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DISCRETELY COMPACT EMBEDDINGS OF SPACES
OF CELL-CENTERED GRID FUNCTIONS

Silvia Barbeiro

Center for Mathematics, University of Coimbra, Coimbra, Portugal

O  Compactness of embeddings in discrete counterparts of Sobolev spaces is considered. We study
the embeddings in spaces of cell-centered grid functions, in one- and two-dimensional domains.
No restrictions are made on the mesh-ratios of the underlying meshes.

Keywords Cell-centered grid functions; Compactness; Discrete spaces; Embeddings.

AMS Subject Classification 46E39; 74S20.

1. INTRODUCTION

Results in compactness of embeddings of spaces of grid functions
can play a primary role in the study of stability and convergence of
finite difference schemes. In particular, they are important technical
tools in order to establish supraconvergence results for schemes on
nonuniform meshes (see, e.g., [3-6, 9]). The discrete convergence theory
was introduced by Stummel, in [11], and later considered also by
Grigorieff and Reinhardt (see, e.g., [7, 8, 10, 12]) among others.

In this paper, we consider spaces of cell-centered grid functions.
We prove discrete compactness of embeddings in discrete versions of the
Sobolev spaces L?, Wol’p and W2 N Wol’p , 1 < p <00, in one-dimensional
domains. In two-dimensional domains we prove similar results for the cases
L? and Wol’p , 0 < p < oo. Grigorieff gives, in [8], correspondent results
for spaces of vertex-centered grid functions in one-dimensional domains.
In the case of nonuniform grids, the normed spaces that we consider in
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this paper do not coincide with those defined in [8], and different kinds
of proofs are needed.

We obtain the compactness result for the discrete version of
the embeddings Wol"b — L% in the one-dimensional case, using a
correspondent result in the continuous case. Functions defined in all
the domains that coincide with grid functions in the grid points are
considered. In the two-dimensional case we could not find appropriate
continuous prolongations of the grid functions, and the proof of the
discrete compactness result uses the Kolmogorov compactness theorem.
This last strategy could also be applied to the one-dimensional case,
but we chose to present the proof that we consider more natural.
The proof of discrete compactness of discrete versions of the embeddings
Wol’p N w2 — Wol’q we present is also specific for the one-dimensional
case, and there is not an immediate extension for the two-dimensional
case.

The results we present in this paper play an important role in
the stability analysis of a cell-centered finite difference scheme for
second-order elliptic equations in [3].

2. DISCRETE APPROXIMATIONS

In this section, we start by introducing the discrete counterparts of the
Sobolev spaces L?(0, R), WOLIJ(O, R) and W??(0,R) N W()l’p(O, R). We define
the partition G, of the domain [0, R],

Gh, = {O:X()<X1 < - <X :R}
The set of the cell-centers is given by

Sp = {x1/2, X3/25 e v+ s XN—1/2},

where

Xji-1 + X

, j=1,...,N.
2 ]

Xj-1/2 '=

For the grid functions v, and w, defined on S,:=S,U {x0, xy} and G,
respectively, the centered difference quotients are given by

Ujiy172 — Vj-1/2

(dup)j == , j=0,...,N,

hi—1/2
and

w; — )
(bwy)j—1y2 1= j—jl, j=1,...,N,
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where x_1/9 := xp, Xy41/2 := Xy and

hi—vs2 = %110 — X172, J=0,...,N,
h]',IIIXj—XJ‘,l, ]:1,,N

We also consider x_; 1= xy, Xy41 := Xn, Ay 1= hy := 0. Let A be a sequence
of mesh sizes h = (hy, ..., hy_1) such that

Inax = max{h_,j=1,...,N}

converges to zero.

Let Lf, Whl’p and V[{LQ”] N W,Lm, respectively, be the spaces of grid

functions on §,, which are zero in 0 and R, equipped with the norms

I+ Mlops I - l1pn @and || - [lo,p.0, Tespectively, where, if p € [1, 00[ then
m 1/p
. P
ol g = (Dvm,p,h) ,
=0
with

N
b
[Valo 0 = Z Bi-ilvioapel?,

J=1

N
p .
|vh|1,p,h = Z hj—l/?
=0

(0u),17,

N
j4 . 2
|vh|2,j1,h = Z hj—1|(5 Uh)_;‘—l/?lp-
j=1

If p = oo then
|03l my00,n = mMaAX |V |¢ 00,45
0<l<m
where

n10,00,h +— L h)j—1/215
[ = max |[(v,)j_12|
1<j<N

|vh|l,oo,h = IIl‘aX|(5‘0h)'|,
J
0<j<N

. 2
[Unlo,00, = m.a)g,l(é Uh)j—l/?l-

1<j<I

The pointwise restriction of the function v to the grid §, will be
denoted by R, v.
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The symbol || - [lo,,, does not always represent a norm in spaces of

grid functions. In order to overcome this fact, we restrict the definition to
spaces of grid functions that are zero in {0, R}. Sometimes, for the easiness

.. . ° 0 ° °9 .
of the writing, we use the notation W, ? for Lf; . The space L is endowed
by the inner product

N
(v, wy)p = E hi—10; 12w 12,
j=1

which is a discrete version of the usual L2(0, R)-inner product, (-, ).

The discrete spaces introduced ﬁ/hm’p, 1 <p<o0,and V(E/h"”’oo, m=20,1,
form discrete approximations to Wom’p (0, R) and C™(0, R), respectively, in
the sense explained in what follows ([11, 12]). A sequence (v;),ea is said

to converge discretely in (L?(0, R), HIOJ,{J) to an element v € L?(0, R),
v, — vin (LX(0,R),TILY) (h e A),
if for each € > 0 there exists ¢ € C*(0, R) such that

lv—e@llror <€ limsup{lv, — Ryellopns h € A} <€

it is said to converge discretely in (W)l’p(O,R),HI/?/hl")) to an element
ve W"(0,R),

v — vin (W0, R),TTW,") (heA),
if for each € > 0 there exists ¢ € C*(0, R) such that

lv—@llwiror <€ lim sup{|lv, — Ryell1pn, h € A} <€

it is said to converge discretely in (C(O,R),Hz,fo) to an element
ve CO,R),

v — vin (C0,R),TILT) (heA),
if
lon — Rivllooon = 0 (k€ A);

it is said to converge discretely in (CI(O,R),HWhl’OO) to an element v €

C'(0, R),

v — vin (C'(0,R), TTW,"®) (he A),
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if
v = Ryvllicon = 0 (R €A).

A sequence (v,)x converges weakly to v in (LQ(O,R),HZ,?), v, — v In
(L*(0,R),IIL)(H € A), if

(wp, vp)y — (w,v)g (h€A)

for all we L?(0,R) and for all (w,), € HI(:,? such that wy — w in
(L2(0,R),TI[2).

In main result of this section, Theorem 2.1, asserts that every bounded
sequence in I/i}/hl’[) has a convergent subsequence in (L?(0, R), Il Ii,f) and
in (C(0,R),II ]i,fo) and that every bounded sequence in V{{Q’pﬂ Vi)/hl’p has a
convergent subsequence in (Wol"[(O, R), 11 I/ij/hl’q) and in (C'(0, R),I1 Vc[)/h]’oo),
with p, ¢ satisfying certain conditions.

Corresponding natural embeddings in Sobolev spaces are given by the
Rellich-Kondrachov theorem (see, e.g., [1]).

Theorem 2.1.  The sequence of natural embeddings
JoW > LU and J WA WM WL he A,
Jorl1 < p,q < 00, with g < o0 if p =1, are discretely compact.
Proof. We first consider the embedding
Jo Wit LI heA.

Let (v,)p €11 V([)/hl’p be a bounded sequence. For each h € A, we consider
the function wj, which is linear in each interval [x;_/9, x11/2],j = 0,..., N,
satisfying

wy(xi-172) == vp(x-172), j=0,...,N+1.

Then the sequence (w,)s € HWOI’/J(O,R) is bounded in HWOI”}(O,R). In
fact, if p = oo, then

”wh”WW’(O,R) = ”vh”l,[;,h-
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If1 <p < oo, then

R 1/p N 1/p
il o0 = ( f | (x)[f dx) = (Zhjm(évhw) = |oal1pa
0 -
J=0

and, by Friedrich’s inequality, there exists a constant C, depending only on
R and p, such that

lwnllwreo,ry < Clwilwisr)-

We note that the embedding W0, R) — C[0,R], 1 <p<oo, is
compact and consequently we can find a subsequence A’C A and a
function w € C(0, R) such that

max |w,(x) — w(x)|— 0 (he A).
x€[0,R]
Hence,
v — win (C(0,R),TIL>®) (heA).
Because for 1 < g < 00
lvn — Rywllogn < RY1v, — Rywllo,sn»

we conclude the convergence
v — win (LY0,R),IILY) (he A).

Let us now consider p = 1. The embedding W"'(0,R) — L7(0, R) is
compact and subsequently

w, »> win L1Y(0,R) (heA)

for some subsequence A’ C A and w € L7(0,R). We are now going to

prove that v, — w in (Lq(O,R),HIi,'L’)(h € A). Foreach e > 0and ¢ > 0, it
is possible to find ¢ € G;°(0, R) such that

€

lw — @llzi0,r) < ;

Let us consider the function y,, which is linear in each interval
[%-1/2, %1121, j = 0,..., N, and satisfies

Uin(x) == e(xi12), j=0,...,N+1
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There exists a constant C > 0, depending on R and ¢, such that

R
C'ls = Raglf o = [ 1w =l v
0

Because {/, - ¢ in LY(0, R), then

R R
/ |lwy — " dx — / lw—@|"dx (heA).
0 0
Consequently, taking ¢ = C, holds

limsup{llv, — Ry@llo,g b € A'} < €.

This concludes the first part of the proof, i.e., the sequence J, :I/%/h]’p —>£,Z,
h € A, is discretely compact.
We consider now the sequence of embeddings (J,)a, Ji: V],{Q’ﬁﬂ

o

W,;’p —>I/?/h1’q. Let (v,)a € H(V‘,{Q’pﬂ V(E/,?’p) be bounded. The sequence
(wy) s, where w, is defined by

wy (%)) = (5’0};,)]', j=0,...,N,
linear in each interval [x,x.], j=0,...,N—1, is bounded in
ITWh(0, R). For p > 1, then the Rellich-Kondrachov theorem gives the
existence of A’ C A and w, € C[0, R] such that

max |(0v,); — wi ()| — 0 (ke ).

0<j<N

Let wy(x) := fox w (t)dt. Taking vy = wy(0) = 0 into account, we have

N N
910 — wo(x12)| < Y 1(80); — wn (x)|+ ) lwn (%) — (Sun)]
=0 =0
=< Rom_a%vl(év)i —w (x)] —I—Rgn_a)glw(;(xi) — (0wp);l,

j=0,...,N+ 1. Hence the convergence

max |vi_y9 — wo(xi_ -0 (he A,
Jmax 9y — wn(x-10)| = 0 (he A)

follows and we conclude that
o — wy (heA)in (C(0,R), TTW ™).

For the case p =1, the proof is analogous. O
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The next lemma is helpful in the proof of the compactness embedding
theorem for the two-dimensional case.

Lemma 2.2. Let (v,), €11 ﬁ/hl’p be a bounded sequence, with 1 < p < oo. For
any © € R, the step function defined by

wh(x) = vh(‘xj—l/Q)ﬂ X E]xj—la 'X_']]; ]: 17"'7N7
and zero oulside of these intervals, satisfies

/|wlz(x + T) - wh(x)v) dx S S(|T| + hmax)[jlvhﬁl,;;,h’ (21)
I

where I is any interval containing (x, xy).

Proof. Let 1 > 0. Then
R—1
/|wh<x + 1) — w ()l dx < / 0y (x4 7) — wn(x))” dx
I 0

0 R
+/ | (x + DI dx+/ | ()| dx.
-7 R—1
For f defined by

S(x):=j, x€lx1,x],

we have, using Holder’s inequality,

Rex Rew ,f(xD—1 »
/ lwy(x 4+ 1) — wy(x)|” dx < / ( Z lwp (Xps1/2) — wh(xk—1/2)|) dx

0 0

k=f(x)
Rz J(x+D—1 p—1/(x+)—1
< / ( Z hkl/g) Z Ti—1/0|(00y) | dx.
0 k= (x) k=f (x)
Because Zif;;?;l hi—1/2 < T+ hax, We obtain
R—1 Np_: S(xi+1)—1
/ |wa(x + 1) — () dx < (T+ b)) (hjl > hk1/2|(5vh>k|P>
0 . .
j=0 k=j

N k

< (T + hipa)? ™! Z (hk—1/2|(5vh)k|l) Z hf‘l)’

k=0 J=s(k)
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where Ni_. and s(k), are the biggest integer and the smallest integers,
respectively, such that ZNR “hioy < R —tand f(x) + 1) — 1> k. From

k

Xp— Koy < T Z hi—1 < T+ hmao
Jj=s(k)

we conclude that

R—1
/ (3 + 1) — w (D)1 dx < (¢ + )Pl (2.2)
0

On the other hand,

N;

f |wh(x+f)|p dx—f |wh(x)|P dx < Zhj llwh(x] 1/2)|

Jj=1

with N; the smallest integer such that Z?ﬁl hi_1 > 7, and then

Ny

Jj=1 P
/ |wi(x + 0| dx < Z 1(Z|vh(xk+u2) - vh<xk_1/2)|)

k=0

Ne J—1
= Z 1(2 Dy 1/z|(5vh)k|>
j=1

k=0

Because Zj\il -1 < T+ hnax and for j <N, Z’;;}) 179 < T+ hmax, 1t
follows by an application of Holder’s inequality

/ |wh('x+r)|p d'x < (T+ hmax) |vh|1ph (23)

In the same way as before, we have

f |y, (x)|” dx < Z i — 1<th 1/2|(5Uh)k|>
R—

J=Nr—

and consequently

R
f |wh(x)|p§ (T + hmax)p|vh|€,p,h' (24)
R—1

From (2.2)-(2.4) we obtain (2.1).
The case T < 0 can be proved analogously. O
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The next lemma gives some more information about the embeddings
considered in the Theorem 2.1. Corresponding results for spaces of
continuous functions are well-known (see, e.g., [2], Theorem 3.12).

Lemma 2.3. If (v,)s € HI/%/}J’2 is bounded and weakly convergent to v in
(L*(0, R),I112), then v e W,"*(0, R).

We address the demonstration to the proof of Lemma 3.4, where a
correspondent result for two-dimensional domains is considered.

3. DISCRETE APPROXIMATION OF LP(Q)
AND W,?(Q), @ c R?

We now need norms for functions on two-dimensional grids. To
this end we introduce discrete versions of the Sobolev spaces Wom’p (Q),
m=0,1, p € [1,00[, where () is a union of rectangles.

Let us first introduce the nonuniform grid Ggy. In a rectangle
R = (x_1, xv+1) X (9-1,Yu+1) that contains (), we define the subset
Gy = R, x Ry, where

Rii={x <% <-+<xy <Xy}
and

Ry := {y—l <Y <- - <YW < yM—&-l}-

The grid Gy is assumed to satisfy the following condition: the vertices of
() are in the centers of the rectangles formed by Gy.

In the case of a rectangular domain Q = (%, xx) X (yo, yu), we allow
both R = () and R D (), i.e., we consider x_; < xp, Xy < Xn41, y-1 < )p and
WM = YM+1-

Let
S = {12, 9172) 1 j=0,..., N+ 1,£=0,...,M+ 1},

where Xj-1/2 ‘= (Ji—1 + Xj)/2, Ye—1/2 = (ye-1 +y)/2, and Qp =Sy NQ,
6QH = SH N 89, QH = QH U 6QH
In the definition of the discrete norms, we use the following centered
divided differences in x-direction
Ujg1/2,641/2 — Uj—1/2,0+1/2

(5xUH)j,z+1/2 = ,
hj—wz

Wje41/2 — Wj—1,641/2
hj—l

(0 wy )171/2,z+1/2 =

b
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where hj_1/9 := Xj41/0 — xj_1/2, hj—1 := x; — xj_;. Correspondingly, the finite

central difference with respect to the variable y are defined, with the mesh
size vector k in place of A.

We denote by I/i}/,;"”’(R), m=20,1, p € [1, o0[, the space of grid functions
defined in Cgy that are zero on the set

{(X]‘_]/Q,yg_l/g):j:O,N—Fl,K:O,...,M—Fl\/].:1,...,N,€:O,M+1},

and equipped with the norm

n Up
— p
||vH||WI;”’/’(R) = <Z|UH|1',H) s

where

N M
P .
|vH|0,p,H = Z Z hj—lkz—1|vj—1/2,z—1/2 ’

B

j=1 =1
N M
|.UH|IIJ,IJ,H = Z Z hj71/2ke71|(5xUH)j,z71/2|p
j=0 =1
N M
+ Z Z i1 ko191 (Oy0m) -1 /0,01
j=1 £=0

__ Let Py, be the following operator that extends a grid function vy in
QH to SH’
PSH Uy ‘= Uy in ﬁH’ PSH vy ‘= 0 in SH\ﬁH-

o

We denote by W,f,n’p , m = 0,1, the space of functions defined in ﬁH that
are zero on 0€)y, equipped with the norm

m 1/p
v llmp.rr = (Z|PSHUH|1:,H) , m=0,1

r=0
The space W;}’p is also denoted by L) 1} is endowed by the inner product
N M
(v, wy) g = Z Z h_;’—lkZ—I(PSH UH)j—l/Q,(Z—l/Q(PSH 77}H)j—l/u—l/?-
j=1 =1

When it is clear from the context that we use the extended function, we
omit the notation P, .
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Let Ry be the operator that defines the restriction to Q.

The discrete spaces introduced above form discrete approximations of
their continuous counterparts in the sense that we explain in what follows.

Let A be a sequence of positive vectors H = (h,k) of step-sizes
such that the maximum step-size H,,,, converges to zero. A sequence
(vg)a € Hzf, converges discretely to v € L(£) in (Lﬁ(Q),HIi,{'}), vy — U
in (L/’(Q),HIiH") (H € A), if for each € > 0 there exists ¢ € C*(Q) such
that

lv—@llir <€ Hlinio sup{|lvy — RH‘P”O,;],H} < €.

max

A sequence (vy)p €11 ﬁ/;,’p converges discretely to v € Wol’p () in
(W " (), TTW,;"), v — vin (W, (Q), TTW,;") (H € A), if for each € > 0
there exists ¢ € C*°({)) such that

lv— QD”WLP(Q) <€, Hlim SUP{HUH - RHQDHL;;,H} <€

max—>(

A sequence (vy), converges weakly to v in (L2(Q),H]i[_21), vy — v in
(LX(Q),IILE) (H € A), if

(wi, vy — (w,v)y (H € N)

for all w e L2(Q) and (wy)s € 112 such that wy — w in (L3(Q),T112).
The following theorem was proved by Stummel in [11].

Theorem 3.1. Let (vy)a be a bounded sequence in 11 [O,f, Then, there exists a
subsequence A" of A and v € L2(Q), such that

o — v in (LAQ),IILY) (HeA).
The proof of the discrete compactness result that we present in the
following is based in the Kolmogorov compactness theorem ([1, 13]) and

uses the next lemma.

Lemma 3.2. Let (vy), €11 V([)/Fl,p be a bounded sequence, with 1 < p < co. Let
us consider the step function wy defined by

w (%,9) = Vig1yoe12,  (%,9) € (%5, X01) X (Yo, Yer1) C {2, (3.1)
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and zero on R*\Q. Let Q be a set containing Q. Then, for all T = (11, 19) € IR?

the following estimate holds
[ a4 ) = )
Q
3 or Moyl
E 52 (|TI| + |T2|+hmax + kmax) |UH|1,p,H'

Proof. For t = (11, 19) € IR? holds

/|wH(9€ + 11,y + o) — wy(x, y)|! dx dy
Q
<! / lwy (x + 1,y + T2) — wu(x,y + 19) | dx dy
Q

+2’J_1/Iwy(x,y+rz) — wy(x,y)|” dx dy.
Q

Because

/Iwy(er T,y + To) — wy(x, y + To)|? dx dy
0

M XN+t s
< Z ko1 lwy (X + T1, Yo—172) — Wi (X, Ye—1/9)|" dx,
=1 X

0—T1

then from Lemma 2.2, we obtain
/ lwg (x + 71,y 4+ T2) — wy(x, y + 19) | dx dy
Q
M N
< 30|+ ha)” Y ket Y b1 2l (0u(Poy o)) el
=1 j=0

=< S(|T1| + hmax)[)|vH |§),p,l—l‘

Analogously,

/ s (5,3 + 72) — g (e, DIP e dy < 3(17a) + b 0212 .
Q

We conclude that

lwy (x + 11,y + T2) — wu(x, y)|? dx dy

Q

=

No| Lo

X 2Tt ]+ Pa)” + (7o) + ) 10011 11



15: 35 7 Novenber 2008

2007] At:

Downl oaded By: [B-on Consortium -

504 S. Barbeiro
Theorem 3.3.  The sequence of embeddings (Ji)a,
Ju Wy =L} (He N, (3.3)

1 < p < o0, is discretely compact.

Proof. Let (vy)s € HV%/I_II’{] be a bounded sequence. There exists M
independent of H such that

lvellhpa < M.

For (wy)a defined by (3.1)

f g (% + 115y + 1) — g (%, I dx dy < CAT1] 4 T2l e -+ ) M.
QO
Because

lwellr) = [velopa < M,
then (wy)a is uniformly bounded in IIL?(). Using the Kolmogorov
compactness theorem, we conclude that the sequence (wy),a is relatively
compact in L’(€Q). There exists a sequence A’ C A and w € L?(Q)) such
that
wy — win LP(Q) (H e A)).
In order to conclude the proof, we need to prove that
vw — win (LM(Q),TILL) (H e A).
Let € > 0. There exists ¢ € C5°({2) such that
lw— @llir@) <€
For the step function 5 defined by
Y (%,y) = @(Xit1/2, Yer1y2)s (%,9) € (%5, %11) X (s Y1) C £,
null otherwise, we have
e — @llre — 0 (HeA)

and then

vy — RHQDHO,p,H = |lwy — WH”LP(Q) — |lw— €0||Lﬁ(sz)- O
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Lemma 3.4. If (vy), € HV(E/;’Q is bounded and weakly convergent to v in
(L2(Q),T1L2), then v € W,*(Q).

Proof. Let (vy), be a bounded sequence in 11 I/f/]},2 such that
o — vin (L2(Q),T112) (H € A). (3.4)
We consider (wy), from Lemma 3.2. From the proof of the last theorem,

we know that (wy), converges to w € L*(Q), for some A’ € A. Let us
consider the sequence (wy ), defined by

Wy i=wy inQ, wy:=0 inR*Q,
and the prolongation to IR? of w
w:=w inQ, @:=0 in RH\Q.

We note that wy — @ in L*(R*) (H € A'). For ¢ € G°(R?) and all
n=(n1,1n2) € R% 5 # 0, from Lemma 3.2 we have

/2|(17)H(x + 11,y +n2) — wu(x, 9)@(x, y)ldx dy < C(n| + Hina) 1@l 12(r2)-
R
Taking the limit when H,,,x — 0, results in
/J(ﬂjH(x + 11,5+ n2) — wy(x,9)@(x, y)|dx dy < Clnlll@ll2r2),
RS

and consequently

/ lo(x — 11,y —12) — @(x,y)|
R2 1|

lw(x, y)|dx dy < Cll@ll12r2)-
Considering 1 = &(1,0) and the limit € — 0, we conclude that

f2|¢x(x,y)ﬂf(x,y)|dx dy < Cllellr2r),
R

for ¢ € G°(IR?). Analogously, taking 7 = &(0, 1), we obtain

/QI%(x,y)zb(x,y)ldx dy < Cllell r2r2),
R

for all ¢ € G°(R?). Consequently, w € W'*(IR?). Because w is a restriction
of to Q and & = 0 in R?\Q, then w € W, *(Q).

Let us finally prove that v = w. Let re L2(Q) and (ry)a GHIOJE,,
such that ry — r In (LQ(Q),HLEI) (H € A). For the step function
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defined by

s (%, %) = 15 (Xjp1/2, Yer172), (%)) € (X5, X41) X (Y, Yeg1) C €,

zero in IR?\Q, we have

(O, ve) i = (Wa, sp)o — (w, 1)y (H € A).

Finally,
vy — win (L2(Q),TIL2) (H € A).
Considering (3.4), we conclude that v = w. O
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