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Abstract. The performance evaluation and comparison of routing models in 
telecommunication networks, normally imply the necessity of evaluating them 
through multidimensional, potentially conflicting, often incommensurate crite-
ria, frequently involving imprecise information regarding the relative im-
portance of the various network performance criteria. As we will show, this is 
particularly relevant for flow-oriented, decentralized routing optimization 
methods, having in mind their inherent limitations. Therefore, we formulate a 
decision problem focused on the comparison and selection of flow-oriented 
routing models, evaluated through multiple global network performance 
measures. A proposal of a multi-criteria/multi-attribute approach for tackling 
this decision problem, based on the VIP (Variable Interdependent Parameter) 
software, will be described. The adequacy of the features of the multi-attribute 
decision analysis model, which uses additive aggregation of criteria with varia-
ble interdependent importance parameters, coping with imprecise information, 
will be discussed. A detailed formulation of the application of the proposed ap-
proach to a specific problem involving the choice of a point-to-point routing 
method in a modern transport telecom network, from a set of height routing 
models, by considering their performance evaluated in terms of nine global 
network performance measures, will be presented. Moreover, the extension of 
the decision analysis model, based on the VIP decision support tool, for dealing 
with this problem, in the case of face-to-face cooperative group decision, will 
be addressed. A case study concerning the application of this approach, to the 
aforementioned decision problem, in a setting involving three decision makers, 
including a facilitator, will be presented. Finally, some conclusions, both from a 
methodological and practical nature, founded on the application study, will be 
put forward, highlighting the interest of this type of approach in this important 
area of telecom-network design. 
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1   Introduction and Motivation 

1.1 Introduction and Background Concepts 

In the general context of network design activities, routing is a fundamental issue that 
may be envisaged as part of the network operational planning decision process, 
strongly related to other network design steps, namely network structure design 
(which includes topological design and capacity facility dimensioning) and traffic 
network management. Routing methods may have different natures and a great multi-
plicity of formulations, depending fundamentally on the following factors: mode of 
information transfer and possibly other key technological features, the type of ser-
vice(s) associated with the routed traffic flows, the level(s) of representation of the 
network, the features of the routing principle, associated with the objective(s) (to be 
optimized), the constraints to be satisfied, the time dependence of the execution of the 
routing algorithm and the information for the routing calculation. Routing methods 
are, in practice, technically implemented, in a given network environment, involving 
multiple technical factors, trough 'routing protocols'. Concerning the levels of network 
representation, for example, at least two levels are considered when resilience objec-
tives are considered in the network design: the physical or transmission network and 
the logical or functional network. The physical network includes the transmission 
systems (such as optical fiber cables or microwave links and associated transmit-
ter/receiver equipment), the switching and/or routing devices and their physical inter-
connections. The logical network is an upper level simplified representation of the 
network, of mathematical nature, over which the routing functionalities can be speci-
fied through logical rules and includes, as basic elements, a capacitated graph and a 
matrix of node to node offered demand, where the nodes typically represent switches 
or routers and the arcs transmission capabilities between the end nodes. As for the 
concept of 'routing principle' we mean the fundamental features of the routing 
method, for example whether it is concerned with node-to-node or with node-to-
multiple nodes connections, or whether it is static or dynamic, i.e. if routes are time 
varying according to traffic fluctuations or network conditions, in a given time scale. 
The extremely fast pace of the evolution in basic network technologies and architec-
tures has led, in recent years, to a sharp increase in the proposals of routing models 
for different types of networks. Note that different routing methods often lead to dif-
ferent routing solutions for each node-to-node flow or VC (Virtual Connection, i.e. a 
specific node-to-node logical connection, with a given bandwidth requirement) in a 
given network environment, for given traffic offered to the network, solutions which 
are specified by a sequence of network resources, topologically defined by loopless 
paths in the network representation, in the case of point-to-point communications. 
Similar comments apply to point-multipoint or multipoint-multipoint communica-
tions, in which case Steiner trees or spanning trees have to be calculated in the net-
work representation, according to the nature of the communication service. Reference 
monographs on routing models for telecommunication networks, including key math-
ematical formulations and algorithms can be seen in [Pióro & Medhi 2004] and 
[Medhi & Ramasamy 2018].  
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Most routing models, proposed in recent years, may be included in the category of 
'QoS (Quality of Service) routing models', a type of routing that involves the selection 
of a chain of network resources along a feasible path explicitly satisfying certain 
requirements (dependent on traffic features associated with service types) and seeking 
to optimize some relevant metric such as delay, cost, number of edges of a path or 
loss probability. Therefore, in this context, routing algorithms need to consider as 
objective function or constraint(s), distinct path metrics. Comprehensive reviews on 
classical constrained-based QoS routing models and algorithms are provided in [Kui-
pers et al. (2002a), Kuipers et al. (2002b)]. In various modern network design situa-
tions there are advantages in formulating routing problems, as explicit multi-criteria 
optimization problems, where two or more metrics or cost functions are considered as 
objective functions to be optimized. Note that this type of formulations enable the 
trade-offs among distinct path metrics and other network cost function(s), to be pur-
sued in a mathematically consistent manner [Clímaco et al. 2007]. An overview on 
multi-criteria routing models in telecommunication networks including the discussion 
of a case study can be seen in [Clímaco et al. 2007]. A recent state of art review on 
applications of multi-criteria analysis in telecommunication network planning and 
design problems, including a section on multi-criteria routing models is in [Clímaco et 
al. 2016]. 

For scalability considerations, most proposals of routing methods, from classical 
single-criterion optimisation models and QoS routing methods (based on multiple 
variants of constrained shortest path exact algorithms or heuristics) to explicitly multi-
criteria routing optimization models, are decentralised flow-oriented routing models. 
Alongside other authors (see, for example [Mitra et al. 1999]) we make the important 
distinction (see the analysis in [Craveirinha et. al. 2008]), between flow-oriented 
routing optimization models, for which routing calculation is performed for each 
node-to-node flow separately, in terms of a path optimization problem (with one or 
multiple objective functions and constraints), and network-wide optimization routing 
models. That is, flow oriented optimization routing approaches are characterized by 
objective function(s) which are defined on a per connection demand basis, i.e. for 
each offered end to end traffic flow - this means that the routing optimization model is 
solved separately every time a new end to end traffic flow is considered in the net-
work. In contrast, network-wide optimization routing approaches consider the objec-
tive function(s) defined at network level, i.e. specified as global network performance 
measures that depend, explicitly and simultaneously, on all traffic flows present in the 
network, this implying that the optimization model is solved considering explicitly the 
combined effect of all network flows in all links/edges of the network – for example, 
through global network flow programming formulations.  

As noted in [Craveirinha et. al. 2008], in flow oriented optimization routing ap-
proaches the objective functions, although closely related to the global network per-
formance measures which we are “really” seeking to optimize, are unable to encom-
pass consistently all the interactions among all network flows, the reason why the 
specified objective functions for any end-to-end flow can be designated as “surrogate” 
objective functions with respect to the ones in the associated network-wide optimiza-
tion routing models. For example, the optimization of a given path metric (such as 
mean delay, blocking probability or load cost) for an end-to-end flow, seeks to opti-
mize the corresponding global network metric. This is an inherent limitation of flow 
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oriented optimization routing models in comparison with network-wide optimization 
routing models, which often leads to routing solutions that are poor in terms of the 
global network performance metrics.  

For these reasons it is necessary to evaluate the performance of flow oriented rout-
ing models through relevant global network performance measures, to be specified by 
the network designer in a given network environment.  Furthermore, QoS and multi-
criteria routing models should be compared, among themselves and with more con-
ventional single-criterion routing optimisation models, by considering various rele-
vant network performance measures. In the vast literature on routing methods, their 
performance, including performance comparisons among routing methods in a given 
network context, has typically been carried out through experimental studies involv-
ing simulation of multiple network scenarios followed by an empirical comparison of 
the network performance results obtained with the compared routing solutions.  

A few examples of typical performance comparisons studies on flow-oriented rout-
ing methods, in various types of network environments, may now be referred to, in 
order to illustrate the analysis above. In [Meghanathan et al. 2009] a performance 
comparison study of three different types of routing protocols for mobile wireless ad 
hoc networks (or "MANETS"), is presented. A simulation test-bed is used and these 
routing methods are compared and ranked in terms of average packet delivery ratio, 
number of route transitions, average hop count and end-to-end packet delay, consider-
ing these criteria separately, by using multiple graphics for these metrics, in different 
conditions. The paper [Iver et al. 2013] presents a performance comparison of three 
routing protocols for wireless “smart utility networks”, a specific type of wireless ad-
hoc networks. The heuristic routing methods implemented by such protocols are 
compared, using a discrete event stochastic simulation, in terms of transmission re-
source usage (measured by the hop-count), average packet delay and average packet 
delivery ratio, considering three types of services and also taking into account route 
reliability. The performance criteria are directly compared through graphical repre-
sentations. The work [Sllame et al. 2015] presents a performance comparison of a 
Voice over Internet Protocol (VoIP) communication service working over wireless ad 
hoc networks, considering multiple alternatives defined in terms of three different 
routing protocols and three different queuing techniques. The performance compari-
son uses four technical criteria, concerning jitter, packet delays and packet delivery 
ratio. Multiple graphics, obtained by real-time simulation, are used for empirical 
comparison of the alternatives, where, for each routing protocol, the criteria values are 
displayed, considering the various packet queuing techniques that may be used at the 
nodes. 

 
The results of these, and of similar studies involving the comparison of routing 

methods, are typically expressed through statements of the type: “The method A has 
better performance (or a certain % improvement in performance) than method B with 
respect to network metric X, in load condition L,…”. In 'robust' and more technically 
sound studies, multiple network performance metrics/costs should be considered for 
comparison purposes, also having in mind that most flow-oriented routing models - 
and also, possibly, network-wide optimisation routing models unable of encompass-
ing explicitly some relevant network performance metrics - tend to perform asymmet-
rically with respect to different network metrics. This makes that the comparison and 
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ultimately the choice - by a network design expert, working for a given network oper-
ator- of “a routing method with better overall performance” in a given network con-
text, may easily become a difficult task, involving what is, in fact, a complex decision 
problem.  

1.2 Motivation and Contents 

 
As explained above, the inherent limitations of flow-oriented optimization routing 

models, make that the global effect of the interactions between traffic flows is not 
fully represented in their objective functions, justifying why we focused our study on 
the application of multi-attribute decision analysis to the comparison and selection of 
routing models of this type. In fact, these routing models may treat in quite an unbal-
anced manner, various relevant network performance metrics and may lead to poor 
performance in some of those metrics. The interest and necessity, in our view, of 
developing a decision support model, with sound methodological foundations, for 
tackling the mentioned type of evaluation and decision problem, of great practical 
interest in this specific area of network design, laid a major motivation for this work. 

The decision problem at stake, is, from an Operational Research point of view, a 
problem involving the ranking of decision alternatives according to multiple crite-
ria/attributes, where the alternatives are in a small number, are known explicitly, and 
the attributes correspond to the network global performance parameters chosen for 
evaluation purposes, often conflicting and incommensurate.  

A major contribution of our study is to show the usefulness and potential, both 
from a methodological and practical point of view, of using a certain multi-attribute 
(MA) analysis model dealing with incomplete information. A reference monograph 
on key concepts concerning multi-attribute models can be seen in [Keeney & Raiffa 
1979]. 

The used MA model will consider an additive value function (see [Keeney & Raif-
fa 1979]) which is constructed through a weighted sum of the attribute values. Re-
member that the attribute values have to be previously normalized. Furthermore, at 
each evaluation exercise, the fixing of the values of the scaling constants/weights, 
corresponding to criteria importance parameters assigned to the various attributes, 
has to be tackled. Note that this is a most difficult task, since the relative importance, 
particularly in quantitative terms, among the different attributes, is normally impre-
cise. For example, the question “how more important is mean total carried traffic than 
total residual bandwidth?” may have a variety of answers in terms of network routing 
design. That is why the imprecise nature of the scaling constants is a fundamental 
feature of the addressed decision problem, that has an important role in the specifica-
tion of the MA analysis model. Moreover, note that various attributes may be conflict-
ing and incommensurate, as the two exemplified above (mean total carried traffic and 
total residual bandwidth). 

Furthermore, the interest in considering a group decision process in this application 
environment has to do with several aspects. Firstly, although some general assump-
tions on relative importance of the network performance metrics may be common to 
most network designers, the specification of relations between the criteria IPs (im-
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portance parameters) may vary significantly from one expert to another, even when 
those differences of perspective, in terms of systems of preferences, are not assumed 
explicitly, but just tacitly. This is also reflected in the literature in this area where 
some authors give more relevance to certain performance measure than others, when 
analyzing and comparing the performance of routing methods in a given network 
environment (see examples, in the overview of routing models in [Craveirinha et al. 
2008] and [Clímaco et al. 2016]). The need for the elicitation of such differences and 
the analysis of their consequences in the network design process, is one of the ad-
vantages of considering a setting of group decision in the context of this particular 
multi-criteria decision problem. Secondly, this may be a realistic decision scenario in 
the context of a major network operator, since more than one engineer/network de-
signer is often involved in a decision which has decisive impact in terms of network 
performance, cost and expected revenues. This can be a typical situation when new, 
more advanced, routing methods are to be implemented in a transport network, for 
example provided by the development by the operator or by a company of a related 
group, of more sophisticated routers, in relation to the deployment of modern tele-
communication protocol technologies, for example the MPLS-TP (Multiprotocol 
Label Switching-Transport Profile) stack [Niven-Jenkins et al. 2009]. The authors 
themselves were involved in research contracts of collaboration of their research insti-
tute (INESC-Coimbra) with Portugal Telecom-Innovation, where this type of decision 
environments and issues were at stake. 

In this study, we consider, as alternatives of the formulated decision problem, sev-
eral variants of flow-oriented routing models, namely, in the presented case study, 
different variants of a bi-criteria flow oriented routing model, as well the two associ-
ated single-criterion routing models. Hereafter, we designate as bi-criteria routing 
model, a routing model characterized by two specific objective functions. We consid-
er, in our case study, two different forms of normalizing the objective functions and 
two forms of aggregation of preferences, leading to multiple variants of the routing 
model. Each of these variants corresponds to a routing method, in the sense defined in 
[Clímaco & Craveirinha 2005]. In the considered routing methods, for technical re-
quirements, the aggregation of preferences is performed automatically, as explained 
later on. The attributes of the decision problem are various network performance 
metrics that enable the evaluation of the global effect, at network level, of using the 
various routing methods, when incremental traffic is offered to a given transport net-
work. These performance metric values were obtained in the context of a previous 
study [Martins et. al. 2013] on network performance improvement through evaluation 
of bi-criteria/single-criterion flow oriented routing methods in transport networks, 
focused on applications in Carrier-Ethernet [MEF 10.3, 2013] and MPLS-TP net-
works. This study was focused on bandwidth allocation and traffic performance, hav-
ing in mind its paramount importance in packet transport networks, in relation with 
the design of adequate routing methods, capable of obtaining improved network per-
formance and prevent degradation of the QoE (Quality of Experience) as perceived by 
the users, specially in overload conditions.  

As analyzed above, the imprecise information feature of the proposed MA model 
stems from the fact that the scaling constants, associated with the considered attrib-
utes are not fixed a priori, although various constraints between them can be set a 
priori as agreed among possible decision makers, for a given network operator. Of 
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course, this is more realistic and flexible than requiring an a priori fixation of the 
scaling constants. Furthermore, although some of those inequality relations are con-
sensual, for technical reasons, different decision agents, may assign different relative 
importance to the scaling constants associated with some attributes, or even consider 
different inequalities among them. Congruently, we will consider a multi-attribute 
analysis tool [Dias & Clímaco 2000], the VIP Analysis package, which will enable the 
achievement of a compatibility of the incomplete information supplied by different 
scenarios of relative importance among the attributes (network performance metrics). 
The aim is that, as a final result of an interactive analysis process, some robust con-
clusions may be achieved, hence helping a well founded evaluation and choice of a 
routing method alternative, to be implemented in a particular network environment.  

The main contributions of our work are the following: 
• specification of a multi-attribute (MA) analysis model, based on the VIP 

analysis software, for comparing and selecting routing methods, in terms 
of multiple network performance measures, enabling the consideration by 
the network designer (decision maker) of multiple scenarios concerning 
different forms of valuation of the relative importance of the network per-
formance measures, i.e. in a context of imprecise information on the im-
portance parameters assigned by the DM to the network performance 
measures;  this includes the extension of the decision analysis model, 
based on the VIP software, for face-to-face cooperative group decision; 

• development of a case study of application of the (MA) analysis model to 
the comparison and selection of flow-oriented routing methods, namely 
methods based on bi-criterion shortest paths and single-criterion shortest 
paths algorithms, using as path metrics load costs and hop count, in the 
context of transport networks with incremental traffic; this application 
study, highlighting the capabilities of the used MA model, involves ex-
periments with one DM and with three DMs, considering a realistic co-
operative group decision setting. 

• outline of relevant conclusions, of methodological and practical nature, 
founded on the MA analysis case study, concerning the relative perfor-
mance of those types of flow-oriented routing methods, in various deci-
sion scenarios and putting in evidence the interest of this type of ap-
proach in this important area of telecommunication network design. 

 
 
The contents of the paper are as follows. The next section describes the decision 

problem concerning the selection of flow-oriented routing methods, in a given 
transport network, and specifies the features of the multi-attribute analysis model, 
based on the VIP analysis package, used for tackling this problem. Section 3 presents 
the case study of application of the (MA) analysis model to the comparison and selec-
tion of flow-oriented routing methods, in the context of transport networks with in-
cremental traffic, taking as inputs (attribute values) nine network performance met-
rics, the values of which were obtained from discrete event simulations. Multiple 
scenarios for the imprecise information on the importance parameters, as possibly 
assigned by the decision maker(s), were considered. Also some relevant conclusions, 
founded on the MA analysis case study, will be outlined in the second part of this 
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section. Finally, section 4 presents the conclusions of this study and outlines further 
work on this this research theme. 

 
 

2   Outline of the Decision Problem and of the Multi-attribute 
Analysis Model  

2.1   The Decision Problem 

The alternatives 
 

The first six alternatives ai (i=1,..,6) or solutions of the proposed decision problem, 
are variants of a bi-criteria flow-oriented routing model, in a transport telecommuni-
cation network considering incremental traffic, all using as path metrics, to be opti-
mized, the load cost and the number of arcs (or “hop count”), the features of which 
are briefly reviewed next and in Appendix A. The other two alternatives are the two 
single criterion routing models that use, as path metric to be minimized, either the 
load cost or the hop count.  

In order to briefly review these routing alternatives, let us consider a directed ca-
pacitated network (N, L, C) where N is the node set, L the arc set and C the set of the 
capacities (total bandwidths) Ck of the arcs lk (k=1,…/L/). Let fs denote a node to node 
traffic flow from node vi to node vj of service type 's'. A flow fs is associated with a 
virtual connection request (VC) requiring a certain bandwidth, ds, in the used arcs, 
and may use a feasible loopless path or route rs - i.e. a loopless path from vi to vj such 
that every arc in rs has, at the moment of the arrival of the VC request, an available 
bandwidth bk≥ ds. The current set of feasible routes for flow fs is designated as D(fs). 
Let mk

i designate an additive metric, corresponding to the path metric mi(rs) for any 
route rs, (i=1,2), associated with every arc lk. 

Then, the general basic bi-criteria flow oriented routing optimization model is 
formulated as: 

 
𝒎𝒊𝒏𝒓𝒔𝒎

𝒊(𝒓𝒔) = (𝒎𝒌
𝒊 )𝒍𝒌∈𝒓𝒔 				(	𝑖 = 1,2) 	∧ 	𝑟3 ∈ 𝐷(𝑓3)     (1) 

 
  

In the considered model, the first path metric, m1, is the load cost that is expressed 
through a piecewise linear function in terms of the relative bandwidth occupation in 
the arcs, based on the model in [Fortz & Thorup 2002] thenceforth depending, for arc 
lk, on bk and Ck (see details on this piecewise linear function in [Martins et. al. 2013]). 
The minimization of m1(rs) seeks to obtain a balanced traffic load distribution in the 
network arcs (or 'links'), preventing the use of excessively loaded links, while less 
loaded links are available, hence favoring traffic carrying capability for future VCs. 
The second metric is the number of arcs of the path (or hop count), i.e. mk

2=1, and its 
minimization seeks to minimize the number of network resources used by any VC. 
The bi-criteria flow oriented routing optimization model seeks to obtain a compro-
mise solution in terms of these two, often conflicting objective functions. The final 
compromise solution, to be settled for each VC, has to be chosen in the set of non-
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dominated (or Pareto optimal) solutions. A solution r’ is said to dominate the solution 
r iff m1(r’) ≤  m1(r) and m2(r’) ≤  m2(r) and at least one of inequalities is strict. A path 
r* is said to be non-dominated (or Pareto optimal) iff there is no other feasible path 
which dominates r*. The non-dominated paths were obtained by calculating k-shortest 
paths and by using a non-dominance test on the calculated solutions, as proposed in 
[Clímaco & Martins 1982]. Note that this procedure enables the exact calculation of 
all non-dominated solutions of the bi-criteria shortest path problem. The variants of 
this basic bi-criteria routing model are related to different ways of automated selec-
tion of a “good” trade-off solution to the bi-criteria routing model (1), in the non-
dominated solution set, for each offered flow fs, and to different forms of normalizing 
the two path cost functions. The parameters involved in the selection of a route de-
pend not only on the current flow being offered to the network but also on the global 
network states, so they vary dynamically as more flows are offered to the network, in 
a scenario of stochastic incremental traffic. Note that the final routing solution select-
ed for each VC offered to the network, is calculated in an automated manner by the 
routing management system. As for the way in which this selection is carried out, two 
types of methods were considered. The first type uses priority regions in the objective 
function space, defined from preference thresholds for the two objective functions, 
namely required and acceptable values mi

req, mi
ac (i=1,2). This leads to four priority 

regions, as specified in [Martins et. al. 2013], so that the first non-dominated solution 
found in the highest priority region, is the one selected. The second type of method 
chooses the non-dominated solution which minimizes, either a Chebychev or a Eu-
clidian distance to the optimal ideal point (op1, op2), in the objective function space. 
The second factor that influences the selected solution is the choice of the normalizing 
coefficients of the objective functions, as explained in the Appendix A. Further details 
on the traffic modelling and calculation aspects, can be seen in [Martins et. al. 2013].  

The other two alternatives, a7, a8, of the decision problem are, naturally, the single 
criterion routing optimization methods that use, as path metric to be minimized, either 
m1(rs), the load cost, or m2(rs), the hop count. The alternatives (routing methods) of 
our decision problem, are summarized in Table 1. 

 
alternative  
designation 

 routing optimization 
approach 

solution selection  

a1  bi-criteria normalization by WA  and priority regions  
a2  bi-criteria normalization by WB and priority regions  
a3  bi-criteria normalization by WA and Euclidian Distance  
a4  bi-criteria normalization by WA and Chebychev Distance 

a5  bi-criteria normalization by WB and Euclidian Distance 
a6  bi-criteria normalization by WB and Chebychev Distance 

a7  single-criterion: load cost  
a8  single-criterion: hop count  

Table 1: alternatives of the decision problem-routing methods 
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The attributes  
 
Concerning the attributes of the decision model, these are global network perfor-

mance metrics involving three fundamental types of metrics: mean total carried 
bandwidth (TCB), mean total residual bandwidth (TRB) and mean number of accept-
ed node-to-node VCs (TAC). Each of these fundamental metrics is decomposed into 
three attributes corresponding to the associated performance values obtained while the 
blocking probability of a connection request remains in zero (Br1=0%) or attains the 
thresholds of Br2=5% or Br2=10%, leading to a total of nine attributes.  

The values for these performance measures in the network case study were esti-
mated through stochastic discrete event simulations, considering incremental traffic 
and using the method of batch means for sample mean and confidence interval esti-
mation. 

2.2   The Multi-attribute VIP Analysis  

 
The multi-attribute analysis model for tackling the considered decision problem is 
based on a decision support tool, the VIP Analysis software [Dias & Clímaco 2000], 
[Dias & Clímaco 2005] having in mind the adequacy of its features to the to the na-
ture of our decision problem. This adequacy results, in first place, from the fact that 
the DM (the network designer) is not able or does not wish to establish a priori pre-
cise values for the importance parameters, or scaling constants, associated with the 
attributes – this is the imprecise information feature of the decision model. Note that 
the DM not only may find very difficult (or questionable under technical-economic 
reasons) to fix precise values for the importance parameters, but also may wish to 
consider and test various scenarios for the relative values of those parameters. This 
will become very clear, in the explanation of the MA package features, as well as in 
the case study in section 3, specially taking in account the way in which the scaling 
constants can be treated, namely as variable interdependent parameters, enabling, at 
the same time, to draw well founded conclusions concerning the ranking of alterna-
tives. 

Hence, to help the DM in a process of finding a most preferred alternative, the MA 
model considers an additive value function under imprecise information:  

 

 V (a i,k) = kj
j=1

n

∑ vj (a i ).  (2) 

            
where ai	and	vj	represent the ith alternative and the jth normalized global network per-
formance measure, of one of the types described above, kj is the importance parame-
ter (IP) or scaling constant of vj.	 and k represents the vector of scaling constants, 
k=(k1, k2,…, kn). 

Let us briefly review the most relevant concepts/definitions used in the multi-
attribute analysis package (see [Dias & Clímaco 2000] for further details).  

Let T denote the set of acceptable values of the vector k of scaling constants. 
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The regret(ai, aj) associated with alternative aj, when compared with ai, and here 
denoted as regij, is the maximal difference: 

 

 regij =maxk∈T
V (a i,k)−V (a j,k){ }.  (3) 

 
If regij is negative then 𝑉(a8, 𝑘) ≥ 𝑉(a;, 𝑘)	∀𝑘𝜖𝑇 ∧ ∃𝑘𝜖𝑇:	𝑉(a8, 𝑘) >

𝑉(a;, 𝑘)	and	aj is said to dominate ai, (i.e.  ai is dominated by aj). An even more de-
manding situation of dominance, corresponds to the case: 

 
V (a j,k) ≥V (a i,k ')  ∀k,k'∈ T∧∃k,k'∈ T:V (a j,k)>V (a i,k ')            (4) 

 
In this case we say that ai is absolutely dominated by aj. 
A relaxation to the dominance relation, by a tolerance parameter e, means that: 
 

 
𝑉(a8, 𝑘) ≥ 𝑉(a;, 𝑘) − 𝜀	∀𝑘𝜖𝑇 ∧ 	∃𝑘𝜖𝑇:	𝑉(a8, 𝑘) > 𝑉(a;, 𝑘) − 𝜀	 (5) 

 
In this case we say that aj quasi dominates ai with tolerance e. 
For every alternative ai the maximal regret associated with it, when it is compared 

with all other alternatives which may have a higher additive value for given T, is: 

 regmax (a i ) =maxj≠i
regji{ }=max

k∈T
max
j≠i

V (a j,k){ }−V (a i,k){ }.  (6) 

 
If regmax(ai) is negative or null then ai is optimal; if regmax(ai)-e is negative or null 

then ai is quasi-optimal. If this is true only for a subset K* of T then we can say that ai 
is k-optimal (or quasi optimal) at K*. 

 VIP Analysis [Dias & Clímaco 2000] is an interactive software package dedicated 
to the choice problematic regarding the evaluation of a discrete set of alternatives 
according to a multi-attribute additive value function. The principal characteristic of 
this tool is that no precise values, for the scaling constants, are required. Instead, it 
can accept imprecise information (typically, intervals and/or linear constraints) on 
these values, usually identified by indirect ways, as for example by comparing 
swings. The major objectives are the discovering of robust conclusions - that may be 
shown mathematically to hold for every feasible combination of the scaling constants 
– and, secondly, identifying what is the variability of the results due to the impreci-
sion in the parameter values. Furthermore, by considering multiple specifications of 
the set T, the DM may address the choice of a best compromise alternative, in differ-
ent scenarios, that he/she finds more relevant on technical-economic grounds or more 
consistent with his/her experience as network designer. 

In a first phase of the MA procedure some tools enable filtering the alternatives. In 
particular, the VIP module calculates the range of values of each alternative: 

 

 min
k∈T

V (a i,k){ },max
k∈T

V (a i,k){ }"
#

$
%.

 (7)  

 



 J. Clímaco, J. Craveirinha, L.  Martins  12 

This enables, for example, the elimination of the alternatives with a minimum val-
ue below a certain threshold (fixed by the decision makers) regarding: the maximum 
regret concerning each alternative (enabling the elimination of those with a max re-
gret beyond a threshold fixed by the decision makers); possibly the elimination of 
absolutely dominated or dominated solutions. It must be remarked that the identifica-
tion of the alternative(s) with "min-max regret" constitutes an indicator regarding 
equity and the identification of the alternative(s) with "max min value" is an indicator 
regarding "best case". The alternatives passing the filtering phase are analysed using 
the matrix of regrets, [regij.] (i, j=1,…m), defined from (3), designated as pairwise 
confrontation table. In conjunction with the relaxation of the concepts of optimality 
and dominance, this enables the exploration of the concepts of quasi-optimality and 
quasi-dominance, enabling the decision maker to identify robust conclusions, in order 
to help in the search for the best alternative. Also note that, in those cases for which 
the DM is able of fixing some trade-offs between pairs of criteria, it is possible to 
reduce the number of independent variable scaling constants. When just three inde-
pendent variables remain, the system provides a graphical representation of the space 
of the scaling constants, allowing a user-friendly representation of the optimality and 
quasi-optimality domains.  

In the addressed network design decision problem, a final routing method alterna-
tive must be chosen. In theory two situations may occur at the end of the analysis 
process: the most common, where one alternative becomes the one clearly preferred 
by the DM, in all admitted scenarios for T, as a result of its inherent merits in a given 
network environment, or a situation in which the DM finds that at least two alterna-
tives are worthy being considered, since neither of them is clearly preferred to, in the 
admitted scenarios. In this case the DM may have two courses of action: either to 
consider a ‘narrowing’ of the conditions which specify the set T, leading, through a 
complementary process of analysis with the VIP package, trying to clarify the situa-
tion, or to present those best alternatives to a ‘higher hierarchy’ DM of the network 
operator, and confront him/her with the pros and cons of those alternatives, so that 
he/she makes an ultimate selection in this final short list of alternatives.  

As for the upgrading of these concepts to Group VIP Analysis (see [Dias & Clíma-
co 2005]), for instance, concerning the concept of "quasi-domination of alternatives", 
the DMs tolerance e may vary jointly with a "a-majority operator". In the case study 
dealt with in this paper, we consider three decision makers, so 𝛼 ∈ 1/3, 2/3, 1 . In 
fact, the DM´s may be interested in analyzing which alternatives are quasi-dominated, 
in terms of an "a-majority rule". Note that the obtainment of a quasi-dominance con-
dition with a high value of a may imply a high value for e - an example is shown in 
the case study described in the next section. Of course this type of approach can also 
be used for other types of decision issues. 
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3   Case Study 

3.1   Main Features of the MA Application Model 

A reference network based on the France telecommunication transport network, 
described in [Martins et. al. 2013] and with topology given in [Orlowski et al. 
“SNDLIB” 2010], considering that all links (arcs of the network topology) have 10 
Gb/s capacity and three connection service types, was considered. The three service 
types were assumed to have effective bandwidths of 20, 50 and 100Mbit/s. In the 
stochastic simulation study, point to point VC requests were randomly generated over 
all origin-destination pairs and service types, considering uniform distributions. The 
accepted VCs are assumed to be maintained ‘indefinitely’ in the network (that is the 
established routes correspond to physical paths which are held during the routing 
study time scale), which corresponds to the usual assumption of offered traffic of 
incremental type, typical of routing studies in transport networks. The study in [Mar-
tins et. al. 2013], was carried out in collaboration with experts of Portugal Telecom 
Inovação and was focused on the evaluation of the bandwidth allocation and traffic 
performance when various point to point routing methods, as the ones described in 
Table 1, were applied in the context of Carrier-Ethernet and MPLS-TP (Multiprotocol 
Label Switching-Transport Profile) transport networks. The estimated values for the 
network performance metrics, used as attributes in the present MA model, were ob-
tained by considering 100 simulation replicas of incremental traffic and their average 
values were calculated, from raw data collected during the experiments in [Martins et. 
al. 2013]. 

As mentioned above, a total of nine attributes were considered. The corresponding 
values were normalized by using difference ratios, i.e. the estimate yj(ai) of the jth 
network performance metric, for a given alternative ai, is normalized into the attribute 
value in [0,1]: 

 

 vj (a i ) =
yj (a i )− yjmin

yjmax − yjmin

;  yjmin =min
ak

y j (ak ){ },  yjmax =max
ak

y j (ak ){ }  (8) 

 
The first three attributes (or criteria) vj (j=1,2,3), are the mean total carried band-

widths (TCB) while the blocking probability of a VC request remains in zero 
(Br1=0%) or attains the thresholds of Br2=5% or Br2=10%, respectively, and the 
corresponding scaling constants are denoted by kj = k( j )TCB  j=(1,2,3). The attributes 
vj (j=4,5,6) are the mean total residual bandwidths (TRB) defined in the same condi-
tions as above, and the corresponding scaling constants are denoted by 
kj+3 = k( j )TRB  j=(1,2,3). Finally the attributes vj (j=7,8,9) are the mean numbers of 
accepted node-to-node VCs (TAC), defined in the same conditions, and the corre-
sponding scaling constants are denoted by kj+6= k(j)TAC  j=(1,2,3). 
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Fig.1- Normalized performance matrix 
 
The obtained values vj(ai) are shown in the form of the normalized performance ta-

ble of the VIP package, in Fig.1. 

3.2   Experimental Study with a single decision maker 

We begin by presenting two sets of experiments involving two separate decision 
makers, DM1 and DM2, whose constraints on the IPs (importance parameters) reflect 
common assumptions of network designers regarding the relative importance of the 
performance metrics. This will enable the potentialities of the proposed MA analysis 
model to be illustrated, in our decision environment. 

First set of experiments (DM1)  

The first set of experiments, regarding the first decision maker, DM1, was carried 
out considering a total of 15 constraints on the scaling constants, which are either 
inequality relations (corresponding to 13 constraints) or equality relations (2 con-
straints). These constraints correspond to the general assumptions of most network 
designers, making it explicit the relative importance of some pairs of network metrics, 
when evaluating routing methods, namely considering that: i) the total carried band-
width (TCB) and the total number of accepted connections (TAC) measures are more 
relevant than total residual bandwidth (TRB) measures, for the same level of blocking 
probability; ii) for a given type of network metric (namely associated with TCB or 
TAC) the measure for blocking probability Br1 (0%) is more important than the 
measure for Br2 (5%) and similarly for measures for Br2 and Br3 (10%), excepting in 
the case of the measures for TRB, a situation in which those preferences are the re-
verse. The equality relations concern the measures TCB and TAC, for Br1 and Br2. In 
this first scenario of relations between scaling constants it is further assumed that the 
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performance in terms of TCB is at least as important than TAC for blocking probabil-
ity Br3 (10%). This set of constraints (denoted as constraint set scenario S1) is ex-
pressed, according to the defined notation: 

 
 

𝑘 8 IJK ≻ 𝑘 8MN IJK		 𝑗 = 1,2 						 𝑐1  
𝑘 8 IQK ≺ 𝑘 8MN IQK		 𝑗 = 1,2 						 𝑐2  
𝑘 8 ISJ ≻ 𝑘 8MN ISJ	 𝑗 = 1,2 								 𝑐3  
𝑘 8 IJK ≻ 𝑘 8 IQK		 𝑗 = 1,2,3 							 𝑐4 		Constraint set S1   (9) 
𝑘 8 ISJ ≻ 𝑘 8 IQK		 𝑗 = 1,2,3 						 𝑐5  
	𝑘 8 IJK ≡ 𝑘 8 ISJ		 𝑗 = 1,2 											 𝑐6  
𝑘 8 IJK ≽ 𝑘 8 ISJ		 𝑗 = 3 															 𝑐7  

 
 
 
 
Here, "≻" denotes "more important than", " ≽ " means "at least as important as" 

and " ≡ " denotes "as important as". Note that the VIP software uses the simplex 
method, therefore strict inequality relations cannot be used, so that we have to use, to 
implement such relations, a small perturbation of "≥" or " ≤ " relations. 

The summary of the main features of the alternatives, in this experiment, is shown 
in fig. 2, where the corresponding VIP table is reproduced as actually seen in the 
computer screen. The left hand side of this picture is just a part of the table, used in 
VIP software, to introduce the constraints S1, the remainder of that table is not shown 
since it does not add any significant information. This first experiment enabled to 
identify one alternative absolutely dominated (a8), i.e. its more favorable value is 
lower than the worst value of other alternative(s), and with very poor relative values 
in almost all attributes, and four alternatives which were dominated by a3 or by a4. 
Moreover, a3 was the solution with maximal minimal value and a4 the solution with 
minimal maximal regret. The pairwise confrontation table is shown in fig. 3 and 
graphics with the min-max ranges and the maximal regrets for the eight alternatives, 
are shown in figs. 4 and 5, respectively, enabling a visual assessment of the relative 
performances of the alternatives concerning these important features of the MA model 
results. 

In this set of experiments various runs of the VIP software were carried out varying 
the level of dominance relation relaxation, i.e. quasi-dominance, specified by the 
relative tolerance e (different e values were considered for testing quasi-dominance or 
“reinforced” dominance - negative e).  This was done by sliding in a horizontal screen 
bar, provided by the software. 

The consideration of a small relaxation to dominance revealed, by examining the 
confrontation table, that all alternatives (different from a3, a4) were quasi-dominated 
by a3 or a4, for e ≥ 0.01, as illustrated in the summary of fig 6. and through the con-
frontation table in fig 7, obtained for e=0.01. 
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Fig.2  Main features of alternatives, for S1. 
 

 
 

Fig.3 The pairwise confrontation table, for S1. 
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Fig. 4 The min-max ranges for S1. 
 

 
 

Fig.5 The maximal regrets for S1. 
 
In a second experiment, a8 was eliminated (a “filtering” procedure), taking into ac-

count that this alternative is clearly the worst in terms of all the major evaluation 
properties used by the VIP analysis, namely "max-regret", "max-min value" and dom-
inance features (note, from fig.4, that it is absolutely dominated by all other alterna-
tives). For the remaining alternatives one could conclude that for e > 0.01 all alterna-
tives, other than a3 and a4, were quasi-dominated by one of these two. Note that the 
elimination of one or more alternatives from the initial set of solutions, the so called 
“filtering” procedure, may alter the dominance characteristics of the other alterna-
tives, but this comparison is useful for further exploration of dominance properties of 
the alternatives which are not eliminated. 

In order to analyse, in separate, the relative performance of those two most promis-
ing alternatives (a3 and a4,) with respect to the remaining ones, two more “filtering” 
experiments were performed, by further elimination of either a3 or a4 (together with 
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a8). This enabled the conclusion that, in isolation, a3 and a4 are quasi-optimal with 
respect to a1, a2, a5, a6, a7 for e >0.02 and e >0.003, respectively. Finally, a separate 
comparison of the third more promising solution (a1), regarding the "min value" and 
the "max-regret", with a3 and a4 alone (by filtering all the other alternatives), showed 
that a1 is quasi-dominated by a4, for e>0.003 and also by a3 for e >=0.05. Moreover, a4 
quasi-dominates a3 for e=0.02, that is it becomes quasi-optimal in this particular ex-
periment. 

 
 

 
 

Fig.6 Main features of alternatives, for S1 and e=0.01. 
 

 
 

Fig.7 Confrontation table, for S1 and e=0.01 
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Second set of experiments (DM2) 

This set of experiments concerns the second decision maker, DM2.  
This DM admits that the set of three attributes considered as the more important, 

under the same basic inequality assumptions as DM1, for Br=0%, correspond to im-
portance parameters (IPs) - namely, k1 (TCB, total carried bandwidth, for Br1=0%), k4 
(TRB, total residual bandwidth, for Br1=0%), k7 (TAC, total accepted connections, 
for Br1=0%) - the sum of which has, in relative terms, a fixed value, Mip %, and are 
all variable. Furthermore, he/she assumes that specific values are assigned to the re-
maining IPs, k2, k3 k5, k6, k8, k9, while respecting the above constraints (and of course 
the normalization equation of the IPs).  

So, this DM2, although respecting the same basic inequality relations in S1, con-
cerning the attribute IPs for Br=0%, admits that the IPs corresponding to less im-
portant attributes, (that is those associated with network conditions with standard 
blocking probabilities greater than 0%) are numerically specified by the DM a anteri-
ori, also leading to a significant simplification of the constraints. This significantly 
reduces the number of variable IPs and the number of constraints on the IPs. In this 
case, since six of the IPs are fixed, k-optimality regions in the space (k1, k4, k7), which 
can be calculated by the VIP software, may be obtained and explored, as referred to in 
section 2.  

Therefore, the constraints for the constant IPs are now: 
 
k2, k3 k5, k6, k8, k9 have fixed values such that k2+ k3 +k5 + k6 +k8+k9=1-Mip/100 (10) 
 
and, for the variable IPs: 
 
k1+ k4 +k7=Mip/100   (11a) 
k1 > k4                         (11b)   
k7 >k4                          (11c) 
 
In the set of experiments for DM2 we considered Mip=80% and k2=0.054, 

k3=0.026, k5=0.02, k6=0.03, k8=0.05, k9=0.02. This parametrization of (10), (11) corre-
sponds to the constraint set denoted by S2. 

The summary of the main features of the alternatives, in this experiment, is shown 
in fig. 8, while fig.s 9, 10 show the confrontation table and the max-min range 
graphics for S2, respectively. The first major conclusion is that a2, a5, a6, a7, a8 are abso-
lutely dominated by a4 and a3; a1 is dominated by a4 but not by a3. In this case it is the 
alternative a3 which has, simultaneously, max min value and min max regret, and both 
a3, a4 are, in isolation, e-optimal, for e>0.014  and e>0.016, respectively. These alter-
natives are also k-optimal, that is k-optimality regions, associated with a3 and a4 can 
be defined in the space (k1, k4, k7). The execution of the VIP functionality concerning 
the analysis of the k-optimality properties of a3 and a4 in the in the space (k1, k4, k7), 
enabled to obtain the results in fig. 11, where the triangle and the trapezium in color 
represent the projections of the k-optimality regions of a3 and a4, respectively. The 
table on the right hand-side of the optimality region graphics indicates that the k-
optimality region of a3 represents 28.4% of relative volume in the feasible space (k1, 
k4, k7), while the k-optimality region of a4 represents 71.6% of that volume. 
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Two other sets of experiments, corresponding to variants of the above decision 
scenario for DM1, where specific proportion relations between some pairs of scaling 
constants were defined, were carried out. For example instead of k1>k2, he/she con-
siders k1=b12k2 with a specific value b12>1 and similarly for three other constraints on 
(k7,k8), (k5,k4) and (k3,k9). That is, four of the inequality constraints in S1 were re-
placed by proportion relations of the general type (while the other equality/inequality 
relations still hold): 

ki = βijk j                                                                                   (12) 
These experiments enabled this DM to fix, in quantitative terms, possible relative 

importance values, between certain pairs of attributes and evaluate the effect of such 
choices. The results of these experiments are not presented here since they were not 
significantly different, in qualitative terms, from the base scenario for DM1, namely 
that five alternatives are dominated by a3 or a4, four being absolutely dominated, and 
a3 (with max-min value) and a4 (with min-max regret) are still the most promising 
solutions. Details of these results can be seen in a short report [Craveirinha et al. 
2018]. 

 
 

 
 

Fig. 8 Main features of alternatives, for S2 
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Fig. 9 Confrontation table, for S2 
 

 

Fig. 10 Min-max ranges for S2 
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Fig. 11 k-optimality regions of a3 and a4 for S2. The shaded areas represent 
projections of volumes in the space (k1, k4, k7), onto a two dimensional space. 

Synopsis of results with one DM 

The two sets of separate experiments, for DM1 and DM2, showed two variants of 
decision scenarios, considering the same basic underlying assumptions regarding the 
relative importance of the criteria, as assigned, by typical network designers, to TCB, 
TAC and TRB network performance measures. Two other sets of experiments, in this 
same framework of assumptions, considering one DM, were carried out, as mentioned 
above (see details in the research report [Craveirinha et al. 2018]). 

The major conclusions, from all these experiments, were: 
i) the routing method (a8) using minimal hop paths is absolutely dominated by all 

the other methods, so it is consistently a very poor solution to be avoided, thence 
confirming, in a systematic and mathematically consistent manner (in a scenario of 
incremental traffic) all previous empirical results in the telecommunication literature 
concerning the evaluation of this routing method; 

ii) the two 'best' alternatives were the bi-criteria routing methods, using either the 
Euclidian or the Chebyschev distances (both using the normalization coefficients 
WA) to the ideal optimum in terms of load cost and hop count, namely a3 and a4. 
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iii) these two more promising alternatives, a3 and a4 either dominated, absolutely 
dominated or quasi-dominated the other routing methods, with slight variations of 
these features in the different scenarios, therefore they are quasi-optimal vis a vis the 
other six remaining methods; 

iii) the next method with reasonable behaviour in terms of max-min value and 
maximal regret, in all scenarios, was the bi-criteria method a1, which uses the normal-
ization coefficients WA and priority regions; nevertheless, this alternative is quasi-
dominated by a3 and by a4 for relatively low values of e, in all these scenarios. 

 
Furthermore, one can say that a4 is the one alternative which has, overall, stronger 

dominance properties in these sets of experiments. In fact, a4 quasi-dominates a3 ex-
cept for DM2, a case in which a3 has the advantage of being the alternative with max 
min value and min max regret (although at a very short distance from a4 in this re-
spect), but a4 has a significantly better k-optimality feature, namely a k-optimality 
region with a relative volume in the feasible space (k1, k4, k7), more than 2,5 times 
greater than the corresponding volume for a3. One may conclude that, although a3 
should not be disregarded as routing method with very good overall network perfor-
mance, overall, in this application context, a4 would be the selected bi-criteria routing 
method. 

3.2 Study for cooperative group decision  

Next we considered the extension of the experimental study to the case of face-to-
face cooperative group decision with a facilitator.  Although some general assump-
tions on relative importance of the network performance metrics may be common to 
most network designers, the specification of relations between the criteria IPs may, in 
some few cases, vary significantly from one DM to another. Furthermore, as noted 
above, this may be a realistic decision setting in the context of a major network opera-
tor, since more than one engineer/network designer is often involved in a decision 
which has decisive impact in terms of network performance and cost. As stressed 
above, the group decision support model, based on the VIP software (see [Dias & 
Clímaco 2005]), was designed in order to reflect to each DM the consequences of the 
other DMs inputs. Hence, each DM is confronted with analogous images of the deci-
sion group elements’ inputs. However, in the addressed decision problem, a routing 
method has to be chosen. Two situations may occur in the MA analysis process: either 
one alternative becomes accepted by all the DMs, as the more favourable, or two or 
more alternatives should be considered, in equal standing, by the DMs. In the latter 
case, the facilitator will be the 'head of the team', i.e. the DM who will be accountable 
to the operator management for the implementation of the routing solution, whom we 
also may designate as ‘last resort DM’. In this case, he/she will have to make a final 
choice of a method among a final short list of alternatives, as suggested in the short 
paper [Clímaco et al. 2015]. 

Hereafter, we consider a cooperative group decision setting comprising the deci-
sion makers DM1, DM2 whose system of preferences concerning the relations be-
tween IPs, was described in the previous section, plus a third decision maker, DM3, 
who has some distinct qualitative feature, concerning the relative importance of major 
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performance criteria. This DM3, is, in a sense, out of the ‘main stream’, in terms of 
common preferences, vis a vis the other DMs, namely by considering that some of the 
inequality relations between IPs, assumed by DM1 and DM2, should be reversed. 
Namely, DM3 considers that TRB (Total Residual Bandwidth) is more important than 
TCB (Total Carried Bandwidth) and TAC (Total Accepted Connections), for the same 
level of blocking probability, that is he/she favours more short term minimisation of 
the usage of networks resources than total mean carried bandwidth or mean total 
accepted connections. This type of preferences may favour other types of routing 
solutions as compared with the ones favoured by the analysis of DM1 and DM2. 

The new constraints for the IPs are: 
 

𝐾 ; IJK ≺ 𝐾 ; IKQ		(𝑖 = 1,2,3)												(13𝑎) 
𝐾(;)ISJ ≺ 𝐾(;)IKQ			(𝑖 = 1,2,3)														(13𝑏) 

 
These constraints replace (c4) and (c5) in the constraint set S1, the remaining con-

straints of which remain unchanged. The new constraint set, characterizing DM3, will 
be denoted by S3. The major results of the analysis of alternatives by this DM are 
shown in the figures B1 (summary of results), B2 (confrontation table) and B3 (max-
min ranges) of Appendix B.  

The main results from this analysis are: 
i) Six alternatives (a1, a2, a4, a5, a6, a7) are dominated by a3 and five (a1, a2, a5, a6, a7) 

are dominated by a4; 
ii) Alternative a3 has 'max-min value' and 'min max regret' and dominates a4, this 

last feature being in contrast with the analysis of DM1 and DM2, but still a4 is the 
second more favorable in terms of 'max-min value' and 'max-min regret'; 

iii) The only alternative not dominated by a3 is a8, but a8 still has very poor perfor-
mance in terms of 'min value' and 'max regret'.  

Therefore, the major conclusion is that, for DM3, a3 is overall the best compromise 
alternative, since it dominates the second more favourable, a4.  

Remember that we are assuming a cooperative group decision analysis environ-
ment, where the three DMs are confronted with the preference choices and results of 
the other decision group elements’ inputs. Subsequently, we now address the interplay 
between the tolerance e, defining quasi-dominance relations between two alternatives, 
and a-majority relations, which may be analysed according to the concepts in [Dias & 
Clímaco 2005], highlighted in section 2. For this purpose, exemplifying in our case 
study, we will consider the aggregation of preferences at the output level and identify 
two major conclusions concerning e dominance properties of a3, a4, with respect to 
five alternatives (a2, a5, a6, a7, a8). This assumes that, after a preliminary discussion, all 
DMs agreed that the two more promising alternatives are a3 and a4, consistently with 
the results previously presented for the three DMs. Let us apply an extension of the 
quasi-dominance concept to multiple DMs. Given DMd (i.e. a DM specified by "d"), 
characterized by a set Td of admissible importance parameter values, we denote the 
results/propositions, assuming an a majority rule: “ai quasi-dominates aj1, aj2, ..., ajm" 
with tolerance e, for a majority of a decision makers" by: 

 
a_∆a(b)acN, acd, . . . , acf																(14) 
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We considered this type of proposition in the context of our experiment, in order to 

examine and compare the quasi-dominance properties of a3 and a4 with respect to a2, 
a5, a6 a7, a8, in terms of the a majority rule. These results can be represented by the 
graphics of fig. 12.  

For example, in fig. 12a, we have: 
 

ag∆h.hN(d/g))(ad, ai, aj, ak, al)				(15) 
 
This means that a3 dominates a2, a5, a6 a7, a8 for two of the three DMs, in our case 

study, with a tolerance of 0.01. It also holds, in fig. 12a: 
 

ag∆h.m(N)(ad, ai, aj, ak, al)				(16) 
 
This means that a3 dominates a2, a5, a6 a7, a8 for all the three DMs, in our case 

study, with a tolerance of 0.4. 
Similar information can be seen in the graphic of fig. 12.b, in this case concerning 

the dominance properties of a4 with respect to a2, a5, a6 a7, a8. 
We can conclude that the interplay between the tolerance e, defining quasi-

dominance relations, and a-majority relations, suggests that, overall, a4 has somehow 
better e-dominance properties than a3 for a 2/3 majority of DMs. Moreover, as seen in 
the previous experiments, the e-optimality properties of these two alternatives (when 
analysed separately in confrontation with the other alternatives) for DM1 and DM2 
and the k-optimality properties for DM2, discussed above, also suggest that this con-
clusion is defensible for our group decision process, although we can say that a3 is 
still a very good routing alternative. If we considered the third more favourable alter-
native, a1, as an additional argument in the properties of type (14) above, we might 
further conclude that, for even stronger reasons, a4 outperforms a3 in terms of a e-2/3 
majority rule. 

 
 
Fig. 12a- e(a)-majority relations for a3  Fig. 12b- e(a)-majority relations for a4 
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4 Conclusions and Further Work   

After analyzing the reasons why it is necessary to evaluate the performance of flow 
oriented routing models through relevant global network performance measures, we 
concluded that the comparison and ultimately the choice - by a network design expert 
- of “a routing method with better overall performance” in a given network context, 
may easily become a difficult task, involving what is, in fact, a complex decision 
problem. Such decision problem should, in our view, be tackled with methodological-
ly sound OR-decision support techniques, in the framework of multi-attribute decision 
analysis. 

A major conclusion of our study was to show the practical usefulness and great po-
tential, from a methodological point of view, of using a multi-attribute analysis mod-
el, dealing with incomplete information, in this network design decision process. This 
has to do with the fact that flow oriented routing models, due to their inherent limita-
tions, have to be evaluated through global network performance parameters, corre-
sponding to the attributes of our decision problem, that are often conflicting and in-
commensurate. Moreover, the incomplete and imprecise information features of the 
proposed MA model stems from the fact that the scaling constants (or importance 
parameters), associated with the considered attributes are not fixed a priori, although 
various inequality, proportion relations, or specific values for some of these IPs, can 
be set a priori by the decision maker(s), assuming possible different scenarios for such 
relations. We have specified a multi-attribute (MA) analysis model, based on the VIP 
Analysis software (which considers variable interdependent importance parameters), 
for comparing and selecting routing methods, in terms of multiple network perfor-
mance measures, enabling the consideration by the network designer (decision maker) 
of multiple scenarios concerning different forms of valuation of the relative im-
portance of the network performance measures. Furthermore, we considered the ap-
plication of the extension of this decision analysis model, based on the VIP decision 
support tool, for dealing with this problem, in the case of face-to-face cooperative 
group decision. 

The application of this model to a case study involving the comparison and selec-
tion of one of various flow-oriented routing methods, based on bi-criterion shortest 
paths and single-criterion shortest paths algorithms (using as path metrics load cost 
and hop count) in the context of transport networks with incremental traffic, showed, 
as second important conclusion, the total adequacy of this VIP based multi-attribute 
analysis model, that assumes an additive value function under imprecise information, 
to tackle the formulated decision problem. Furthermore, in this type of study, we  
could make the most of this learning oriented interactive tool.   

Moreover, from a network design point of view, a number of relevant conclusions 
could be drawn from our extensive experimental case study, both in the case of a 
single decision maker and in the case of three cooperative decision makers. In the 
case study we considered nine attributes associated with total carried bandwidth, total 
residual bandwidth and total number of accepted connections, in different 
load/overload conditions, in a transport network with incremental traffic. Firstly, the 
routing method (a1) using minimal hop paths is absolutely dominated by all the other 
methods, so it is consistently a very poor solution to be avoided, thence confirming, in 
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a systematic and mathematically consistent manner all previous experimental results 
in the literature, concerning the evaluation of this routing method. Secondly, the two 
“best” routing procedures, were two specific bi-criteria routing methods, with a cer-
tain set of normalization coefficients depending on the network conditions, which 
either dominated, absolutely dominated or quasi-dominated the other routing meth-
ods. Thirdly, taking into account that one of these two had the strongest dominance 
properties, we may conclude that - although the other bi-criterion method should not 
be disregarded as routing method with very good overall network performance - the 
recommended bi-criteria routing method, in this particular network and decision envi-
ronment, was the bi-criteria routing method which used a Chebyschev distance to the 
ideal optimum. This conclusion was still valid, in a cooperative group decision envi-
ronment with three decision makers, in particular, by applying a 2/3 majority rule, 
following the concepts in [Dias & Clímaco 2005], and also taking into account the 
quasi dominance and k-optimality features of the two most promising solutions.  

Further work on this research line might involve the application of the developed 
MA model to other type of network environments and to other problems of telecom-
munication network design. 
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Appendix A - Variants of the bi-criteria routing model 

Concerning the bi-criteria routing model, in two of the considered variants, a1, a2, 
the aggregation of the bi-criteria preferences was performed by using preference re-
gions in the objective function space. These regions were obtained by defining re-
quired and acceptable values mi

req, mi
ac (i=1,2), specified by the coordinates corre-

sponding to points at distances, taken from the optimal point coordinates, at 1/3 and 
2/3 of the variation range of the corresponding function mi(rs), as shown below (cf. eq. 
A3). In these variants, the non-dominated paths were obtained by calculating k-
shortest paths, using the additive path cost function (A1), and choosing the first solu-
tion in the highest non-empty priority region:  

 
𝑚𝑖𝑛𝑟𝑠𝑚(𝑟𝑠) = (𝑚𝑘

∗1 + 𝑚𝑘
∗2

𝑙𝑘∈𝑟𝑠 ) (A1) 
 

where 𝑚t
∗; = 𝜀;𝑚t

;  is the normalized value of the cost function mi at arc lk., (i=1,2). 
The normalizing coefficients ei  (such that e1+e2=1) were calculated in two different 
forms, in the various variants of the model. Let opi de the minimal value of the two 
path metrics mi(rs)  (i=1,2), and Δi the range of values of mi(rs) defined in terms of the 
Nadir point (M1, M2), in the objective function space: 

 
Δi =Mi −opi  ;  Mi =mi (arg min  mj (rs ){ }) (i=1,2) ∧ j≠ i   (A2) 



 J. Clímaco, J. Craveirinha, L.  Martins  28 

Therefore, the required and acceptable values mi
req, mi

ac (i=1,2) were calculated as 
follows: 

𝑚uv
; = 𝑜𝑝; + d

g
∆;; 			𝑚z{|

; = 𝑜𝑝; + N
g
∆;												(A3) 

Concerning the first set of normalizing coefficients, WA, it is obtained by equaliz-
ing the two ranges  𝜀;∆; (i=1,2), leading to: 

𝜀; =
N
∆}

N
∆~

d
t�N

�N
𝑖 = (1,2)  (A4) 

Note that these coefficients are calculated each time a VC (node to node virtual 
connection) is established. 

The second set of normalizing coefficients, WB, is calculated (cf. [Martins et al. 
2013]) by considering the average of each path metric, for the current state of the 
network links lk: 

mk
i =

mk
i

lk∈L
∑

L
          (A5) 

 
where L is the set of network links, 𝐿   denotes the cardinal of L and mk

i is the cost 
associated with metric mi, considering all current occupations in link lk. The equaliza-
tion of the variation ranges, considering these averages mk

i  leads to:  

ε1 =
1

1+mk
1

    ε2 =1−ε1    

Note that, in this case, the coefficients don´t have to be calculated for each VC 
since they depend on the average metric values. 

The other variants of the routing model seek non-dominated solutions which min-
imize either the Euclidian or the Chebyschev distance to the ideal optimum, also con-
sidering the two different sets of normalizing coefficients WA, WB, determined as 
explained above.  This leads two four variants of the routing model, a3, a4, a5, a6. Fur-
ther details can be seen in [Martins et al. 2013]. 
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Appendix B  - Results for decision maker DM3 

 Fig. B1 Summary of results for S3 

Fig. B2 Confrontation table for S3 

 Fig. B3 Min-max ranges for S3 
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