (2’3'“)’)“&”’1”1) 0.1 (017]:

Using the smoothness assumption for 7j,(¢) we finally conclude (IV.35). [ ]
The combination of Theorem 4.1.1 with Corollary 3.2.3 allow us to conclude that ||7;,(¢) |7 +
t
2[30/ |D_.Tj,(s)||%.ds is uniformly bounded for ¢ € [0,#/] and for & € A, provided that 23; +1 > 0.
0

To study the stability of Tj,(t) € W, defined by (IV.11) or (IV.15) with respect to the initial
condition, we consider two solutions Ty, 7j, € C'([0,7], Wy, ¢) with initial condition T},(0) and 7},(0)
but both computed with ¢, € W}, o, defined by the fully discrete FEM (IV.10) or equivalently the FDM
(IV.14).

Let wr(t) be defined by wr(t) = T;,(t) — T;,(¢). Following [24], for w7 (t) we easily get

1d

5 g7 lor O+ (Dr (M T (6)) D—oor (1), D (1)) +

< ((Dr (M Ty (1)) = Dr (M Ty (1)) DT (1), Dy 007 (1)) + Bul| o (1) I3,

and then, using H; and H,, we establish

d -
or @)+ 2B0llD—oor (DI, < 2Bl ()42 20107 ey ID-sTh 1)l |7 (0) 4| D07 (1) -+
and consequently we have
d 2 2 2 2 2 7 2 2
o]+ (2Bo— e ID—r ()} < (172 ID-Tu(0) |2 4281 )lor (1) . @XV.36)

fort € (0,1¢]. From (IV.36) we conclude

r 2 -
¢ [Py g ID-Ta(w) 2+ 2B1)dn
lorOI +@po—e?) [ els e ID-sor(s) 2 ds

. i o (IV.37)
= D I Fu(w) 2 4281

leor (0)[7. 7 € [01].
We notice that the stability inequality (IV.37) with T;(¢) replaced by 7,(¢) can be easily established

because

((Dr (M Ty () — Dr (M Ty (1)) DT (t), D7 (1)) +
= —(Dr(MyT;,(t))D—c0r (1), Do (1)) + + (Dr (MyT(t)) — Dr (My T, (2)) ) DTy (t), D07 (1)) 1 -

t t
To guarantee stability from (IV.37) we need to prove that / | D_ T, (1) %dp or / ID_ T ()| 2du
0 0
are uniformly bounded for h € A and ¢ € [0,1¢].
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4.2 Convergence analysis

Let Er(t) = RyT(t) — Tj,(t). An estimate for ||E7(7)]|, is established in the next result whose proof
follows the proof of Theorem 1 of [24].

Theorem 4.2.1 Let T and Ty, be solutions of the IBVP (1.7) and (IV.15), with homogeneous Dirichlet
boundary conditions and initial values T (0) and T, (0), respectively. Let ¢ and @y, be solutions of the
elliptic equations (1.6) and (IV.10), with homogeneous Dirichlet boundary conditions, respectively. We
suppose that

T € H' (0,17, H*(Q))NL* (0,27, H (Q) NH, (Q)),¢ € H>(Q) N Hy (Q),

RyT, Tj, € C'([0,1/], Wio), G(T (t)) € H*(Q).

If the assumptions Hy,H, and Hg hold and the sequence of grids Q,,h € A, satisfies the condition
(IV.31), then for the error Er(t) = R, T (t) — Tj,(¢) holds the following

t /1
o | S Il g 1T ()1 +2B1+252>
IEr()]2 +2(Bo— 5€2) /0 / <ez Ch(R) 0@

t(]

[ (R 1ry a7 G0, gy + 261282 )
2 C(R) C

< Bl \& G

tr1
(I TG0l gy + 28128
+ [l e GIT A (5 CAlD—Eo . +T(s) ) s,
0

IIDfxET(S) i ds

(IV.38)
where Ey = Ry¢ — ¢, € # 0,0 # 0, and
T6)] < Const s (14 107 2y gy (1 + 1T 0)] s )
N—1
(;h?(||f’<r>||,,2(,i)+|T<r>||H3<,,.>+||G<T<t>>u,22(,,.)+||¢|§,3(,,)) Zl<h4+hl+1>||¢|%p<,,.u,,.ﬂ))
(IV.39)

Proof: It can be shown that

(E7 (), Er (t))n = —(Dr (My(RaT (1)) D—RuT (1) — Dr (My(Ti(2))) DT (1), D E1 (2)) +
+(RuG(T (1)) = G(Ti(1)), Ex (1)) + (F (DuR§) — F (D), Ex (1))

+7a(E7(t)) + T, (Er(2)) + T (Er (1)) + Tr (E7 (1)),
(IV.40)

where
Ta(Er (1)) = (RyT'(t) = (T"(t))n, Ex (t) )y

T, (Er (1)) = (V(Dr (T(0))VT (@), Ex (£))n + (Dr (M (R T (1)) DRy, T (1), D—Ex (1)) +
6 (Er (1)) = ((G(T(1)))n, Er (t))n — (RaG(T (1)), Ex (1))

and

 (Er (1)) = ((F(V9))n, Ex () — (F (DuRy9), Ex (1)) -
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We establish a convenient representation of the three first terms of the right-hand side of (IV.40).
For the first term we have

—(Dr (My(RAT(1)))D—RyT (£) — D (My(T(1)))D— T (1), D Er (1))«
—(Dr(MyTy(t))D—<Er(t),D—xEr(1))+
—((DT (MhTh(t>) —Dr (MthT(Z)))D_thT(Z),D_XET ([)>+

and considering the assumption H; we deduce

—(Dr (Mn(RAT (t)))D—xRy T (t) — Dr (My(Ti(1))) DTy (1), D—xE7 (1)) +

(Iv.4i)
< —BollD—<Er (0|13 + V2[IDrllcy ) IT )l o1 @) 1Er () 14| DB (2) [+
Considering the assumption H,, we get for the second term the estimate
(RyG(T (1)) = G(Tu(1)), Er (1)) < Bl Er (2) 5. (IV.42)

Considering now the assumption Hg and assuming that the sequence of spatial grids Q;,, 1 € A, satisfies
the condition (IV.31), it can be shown that for the third term holds the following

(F(D4Ry9) — F(Dys), Er (1)) < V2Bsv/CallD—rEo |+ | Ex (1) 1 (Iv43)

Estimates for 7,(Er(t)), Tp, (Er(t)), and 1G(Er(¢)) in (IV.40) were obtained in the proof of
Theorem 1 of [24].

1. For t;(E7(t)) we have

1/2
|Td(ET(t))|<C0nst(Zh4HT Ol8 ) ID_Er ()] (IV.44)
i=1

provided that 7’ (¢) € H*(Q).

2. For tp, (Er(t)) it can be shown that

12
[t (Er (1))] < Const [Py gy (14 1T(0) e )(Zh“HT ()3say)  ID-Er(0)]s.

(IV.45)
provided that 7'(¢) € H*(Q) N H} (Q).
3. For 16(Er(t)) holds the following
4 2 12
%6 (Er ()| < Const (Y WG () [Fay) ID-Er@)]l4. AV46)

i=1
provided that G(T'(¢)) € H*(Q).

4. To estimate the error term T (E7(¢)) we observe that this error term admits the representation

T (Er(1) = 1) + (),
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where
() = ((F(Vo)n, Er(t))n — (RuF (VQ),Er (1)),

and
T(t) = (RWF(V@),Er(t))n — (F(DyRy9),Er (1))

As for tg(Er(t)), for 71(t) we have the following

Al 414112 12
21(0)] < ConstBo( Y1613 )  1D—Er()]]+.

i=1

provided that ¢ € H3(Q). To establish an estimate for 7, (¢) we remark that using the Lipschitz
condition for F' we have

N—1

[72(1)] < PBe Z hii1/2|VO(xi) — Dp¢ (xi)||[Ex (xi, )]
N- 11 av.4i

< Bs Z SIA(@IET (xi,1)]

where
Mg) = ¢/(8)— E(g(1) —(8)) é<g<c> —5(0)),
and g(u) = @ (xim1 +u(hi+hiy1)), § = m and £ = hhil . The Bramble-Hilbert lemma
i+ i+

guarantees the existence of a positive constant Const such that

Xit1
IA(g)| <C0nst/ 18 (1)|du < Const (hi + hiy1)? / " 100 ().
Xi—1
Inserting the last upper bound in (IV.47) we easily get
N—

1/2
(6] < Consti X (5 101 ) ID—Er )]
i=1

provided that ¢ € H3(Q)NHL(Q).

Consequently, for Tz (Er(t)) we conclude

- 1/2 N 1/2
rrF<Er<z>>|scOnsrﬁ6((z )9 ) -+ (L N013y) ) ID—Er (@)
i=1 i=1
(Iv.48)

Taking into account in (IV.40) the upper bounds (IV.41)-(IV.43) and the error estimates (IV.44),

(IV.45), (IV.46), (IV.48) we arrive to

d
EHET(f)H/% +2(Bo—5€*)|D-.Er (1) %

2
< (G IPrlly @ 1T (O)Ies ) +2B1 +287) [ Er ()1l + 5 LA IDEg|P 4T,
(IV.49)
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where € # 0,0 # 0, and |I'(¢)| is bounded by (IV.39). Finally, the inequality (IV.49) leads to (IV.38).
[

Corollary 4.2.2 Under the assumptions of Theorems 3.2.1 and 4.2.1, there exists a positive constant
Const, h-independent, such that

!
IEr @I+ [ 1D-Er ()| ds < Const (| Er (O +Hhur) £ €017 AVS0
Proof: It is enough to fix in (IV.38) € and & such that
Bo—5e>>0

and )
g||DT||é;(R)||T(IJ)||g| Q) +2ﬁl +252 > 0.

4.3 Revisiting stability
t

Let us consider again (IV.37). To conclude stability, we need to guarantee that / |D_T5,(s)||2ds or
0

t
/0 |D—xTi,(s)||2ds are uniformly bounded in ¢ € [0,¢7] and & € A. From Corollary 4.2.2, if 7},(0) €

B, (RyT(0)) or T;,(0) € B,(R,T(0)), with r = \/hyay, then, from (IV.50), for uy(t) = Ty, () or up(t) =
Ty (t), we obtain

t
|RAT (t) — un(2)||7 —l—/o D (RiT (5) — un(s))||%.ds < Consthyay, t € [0,17].

Then
2

t
| Ip-an(s) s <
0 h

<2

t t
i 1D (BT (5) = () 2 [ 17 (5) s
t
max

t
<20 +2 [ IT(6)] s

2
+2 [ ITO)I2 gds

fort € [0,1/] and h € A.

From (IV.37), if 7;,(0) € B,(R,T(0)) or T;,(0) € B,(R,T(0)), with r = \/har, we conclude that
for wr(t) = T;,(t) — T;,(t), where T;,(¢) and Tj,(¢) are defined by (IV.15) with ¢y, given by the fully
discrete FEM (IV.10) or equivalently the FDM (IV.14),

1
orOl}+ [ ID-s0r(s)|ds < Constlor(0)|fit € 0.17],h € A, (V1)

provided that
2 -
gHDT”é(R)HD—xTh(f)Hozo—iQﬁl > 0,7 €0,7].

The inequality (IV.51) shows the stability of (IV.15) with Dirichlet boundary conditions.
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5 Concentration - second order error estimates with respect to the dis-
crete L>-norm

5.1 Stability

In this section in (I.8) we impose that D satisfies H4 and that the assumptions H3 and Hs for v and Q,
respectively are replaced the following less stringent assumptions:
Hs :(0,0) = 0, [v(x,y) —v(£,9)| < allx— & + [y~ 5.5, £05 € R,
Hs : Q(0) =0, (0(up) — O(wp),un — wi)n < Ballun — wal|7, tn, wn € Who.
The assumptions H3 — Hs were introduced only for theoretical purposes. In fact, we notice that the
convective velocity v given by (I.15) does not satisfy the assumption H3. This function is not defined
at x = 0 and is a Lipschitz function only in a bounded set of R?.

We start by establishing energy estimates for ¢, (7) defined by (IV.14), (IV.15), (IV.16) with
homogeneous Dirichlet boundary conditions (or by (IV.10), (IV.11), (IV.12)) and initial conditions
T,(0),c,(0) for the temperature and concentration, respectively.

Theorem 5.1.1 Let us suppose that the conditions Hy — Hs hold and c, € C'([0,t¢], Wy, 0) and let
On, Th(t),cn(t) € Wy defined by (IV.14), (IV.15), (IV.16) with homogeneous Dirichlet boundary
conditions (or by (IV.10), (IV.11), (IV.12)) and initial conditions T;(0),c,(0) for the temperature
and concentration, respectively. We have

't 2 2 2
-y T1 oo Dfx e 2 d
[ BT +1D-0u12) +264) M D en(s) 2 ds

t
2 )
sl +2(8:— &) [ V.52)

< || (O)Hz /0 (éﬁg(”n(“)”zﬁHD—x%Hi)+2B4)du
= |[Ch ne

.1 €[0,t¢].

Proof: Taking in (IV.12) u;, = c(t) and considering the assumptions H3 — Hs we deduce

L o)1 +BsD—sen @)} < V2B (IT(0)o + [D-s@nlles) llen (1) 11 D—ren(2) |+

2dt ;
+Ballen(®)llis 7 € (0,1].

Then we arrive to

s+ 28~ e)IDen0)2 < (BT OIZ+ 1D 9ul2) +280)len(0)l} € (0.1),

that leads to (IV.52). [ |

From Corollary 3.2.3 we conclude that |D_,¢p||«,h € A, is bounded. Moreover, under the
assumptions of Theorem 4.1.1, as ||T,() [ < \/|Q[ID-xT5(t)||+, if 281 + 1 > 0, and ||T;,(0)]], <
Const,h € A, we get

t
/O 1Ti(s)|| < Const,t € [0,17],h € A,

where Const is h and t independent. Furthermore, if

1
B (IT I+ ID—<9ull%) +2Bs > 0,1 € [0,1/], h € A,
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with € such that B3 — €2 > 0, then
1
lea(@®)|12 —|—/0 ID_xcn(s)||2ds < Const, t € [0,t7],h € A,
provided that ||c,(0)||x,h € A, is bounded. Consequently

t
/ llen(s)||%ds < Const,t € [0,tf],h € A. (IV.53)
0

Theorem 5.1.2 Let Ty, T, cy, &4 € C1([0,17], Wao) be defined by (IV.15), (IV.16) with homogeneous
Dirichlet boundary conditions (or by (IV.11), (IV.12)) and initial conditions T, (0), Th(o), cr(0),,(0),
where ¢, € Wy, is defined by (IV.14) or (IV.10). Under the assumptions H3 — Hs, for ®. = c,(t) — &, (1),
or(t) = T (t) — Ty (t) we have

lo(0)1f+2(6: 267 | L PO 1 el P

Lo [ ewan N
519l [ ek (Dal1y gy 1028 (5) 12+ Balea(s) 1) 1D—vor (5)] s,
(IV.54)
fort €[0,t¢] and with

(1) = (g B2 ITh(R) o+ 1D —0ull)? +265). 1 € 0.17]

Proof: It can be shown that

%%nwcmuﬁ + (Da(My T3 (1)) D—x00.(1), D_s 0. (1)) +
< ((Da(MyTi (1)) — Da(My T3 (1)) D—sen(t), D—x. (1)) + (IV:53)
+(My(va(0)en(t) = 54(8)En(t)), D—coe(t)) 1 + Bal|@c (1) 13,

where vy, (t) = v(T;(t), Dyoy,) and 9, (¢) = v(Tj,(¢), D @h)-

For the term (M, (v (t)cp(t) — 9y(2)Cx(t)),D—_y@c(t))+ , using the assumption Hs, it is a straight-
forward task to show that

(My(va(t)cn(t) = Pn(t)n(t)), D—xe(t))+
< V2B, (1730 e+ 1D-culle ) @ (0) -+ V2B (1) Il 01 (1) | ) 1D c0.(0)]
(IV.56)

As for ((Dg(My,Ty(t)) — Dg(MyT;,(¢)))D_xcp(t),D_,0.(t)) + we have

(Da(My T3 () — Da(My T3 (1)) D—sen(t), D—s @ (1)) + < V2| Dallcy gy ID—sen(t) ||+ | @7 (1) ol D—x 0 (1) |
Iv.57)
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from (IV.55), taking (IV.56) and || @7 (¢)||w < +/|Q|||D—xr(t)||+ we deduce

d
T loeO)llF+2(8s = 26?) D0 (1)1}
< (BBt 10041 +26) (1)} wss)

1 «
5120 (IDally gy ID—ser (D112 + B0 ) ID-eor (1) 12, 1 € (0.17),

that leads to (IV.54).

From (IV.54), to conclude the stability result, we need only to notice that

1D —xen (D)4, [[D—xr (£)]]+, [12n(2) ln

are uniformly bounded in A, a.e. in [0,#/]. In fact, this conclusion holds for ||D_.cj(t)||+ and ||&,(1)||x
due to the Theorem 5.1.1 provided ||c;(0)||, < Const,h € A. The inequality (IV.51) leads to the same
conclusion for |D_yor(t)||+ provided that || 7 (0)||, < Const,h € A.

5.2 Convergence analysis

We establish in what follows an estimate for the error E.(t) = Rjc(t) — c;(t). We follow the proof of
the Theorem 2 of [24]. The novelty of the new result lies on the fact that the behaviour of E.(¢) is
not only determined by the error E7(¢t) = R,T (t) — Tj(t), as in the Theorem 2 of [24], but also by the
error Ey = R, ¢ — ¢y,

Theorem 5.2.1 Let
T,ce L2<O7tf7H3<Q) ﬁH&(Q)), ce Hl(Oatf7H2(Q‘))7

¢ € H(Q) NH, (%),

be solutions of the IBVP (1.6)-(1.8), (1.9), (1.10). Let ¢y, T}, and cj, be the corresponding approximations
defined by (1V.14)-(1V.16) with homogeneous Dirichlet boundary conditions and initial conditions
7,(0) and c;(0). If

Ruc,cn € C'([0,1£], Who),
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the assumption Hy — Hs hold and Q(c(t)) € H*(Q), then for E.(t) = Ryc(t) —cp,(t),Er(t) = R, T (t) —
Ty(t) and Ey = Ry — @y, there exists a positive constant Const, h and t independent, such that

t t d
)1 +208 - 6e) [ e / S PPARIER

/gh [3 /gh
< |IE.(0)]2e B (B IR+ 1D Eo |3 ) ()12 gl

+/ /g (s)ds,t € (0,ty],

(IV.59)
where € # 0,
1) = 43 (1) 2+ 100012 ) . 28
1 4
T(r)| < Const(Zh ¢’ (2 ”H2
IDalZy g+ Dl +1 Zh“ VT (0.90)e(t) By + 100) )
+z h4+hl+1>|r¢<>umm,ﬂ+Zh“HQ Nz ):
(IV.60)

Proof: Following the proof of the Theorem 2 of [24], it can be shown that E(¢) is solution of the
following differential problem

(EC(1), Ec(t))n = —(Da(Mu(RAT (£)))D—cRpc(t) — Da(Mu(Ti(2))) D—xcn (1), D—<Ec(t)) +
+(Mu(Ry (v(T (1), DiRi9)) (1)), D—cEc (1)) — (M (v(Ti (), Dufn)cn(1)), D—Ec(t)) +
e(t

h
+(RaQ(c(1)) = Qen()) Ec(t))n +Tal(Ec(t)) + Ty (Ec(1)) + T (Ec(r)) + To(Ec(1)),
(Iv.e1)

where

[T Ele)] = (R (6) — () Exln] < Comst (X 10 By ) IDELO

i=1

provided that ¢/(t) € H*(Q),

200)| = |~ Du(AT ORI, DAL+ MR DRyl D)
< Const|IDalley e (le®lleny + 1) (X A (T gy + 16 ngy)) - ID- B
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provided that T'(¢) € H*(Q),c(t) € H3(Q),

(% (Ec(0))] = [(v(RaT (1), R V)R (1), D (1)) — (Ma(v(R,T (), DuRi@)Ruc(t)), D—rEe (1)) 4
< |(V(RAT (1), RiV @)Ryc(t), D—xEc(t))+ — (Myv(Ry, T(1),RiV)Ric(t), D—xEc(t))+|

—|—|(th(RhT(l‘),RhV(]))RhC([),D_xE ( )+_(Mh( ( ([) Dth(P)RhC( )),D_XEC(Z))_;,_‘
N—1

- 4 2 1/2 4 2 1/2
(X T ©.Y0)ew) Bey) el (X -+ 1191 )

i=1
[D—xEc(t)]|,

< Const

VR

provided that and v(T'(¢),V¢)c(t) € H*>(Q) and ¢ € H3(Q),

N 1/2
T0(Ec(t))| = [((Q(c(t)))n — RuQ(c (1)), Ec(t))n] < Const<Zh?IIQ(C(t))II?p(,i)) [1D—<Ec(1)]]+,
i=1
provided that Q(c(t)) € H*(Q).
Analogously to (IV.57) and (IV.56), we have

((Da(MuRyT (1)) —Dd(MhTh( )))D—cRyc(),D_<Ec(1)) +

< V220 Ddl ey vy ) | D+ Er (]| [ D—Ee(6) (Vo2
and
(M (v(RAT (1), DpRy@)Rpc (1)) — My (v(Ti(2), Dp@n)cn(t)), D—xEc(t))+
< V2B (1B )1+ 1D—Eg 1+ ) lle ey + (ITn(0) e+ 1D—s@ulle JE(0) ) ID—1Ec 1)+
(IV.63)
respectively.
As
|(RhQ(c(t)) — Q(cn(t)), Ec(t))n| < BallEc(1)]]7, (IV.64)

taking (IV.62), (IV.63) and (IV.64) in (IV.61) we arrive to

%nEh( I +2(Bs — 66) [D_E(D]2
<+ (@B 100 R0 B +28) 1B avey

2
bt (HET< 1D 2 ) e(t) 21 gy +T0), € (0,15),

where I is bounded in (IV.60). Finally, the inequality (IV.65) leads to (IV.59). [ |

Corollary 5.2.2 Under the assumptions of the Theorems 3.2.1, 4.2.1 and 5.2.1, with T;,(0) = R, T (0), ¢, (0) =
Ryc(0), the error E.(t) = Ryc(t) — cp(t) satisfies

B+ [ DB ds < Conshber € (0,17, A (IV.66)

The estimate (IV.66) shows that the errors Ey and E7(t) do not deteriorates de quality of the
semi-discrete approximation ¢, (7). We notice that (IV.66) is a supraconvergence result in the finite
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difference community but it can be seen also as a supercloseness result in the finite element community
because our finite difference discretization (IV.14)-(IV.16) is equivalent to the fully discrete finite
element discretization (IV.10)-(IV.12).

6 Numerical experiments

In what follows we illustrate the qualitative behaviour of the IBVP (1.6)-(1.8), (1.9), (I.10) using the
finite difference method (IV.14)-(IV.16) with the boundary and initial conditions (I.9), (1.10). The
accuracy of the method was established in Theorems 3.2.1, 4.2.1 and 5.2.1. From these results we
believe that the numerical plots that we present in what follows describe accurately the behaviour of
the correspondent continuous model.

In [0,7f] we introduce the uniform grid {t,,,m =0,...,M,tg = 0,tyy = t,At =ty —ty_1,m =
1,...,M}. We integrate in time (IV.15) and (IV.12) using the next IMEX (implicit-explicit) approach

T = T+ MDY (Dr (My(T;) DT ) + AG(T)
+F (Dyoy) —Ffflh inQ,,m=0,....M—1,

T = Ry ToinQy,

I =00ndQ,,m=1,....M,

av.e7

where G(T,")(x;) = G(T;" (xi)), F(Dnon)(xi) = F(Dpp(xi)),i =1,...,N —1, and ¢y, is defined by
(IV.14),

ML AD(v(T Y D)) = AtDE(Dg (M (T 1)) Dyt )
+AIQ(C) + £, in Qm=0,....M—1, Ves
¢, = KpCo1nady,

cf =00ndQ,,m=1,...,.M,

where Q(c')(x;) = Q(cj'(xi)),i = 1,...,N — 1. The grid function f}’}, { = 1,2, in (IV.67), (IV.68) are
introduced only to illustrate the convergence results. In this case, these functions are such that the
correspondent continuous problems have known solutions.

6.1 Convergence results

In this section we illustrate the error results obtained in this work - Theorems 3.2.1, 4.2.1 and 5.2.1.
We use the following notations:
Errorg = ||D_.Ey|I%.

. M .
Errory = j_nllaxM (HE%]%—FAZ‘Z ||DxElT||i> ,
=L i=1

where E%(x)) = Ry T (x;,4;) — T} (x;),j =0,...,N,

n

9Ty

M
Error— max_ (\Ezui D) HD_xEuri) -

i=1
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with E!(x;) = Ryc(x¢,1;) — ¢ (x;),j =0,...,N. The convergence rates Rate; are computed by

< Errory, hyay. i
n | =00 Bmaxi
Errory, hypax i+1

I < hmax,i >
n
hmax,i+1

> 7’€: ¢7T7c7

Rate;, =

(i+1)

where hyax i Binax,i+1 are the maximum stepsizes of the grids ﬁﬁ,“,ﬁh , respectively, being the last
two grids defined by the vectors (), A1) where A(+1) is obtained from () introducing the middle

point of each interval [x;,x;41].

Smooth solutions: We start by considering the differential problems (1.6), (1.7), (I.8) with 7, =1,
o defined by (I.11), oy = 2 x 1073, 07 = 1.6 x 107!, Eg = 40000, E; = 90000, B = 30 (see
[6]) and D7 (T) =1, G(T) =0, F(y) = o (|[y|)y, v(x,y) = 103ye™, D4(T) = 1 and Q(c) =0,
adding to the last two equations the reaction terms f; and f; that are such that these problems
have the following solutions

¢ (x) = sin(mx)|2x — 1]%,
T(x,1)=e*e"|2x—1|F +1, (IV.69)
c(x,t) =ee2x—1|",x € [0,1],7 € [0,1/].

We remark that the coefficient functions introduced before do not satisfy all the assumptions
H| — Hs and H; — Hg. However, we will show that, even in this case, the convergence orders
stated in Theorems 3.2.1, 4.2.1 and 5.2.1 are observed. To have ¢,T(t),c(t) € H>(0,1)N
H}(0,1) we take @ =3.1, B = 3.1, y=3.1. In Table IV.1 and Figure IV.1 (left side), we present
the numerical results with Ar = 10~*. We notice that the convergence rates Ratey,{ = ¢,T,c
are approximately 2 which is in agreement with the error estimates stated in Theorems 3.2.1,
4.2.1 and 5.2.1.

N Rynax Ey Ratey Er Rater E. Rate,
50 | 7.3569x 102 [ 1.5656x 1072 | —— | 5.1084x10°2 | —— [5.1206x 1072 | ——
100 | 3.6785x 1072 | 3.9062 x 1073 | 2.0029 | 1.27121 x 1072 | 2.0067 | 1.2842 x 1072 | 1.9954
200 | 1.8392x 1072 | 9.7615 x 10~* | 2.0006 | 3.0864 x 1073 | 2.0422 | 3.2168 x 103 | 1.9972
400 | 9.1962 x 1073 | 2.4404 x 10™* | 1.9999 | 6.8725x 10~* | 2.1669 | 8.0849 x 10—+ | 1.9923
800 | 4.5981 x 1073 | 6.1006 x 1075 | 2.0001 | 1.49730 x 10~* | 2.1985 | 2.0642 x 10~* | 1.9696

Table IV.1 Convergence rates for smooth solutions (¢ = = y=3.1).

Non smooth solutions: To illustrate the sharpness of the smoothness assumptions in Theorems
3.2.1,4.2.1 and 5.2.1 we consider now the solutions (IV.69) with a = 1.6, B = 1.6, Y= 1.6.
In this case 9,7 (t),c(t) € H*(0,1)NH}(0,1). In Table IV.2 and Figure IV.1 (right side) we
present the numerical results obtained in this case that illustrate that Rate;,£ = ¢,T,c are

approximately 1.
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N Ponax Ey Ratey Er Rater E. Rate,

25 113768 x 10T [ 3.0229x 1072 | —— [ 1.3906x 1072 | —— [5.3434x 1072 | ——

50 | 6.8842x 1072 | 7.7112x 1073 | 1.9709 | 4.9451 x 1073 | 1.4916 | 2.1863 x 1072 | 1.2892

100 | 3.4421 x 1072 | 4.7356 x 1073 | 0.7034 | 2.4472 x 1073 | 1.0149 | 1.3877 x 1072 | 0.6557

200 | 1.7211x 1072 | 2.2403 x 1073 | 1.0798 | 1.2192 x 1073 | 1.0052 | 6.5674 x 1073 | 1.0794

400 | 8.6053 x 1073 | 7.3566 x 107* | 1.6066 | 6.5727 x 10~* | 0.8914 | 2.1729 x 1073 | 1.5956
Table IV.2 Convergence rates for non smooth solutions (¢ = f = vy = 1.6).

[ [ T \[ T L \[ |
1071 E L= H A 4
B 4] i o |
-2 : A o ; | A : i
10T - 11072} B
2 i A e 1 i s . |
8 :27 [ 1 5 i
Ho10-3 A . E i I ° - ]

= E A [ 2 u
I A. o0 | i o ¢ |
4| e n T || 3L - m-T |
IOE‘A ‘Cilofl 0.89 ac ]
= | | | | | L 1 I TOT |

1072 10-13 1072 107!
Rynax Pmax

Fig. IV.1 Plots of the errors Ey, E7 and E, for & = B =y = 3.1 (at left) and @ = B = y = 1.6 (at right)

6.2 Qualitative behaviour

In this section our aim is to illustrate the behaviour of the systems of partial differential equations
studied in this chapter considering a transdermal iontophoresis application (as in Figure 1V.2).

Tontophoresis

device

Electrode

Reservoir Electrode

Skin

Blood stream | 2=

Fig. IV.2 Illustration of the process of iontophoresis [23]

To simplify, we consider the skin as a single layer defined by [0, L], L =1.1515 x 10~3m ([6]). The
applied potential ¢ is defined by equation (1.6) with f = 0 and the boundary conditions ¢ (0) = 0 and
¢ (L) = ¢, where ¢;, depends on the application protocol that we intend to illustrate. The boundary
conditions for the concentration are defined by ¢(0) = ¢,y and ¢(L) = 0 which means that at the
skin surface we have a known concentration of drug and that all the drug that arrives to x = L is
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immediately removed by the blood vessels. In this case the coefficient functions are defined as follows:
the electrical conductivity o is defined by (I.11) with 6y =2 x 10735/m, 61 = 1.6 x 10715 /m,

Yo = 40000V /m, y; = 90000V /m and B = 30, D7 (T (1)) = p’;, G(T(1)) = —pi Oy (T (1) = T,),

S S

F(V¢§) = p—ko(|V¢)|)|V¢|27 D4(T) = D, v is defined by (I.15) with v, =0, and Q(c¢) = 0. The
parameter Valsues are included in Table IV.3 ([6], [7]).
Symbol Definition Value Units
P Density 1116 kg/m’
ks Heat capacity (specific) 3800 J/kgK
k Thermal conductivity 0.293 W /mK
Wy Perfusion 2.33 kg/m?s
Ch Perfusion of blood 3800 J/kgK
T, Arterial Blood Temperature 310.15 K
D Drug diffusivity 10-12 m? /s
F, Faraday constant 9.6485 x 10*  C/mol
R Gas constant 8.3144 J/Kmol
Z Valence +1 -

Table IV.3 Parameters and values

The behaviour of the drug transport, enhanced by the electric field, is illustrated in what follows
considering protocols based on two scenarios:

 Low Voltage (LV)- ¢ (L) = 45V during 250ms followed by a pause of 100ms,

* High Voltage (HV) - ¢ (L) = 500V during 500s followed by a pause of 500pLs.
We consider the following protocols:

e 3LV in a total of 1.05s,

« 3HV in atotal of 3 x 1073,

e 3HV 4 3LV in a total of 1.053s.

In the first protocol we take ¢ (L) = 45V during 250ms followed by a pause of 100ms. This
procedure is repeated during 3 times. In the second protocol we take ¢ (L) = 500V during 500us
followed by a pause of 500us. This procedure is repeated 3 times. The third protocol is defined
applying the first one followed by the second one. The results are compared with the drug transport
through the skin without the presence of the electric field which defines the control scenario.

In Figure I'V.3 we plot the temperature (left) and drug (right) for 7 € [0,2s] when the first protocol
3LV is applied. The time axis is the vertical axis while space axis is the horizontal axis. The effect of
the three impulses applied at x = L on the temperature distribution is well illustrated by this picture
as well as on the drug distribution. While the effect of the applied potential on the temperature is
felt in all space domain, the corresponding effect on the drug distribution is felt only in the first part
of the skin. To clarify these conclusions, in Figures IV.4 and IV.5 we plot the temperature and drug

concentration evolution in several points of the spatial domain.
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Fig. IV.3 Temperature (°C) (left) and drug distributions (kg/m?®) (right) for t € [0,2s] enhanced by the
electric field defined by the 3LV protocol

37.7

x=0.1

376

375

= 374

373

372

37.1

Fig. IV.4 Evolution of the temperature at x = 0.1,0.2,0.3,0.4 for 7 € [0, 2s] for the 3LV protocol.

To compare different protocols, we compute the absorbed drug mass at x =L,

t
M(t) = /0 Ja(s)ds,
for ¢ = control ,3LV,3HV,3HV + 3LV, where J; ((t) is the drug flux at x = L,
Jas(6) = ~(Da(T (L) Ve(Lot) + W(T(L,t), VO (L1),

with the potential ¢ depending on time because the potential at x = L is time dependent function.
In Figure IV.6 we plot the absorbed masses for the protocols 3LV, 3HV, 3HV + 3LV and control
for r € [0,6s]. Zooming these plots, we notice that there exists a time #; such that for # > #; the
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Fig. IV.5 Evolution of the concentration at x = 0.1,0.2,0.3,0.4 for ¢t € [0,2s] for the 3LV protocol.

protocols 3LV,3HV + 3LV lead to similar results and M;(¢) for ¢ = 3HV, control, have analogous
behaviour and M3y (t) < Magy 130y (1), Meontror (t) < Magy (t),t < 11 (see Figure IV.7). Moreover, for
t € [0,1,] the protocols 3HV,3HV + 3LV lead to similar results and My, (1) < Mapy (1) < My(t), ¢ =
3HV,3HV + 3LV (see Figure IV.8). From Figure IV.9 we observe that there is a time interval [}, 7]
where Msgy (¢) is an increasing function being its increasing smaller than the increasing of M3y (¢).
Finally, in Figure IV.10 we plot M(t), { = control,3LV,3HV,3HV + 3LV, for [t € |0, 10min].

Fig. IV.6 Plots of M(t),¢ = control,3LV,3HV,3HV + 3LV, for t € [0, 6s].

The results presented in Figure IV.10 show, as noticed before, that as time increases, the protocols
3LV and 3HV + 3LV lead to similar results while the results obtained with the protocol 3HV are
similar to the results obtained without the electric field. Moreover, the drug mass transported through
the skin is larger for the first set of protocols.

The zooms of the plots in Figure IV.10, Figures IV.11 and IV.12, show that for large times
Mgy (t) > Mapy 3py (t) while Moo (t) < Mapy (2).

To end, we conclude the following:
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Fig. IV.7 Plots of M(t),{ = control ,3LV,3HV,3HV +3LV,t € [0,6 x 1072s].
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Fig. IV.9 Plots of M(t),¢ = control,3LV,3HV,3HV + 3LV, fort € [t;,15].

P1 For small times, protocols defined by high intensity impulses followed by smaller intensity
impulses are more effective than the protocols defined only by high intensity impulses or lower
intensity impulses and protocols defined only by high intensity impulses are more effective that
protocols defined by lower intensity impulses (see Figure IV.8).

P2 There exists a time interval [t,#;] such that, protocols defined by high intensity impulses

followed by smaller intensity impulses are more effective than the protocols defined only by
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Fig. IV.10 Plots of My(t), £ = control,3LV,3HV,3HV + 3LV, for t € [0, 10min].
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Fig. IV.11 Zoom of the plots of M(t), ¢ =3LV,3HV +3LV.
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Fig. IV.12 Zoom of the plots of My(t), ¢ = control,3HV .

high intensity impulses or lower intensity impulses and protocols defined only by lower intensity
impulses are more effective that protocols defined by high intensity impulses (see Figure IV.6).
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P3 Fort > t], protocols based on lower intensity impulses are more effective than protocols based
on high intensity impulses (see Figure IV.9).

7 Conclusions

In this chapter, the coupling between a nonlinear elliptic equation (1.6) and two parabolic equations:
a diffusion equation (I.7) and a convection-diffusion equation (I.8), where the convective velocity
of the second parabolic equation depends on the gradient of the solution of the elliptic equation, is
studied from numerical point of view. The main problem when we solve numerically system (1.6),
(I.7) and (1.8) is the computation of the numerical approximation for the elliptic problem because if its
numerical gradient does not have the right convergence order then the numerical approximation for
the convection-diffusion can be deteriorated.

We propose a finite difference discretization (IV.14), (IV.15), (IV.16) that can be seen as a fully
finite element method (IV.10), (IV.11), (IV.12) that leads to second order approximations .More
precisely for the solution of the nonlinear elliptic equation, we use a discrete version of the usual
H'-norm; for the solutions of the two parabolic equations we consider a discrete version of the usual
L?-norm. The error estimates were established in the main results of the chapter: Theorems 3.2.1,
4.2.1 and 5.2.1. These results can be interpreted as a supraconvergence results if we look to the
discretizations as finite differences; otherwise they can be interpreted as supercloseness results if the
discretization is seen as a fully discrete piecewise linear finite element method. In Theorem 3.2.1 we
extend the results included in [5], to nonlinear problems. The convergence results were established
assuming that the solution of the elliptic equation and the solutions of the parabolic equations, for
each time ¢, are in H>(Q). Numerical simulations illustrating the convergence results and showing the
sharpness of the smoothness assumptions were also included in this chapter.

The stability of the coupled problem (IV.14), (IV.15), (IV.16) was also studied. As we were dealing
with nonlinear problems, for stationary problem (IV.14) or for the evolution problems (IV.15), (IV.16),
the stability analysis presents some difficulties because the uniform boundness of the numerical
approximations is required. As in [10], we get the desired results using the convergence results.

As mentioned in the introduction, the system (1.6), (I.7) (I.8) can be used to describe the drug
transport through a medium, enhanced by an electric field. Numerical experiments in the scope of this
application, where different protocols were used, were also included. From the numerical experiments,
we observe, in short, that the application of long and low intensity protocols enhance the drug release
and the use of protocols of short and high intensity does not differ significantly from the typical
diffusion as can be seen in Figures IV.6 and I'V.10.






Chapter V

Influence of temperature on mechanical
behaviour: towards non Fickian models

1 Introduction

The mathematical modelling of the drug release from a temperature sensitive polymer was considered
in [50] using a Fickian description for the drug transport. The author assumes that the temperature
effects on the polymer states occurs discretely in times. Moreover, the spatial domain has two different
configurations and the drug transport is described by diffusion equations. In this chapter, although
considering the effect of the temperature on the behaviour of the polymer as described in [50], the
viscoelastic effect of the polymeric structure on the drug transport is taken into account. In this chapter
we assume that the polymer has two different states: the swollen and shrinking states that change
discretely in time. Each state is characterized by different Young modulus that are associated with
the density of cross-links between the polymeric chains. In Section 2 we present the mathematical
model for the drug transport that is represented by an integro-differential equation. An equivalent
differential equation will be established. The computation of the solution of the differential problem
whose spatial domain and differential equation change discretely in time is presented in Section 3.
Some conclusions are presented in Section 4.

2 A hybrid Non Fickian mathematical model

Let Q(r),t € [0,1f] be the spatial domain where the drug is dispersed. As the domain is composed
by a thermoresponsive polymer it changes in time: the domain swells for temperatures lower than
the LCST and it shrinks for temperatures higher than the LCST. We consider Q(z) = (—H(z),H(¢))
and that the concentration has a symmetric profile with respect the origin. Consequently, we take
Q(t) = [0,H(t)], where for x = 0 we impose symmetry boundary conditions and at x = H(t) we
assume that all the drug that attains the boundary is immediately removed. For x € Q(¢), the drug
concentration is described by the conservation equation

dc

E——V(]F(Z)—I—]NF(I)). (V.1)

83
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In (V.1), Jr(¢) is defined by (1.16) and Jyr () is a non Fickian flux defined by
JNF(I) = —DV(T)VG(l)

where D, stands for a viscoelastic diffusion coefficient and o (¢) represents the polymeric stress. The
liquid, in the release medium, strains the polymeric matrix that, while swelling, exerts a stress that
acts as a barrier to the incoming fluid and to the release of drug (see [21] and [30]). We define the
stress through a generalized Maxwell-Wiechert model with two arms as

E; (l —S)
Jde

‘ T
G(Z) = —/ Ey+Eje H —ds, (V.2)
0 ds

where Ey, E| represent the Young modulus of the spring elements, that depend on the temperature
T(t). In (V.2) u denotes the viscosity of the polymer-solvent solution and € represents the polymeric
strain. If we assume that € = Ac, then for the concentration we get

d
2= VOT)Ve(r)
[ ETO) o\
AV DV(T(t))V/O Eo(T())+E(T(1))e H(T(0)) S6(0)d6 |, in (0,H(1)),
(V.3)
fort € (0,17, completed with the boundary conditions
Ve(0,6) =0, c(H(t),t) =0,1 € (0,17]. (V.4)
and initial condition
c(0) =gin (0,H(0)). (V.5)

In equation (V.3) the temperature 7" acts on the release process, through the diffusion coefficient of the
drug and also through the properties of the polymeric, namely the Young modulus and the viscosity.
The IBVP (V.3), (V.4), (V.5) should be coupled with (I.17) for the temperature and a mathematical
law for H ().

Following [50] we consider a switch of the temperature between two different values. We further
assume that this switch leads to two different values in the diffusion coefficient of the drug and the
Young modulus. To keep the model analytically manageable we suppose that the polymer viscosity is
constant. We also assume that a swelling and shrinking of the domain occurs. Thereby [0,/] is split
into

(0,27 = U2 [tistis1) Ulta—1,1a), 0 = 0, 1, = 1.

We suppose that the release system is in the collapsed state during the first time interval, which
means that the temperature is above the critical temperature solution. Consequently, in U;—o|[t2;,%2i41)
the polymeric structure is in the collapsed state and in the swollen state in U;—[f2;_1,;). Let the
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subscripts ¢ and s stand respectively for collapsed and swollen. For [¢;,7;11) we have

Evyg ) Eiy
— (1)) Ei, pt ——— (-9
0u1) = ~A(Eve+Eos)ecls) +2 | EoptErge M Lealt) £ A= [e B e
L Jtj
(V.6)
for £ = ¢, s. Taking in (V.3) the expression (V.6) we deduce the following integro-differential equation
0 . E?, t 75 Lo
L0 = (DDA () + DA [ w acy(0)de
ot me Jy; (V.7)

Eye
+D, (A <E0,£ +E 1766’_“7([ t’)> Acy(t)),

where £, = Eo¢+Ejy, forl =c,s.

Finally, it is easy to show that ¢, satisfies

8205 8 dc Cy

atz +oy— 9 =D gA 5 —I—ngOC[AC[—l—Bg(XgACg(t]) n (O Hg) (Zj,tj+1), (V.8)

E N
where Oy = ;’[, D]ﬁg =D _DV,ZA’EZ> Dz’g =D— DV,ZAEO,[,? ﬁg = Dv,élEO,é, Hg = H(l‘g) and ¢ = c,S.

¢
Equation (V.8) is complemented with the boundary conditions
VC[(O,Z‘) = O,C/g(H(g,l‘) =0,t € (l‘j,l‘j+1). (V.9)

The main problem now is the definition of the initial conditions. It is clear that when ¢ € [to,?;), the
initial conditions are given by

CC(O):g V10
% (0) = Dag in (0.He), T

Where H, represents the domain in the initial collapsed state. To define the initial conditions for (V.8),

from (V.7) we get
dey

ar

A question remains without solution: What is the definition of ¢,(¢;)? If in the interval (z;_,t;) the

(lj) = DACg(tj) in (O,Hg).

polymeric structure is in the collapsed state, then a solution c. defined in [0, H;| x [tj_1,t;) is computed.
However the initial conditions for (V.8) involve a function defined in [0, H,|. One possibility to define
the initial conditions for (V.8) is to extend c, to [0, H] constructing c, .y such that

HC HY
/ Cc(xatj)dx = / Cc,ext(x)dxa (Vll)
0 0

Equation (V.11) represents the conservation of the mass of drug when a switch in the temperature and
consequently, in the volume phase occurs: the total mass at f = ¢; in the collapsed polymer H,, is the
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initial mass for the next swollen state Hy. Then the initial conditions for (V.8) are defined by

Cs(tj) = Cc,ext

V.12
aac:(tj) = DAc¢eq in (0,H,). ( )

Summarizing, we introduce in the procedure proposed in [50] the viscoelastic effect of the polymer
and then we propose the following algorithm to solve our problem. If the polymer is in the collapsed
state at = 0 then:

1. Solve the IBVP

d%c, dee dc, .

T; + O‘C(Tcz - DLCA(TCI + Dy cOeAce + BetteAg in(0, He) X (t0,11],

Vee(0,¢) = 0,c.(He,t) =0, t € [to, 1], (V.13)
dce

ce(x,0) = g(x), a—i(x,O) = DAg(x), x € [0,H,],

2. Extend c.(t;) to [0, H;] by constructing c, .y such that
H, H,
/ ce(x,ty)ds = / Ceext (X)dx. (V.14)
0 0

3. Fori=1,...,n—1, solve the IBVP

d%c dc dc .

thg + 0‘[87: = DMA(T: + Dy 10Acy + BrOyAcey (1) in (0,Hy) X (t;,t:41],

Vey(0,1) =0, co(Hy,t) = 0,t € [ti,1:41], (V.15)
dcy 0Cexs

Cf(x7tl') — Cext(xati)a W(x?ti) — DT(xati)ax S [OaHZL

with £ = ¢ or £ = s for i even or odd, respectively, and c,, is the extension of ¢(¢;) defined in
[0,H*] with H* = H; or H* = H,. for i even or odd, respectively, satisfying

e if jis even
H; H,
/0 CS(x7ti) = /O Cs.ext (x)dx, (V.16)
e if jis odd
H, H,
/O CC(X,II') :/0 Cc,ext(-x)dx- (V.17)

3 An analytic solution
In this section, using Fourier analysis, we introduce the general explicit expressions for the solutions

of the IBVP’s defined in the previous Section. In the first result we establish a formal representation
for the solution of the IBVP (V.13).
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87

Theorem 3.0.1 If g € L*(Q) is such that Vg € L*(Q) and g(0) = Vg(H.

2 1)m
Y. cos ((,H_)x> (ADe® ' + Ble® ")
nel. p 2HC

+ ) cos< 2n+1) x) e (Cheos(oxt) + Dsin(axt)) —

nel. gy

forx € [0,H.],t € [to,11], defines a formal solution c.(x,t) of the IBVP (V.13).

In(Vi8), I.p={neNo:n>nyorn<n_}, I.p={neNo:n_<n<ny},

2H\/ac\/D2cj:\/D2(, ch
ny = ( —1
2 T DlL
D]c T
ided that , |1 —
proviae a D262H\/E

_(Cn+Dm\?
%_ 2Hc )

_(ac + %Dl,c) + \/(ac + %Dl,c)z - 4%acD2,c

W+ =

@ = \/_(oc +%eD1e)* + 4% 0D,

and the Fourier coefficients A%, BY,C% D are given by

n=nyno

DZ,CDg” (n) —0_ (DZ,C + ﬁc):g\(n)
D2,c(®+,c - wﬁc)

0
An: ’

O ¢ (D27c +Bc)g(n) — DZ,CchN (n)

B’ = :
" D2,c(w+,c - wﬁc)
CO _ (DZ,C + ﬁc)t/g\(n)
" DZ,C ’
and N
Do _ DZ,CDg” (n) - Rec(DZ,C + ﬁc)g(n)

n

D2 c O

(2n+1
where the notation f f " + ) dx was used.
H .

(V.18)

(V.19)

(V.20)

(V21)

(V.22)

(V.23)

(V.24)

(V.25)

(V.26)

(V.27)
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Proof: We start by the following convenient change of variable

0
co(st) = (o, ) — Pecex0) (V.28)
D2,c
that converts the nonhomogeneous IBVP (V.13) in the homogeneous one
ou? du du
at;” + occa—tc =D A <a:> + Dy 0 Au(x,1), (x,1) € (0,H,) X (to,11],
d
ue(r,0) = (11 P2 g0, 2% (,0) = Dy (x), x € [0, ], (V.29)
DQ,C ot

uc(Heyt) =0, Vu,(0,1) =0, t € [to,1].

To obtain the solution of the new IBVP (V.29), we apply the method of separation of variables,
defining u.(x,t) = X (x)T (¢). Hence, replacing it in the partial differential equation of (V.29) we get

" ! " ! "

T (X (x) + 0 X ()T (1) = D1.X ()T (1) + DycteX (X)T (1),

that leads to ,

T"t)+al'(t) X (x)
Dy T (t)+Dycat.T(t)  X(x)

From the boundary conditions we obtain X (H.)T (t) = 0 and X (0)T(¢) = 0 and consequently, we
should have X (H,) = 0 and X’(0) = 0. Then for X we obtain the boundary value problem

X (x)+yX(x)=0,x€ (0,H,),
(3)+ PX(x) =0, € (0, ) V0
X'(0)=0,X(H,) =0,
and for 7 we deduce
T (t) + (0t + ¥YD1.)T (1) + YD2. 0t T (t) = 0.
We remark that if ¥ < 0, then X (x) = 0 that leads to the null solution. So, y > 0, and
X (x) = A%cos(\/7x) + BYsen(y/7x).
As X(H,) =0and X'(0) = 0, we obtain
2n+1)rm
X(x) = - N
(x) = cos ( oA x| ,n & No,
and v, is given by (V.20).
On the other hand, to obtain T we notice that z2 4 (¢, + YeD1 )z + Ye0D2 . = 0. Thus
—(0e +vD1.) £/ (0 +7V.D1.)? —4y.0.D> .
7= ( c+'}/ 1,0) \/( c+}/ 1,c) 7 cl/2, ] (V31)

2
The definition of T depends on the nature of the roots defined by (V.31).
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o If (0. + %.D1)* — 4v.a.Ds . > 0, (V.31) have the roots (V.21) and consequently, T is given by

T(r) = Ape®<' + Be® <. (V.32)

o If (ot + ¥:D1)* — 47.0,.D2 < 0, then
T(t)= (CSCOS(wct) +D2sin(wcz)>ezeect (V.33)

where Re. and @, are given by (V.22) and (V.23).

To conclude the expression of u, we need to specify the set of n € Ny such that (a + ¥%.D1)* —
4y.a.Dy . > 0 or (0t + 7.D1)? — 4%.0.D3 . < 0 holds. Let n;. and n_ be defined by (V.19) which are
the real zeros of (0 + %.D1)? —4Y.&-Dy .. Then, for n € I. p =] —oo,n_| U [n ., +oo[, T(t) is given by
(V.32) and, forn € I. gy =|n_,n[, T(t) is given by (V.33). Consequently, the candidate to u, admits
the representation

2n+ 1)z
uc(x,t) = Z cos <(7’l—‘r>x> (A2€w+>ct+B2ew7‘C[)

nEICtp 2H{’
2n+1

+ Z cos (Wx) Rl (Ccos(ot) + DYsin(axt)) (V.34)
nGI(-‘H c

where the constants A%, BY, C? and DY are computed using the initial conditions of the IBVP (V.29).

Using the Fourier series of <1 + Dﬁc ) g and Dg" we easily get the algebraic systems
2,c
D; .+ g(n
a0 g (Pac T BIE)
D2,c

0 Ay + 0 B) = Dg'(n)

and R
co_ (Dac+BE)
V=
D2,c

Re.C? + 0.D0 = Dg' (),

a2 [H 2n+1
where the notation f(n) = A / f(x)cos <(nz—[i:[)7rx
cJ0 ¢

we get AQ,BS,CS,DS given by (V.24), (V.25), (V.26) and (V.27), respectively, that concludes the proof.

> dx was used. Solving the last linear systems

We observe that the computed solution is formal because to show that it is in fact solution of the
IBVP (V.18) we need to prove that the series (V.18) defines a function ¢, in [0,H,] X [ty,#] that is
continuous, admits the partial derivatives that arise in the partial differential equation in (V.18) and
satisfies all the identities of this problem.

To obtain a solution in the time interval [¢;,7;] we need to define an extension of ¢.(f;), given in
Theorem 3.0.1, to [0, H] such that (V.14) holds. We start by noting that c.(x,;) can be rewritten in
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the following equivalent form

> 2n+1)m
cc(x,tl) = r;)COS <21_ch Cn (V35)
where
Age“’“’] —l—Bge“’*-E“ — BC g(n) nel.p,
Cn — 2 ,C :
et (COcos(w t1) + DVsin(w.t1)) — DB g(n) nelen,
2,c
2 [He 2 I0F4
with g(n) = . /0 g(x)cos <(’12—|I:Ic)x> dx. We take
H, & (2n+1)m
: = ———x | C,,x € |0,Hy. V.36
Ce.ext (X) . ngbcos ( o, x> x € [0,Hj] ( )

The extension c. .y defined by (V.36) satisfies (V.14) and its Fourier form is convenient to obtain
easily the solution of the IBVP (V.15), with £ =5, i = 1, in [0, H;] X [f1,%,]. In fact, applying Theorem
3.0.1

(2” 1)3[ 1 o)t 1 ot
s(x,r) =) x| (A e® B e®
cs(x,1) c0s< 2H, x)(Ae € )
(V.37)

2n+1
+ Z cos <(n—|1;1)71'x> Rl (Cleos(wyt) + DYsin(ogt)) — Dﬁscc’m (x,11)

nelg g 2.8

withlip={neNo:n>nyorn<n_},g={neNy:n_<n<ni},

2H, /0 \/Dzvﬂ:\/Dzv Dy
ne=5 (7 -1)
2 Dlv

, provided that , | 1

Dzs 2H s/ Ols

_((@n+1)m :
%_ 2H‘ ’

_(as + YSDI,S) + \/(as + %’Dl,‘v)z - 4’}/sasD2,s
Wt 5 = ) )

O + %Dl,s
D) )

Re; = —

0= /(e + %D +4%aDas (V.38)
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and the Fourier coefficients A}, B}, C}, D} are given by

n»-n

| _ DDy sceen(tt) (n) = O o(Das+ By)ceen (1) (n)

A ;
" D2,s(w+,s - w—.,s)
Bl _ Wy s (DZ,s + ﬁs)cc,ext (tl ) (n) - DDZ,ch,ext (tl)// (I’l)
" D2,s(w+,s - wf.,s) ’
o1 Doyt B)ecesn)(o)
n )
DZ,S
and - -
Dl — DDZJCC,EXZ (tl)// (n) - ReS(DZ,S + .Bs)cc,ext (tl ) (n)
" D2,sws
— 2 [H; 2n+ 1)z
where ¢ ey (11)(n) = E/O Ceext(X,11)cCOS (2Hs)x dx.

To obtain the solution for [0, H,] X [t2,#3] we apply again the Theorem 3.0.1 with the convenient
adaptations.

4 Conclusion

The main objective of this chapter is the introduction of mathematical models for the drug release
from a polymeric thermoresponsive platform. The polymer is a viscoelastic material where the Young
modulus change with the temperature. The polymer has a lower critical solution temperature (LCST)
and it switches from collapsed state for temperature above the LCST to swollen state for temperatures
lower than the LCST.

To simulate the evolution of the polymeric platform, here it was assumed that the change in
the temperature leads to two different states of the polymeric structure. A hybrid model obtained
splitting the time interval into disjoint subintervals, where the polymeric domain has different lengths,
is constructed where the drug transport is characterized by two sets of different values. An analytic
processes based on Fourier analysis is proposed to construct the solution of this model.

The main theoretical result - Theorem 3.0.1, that allows the construction of a solution of the hybrid
model, can be used to study its qualitative behaviour.

Thermoresponsive polymers are attracting an enormous scientific interest for advanced applica-
tions in drug delivery. Mathematical modelling and simulation of drug delivery, from these materials,
appears as an important co-adjutant in pioneering experimental studies. Though the work included
in this chapter still has an exploratory character, we think that promising numerical simulations can
be obtained by using the Fourier approach presented here. In the near future we plan to develop this
approach as well as the design of FEM/FDM well adapted to the moving boundary value problem.






Chapter VI

Conclusions and Future work

The study of numerical methods for systems of nonlinear differential equations of parabolic type or for
systems defined by a nonlinear elliptic equation coupled with two nonlinear parabolic equations was
the main objective of this work. The motivation underlying the study is the modelling of drug delivery,
from polymeric matrices, enhanced by external stimuli, namely by heat. In several human diseases
like cancer, the traditional treatments lead to very serious side effects. To overcome the limitations
of some classical therapies, like chemotherapy in the cancer treatment, local drug delivery strategies
that require drug carriers have been studied. Liposomes, dendrimers, polymeric nanoparticles, and
lipoprotein drug carriers, among others, have been shown to be very promising. A large number of
experimentalists have also studied new delivery systems, combined with the use of external stimuli, to
enhance the drug release. Most of these new drug delivery systems are still at an experimental stage.
We believe that mathematical modeling and numerical simulation, is an important co-adjutant in such
pioneering experimental studies. As the differential systems studied can be used to describe the drug
release in a target tissue, the numerical simulations can be used to illustrate the behaviour of the drug
concentration in time and space in heat-enhanced delivery.

Regarding the mathematical aspects - the construction of numerical methods and the development
of their theoretical support- we would like to highlight the main points addressed:

* two types of differential systems were considered:

— asystem of two nonlinear parabolic equations (1.3)-(1.2);

— asystems defined by a nonlinear elliptic equations and two nonlinear parabolic equations,
(1.6)-(1.8);

* The numerical methods proposed - method (I11.32)-(I11.33) for problem (1.3)-(1.2); (IV.14)-
(IV.16) for problem (I1.6)-(1.8), be viewed simultaneously as finite difference methods or com-
pletely discrete piecewise linear finite element methods.

* The main convergence outputs are defined in the following results: Theorems 4.1.4 and 4.2.5,
Theorem 3.2.1 and Theorems 4.2.1 and 5.2.1. The first result shows that the numerical solutions
obtained by (II1.32)-(II1.33) converge for the solution of the differential problem (I.3)-(1.2)
with respect to the norm ||.||;, that is a discrete version of the usual L* norm. Theorem 3.2.1
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establishes that the solution defined by (IV.14) converges to the solution of (I.6) with respect
to the norm ||.||;, which is a discrete version of the usual norm in H'!. This result has an
important role in the establishment of the convergence of the numerical solutions defined by
(IV.15)-(IV.16) to the correspondent continuous solutions in Theorem 4.2.1 and 5.2.1.

* The main convergence results were established assuming that the solutions of the differential
systems are in H> () which is not a usual assumption in the finite difference analysis.

* The stability of the method (II1.32)-(II1.33) for problem (I.3)-(1.2) and(IV.14)-(IV.16) for
problem (1.6)-(1.8) was studied. As we were dealing with nonlinear problems, the convergence
estimates established played an important role is the stability analysis.

* The convergence results were numerically illustrated. The numerical experiments included in
this work show the sharpness of the smoothness assumptions.

Regarding the applications of the models studied we present in what follows some possible
medical outcomes.

In Chapter III the heat in the system was assumed to be generated by a source term, that can be
located inside the spatial domain or at its boundary. The numerical experiments included can illustrate
the behaviour of the drug concentration in different scenarios. In Chapter IV the heat is induced by an
electric field generated by an applied potential. The model can be used to simulate iontophoresis and
electroporation, techniques that are used to enhance transdermal drug delivery. A number of protocols,
characterized by different potential intensities and different durations were numerically analyzed. The
results obtained suggest that lower intensity protocols were more effective.

In Chapter V we consider a non-Fickian mathematical model to describe drug release from a
stimuli responsive polymer. Here, the dependence of the Young modulus on the temperature was
considered. Following a semi-analytic approach, we constructed the analytical solution and its
qualitative behaviour was illustrated. The work in this chapter still has an exploratory character. We
plan to develop, in the near future, two different strategies to build robust numerical methods to
simulate drug delivery from thermoresponsive systems: approximations based on the Fourier approach
and the design of FEM/FDM well adapted to the moving boundary value problem.

The systems presented in this thesis represent drug release in vitro, that is in an external medium,
but they don’t consider the properties of this medium. To simulate the drug release from a drug
transporter and its absorption by the target tissue, enhanced by heat, it is necessary to combine all
the actors of the process. Therefore the coupling of the polymeric and target tissue domains needs
to be taken into account. We plan to address the problem in the near future. As human tissues are
viscoelastic materials a viscoelastic version of the systems (I.3)-(1.2) and (I.6)-(1.8) considering the
approach in [20], [21] and [30] will be studied. We believe that the study of in vivo release, by
coupling the drug delivery systems with the living tissues, would represent a step forward a more

complete comprehension of controlled drug delivery.
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Appendix A

1 Functional Spaces
e 12(Q),L”(Q),H}(Q),H*(Q),k € N are the usual spaces.
* Let consider % a Banach space.

- C([0,1f], %) denotes the space of continuous functions b : [0,77] — 2 with respect to

norm |||z

— Ck([0,f],8) represents the space of continuous functions b : [0,77] — % such that its
derivatives up to order k are continuous and

[1Blt 0.9 = max [ D]l < o (A1)

— L%(0,t7,98) denote the space of Bochner-measurable functions b : (0,¢¢) — 28 such that

1/2
Wiz = ( [ To01Eat) - <= (a2)

- L*(0,1, %) represents the space of essentially bounded Bochner measurable functions
16]| = (0.1/.8) = ess [SUP] 16(t)]| 2 < oo (A.3)
O,I/

— H*(0,t7,%) denotes the space of functions b in L?(0,t,98) whose distributional time
derivatives up to order k are also in L% (0, tr, %) and moreover, such that

d’b
6009 Z || (A4)
« W*(Q) denotes the Sobolev space of functions defined in Q such that
[Wllwi=(q) = max esssup |[D*w| (A.5)
o<1 Q
olol
with & € No and D%w = =2
Ix¢*

929
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2 Embeddings

Theorem 2.0.1 [1] Let Q be a domain in R". Suppose Q satisfies the cone condition. Let j > 0 and
m > 1 be integers and let 1 < p < oo. Ifeithermp >norm=nand p =1, then

Witmp(Q) < C1(Q).

3 Inequalities

Gronwall’s Lemma [29] Let o, B and u be real-valued functions defined on [0,7¢]. Assuming that
B and u are continuous and that the negative part of @ is integrable on every closed and bounded
subinterval of [0,77]. If B is non-negative and if u satisfies the integral inequality

u(t) < () + / "B(s)u(s)ds Vi € [0,¢/]

then
u(t) < at) + / a(s)B(s)e" PO as 1 € [0,1).

Moreover, if the function « is non-decreasing, then

u(t) < a(1)ele PO 1 e0,1/].

4 Bramble-Hilbert Results

Lemma 4.0.1 [11] Let Q be an open subset of RN with a Lipschitz-continuous boundary. For some
integer k > 0 and some number p € [0;1], let A be a continuous linear form on the space Wk (Q)
with the property that

Yu e P(Q), A(u) =0

where Py represents the space of polynomials of degree k. Then there exists a constant ¢(Q) such
that
vu E W]H»LP (9)7 |l (Lt) | S C(Q) ||A/ H:(/V/“*'IJ’(Q) ‘M’Wk+l,p(9), (A.6)

where || - H;VH,;[,(Q) denotes the norm in the dual space of W19 (Q).
Let assume that Q = (a,b).

Lemma 4.0.2 Let define u € H>(Q)NH} (Q) and consider the nonuniform grid Q, = {x;,i=0,--- ,N,x; —

d
X1 =hi,i=1,...,N,xo = a,xy = b}. Then for the functional A(u) = D_u(x;) — a—u (xl. ;) there
x
exists a constant C such that

|A(u>| S Chl‘ |u,//’ ‘LI (x,-,l,x,-)'

Proof: Let v be defined by v(€) := u(x;_ + €h;), for € € [0, 1].
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Asv(0) = u(xi—1), v(1) = u(x;), ve(1/2) = hiux(xi_%), we get

Mo = M)
1

- - (u(xi) —u(xi—1) — hite(x;_

/ 15
B ) = 5 V=0 =V (1/2) = AE)

1
2

where A : W'3(Q) — R is a bounded functional that satisfies A (g/) =0, j = 0,1,2. Thus, the
Bramble-Hilbert Lemma 4.0.1 guarantees that:

3C>0: 20| < I luey

Butas |[v"|[11(q) = ||| 1 , we get that,

Xi—1,%;)

1
A1 < ORI sy = Chilla"
1

Xi1.Xi Xim1X)"

[
Lemma 4.0.3 Let Q;, be defined by {x;,i =0,--- \N,x;—x;_1 = hj,i=1,....N,xo = a,xy = b} and

hi i .
let u € H*(Q)NH} (Q) and A(u) = E(M(Xi) +u(xi—1)) —/ u(x)dx, there exists a constant C such
Xi-1

that
A ()] < ChF [ 13 (o)

Proof: Let v be defined by v(€) := u(x;—| + €h;), for € € [0,1].
Asv(0) = u(xi—1), v(1) = u(x;), h; [01 v(e)de = / [ u(x)dx, for A (u) we obtain

Xi—1

Aw) = ;n<;@4my+wﬂ-g)—j::u@yu>
_ m<;“D+Wm*ﬁ[V@M%

A(v)

Then the functional 4 : W'2(Q) — R defined by A(v) = F((1)+v(0)) — Jov(e)de,v e WH(Q)
is bounded and A (¢/)=0,j=0,1. Thus the Bramble-Hilbert Lemma 4.0.1 guarantees that:

3C>0: [AW)| < IV

But as |[V'|[1(q) = il [t ||y, , x,)» We get that,

A ()] < hiChil[u" ||,y = CHIU" |11 o -
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< N, xi—xi_1 = =1,....,N,xo=a,xy =b} and
x;
/ u(x)dx, there exists a
1

i1
2

Lemma 4.0.4 Let Q;, be defined by {x;,i =0,
h;
let u € H'(Q) N HL(Q) and A(u) = (u(x) — u(xiy) +/
Yied

constant C such that
A ()] < Chillu'[| 13y, 20)-

v(e)de =

/'11 ()dxandh/

Proof: Let v be defined by v(¢) —u(x, |+ €hy), foree [0 1.
) = u(x;), h/

Then having that v(0) = u(x;—;), v

/ ; u(x)dx, we get
Alu) = Zi(u(x,')—u(xiq))—i-/:]% u(x)dx—/: u(x)dx

hy (;(V(l)—v(O))+ _ / 1 v(s)ds) — hA(v)

L (1>—v(0)>+/02v(e)ds—ﬁv(s)ds,ve

Then the functional A : W'!(Q) — R defined by A (v) =
0, j = 0. Thus the Bramble-Hilbert Lemma 4.0.1 guarantees that

=

Ww!1(Q) is bounded and A (g/)
3> 0:1A0)] < IV

Butas [[V'|[11(q) = [|t/]11(x,_, ) We get that,
A ()] < Chil ||| (1, 2y
[

N,xo =a,xy =b} and

i '_0,"' ,N,xl-—x,-,l :hi,i: 1,...,
2( (x;) +u(xi—1)) —u(x,_1), there exists a constant C such that

Lemma 4.0.5 Let Q) be defined by {x;,i =
1

let u € H*(Q)NH} (Q) and A(u)
()| < Chillu” |15, )

(Xl'_l +8h,’), for € € [0, 1]

Proof: Let v be defined by v(€) :=u
Then as v(0) = u(x;—1), v(1) = u(x;) and v(%):u(xl;%),we obtain
A(u) = %(“(xi) +ulxiog)) —ulx_y) =h (;(Vu) +v(0)) —v (;)) =20
(v(1)+v(0)) — v( ) vEWL2(Q)is

Then the functional A : W2!(Q) — R defined by A (v)
0,j =0, 1. Thus the Bramble-Hilbert Lemma 4.0.1 guarantees that:

bounded and A (¢/)
3C>0: A0 <V Il
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But as [V'[|1(q) = hillu|| 1 we get that,

(xi-1,x:)°

|2 ()] < Chillu" ||

xl 1 7-xl

Lemma 4.0.6 Let Q) be defined by {x;,i =0,--- N, x;—x;_1 = hj,i=1,...,N,xo = a,xy = b}. Let

)
u€ H(Q)NHL(Q) and A(u) = a—u(x,-) — Dyu(x;) there exists a constant C such that
x

()] < C(hi+hi) [u"]] 2 ey )

Proof: Let v be defined by v(¢g) := u(x, 1 +&(hi+hiyr)), for e € 10,1].

Considering 0; = h+hh and &6, = ;1 we have that v(0) = u(x;_1), v(1) = u(xi31), v(61) =
i i+1
u(x;) and ve(8;) = hzui(ziL Consequently,
2 — 1 hi 1 h: y_ i . . hi . .
(l/t) - m <( i+ l+1)ux(xl)* hi (M(XI)M(XII))hiH(u(XlJrl)M(XI)))
1 1 1 A
= (ve<61> = 8,(4(8) = ¥(0) - 5 (1) —v<61>>) = A

where A : W!'3(Q) — R is a bounded functional that satisfies A(g/) = 0, j = 0,1,2. Thus, the
Bramble-Hilbert Lemma 4.0.1 guarantees that:
3C>0: AW < IVl (A7)

However, Hv’"||L1(Q) = (hi+hi+1)2||“W||L1(x,-,1,x,»+1)’ SO

A ()] <

< iy < O ) I oy = i i) ) (AB)
1 1
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