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Abstract

The lattice CongD of all dynamic congruences on a given dynamic algebra D is presented. Whenever D is separable
with zero we define dynamic ideal on D, given rise to the lattice IdeD. The notions of kernel of a dynamic congruence
and the congruence generated by a dynamic ideal are introduced to describe a Galois connection between CongD

and IdeD. We study conditions under which a dynamic congruence is determined by its kernel.
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1 Introduction

To enhance the importance of the algebraic structure of the regular part of a
dynamic algebra, we introduce the notions of dynamic congruence and dynamic ideal
on dynamic algebras viewed as heterogeneous algebras, differing from those presented in
dynamic algebras regarded as modal algebras, [6].

2 Dynamic algebras

Dynamic algebras were introduced by Kozen [7] and Pratt [9] to provide models for
Propositional Dynamic Logic (PDL). Following Pratt a dynamic algebra is a two-sorted
algebra (B, R ,hi) verifying a certain set of equations. The Boolean universe B ¼ ðB;_;�; 0Þ
is a Boolean algebra (an algebra with a binary operation _, one unary operation � and a
nullary operation 0, satisfying the usual set of axioms); the regular universe R ¼ ðR;[; ; ;� Þ
(or universe of actions or universe of programs) is an algebra with two binary operations, [,;
and one unary operation �. The heterogeneous operator (diamond) h,i :R� Bÿ!B relates
both algebras.

DEFINITION 2.1
A dynamic algebra D ¼ ðB ¼ ðB;_;�; 0Þ;R ¼ ðR;[; ; ;� Þ; h; iÞ is an algebra satisfying
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(1) B is a Boolean algebra
(2a) ha; 0i ¼ 0
(2b) ha; p _ qi ¼ ha; pi _ ha; qi
(3) ha [ b; pi ¼ ha; pi _ hb; pi
(4) ha; b; pi ¼ ha; hb; pii
(5a) p _ ha; a�; pi � ha�; pi
(5b) ha�; pi � p _ ha�;� p ^ ha; pii
for p,q 2 B and a,b 2 R.

Notes.

1. For p and q elements of the Boolean algebra B, we used (p � q) as an abbreviation of (p _ q
¼ q).

2. Pratt [9] showed that conditions (5a) and (5b) can be replaced by ha�, pi ¼ min a!p
where a!p ¼ {q2B : p _ aq � q}.

Notation. For a,b 2 R and p 2 B we write ap instead of ha, pi, ab instead of a;b and use
a� b whenever (ap � bp, for every p 2 B).

Kripke structures, the traditional models for PDL [4], were presented in [9] as examples of
dynamic algebras. They are defined as follows. The full Kripke structure on a given non-
empty set S is a triple ðS;PðSÞ;PðS � SÞÞ where PðSÞ is the Boolean algebra of all subsets of
S (with the usual set theoretical operations) and PðS � SÞ is the set of all binary relations on
S. The operations ;,[ and � are, respectively, the composition, the union and the reflexive
transitive closure of binary relations. The diamond operation ha, pi (for a 2 PðS � SÞ and
p 2 PðSÞ) is defined to be the pre-image of p under a,

fs 2 S : ðs; s0Þ 2 a; for some s0 2 pg:

Kripke structures are defined as the dynamic subalgebras of full Kripke structures. We
denote by DA the variety of all dynamic algebras. Pratt [9] proved that

DA ¼ HSPðKri [ TÞ

where Kri denotes the class of all Kripke structures and T is the class of all dynamic algebras
with trivial Boolean part.

Let D ¼ ðB;R; hiÞ 2 DA and a, b 2 R. We put a ffiR b, if ap¼bp, for every proposition p
in B. The pair ð¼;ffiRÞ defines a congruence relation (cf. Def.2.3, below) in the dynamic
algebra D. A dynamic algebra is separable if for any actions a and b in R, such that ap¼bp,
for any proposition p 2 B, then a¼b. For every dynamic algebra D, D=ð¼;ffiRÞ is separable.
We use SDA to denote the class of all separable dynamic algebras.

The mixed operator diamond h,i :R � Bÿ! B can be seen as

hi : R ÿ!FðB;BÞ

a ÿ!ðpÿ!haip ¼ ha; piÞ

where F (B;B)¼{f | f : Bÿ! B is a mapping} . However, unless D is separable, hi does not
define a representation of R since hi is not one-to-one. We may have equal mappings hai and
hbi in F(B;B) with a 6¼ b. Consequently, for D an arbitrary dynamic algebra, fhai : a 2 Rg is a
family of mappings in B indexed by R (where the extensionality axiom is not satisfied). In a
separable dynamic algebra, R may be identified with a set of mappings in B, that we will use
whenever appropriate. Therefore, a dynamic algebra D, can be viewed as a Boolean algebra

2 Congruences on Dynamic Algebras
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with operators [9]. Moreover, defining, for each a 2 R, [a]p :¼�h a, � pi for every p 2 B, then
ðB; f½a�ga2RÞ is a modal algebra (cf. [6]) associated with D: The same modal algebra may be
determined by distinct dynamic algebras.

The relation� inR, a� bwhenever (ap� bp, for every p 2B) is reflexive and transitive, but
it is not antisymmetric in general (since the conditions ap� bp and bp� ap give rise to ap¼bp,
for every p2B and not necessarily toa¼b) and, therefore, defines a quasi-order inR. Clearly, in
separable dynamic algebras � defines a partial order since the antisymmetry is satisfied.

The elementary algebraic theory of dynamic algebras is similar to that of every other
algebraic system [10], [11]. We will specify some concepts for later use.

DEFINITION 2.2
Let

D ¼ ðB ¼ ðB;_;�; 0Þ;R ¼ ðR;[; ; ; �Þ; hiÞ and

D0 ¼ ðB0 ¼ ðB0;_0;�0; 00Þ;R0 ¼ ðR0;[0; ;0 ; �0Þ; hi0Þ

be dynamic algebras and h1:B ÿ! B0 and h2:R ÿ! R0 be mappings. The pair h¼(h1,h2) is a
dynamic homomorphism between the dynamic algebras D and D0 if h1 and h2 preserve the
mentioned one-sorted operations and h preserves the mixed operation, i.e., for p 2 B, a,b 2 R
we have

1. h1 is a Boolean homomorphism
2. h2(a[ b)¼h2 (a)[

0 h2(b)
3. h2(a;b)¼h2(a);

0h2(b)
4. h2(a

�)¼(h2(a))
�0

5. h1(hai p)¼hh2(a)i
0 h1(p).

DEFINITION 2.3
Let D ¼ ðB;R; hiÞ be a dynamic algebra. The pair � ¼(�1, �2) is a (dynamic) congruence
relation on D if �1 is a congruence relation on B, �2 is a congruence relation on R and ap �1 bq
whenever (p �1 q and a �2 b).

In a dynamic algebra D ¼ ðB;R; hiÞ we define the congruences �B and rB on B and �R

and rR on R as expected:

�B ¼ fðp; pÞ : p 2 Bg rB ¼ fðp; qÞ : p; q 2 Bg

�R ¼ fða; aÞ : a 2 Rg rR ¼ fða; bÞ : a; b 2 Rg:

One can easily show that the pairs (�B,�R), (rB,rR) and (rB,�R) are congruences on D,
but, in general, (�B,rR) is not a congruence on D.

As usual, we define B=�1 ¼ f½p��1 : p 2 Bg and R=�2 ¼ f½a��2 : a 2 Rg. The structure D=� ¼

ðB=�1 ;R=�2 ; hiÞ is a dynamic algebra (the quotient dynamic algebra) with operations defined by

½p��1 _ ½q��1 :¼ ½p _ q��1 ½a��2 [ ½b��2 :¼ ½a [ b��2
� ½p��1 :¼ ½� p��1 ½a��2; ½b��2 :¼ ½a; b��2

½a��2 ½p��1 :¼ ½ap��1 and ½a���2 :¼ ½a���2 :

The algebra ðB=�1 ;R=�2 ; hiÞ is the homomorphic image of ðB;R; hiÞ under the natural
homomorphism �¼(�1, �2) defined by
�1 : p° ½p��1
�2 : a° ½a��2 ; p 2 B; a 2 R:

Congruences on Dynamic Algebras 3
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Also, associated with each homomorphism, there exists a natural congruence. If
h : Dÿ!D0 is a dynamic algebra homomorphism, the kernel relation kerh¼(K1,K2) given by

pK1q if and only if h1ðpÞ ¼ h1ðqÞ

aK2b if and only if h2ðaÞ ¼ h2ðbÞ

for every p,q 2 B and a,b 2 R, defines a congruence on D.
The homomorphism theorem enable us to assert that every homomorphic image of a

dynamic algebra D is, up to an isomorphism, a quotient algebra [11].

THEOREM 2.4
If D ¼ ðB;R; hiÞ and D0 are dynamic algebras with D0 homomorphic image of D under
h : Dÿ!D0, then D0 is isomorphic to D=kerh under the isomorphism  : D=kerhÿ!D0 defined
by  1[p]K1

:¼h1(p) and  2[a]K2
:¼h2(a), p 2 B, a 2 R.

3 The lattice CongD

Denote by CongD the set of all dynamic congruences defined on a dynamic algebra D. This
set is partially ordered by (�1, �2)�(1, 2) if and only if �1�1 and �2�2. Our next aim is to
define the lattice ðCongD;^D;_DÞ: Since the intersection, � \ ¼(�1 \ 1, �2 \ 2), of any
two dynamic congruences � and  defined on D is, itself, a dynamic congruence on D, let
� ^D  :¼ � \ . Let us use h�iA to represent the congruence relation generated by the binary
relation � on any (homogeneous or heterogeneous) algebra A, i.e., the intersection of all
congruence relations �0 on A containing �,

h�iA :¼ \f�
0

: �
0

2 CongA and � � �
0

g:

Now we need to define � _D  ¼ ð�1; �2Þ: It is immediate that the regular part of the
congruence � _D  can be given by �2 :¼ �2 _R 2 ¼ h�2 [ 2iR, using the classic definition of
supremum of two congruences. As far as the Boolean part, some caution is required. Since
the Boolean part must be closed to the diamond operation evolving elements of R, we could
be led to think of enlarging h�1 [ 1iB with, for instance, elements of the type (ap,bq) with
(a,b)2 �2 and (p,q)2 1. In fact, that is not necessary, as shown below.

PROPOSITION 3.1
Let D be a dynamic algebra. For �,  2 CongD, ðp; qÞ 2 h�1 [ 1iB and ða; bÞ 2 h�2 [ 2iR we
have ðap; bqÞ 2 h�1 [ 1iB:

PROOF. Let ðp; qÞ 2 h�1 [ 1iB and ða; bÞ 2 h�2 [ 2iR. By [10], we know that there exist
natural numbers n,m, a sequence p1, p2, p3, . . . ,pn in B and a sequence a1,a2,a3, . . . ,am in R
such that

p�1p2; p21p3; p3�1p4; � � � ; pnÿ11q

a�2a2; a22a3; a3�2a4; � � � ; amÿ12b:

4 Congruences on Dynamic Algebras
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Since we always can repeat elements in the sequences, we are allowed to put m¼n. So,

ap�1a2p2; a2p21a3p3; a3p3�1a4p4; � � � ; anÿ1pnÿ11bq:

But this means that ðap; bqÞ 2 h�1 [ 1iB, as required. g

The structure ðCongD;^D;_DÞ where, for every �,  2 CongD, the operations are
defined by

� ^D  ¼ � \  ¼ ð�1 \ 1; �2 \ 2Þ

� _D  ¼ h� [ iD ¼ ðh�1 [ 1iB; h�2 [ 2iRÞ

is a lattice, called the congruence lattice CongD of D. Elements � ¼ (�1, �2) and  ¼ (1, 2) of
CongD are said to be permutable or � and  permute if and only if � � ¼  � �, i.e.,
�1 � 1¼1 � �1 and �2 � 2¼2 � �2.

A class K of (homogeneous or heterogeneous) algebras is congruence-permutable if every
algebra A on K is congruence-permutable, i.e., if every pair of congruences on A permutes.
Although congruences on Boolean algebras are permutable, it can be easily proved that the
variety generated by the class of all separable dynamic algebras, V(SDA), is not congruence-
permutable.

PROPOSITION 3.2
The variety V(SDA) is a non congruence-permutable class.

PROOF. Let D ¼ ðPðSÞ; fa; b; eg; hiÞ, for S¼{1, 2}, a¼{(1, 1),(2, 2)}, b¼{(2, 2)} and e¼ 6 0 . For
the dynamic congruences �¼(�1, �2) and �¼(�1,�2) with �1 ¼ PðSÞ � PðSÞ;
�2¼{(a, a),(b, b),(e, e),(a, b),(b, a)}, �1 ¼ PðSÞ � PðSÞ and �2¼{(a, a),(b, b),(e, e), (b, e),(e, b)}
we have (a, e) 2 �2 � �2 but (a, e) 2= �2 ��2. g

As in the homogeneous case, the supremum of permutable dynamic congruences is given
by their composition.

A class K of (homogeneous or heterogeneous) algebras is congruence-distributive if, for
every algebra A on K, the lattice CongA is distributive.

PROPOSITION 3.3
The variety DA is a non distributive-congruence class.

PROOF. Let D ¼ ðB;R; hiÞ be the dynamic algebra, where B is the trivial Boolean algebra
B¼{0}, R is defined (cf. [5, Fig.3]) by R ¼ fa; b; c; d; og with

a [ a ¼ a b [ b ¼ b c [ c ¼ c d [ d ¼ d o ¼ o

a [ b ¼ c b [ c ¼ c c [ d ¼ d d [ o ¼ d

a [ c ¼ c b [ d ¼ d c [ o ¼ c

a [ d ¼ d b [ o ¼ b

a [ o ¼ a

m;n ¼ o

d; l ¼ l; d ¼ l

l� ¼ l;

and, obviously, hl,0i¼0, for every l 2 R and m,n 2 {a,b,c,o}.

Congruences on Dynamic Algebras 5
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Let �¼(�1, �2), �¼(�1, �2) and ¼(1, 2) be dynamic congruences defined by
�1¼�1¼1¼{(0, 0)}¼�B

�2 ¼ fða; aÞ; ðb; bÞ; ðc; cÞ; ðd; dÞ; ðo; oÞ; ðb; cÞ; ðc; bÞg
�2 ¼ fða; aÞ; ðb; bÞ; ðc; cÞ; ðd; dÞ; ðo; oÞ; ða; oÞ; ðo; aÞ; ðb; cÞ; ðc; bÞg
2 ¼ fða; aÞ; ðb; bÞ; ðc; cÞ; ðd; dÞ; ðo; oÞ; ða; cÞ; ðc; aÞ; ðb; oÞ; ðo; bÞg
We have �_(�^)¼� and (�_�)^(�_)¼�. So DA is a non distributive-congruence

variety. g

A variety V of (homogeneous or heterogeneous) algebras is arithmetical if, each A in V is
congruence-permutable and congruence-distributive. It is well known, (cf. [12]), that for any
class K of homogeneous algebras with a common discriminator term,V(K) is arithmetical.
Adaptations of this results can be established for any class K of dynamic algebras.

DEFINITION 3.4
If D ¼ ðB;R; hiÞ is a dynamic algebra, a pair of terms on the language of D;(t1(x, y, z),
t2(x

0, y0, z0)), is said to be a pair of discriminator terms whenever, for all p, q, r 2 B and
a, b, c 2 R

t1ðp; q; rÞ ¼
r if p ¼ q

p if p 6¼ q

�

t2ða; b; cÞ ¼
c if a ¼ b

a if a 6¼ b;

�

i.e., t1(x, y, z) is a discriminator term on B and t2(x
0,y0,z0) is a discriminator term on R:

LEMMA 3.5
Let K be a class of dynamic algebras with a common pair of discriminator terms. Then V(K)
is arithmetical.

PROPOSITION 3.6
Let K be the class of the simple algebras of SDA. Then V(K) is a proper subvariety of
V(SDA) (and, consequently of DA).

PROOF. Since simple separable dynamic algebras are of the type (B, {9s}, hi), for B arbitrary
Boolean algebra with the singular element 9s of the regular part defined by 9s(p) ¼ 1, for all
p 6¼ 0, p 2 B and 9s(0)¼0, [8], the pair of terms ðt1; t2Þ given by

t1ðx; y; zÞ ¼ ð9sðx þ yÞ ^ xÞ _ ð� 9sðx þ yÞ ^ zÞ

t2ðx
0; y0; z 0Þ ¼ x 0

where the symbol + denotes the symmetric Boolean difference operation, establishes a pair
of discriminator terms on the class K (cf. [12] for t1). Therefore V(K) is an arithmetical
variety. But DA and V(SDA) are non congruence-permutable varieties. g

4 Separating congruence

Let D ¼ ðB;R; hiÞ be a dynamic algebra. In this paragraph we are going to show that,
corresponding to a dynamic congruence �¼(�1,�2) on D, there exists always a dynamic

6 Congruences on Dynamic Algebras
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congruence � on D with the same Boolean part such that D=� is separable (cf. Prop.4.2). We
also verify that, in general, �1 does not determine �2. For example, if D=� is not separable and
¼(�1,2) is given by a2 b if and only if ap�1bp, for all p 2 B, then  is a congruence on D,
distinct from � (cf. Prop.4.2). That is the case of Ex.5.13.

There are Boolean congruences on D that are not the Boolean part of any of its dynamic
congruences. Let B the Boolean algebra with four elements {0, p, q, 1} and R¼{a} where a is
defined by a0¼ 0 and ap¼aq¼ a1¼ 1. Since I1¼ {0, p} is a Boolean ideal on B, we can affirm
that �1 defined by, for s,r 2 B, (s,r) 2 �1 iff s _ i ¼ r _ i, for some i 2 I1, is a Boolean
congruence on D ¼ ðB;R; hiÞ with congruence classes [0]�1¼{0, p} and [q]�1¼{q, 1}. But
CongR is the singular set {�R ¼ {(a, a)}} and (�1,�R) is not a dynamic congruence on D,
since (0, p) 2 �1 and (a, a)2 �R but (a0,ap) 2= �1. Therefore, the dynamic algebra D has a
Boolean congruence �1 which is not the Boolean part of any of its dynamic congruences.

A Boolean congruence �1 is called dynamical on D ¼ ðB;R; hiÞ whenever there exists a
congruence �2 on R such that (�1, �2) is a congruence on D:

A dynamic algebra D ¼ ðB;R; hiÞ determines, as previously seen, a modal algebra
(B; f½a� : a 2 Rg). In any modal algebra, (B; ffigi<k) (where k denotes an arbitrary ordinal),
there exists an isomorphism between the lattice of the open filters (filters F on B satisfying
condition: if p 2 F then fi p 2 F, for every i<k), and the lattice of the modal
congruences,(cf. [6 Thm.4.1.10]). In this context since a dynamical congruence is a modal
congruence, we can affirm that to each dynamical congruence corresponds a unique open
filter on B.

PROPOSITION 4.1
Let �1 be a Boolean congruence on D. Then �1 is dynamical on D if and only if ð�1;�RÞ is a
dynamic congruence on D.

PROPOSITION 4.2
Let �1 be a dynamical congruence on D ¼ ðB;R; hiÞ and let �¼(�1,�2) be defined by

�1 ¼ �1

�2 ¼ fða; bÞ 2 R� R : ½ap��1 ¼ ½bp��1 ; for every p 2 Bg:

Then

1. � is the greatest congruence on D having �1 as Boolean part and D=� is separable;
2. ð�1;�RÞ is the smallest dynamic congruence on D having �1 as Boolean part.

PROOF. Let ð�1; �2Þ 2 CongD: We show that � defines a congruence on D.
Trivially, �2 is an equivalence relation. Let (a, b), (c, d)2 �2. Then [ap]�1¼[bp]�1 and

[cp]�1¼[dp]�1, for every p 2 B. Immediately
½ða [ cÞp��1 ¼ ½ap _ cp��1 ¼ ½ap��1 _ ½cp��1 ¼ ½bp��1 _ ½dp��1 ¼ ½bp _ dp��1 ¼ ½ðb [ dÞp��1 ,
½ðacÞp��1 ¼ ½aðcpÞ��1 ¼ ½a��2 ½cp��1 ¼ ½a��2 ½dp��1 ¼ ½aðdpÞ��1 ¼ ½bðdpÞ��1 ¼ ½ðbdÞp��1 ,
½a�p��1 ¼ ½a���2 ½p��1 ¼ ½a���2 ½p��1 ¼ minf½q��1 : ½p��1 _ ½a��2 ½q��1 � ½q��1g
¼ minf½q��1 : ½p��1 _ ½b��2 ½q��1 � ½q��1g ¼ ½b���2 ½p��1 ¼ ½b���2 ½p��1 ¼ ½b�p��1 , for every p 2 B, and

hence, (a[ c,b[d), (ac, bd) and (a�, b�) 2 �2.
Let (a, b)2�2 and (p, q)2 �1. We have [a]�2[p]�1¼[b]�2[p]�1. Since [p]�1 ¼[q]�1 then

[a]�2[p]�1¼[b]�2[q]�1, and consequently, [ap]�1¼[bq]�1. Therefore, (ap, bq)2 �1.
It is clear that for any dynamic congruence �¼(�1, �2), we have, necessarily, � � �.

Congruences on Dynamic Algebras 7
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Now suppose that [a]�2[p]�1 ¼ [b]�2[p]�1, for every p 2 B. Then, for every p 2 B,

½ap��1 ¼ ½bp��1

½ap��1 ¼ ½bp��1 :

Consequently, (a, b) 2 �2, i.e., [a]�2¼[b]�2, establishing the separability of D=�. g

DEFINITION 4.3
Let �1 and � be as defined at Prop. 4.2. The relation � is called the separating congruence of
any � 2 CongD having �1 as Boolean part (or simply a separating congruence).

For any dynamic algebra D ¼ ðB;R; hiÞ, ð�B;ffiRÞ (cf. defined at x1) is the separating
congruence of ð�B;�RÞ: Immediately, if D is separable, then ð�B;�RÞ is the unique dynamic
congruence having �B as Boolean part.

PROPOSITION 4.4
Let � be a dynamic congruence on a dynamic algebra D. Then D=� is separable if and only if �
is a separating congruence on D.

5 Dynamic Congruences and Dynamic Ideals

From now on we are going to use only separable dynamic algebras D ¼ ðB;R; hiÞ where the
regular part contains an element o satisfying op¼ 0, for every p2B, and therefore, satisfying
oa¼ o, ao¼ o and o[a¼ a, a[ o¼a, for every a 2 R. Such an algebra is called a separable
dynamic algebra with zero.

We notice that every separable dynamic algebra D ¼ ðB;R; hiÞ can be enriched with a zero,
by simply adding elements o, id and a [ id, for every a 2 R, on the regular part of D (where id
is defined by hidi p¼ p, for every p 2 B).

Usually, the notion of ideal in a given class of algebras is established so that the zero-classes
of congruence relations are easily seen to be ideals. We will show, in this paragraph, that the
class of separable dynamic algebras with zero is not a class with ideal determined
congruences, [3], i.e., each ideal is not the zero-class of a unique congruence relation.

DEFINITION 5.1
A (dynamic) ideal on a dynamic algebra with zero D ¼ ðB;R; hiÞ is a pair I ¼ ðI1; I2Þ
satisfying the following conditions

1. I1 is a Boolean ideal on B;
2. if p 2 I1 and a 2 R then ap 2 I1;
3. (a) I2 6¼ 6 0;

(b) if a,b 2 I2, c,d 2 R and d� a then a [ b, ac, ca, d 2 I2;
4. if a 2 I2 and p 2 B then ap 2 I1.

Such a subset I2 of R satisfying condition (3) is called an (action) ideal of R.

By definition of dynamic ideal, since o 2 R then o 2 I2 (o¼ o j 2 I2 , for some j 2 I2 6¼ 6 0). We
denote by IdeD the set of all ideals on a dynamic algebra with zero, D ¼ ðB;R; hiÞ.
Similarly to the case of the congruences, in a separable dynamic algebra with zero D, there

are Boolean ideals that are not the Boolean part of any dynamic ideal on D. A Boolean ideal
I1 is called dynamical on D ¼ ðB;R; hiÞ if there exists an action ideal I2 on R such that (I1, I2)
is a dynamic ideal on D.

8 Congruences on Dynamic Algebras
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PROPOSITION 5.2
Let I1 be a Boolean ideal on a separable dynamic algebra with zero, D. Then I1 is a dynamical
ideal on D if and only if (I1, {o}) is a dynamic ideal.

We will present a separable dynamic algebra with zero where there exists a Boolean ideal
I1 which is not dynamical. Let D ¼ ðB;R; hiÞ be the dynamic algebra with B the Boolean
algebra with four elements {0, p, q, 1} and R¼ {a, o, id} where a, o and id are defined by
a0¼0, ap¼aq¼a1¼1, hois¼0 and hidis¼s, for every s 2 B. The pair (I1, {o}) with I1 the
Boolean ideal {0, p}, is not a dynamic ideal, since a 2 R, p 2 I1 but ap ¼ 1 62 I1.

PROPOSITION 5.3
Let I1 be a dynamical ideal on a separable dynamic algebra with zero. Then

1. (I1, {o}) is the smallest dynamic ideal having I1 as Boolean part;
2. (I1, {a: ap 2 I1, for every p 2 B}) is the greatest dynamic ideal having I1 as Boolean part.

DEFINITION 5.4
Let I1 be a dynamical ideal on a separable dynamic algebra with zero, D ¼ ðB;R; hiÞ, and let
F¼(F1,F2) be defined by

F1 :¼ I1
F2 :¼ {a: ap 2 I1, for every p 2 B}.

We say that F is the determining ideal of any I 2 IdeD having I1 as Boolean part (or
simply, a determining ideal).

DEFINITION 5.5
If � ¼ ð�1; �2Þ 2 CongD where D ¼ ðB;R; hiÞ is a separable dynamic algebra with zero, we say
that Ið�Þ :¼ I � ¼ ðI �1; I

�
2Þ defined by I �1 :¼ fp 2 B : p �10g ¼ ½0��1

I �2 :¼ fa 2 R : a �2og ¼ ½o��2
is the kernel of the congruence �.

PROPOSITION 5.6
The kernel of a congruence �, Ið�Þ, on a separable dynamic algebra with zero D ¼ ðB;R; hiÞ,
is an ideal on D.

PROOF.

1. We know that I �1 is a Boolean ideal .
2. If a 2 R and p 2 I �1, then p �10 and a�2a. Therefore, (ap)�1(a0), i.e., (ap)�10. So ap 2 I �1.
3. (a) I �2 6¼ 6 0, since o 2 I �2.

(b) If a, b 2 I �2, c,d 2 R and d�a then a[ b, ac, ca, d 2 I �2. In fact, if a; b 2 I �2 then a �2o
and b �2o, and therefore, (a[ b)�2(o[ o), i.e., (a[ b)�2o. Thus a [ b 2 I �2. Since c �2c and
a �2o then (ac)�2(o c) and (ca)�2(c o), i.e., (ac)�2 o and (ca)�2 o. To this extend ac and ca
are elements of I �2. Since d �2d and a �2o then (d [ a) � 2 (d [ o), and therefore, a �2d (from
d� a we get d[ a¼a). But a �2o and so d �2o. Therefore, d 2 I �2.

4. Let a 2 I �2 and p 2 B. Then a �2o and p �1p, and therefore, (ap)�1op, i.e., (ap)�10.
Immediately, ap 2 I �1. g

DEFINITION 5.7
The kernel of a dynamic homomorphism h : Dÿ!D0, between dynamic algebras with zero,
is the pair

ðfp 2 B : h1ðpÞ ¼ 0g; fa 2 R : h2ðaÞ ¼ ogÞ:

Congruences on Dynamic Algebras 9
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PROPOSITION 5.8
The kernel of a dynamic homomorphism h : Dÿ!D0, between separable dynamic algebras
with zero, is a dynamic ideal on D.

DEFINITION 5.9
If I ¼ (I1, I2) is a dynamic ideal on a separable dynamic algebra with zero D ¼ ðB;R; hiÞ, we
define CðI Þ :¼ CI ¼ ðCI1; C

I
2Þ by

p CI1q if and only if p _ i ¼ q _ i; for some i 2 I1;
a CI2b if and only if a [ j ¼ b [ j; for some j 2 I2,

for p, q 2 B and a, b 2 R.

PROPOSITION 5.10
If I ¼ (I1, I2) is a dynamic ideal on a separable dynamic algebra with zero D ¼ ðB;R; hiÞ, then
CðIÞ is a congruence relation on D.

PROOF. (i) The relation CI1 is a congruence relation on B (a known result in Boolean
algebras).

(ii) Let us prove that CI2 is an equivalence relation on R.
(a) For every a 2 R; a CI2a since a [ o ¼ a [ o, with o 2 I2.
(b) Obviously, for a, b 2 R, if a CI2b then b CI2a.
(c) For a, b 2 R, if a CI2b and b CI2c then a CI2c. In fact, if a CI2b and b CI2c then a [ j ¼ b [ j

and b [ k ¼ c[ k for some j and k, both in I2. Therefore,
a [ ðj [ kÞ ¼ b [ j [ k

¼ c [ k [ j
¼ c [ ðj [ kÞ:

Since j [ k 2 I2, then a CI2c.
(iii) Now we prove that, for a, b 2 R and p, q 2 B, if a CI2b and p CI1q then ðapÞ CI1ðbqÞ. Let us

assume that p CI1q and a CI2b. Then p _ i ¼ q _ i for some i 2 I1 and a [ j ¼ b [ j for some j 2 I2
(and therefore aq _ jq ¼ bq _ jq). Since p _ i ¼ q _ i then ap _ ai ¼ aq _ ai and moreover ap _

ai _ jq ¼ aq _ ai _ jq. So
ap _ ðai _ jqÞ ¼ aq _ jq _ ai

¼ bq _ jq _ ai
¼ bq _ ðai _ jqÞ:

Since ai _ jq 2 I1 then ðapÞ CI1ðbqÞ.
(iv) It remains to be proved that, for a, b 2 R, if a CI2b and c CI2d then ða [ cÞ CI2ðb [ dÞ,

ðacÞ CI2ðbdÞ and ða�Þ CI2ðb
�Þ. Let us admit that a CI2b and c CI2d. Then there exist j, k in I2 such

that a [ j ¼ b [ j and c [ k ¼ d [ k.
(a) So, a [ j [ c [ k ¼ b [ j [ d [ k, and therefore, (a [ c) [ (j [ k) ¼ (b [ d) [ (j [ k). Since

j [ k 2 I2 then ða [ cÞ CI2ðb [ dÞ.
(b) From c [ k ¼ d[ k we get a(c [ k) ¼ a(d [ k), i.e., ac [ ak ¼ ad [ ak. (We note that we

are working with a separable dynamic algebra , and, therefore, we are allowed to say that
a(b [ c) ¼ ab [ ac, for every a, b, c 2 R.)

Hence,
ac [ ðak [ jdÞ ¼ ad [ ak [ jd

¼ ða [ jÞd [ ak
¼ ðb [ jÞd [ ak
¼ bd [ ðjd [ akÞ:

From jd [ ak 2 I2 we get ðacÞCI2ðbdÞ.

10 Congruences on Dynamic Algebras
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(c) Since a [ j ¼ b [ j then ap _ jp ¼ bp _ jp, for every p 2 B. In particular, for b*p we have
a(b*p) _ j(b*p) ¼ b(b*p) _ j(b*p). Then ab*p _ jb*p _ a*jb*p ¼ bb*p _ jb*p _ a*jb*p.
Condition (5a) of dynamic algebras yields q � q _ aa*q � a*q and consequently q _ a*q ¼

a*q, for every q 2 B. For q ¼ jb*p, we get jb*p _ a*jb*p ¼ a*jb*p.
Therefore

ab�p _ a�jb�p ¼ bb�p _ a�jb�p: ð5:1Þ

But aðb�p _ a�jb�pÞ ¼ ab�p _ aa�jb�p

� ab�p _ a�jb�p ðby ð5aÞÞ

¼ bb�p _ a�jb�p ðby ð5:1ÞÞ

� b�p _ a�jb�p: ðby ð5aÞÞ

If we take r :¼ b�p_a�jb�p, we have ar� r. Since p� b�p (for every p2B) and b �p� r then
p� r. Therefore p_ar� r, and so r2a!p, and consequently, a�p� r, i.e., a�p�b�p_a�jb�p.
Interchanging a and b, we get b*p�a*p_ b�ja*p. Consequently, we have
a*p� b*p_a*jb*p_ b*ja*p and b*p�a*p_ b*ja*p_a*jb*p. Letting l :¼ a*jb*[ b*ja* we
get a*p� b*p_ lp and b*p�a*p_ lp, and hence a*p_ lp� b*p_ lp and b*p_ lp�a*p_ lp.
Therefore, a*p_ lp¼ b*p_ lp, for every p 2B. So, there exists l2 I2 such that a*[ l= b*[ l
which means that ða�Þ CI2ðb

�Þ. g

Proposition 5.11
If I¼(I1, I2) is an ideal on a separable dynamic algebra with zero, then IðCðI ÞÞ ¼ I .

Proof. We pretend to show that ½0�CI1 ¼ I1 and ½o�CI2 ¼ I2. The first assertion is a well known
Boolean fact.

(i) We begin by proving that ½o�CI2 � I2. For a 2 ½o�CI2 we have a[ j¼ o[ j, for some j2 I2.
Then, a[ j¼ j, and therefore, a� j. Since j2 I2 then a2 I2.

(ii) Now, we prove that I2 � ½o�CI2 . Let a2 I2. From a[ a¼ o[ a we get a 2 ½o�CI2 . g

PROPOSITION 5.12
On a separable dynamic algebra with zero, a dynamic ideal is a determining ideal if and only
if it is the kernel of a separating congruence.

PROOF. Let I¼(I1, I2) be a dynamic ideal on a separable dynamic algebra with
zero D ¼ ðB;R; hiÞ. By Prop.5.11 there exists a dynamic congruence � such that I ¼ Ið�Þ.
Let � be the separating congruence of �. We have �1¼�1 and �2¼{(a,b):ap�1bp for every p 2

B}. So, I�1 ¼ I �1 ¼ I1 and I
�
2 ¼ fa : a�2og. Then, we have to prove that {a : a �2o} ¼ {a : ap 2

I1, for every p 2 B}. But, for every a 2 R, we have a �2o if and only if ap �10, for every p 2 B,
i.e., ap 2 [0]�1 ¼ I1. g

As the following example will show, there exist separable dynamic algebras with zero
where dynamic congruences may or may not have the same kernel of its separating
congruences. So, we can have different congruences with the same kernel. It is a well known
fact that every Boolean congruence is determined by its kernel. That is not the case for
dynamic congruences.

EXAMPLE 5.13
Let D1 ¼ ðPðSÞ; fa; b; c; d; og; hiÞ, for S¼{1,2,3}, a¼{(1,1)}, b¼{(2,2)}, c¼{(1, 1),
(2, 2)}, d¼{(1, 1), (2, 2), (3, 3)} and o ¼ 6 0. We begin with a short study on the

Congruences on Dynamic Algebras 11
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structure D1, that will be useful later on. We note that D1 is a well defined Kripke structure.
In fact,

af1g ¼ f1g bf1g ¼ 6 0 cf1g ¼ f1g df1g ¼ f1g of1g ¼ 6 0

af2g ¼ 6 0 bf2g ¼ f2g cf2g ¼ f2g df2g ¼ f2g of2g ¼ 6 0

af3g ¼ 6 0 bf3g ¼ 6 0 cf3g ¼ 6 0 df3g ¼ f3g of3g ¼ 6 0

a [ a ¼ a b [ b ¼ b c [ c ¼ c d [ d ¼ d o [ o ¼ o

a [ b ¼ c b [ c ¼ c c [ d ¼ d d [ o ¼ d

a [ c ¼ c b [ d ¼ d c [ o ¼ c

a [ d ¼ d b [ o ¼ b

a [ o ¼ a

aa ¼ a ba ¼ o ca ¼ a da ¼ a oa ¼ o

ab ¼ o bb ¼ b cb ¼ b db ¼ b ob ¼ o

ac ¼ a bc ¼ b cc ¼ c dc ¼ c oc ¼ o

ad ¼ a bd ¼ b cd ¼ c dd ¼ d od ¼ o

ao ¼ o bo ¼ o co ¼ o do ¼ o oo ¼ o

a� ¼ d b� ¼ d c� ¼ d d� ¼ d 0� ¼ d

Let � ¼ CðI Þ and � ¼ CðJ Þ with I¼({ 6 0, {1}, {3}, {1, 3} }, {o, a}) and J¼({6 0, {1} }, {o}).
Since, I and J are dynamic ideals on D1 then � and � are congruences with classes

½6 0��1 ¼ f6 0; f1g; f3g; f1; 3gg

½f2g��1 ¼ ff2g; f1; 2g; f2; 3g; f1; 2; 3gg

½o��2 ¼ fo; ag

½b��2 ¼ fb; cg

½d��2 ¼ fdg:

½6 0��1 ¼ f6 0; f1gg

½f2g��1 ¼ ff2g; f1; 2gg

½f3g��1 ¼ ff3g; f1; 3gg

½f2; 3g��1 ¼ ff2; 3g; f1; 2; 3gg

½m��2 ¼ fmg; for every m 2 fa; b; c; d; og:

The separating congruences of � and � are, respectively, � and � with classes

½t��1 ¼ ½t��1 ; for every t 2 PðSÞ

½o��2 ¼ fo; ag

½b��2 ¼ fb; c; dg

½t��1 ¼ ½t��1 ; for every t 2 PðSÞ

½o��2 ¼ fo; ag

½b��2 ¼ fb; cg

½d��2 ¼ fdg

So, while the kernel of � is ({ 6 0, {1}}, {o}) and the kernel of � is ({ 6 0, {1}}, {o, a}), the
congruences � and � have the same kernel ({ 6 0, {1}, {3}, {1, 3}}, {o,a}).

12 Congruences on Dynamic Algebras
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To any dynamic ideal I, since IðCðI ÞÞ ¼ I , the class of all dynamic congruences having I as
its kernel is not empty. On the other hand, the intersection of all these dynamic congruences is
always a congruence with kernel equal to I. Therefore, we can establish the following definition.

DEFINITION 5.14
Thecongruencegeneratedbyadynamic ideal I, is the smallest congruencewith kernel equal to I.

PROPOSITION 5.15
Let I¼(I1, I2) be an ideal on a separable dynamic algebra with zero. Then CðI Þ is the
congruence generated by I. In particular, CðIð�ÞÞ � �, for every dynamic congruence �.

PROOF. Let I¼(I1, I2) be an ideal on a separable dynamic algebra with zero D ¼ ðB;R; hiÞ.
Let � 2 CongD such that Ið�Þ ¼ I . If ða; bÞ 2 CI2, then a[ j¼ b[ j, for some j2 I2. By
assumption, I2 ¼ I �2, and so, a[ j¼ b[ j, for some j 2 I �2, i.e., a[ j¼ b[ j, for some j
such that j �2o. Since j �2o we have (a [ j) �2 (a[ o) and (b[ j) �2 (b[ o). Then (a[ j) �2a and
(b[ j) �2b, and from a[ j¼ b[ j, we get a �2b, i.e., (a, b) 2 �2. Similarly, we prove that CI1 � �1.
(Actually, CI1 ¼ �1, a known result in Boolean algebras.) g

We could be led to ask if, for every congruence �¼(�1, �2) on a separable dynamic algebra
with zero, we have CðIð�ÞÞ ¼ �. In general, that is not the fact.

EXAMPLE 5.16
Recovering Ex.5.13, we have CðIð�ÞÞ 6¼ �; since I �2 ¼ fo; ag ¼ ½o��2 , and therefore,
C
Ið�Þ
2 ¼ �2 6¼ �2.
It is immediate to establish, as a consequence of Prop.5.11, a necessary and sufficient

condition on � to have the equality CðIð�ÞÞ ¼ �:

PROPOSITION 5.17
Let � ¼ ð�1; �2Þ 2 CongD where D is a separable dynamic algebra with zero. Then CðIð�ÞÞ ¼ �

if and only if � ¼ CðI Þ for some ideal I on D, i.e., CðIð�ÞÞ ¼ � if and only if � 2 CðIdeDÞ:

6 The lattice IdeD and a Galois Connection between CongD and

IdeD

We intend to insert a lattice structure into IdeD, the set of all dynamic ideals on a separable
dynamic algebra with zero, D. To do so we need to define, for arbitrary dynamic ideals I and
J, I ^D J and I _D J . It is immediate to put I ^D J ¼ ðI1 \ J1; I2 \ J2Þ: Once again the
disjunction requires some attention. Surprisingly, we are able to prove the following
proposition. We notice that we use the fact that the subset of actions is a union of action
ideals and not an arbitrary subset of actions.

We denote by hXiA the ideal generated by a subset X of any (homogeneous or
heterogeneous) algebra A, i.e., the intersection of all ideals I on A containing X,

hXiA :¼ \fI : I ideal on A and X � I g:

PROPOSITION 6.1

Let I¼(I1, I2) and J¼(J1, J2) be elements of IdeD, with D ¼ ðB;R; hiÞ a separable dynamic
algebra with zero. We have:

hI1 [ J1iB ¼ fp 2 B : p � p1 _ � � � _ pn; for some integer n � 1

and some pi 2 I1 [ J1; i ¼ 1; � � � ;ng

hI2 [ J2iR ¼ fa 2 R : a � a1 [ � � � [ an; for some integer n � 1

and some ai 2 I2 [ J2; i ¼ 1; � � � ;ng

Congruences on Dynamic Algebras 13
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PROOF. We only have to prove the second identity since the first is a well known Boolean
result [2]. We want to show that, for X¼{a 2 R: a� a1[. . .[ an for some integer n� 1 and
some ai2 I2[ J2, i¼ 1, . . . ,n}, we have:

(i) X is an (action) ideal of R;
(ii) I2[ J2�X;
(iii) if Y is an (action) ideal of R and I2[ J2�Y, then X�Y.

Notice that X is nonempty, since o� ai for any ai 2 I2[ J2. Now, let a,b 2 X, c,d 2 R and
d� a. Then a� a1[. . .[ an, for some integer n� 1 and some ai 2 I2[ J2, i¼ 1,. . .,n, and
b� b1[. . .[ bm for some integer m� 1 and some bj 2 I2[ J2, j¼ 1,. . .,m.
So, a[ b�a1[. . .[ an[ b1[. . .[ bm d� a� a1[. . .[ an, ca� ca1[. . .[ can and

ac�a1c[. . .[anc. Since for i¼1,. . .,n and j¼1,. . .,m, ai, bj, cai and aic are elements of
I2[ J2, we get a[ b, d, ca and ac in hI2 [ J2iR. Therefore, X is an (action) ideal of R. It is
straightforward that I2 [ J2 � X. Let a 2 X and Y be an (action) ideal of R such that I2 [ J2
� Y. Then a� a1[ . . . [ an, for some integer n� 1 and some ai 2 I2 [ J2 �Y, i ¼ 1,. . .,n. But
Y is an (action) ideal ofR and ai 2 Y for i ¼ 1,. . .,n so a1 [ . . . [ an 2 Y. Therefore a� s with s
¼ a1 [ . . . [ an 2 Y. Since Y is an (action) ideal of R we get a 2 Y. g

For D ¼ ðB;R; hiÞ dynamic algebra, I�B and J�R we write JI to represent the set
JI :¼ {ap:a 2 J and p 2 I }.

PROPOSITION 6.2
For I¼(I1, I2) and J¼(J1, J2) elements of IdeD, with D ¼ ðB;R; hiÞ a separable dynamic
algebra with zero, we have

RðhI1 [ J1iBÞ � hI1 [ J1iB;

ðhI2 [ J2iRÞB � hI1 [ J1iB:

PROOF. Let a 2 R and p 2 hI1 [ J1iB. By Prop.6.1, there exist an integer n� 1 and pi 2 I1[ J1,
i¼1,. . .,n such that p� p1_. . . _ pn. Therefore ap�ap1 _ . . . _ apn and, since either pi 2 I1 or
pi 2 J1 for i ¼ 1,. . .,n, we have either api 2 I1 or api 2 J1 and then ap 2 hI1 [ J1iB.

Now, let d 2 hI2 [ J2iR and q 2 B. By Prop.6.1, there exist an integer m� 1 and di 2 I2[
J2, i¼1,. . .,m such that d� d1[. . .[ dm. Therefore dq � d1q _ . . . _ dmq and, since either di 2 I2
or di 2 J2 for i¼1,. . .,m, we have either diq 2 I1 or diq 2 J1 and then dq 2 hI1 [ J1iB. g

Therefore, we are able to establish that the structure IdeD ¼ ðIdeD;^D;_DÞ where, for
every I ¼ ðI1; I2Þ; J ¼ ðJ1; J2Þ 2 IdeD, the operations are defined by

I ^D J :¼ I \ J ¼ ðI1 \ J1; I2 \ J2Þ

I _D J :¼ hI [ J iD ¼ ðhI1 [ J1iB; hI2 [ J2iRÞ

is a lattice, called the lattice of ideals of D.

DEFINITION 6.3
[1] A Galois-connection between the partially-ordered sets ðA;�AÞ and ðB;�BÞ is a pair of
functions ðC; IÞ, C : Aÿ!B; I : Bÿ!A satisfying, for all x 2 A and y 2 B, the following
restriction

CðxÞ �B y iff x �A IðyÞ:

14 Congruences on Dynamic Algebras
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THEOREM 6.4
The pair of maps C : IdeD ÿ!CongD (that for each I 2 IdeD assigns the congruence CðI Þ)
and I : CongD ÿ!IdeD (that for each � 2 CongD assigns the ideal Ið�Þ) defines a Galois-
connection ðC; IÞ, between the lattices IdeD and CongD.

PROOF. Let I be in IdeD and � be in CongD. If CðI Þ � � then IðCðI ÞÞ � Ið�Þ, and by
Prop.5.11 we have I � Ið�Þ. Now, if I � Ið�Þ then CðI Þ � CðIð�ÞÞ. By Prop.5.15 we conclude
CðI Þ � �. g

As an immediate consequence of 7.33 of [1] we have the following results.

COROLLARY 6.5
Let D be a separable dynamic algebra with zero. Then

1. for each I 2 IdeD, CðI Þ is the least congruence � such that I � Ið�Þ;

2. for each � 2 CongD, Ið�Þ is the greatest ideal I such that CðI Þ � �.

7 Additive Ideals

We already know that, in general, there are several dynamic congruences with the
same kernel. The aim of this section is to study conditions under which a dynamic
congruence is determined by its kernel. For that purpose we introduce the concept of
additive ideal.

DEFINITION 7.1
An ideal I¼(I1, I2) on a separable dynamic algebra with zero D ¼ ðB;R; hiÞ is said to be an
additive ideal if, for every a,b 2 R such that apþbp 2 I1, for every p 2 B, there exists a c 2 I2
such that ap þ bp ¼ cp, for every p 2 B.
On a separable dynamic algebra with zero, the pair ({0}, {o}) is an additive ideal.

Actually, it is the unique ideal with {0} as Boolean part.
The following table distinguishes the ideals on the dynamic algebra D1, given at Ex.5.13,

into additive and non-additive ideals.

Additive Ideals I ¼ (I1, I2) Non-Additive Ideals I ¼ (I1, I2)

I1 ¼ { 6 0}; I2 ¼ {o} I1 ¼ { 6 0, {l}}; I2 ¼ {o}
I1 ¼ { 6 0, {1}}; I2 ¼ {o, a} I1 ¼ { 6 0, {2}}; I2 ¼{o}
I1 ¼ { 6 0 {2}}; I2 ¼ {o, b} I1 ¼ { 6 0, {3}}; I2 ¼ {o}
I1 ¼ { 6 0, {1}, {2}, {1, 2}}; I2 ¼ {o, a, b, c} I1 ¼ { 6 0, {1}, {2}, {1, 2}}; I2 ¼ {o}

I1 ¼ { 6 0, {1}, {2}, {1, 2}}; I2 ¼ {o, a}
I1 ¼ { 6 0, {1}, {2}, {1, 2}}; I2 ¼ {o, b}
I1 ¼ { 6 0, {1}, {3}, {1, 3}}; I2 ¼ {o}
I1 ¼ { 6 0, {1}, {3}, {1, 3}}; I2 ¼ {o, a}
I1 ¼ { 6 0, {2}, {3}, {2, 3}}; I2 ¼ {o}
I1 ¼ { 6 0, {2}, {3}, {2, 3}}; I2 ¼ {o, b}
I1 ¼ PðSÞ; (S); I2 ¼ {o}
I1 ¼ PðSÞ; I2 ¼ {o, a}
I1 ¼ PðSÞ; I2 ¼ {o, b}
I1 ¼ PðSÞ; I2 ¼ {o, a, b, c}
I1 ¼ PðSÞ; I2 ¼ {o, a, b, c, d}

Congruences on Dynamic Algebras 15
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THEOREM 7.2
Let � ¼ ð�1; �2Þ 2 CongD where D ¼ ðB;R; hiÞ is a separable dynamic algebra with zero. If
Ið�Þ is an additive ideal, then

1. CðIð�ÞÞ ¼ �;
2. � is determined by its kernel.

PROOF. (1) We intend to show that CðIð�ÞÞ ¼ �; i.e., that C
Ið�Þ
1 ¼ �1 and C

Ið�Þ
2 ¼ �2: We are

going to prove only that CIð�Þ2 ¼ �2 (since C
Ið�Þ
1 ¼ �1 is a known result in Boolean algebras).

(i) We begin by showing that CIð�Þ2 � �2: Let ða; bÞ 2 C
Ið�Þ
2 : Then a[ j ¼ b[j, for some j 2 I �2:

Since j �2o then (a[j) �2 (a[o) and (b[j)�2 (b[o), and therefore, (a[j)�2a and (b[j)�2b.
Since a[j¼b[j then a �2b, i.e., (a,b) 2 �2.

(ii) Now we prove that �2 � C
Ið�Þ
2 : For (a, b) 2 �2 we have ap�1bp, for every p 2 B. And

therefore, (apþbp) �10, i.e., apþ bp 2 ½0��1 ¼ I �1: Since Ið�Þ is an additive ideal, there
exists a c 2 I �2 such that ap þ bp ¼ cp, for every p 2 B. Therefore ap _ cp ¼ bp _ cp, and
so, (a[c)p ¼ (b[c)p, for every p 2 B. The separability of D brings a[c ¼ b[c, with
c 2 I �2; i.e., ða; bÞ 2 C

Ið�Þ
2 .

(2) We have to prove that � is the unique congruence having Ið�Þ as kernel. Let � be a
congruence on D such that Ið�Þ ¼ Ið�Þ: Then Ið�Þ is an additive ideal and, by (1), we have
� ¼ CðIð�ÞÞ ¼ CðIð�ÞÞ ¼ �. g

A counterexample to the reciprocal result of Th.7.2(1) is given by a congruence generated
by a non-additive ideal.

PROPOSITION 7.3
Let I¼(I1, I2) and I 0 ¼ ðI1; I

0
2Þ be ideals on a separable dynamic algebra with zero

D ¼ ðB;R; hiÞ. If I is an additive ideal on D then

1. I0 � I;
2. I is a determining ideal on D.

PROOF. 1. For a 2 I 02, we have ap 2 I1, for every p 2 B. Since I is additive and apþop 2 I1,
for every p 2 B (we recall that apþop¼ap), there exists a c 2 I2 such that ap þ op ¼ cp, for
every p 2 B. Therefore ap ¼ cp, for every p 2 B and, since D is separable, we have a ¼ c,
showing that a 2 I2.

2. By 1., if there exists an additive ideal with Boolean part I1, then it is the greatest
(and the unique) additive ideal with Boolean part I1. By Prop.5.3 the determining ideal of
any ideal having I1 as Boolean part is the greatest ideal with this property. g

By recalling Ex.5.13, ({ 6 0, {1}, {3}, {1, 3}}, {o, a}) is an example of a non-additive
determining ideal. Therefore, a determining ideal is not necessarily an additive ideal.

COROLLARY 7.4
If I¼(I1, I2) is an additive ideal on a separable dynamic algebra with zero D ¼ ðB;R; hiÞ, then
CðI Þ is a separating congruence.
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