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Abstract 

 

The main objective of the work presented is the development of models, 

algorithms and numerical methods to be used in the simulation of the deep drawing process. 

The intention is to increase the robustness, precision and numerical efficiency of simulation 

codes. Developments are implemented and tested in a finite element code named DD3IMP.] 
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Resumo 

O objetivo principal deste trabalho é fazer um estudo teórico, usando um modelo 

de contacto proposto por , que visa validar, ou não, testes realizados num tribómetro de disco 

duplo, no Institut Supérieur de Mecánique de Paris (SUPMECA), comparando, ambos os 

resultados, como a teoria linear de Kalker. 

 Para tal, fez-se um estudo alongado sobre o contacto entre superfícies cilíndricas 

lisas e rugosas, carregadas com diferentes tipos de esforços, começando no mais simples, 

acabando no mais complexo. Muitas das avaliações feitas neste trabalho, tiveram por base 

modelos já existentes que serão corretamente citados à posteriori.  

No final irá, então, fazer-se a comparação de ambos os resultados para ver se se 

chega a um consenso quanto à validade das experiencias feitas. 
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cilindro, [Palavra-chave 4], [Palavra-chave 5], 
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1. INTRODUCTION 

This first chapter, as the name implies, is reserved for an initial briefing about 

this dissertation main theme. 

The goal of this work is to study the contact between objects in rolling/sliding 

situation, and at the same measuring the friction coefficient evolution while comparing it to 

Kalker’s Linear Theory. After this embryonic stage, it will be possible to deal with real 

experiences made in a twin disk tribometer, in the host university, Institut Superieur 

Mecánique de Paris.   

I will firstly do a brief synopsis about the perception and the origin of the loss of 

energy in a certain system. Here, it is shown the main background already known about the 

immense subject that is tribology. 

1.1. Historical review 

 

First things first, what is friction? By definition, friction is a force which make 

it difficult for an object to slid over or move over another, and so, this resistive force has the 

same orientation, but has an opposite direction. This force is intimately connected to a 

coefficient, known as friction ratio or coefficient of friction, , which can be calculated by 

doing the quotient between tangential and normal forces on the contact:  

 

𝜇 =
𝐹𝑇

𝐹𝑁
 (1.1) 

 

In our daily routine many, or even infinite, are the situations that we can observe 

friction [1]. These manifestations can diverse from a simple walk in the park to grabbing a 

pen and writing something. Since very early, the human being studied this phenomenon to 

accomplish a simpler life. A good example is in the ancient times, when it was necessary to 

build the Giza Pyramids, or the revolutionary invention of the wheel, as shown in the figure 

.  
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This manifestation of contact, nowadays, are studied in real detail in one of many 

mechanical engineer fields: Tribology. 

As said before, the friction between two bodies is a result of contact between 

both of them. But in fact, it is very connected to the microscopic body saliences, better 

known as roughness. In this way, we can conclude that even the more polished, machined 

surface, will undoubtedly have roughness, and hence, will always exist the friction. 

Therefore, the continuous study of this field of utmost importance, so that friction and wear 

can be diminished, avoiding less regular material maintenance, in needed situations.  

  

 

Figure 1-1. Building of the Giza pyramids. 

  

It is of high importance to refer that surface roughness, also know as surface 

texture, is characterized by series of irregular amplitudes and frequencies that are relevant 

for the study of the friction, wear and lubrication. These irregularities are seen as peaks and 

valleys, in a more detailed analysis, and are going to be mentioned in the chapter 2.1.1 [2]. 

 

Following the studies of friction, it was Leonardo da Vinci and, two hundred 

years later, Amontons who, independently, made important statement about this particular 

theme, and they concluded these two important laws: [2] 

 

1. The friction force is independent from the area of contact between two 

bodies. 

2. The friction force is proportional to the normal force between two bodies. 
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This second law gave reason to the well known formula, amongst everybody, to 

calculate the static friction force [3]: 

 

𝐹𝑆 = 𝐹𝑁 ∗ 𝜇𝑆 (1.2) 

 

Later, in 1780 Later, Coulomb created the third friction law which suggested that 

the friction coefficient was independent from the velocity of the slip. 

In the present, these three laws are still valid and considered correct, and they 

are used to do primary studies about friction. 

 

 

1.2. Thesis Structure  

This dissertation is divided into 5 different chapters.  

The first one, as the same suggests, is connected to a general view of this work. 

Chapter 2 is linked to the state of art, where the main theoretical studies are 

referred and also some important features are mentioned. To end this chapter, a model is 

presented and explained why it fits good for the investigation.  

Third chapter the theoretical analysis is made taking into account the increasing 

level of complexity. At some point real experimental data are used. 

The following chapter is reserved to some experimental tests, if possible. 

The last chapter contains the main conclusion about the work done throughout 

the investigation, and it is also presented some recommendations for any further work. 
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2. STATE OF ART 

This chapter will be divided in some subchapter divided by its importance on 

this dissertation.  

2.1. Tribology   

 

Obviously, over the years, there was an increasing need to model friction, and 

despite existing a lot of models, only a few are widely known. 

In 1929, Tomlinson [4] modeled earth seismic behavior as being an one-

dimensional chain of sliding blocks with a given mass, m. Later, Frenkel-Kontorova [5] 

amongst Tomlinson, were combined to produce the model Frenkel-Kontorova-Tomlinson 

[6][7] that would change the behavior of the masses by atoms. With this assumption, it was 

now possible to believe that friction evolved not only major forces, but also atomic forces. 

Persson et al. [8] studied friction and slippage, static and dynamic, based on 

simulations of molecular dynamics. 

Since very early, it is known that friction dissipation begin to arise in the exact 

moment that any tangential force is applied, even though it is not detected by human eye. 

This is going to be better explained in section “Micro slip”. 

 

It was Greenwood and Williamson who firstly started to model touch on a multi-

asperity contact. 

Another theoretical model was presented, by Bender et al. [9], to translate the 

dynamic frictional force depending on the interaction with roughness, taking into account 

slippage / relaxation phenomena, adhesion and deformation. 
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2.1.1. Surface texture  

 

When studying friction, wear and lubrication, the definition of topographic 

deviations is of maximum importance, once it is intimately connected on how loads are 

transmitted between bodies.  

Surfaces are understood as the most external and hardened plans of every solid, 

and it has fundamental characteristics for this particular subject.  

From a general perspective, a surface is normally divided in 4 distinct areas: [2] 

 

1. Material base 

2. Deformed layer  

3. Oxid layer  

4. Bielby layer.  

 

This latter one is produced by melting and surface flow during the machining of 

the molecular layer. Here, very often, is possible to find a lot of external particles coming 

from reactions or even from the atmosphere, that affect the contact. 

In this dissertation, since it is being dealt with contact between two or more 

surfaces, it is important to keep in mind that, besides theoretical models and assumptions, 

there is no surface which can be considered as smooth. For this reason, it is evident that these 

fluctuations are controlled by the finishing processes by which are produced [2]. 

 

For this reason, surface texture is divided in two different subtypes:  

 

1. Macro roughness or waviness, which is caused by the vibration of tools  

2. Micro roughness, which is composed by peaks, or asperities, and valleys. 
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Theoretically, to characterize surface roughness, one of two methodologies can 

be used: 

 

1. “Centre-line average roughness value”: 

 

Ra =  
1

n
 ∑ |zi|

n

i=1

 (2.1) 

 

In which Ra represents the mean vertical deviation from the centre line.   

 

2. “Root mean square value”: 

 

𝑅𝑞 =  [
1

𝑛
 ∑(𝑧𝑖

2)

𝑛

𝑖=1

]

(
1
2

)

 (2.2) 

 

Practically, it can be determined by using a styling profilometer.  

 

Therefore, by the reasons exposed above, this so called roughness, frequently, is 

characterised by periodicity. 

 

  It is easily perceptible that only asperities’ peaks are submitted to contact, and hence, 

this abruptly decreases the contact area, when comparing to smooth cases. For this reason, 

there is caused a high local pressure, same order of magnitude of Vickers Hardness [4][19]. 

The investigation on this theme is also important for problems related to thermal transport 

and for lubrication problems. 

The main goal of this kind of problems is to have knowledge on how the asperity 

react when submitted to contact, and so, knowing the deformation when loaded.  

 

Many models use Hertz theory as a beginning to study this familiarity between 

surfaces, but there are also many models that make assumptions on it.  
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Archard (1957) [20] assumed that any surface was made out of small asperities 

covered by even smaller asperities and so on. 

In 1966 [21], Greenwood and Williamson concluded that rough surfaces were 

made of asperities, which followed a Gaussian distribution, and by making a summation 

between asperity contact, it was possible to predict the total forces. Their model, has been 

used since then, suffering a lot of small improvements. 

Nyak (1971) developed a Longuett-Higgins’ approach (1957), known as the 

most successful model characterizing rough surfaces created in that time. Nyak’s model 

assumes the surface to be a two-dimensional isotropic stochastic process, and from this 

model derived a lot and important improvements.  

More recently, in references [24][25][26][27][28][29], it was demonstrated that 

the surface tension has an important role in mechanical behaviour at micro and nano scale.  

As demonstrated, this topic is intensively studied because an understanding of 

asperity interaction and substrate deformation is the starting point to improve the already 

existing frictional models [30]. 

Many works regarding this fractal size issue concluded corrected and improved 

models can adequately predict contact forces between different contacts [31]. 

 

 

2.2.  The Hertz theory  

 

Once every body has irregularities on its surface, as explained in the previous 

subchapter” Surface texture”, and it is of greatest concern to be aware of peaks’ shape.  

As the name suggests, Hertz was the first to solve this problem for elastic 

contact. Then, in 1956, Pater and Johnson extensively studied this subject, and they indicated 

that this theory could be use to predict the shape and the contact area caused by a normal 

pressure. Later, Love [14] and Johnson [15] have also studied it [16]  

The main assumption of this theory is that this mostly focus on contact between 

rounded shape objects, and making a meticulous fractal analysis, every asperity can be seen 

as this shape. 
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As this theory is going to be continuously used throughout this dissertation, it 

was decided that it would be helpful to explain the main possible variations of this 

hypothesis, starting from the simplest to the most complex. 

 

2.2.1. Two dimensional contact 

 

 

Imagining we have two cylinders, with radius 𝑅1and 𝑅2 respectively, contacting 

each other, by compression of both, and due to the known property elasticity, the corpse will 

deform in such way that the contact goes from a straight line to a rectangle, which has a half-

width 𝑎. Although this can’t be considered as true, the error percentage is so small that it can 

be ignored, making it a flat contact. The deformation in the centre is greater than in the 

boundaries, and so the distribution of pressure, the primary factor for deformation, has a 

parabolic similarity: 

 

𝑃(𝑥) = 𝑃0√[1 − (
𝑥

𝑎
)2] =

2𝐹𝑁

𝜋 𝑎
√[1 − (

𝑥

𝑎
)2] (2.3) 

Where x is the position within the width and 𝑎 can be calculated using:  

 

𝑎2 =
4 𝐹𝑁 𝑅′ 

𝜋 𝐸′
 (2.4) 

 

 

Whence 𝑅′and 𝐸′ is the equivalent radius and Young Modulus, respectively and 

are calculated by:  

 

1

𝐸′
=  

(1 − 𝜈1
2)

𝐸1
+

(1 − 𝜈2
2)

𝐸2
 (2.5) 
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1

𝑅′
=  

1

𝑅1
+

1

𝑅2
 (2.6) 

There is a particularity on the last equation concerning the equivalent radius. 

The equivalent radius is calculated by adding both inverse radius, when the 

surfaces are convex. When they are concave, the equivalent radius is a result of a subtraction.  

 

 

2.2.2. Three dimensional contact 

 

 

Once not every contact can be considered as this simple, a two dimensional 

contact, it was necessary to create one equation that could translate three-dimensional 

contact, which is the most approximated case to reality.  

FIGURE 3.13 e mostrar a area de contacto com os eixos (x,z) 

If we press two identical spheres against each other, it is evident that these type 

of contacts produce rounded contact shapes, as circumferential. In this case, the pressure 

distribution is given by:  

 

𝑃(𝑥, 𝑧) = 𝑃0√[1 − (
𝑥

𝑎
)2 − (

𝑧

𝑎
)2] =

3𝐹𝑁

2 𝜋 𝑎2
√[1 − (

𝑥

𝑎
)2 − (

𝑧

𝑎
)2] (2.7) 

 

  

And, since we are dealing with identical spheres, the width is also the contact 

radius, and it is given by: 

 

 

𝑎 = √
3 𝐹𝑁 𝑅𝑎

8 𝐸′

3

 (2.8) 
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If we were dealing with different spheres, the only difference would be in the 

equation 2.10 we would change 𝑅 by 𝑅′, which could be calculated as is it in equation 2.8. 

Within this wide range of contact shapes, it is also essential to mention situations 

where the contact area, instead of being a circumference, is an ellipse. This happens when 

one rounded shape cylinder and a sphere are submitted to a normal effort.  

 

As seen witnessed in the previous figure, the area is made out of two different 

components 𝑎 and 𝑏.  

For elliptical contact, the pressure can be measured by :  

 

𝑝 =
3𝐹𝑁 𝐿

2 𝜋 𝑎 𝑏
√[1 − (

𝑥

𝑎
)2 − (

𝑧

𝑏
)2] (2.9) 

To get the 𝑎 and 𝑏 values the procedure is:  

 

𝑎 = 𝑘𝑎 √[
3𝐹𝑁 

4 𝐸′(𝐴 + 𝐵)
]

3

 (2.10) 

 

𝑏 = 𝑘𝑏 √[
3𝐹𝑁 

4 𝐸′(𝐴 + 𝐵)
]

3

 (2.11) 

 

𝑘𝑎 and 𝑘𝑏 are two constants which are intimately connected to body curvatures 

and on the angle  between the normal planes which contains these curvatures. 

To get this values we first need to know:  

 

(𝐵 − 𝐴) =
1

2
[(

1

𝑅11

−
1

𝑅12

)
2

+ (
1

𝑅21

−
1

𝑅22

)
2

+ 2 (
1

𝑅11

−
1

𝑅12

) (
1

𝑅21

−
1

𝑅22

) cos(𝜙) ] 1/2 (2.12) 

 

(𝐴 + 𝐵) =
1

2
(

1

𝑅11
+

1

𝑅12
+

1

𝑅21
+

1

𝑅22
) (2.13) 
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Then we are able to get the quotient between these two equations:  

 

cos(𝛾) =
(𝐵 − 𝐴)

(𝐴 + 𝐵)
 (2.14) 

Finally we get to know the relation between this constants and 𝑘𝑎 and 𝑘𝑏 by 

using the figure below figure 3.15 pg58. 

This assessment was made for a contact between rounded cylinder and a sphere, 

but if we had a straight contacting a sphere, the difference would not be substantial.  

Instead of having numerous radius in equation 2.14 and 2.15, we would have 

less [2]. 

2.3. Response to loading  

 There are at least 4 different ways of loading an object: Constant load, Force 

applied by impact, oscillating tangential and a vibration method.   

 Rewriting some of what was already been said, for small tangential forces, 

the displacements are practically elastics, and the compliance of the two bodies is given 

exactly by the elastic theory. It was Rankin, in 1926, who found the linear and elastic 

relationship between tangential forces and displacements [12]. But when the tangential force 

reaches to a certain value, the process differs in a manner that the displacement is not-elastic 

and there is actually slipping. One thing that was not mentioned before, was that, when there 

is the appliance of tangential forces, fretting takes place over an annular area around and 

spreads inwards with the increasing tangential force. Under larger forces, the asperities will, 

however, deform plastically. Rabinowicz (1951) deduced that, before the static friction ratio 

started to decrease, microscopic displacements occurred.  

When applying oscillating tangential forces, which the maximum value is lower 

than the necessary to cause slip, was found that the displacement would alternate with the 

applied force, and the relationship between force and displacement is plotted as hysteresis 

loop.  
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2.4. Micro slip  

 

The contact reaction, between two bodies, when submitted to a shear force, 𝐹𝑇, 

was firstly described by the already mentioned Amontons-Coulomb’s law. These scientists 

concluded that, below the nominal static threshold, 𝐹𝑛𝑠, no apparent displacement would 

occur and also that a dynamic friction coefficient would define the contact when sliding 

would take place. 

However, as mentioned before, the onset of friction dissipation starts for shear 

forces lower than nominal static threshold, 𝐹𝑛𝑠,. This is a prime importance topic in 

mechanical engineering, because although there is no major displacement, fretting and wear 

are in constant action. For this reason, micro slip must be taking place. 

Mindlin et al. [11]and later Johnson [12][13]were who firstly studied this issue.  

Goodman & Brownin (1962) proved that the responses of displacements of 

hertzian macroscopic contacts subject to a tangential force of less amplitude than 𝐹𝑛𝑠, would 

demonstrate a hysteresis loop due to an interfacial dissipative process.  

To account this losses, Mindlin et al. had proposed a micro-slip model, which 

assumed what has been said before: within the contact zone, there is no major slip, and the 

tangential and normal force should follow this law 𝐹𝑇 < 𝐹𝑁 ∗ 𝜇. Whenever this two forces 

are equal, the stress satisfies Coulomb’s friction law. 

Hereupon, it is possible to conclude that the friction ratio is not constant during 

the contact.  
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2.5. Theoretical model used 

 

This model comes from on of the greatest tribology thinkers, the well known 

Mindlin. In reference [12], Johnson used a model that could translate, as the name implies, 

the surface interaction between elastically loaded bodies under tangential forces.  

In an unlubricated environment, those experiences involved a hard steel ball and 

a hard still flat. The elements put into contact were the main reason why it was decided to 

use this model. In many real contact cases, if one element has a much bigger radius 

comparing to the other, it can be considered as flat, whilst every asperity (surface in contact) 

can be considered as rounded shape. The results obtained were important because they gave 

support to Mindlin’s theoretical elastic analysis.  

At this moment, it is reasonable to declare that when two bodies are pressed 

against each other, and also submitted to a tangential force, they will only have micro-

displacements until that tangential force,  𝐹𝑇, exceeds the critical value, 𝐹𝑁 ∗ 𝜇𝑆. Thereafter, 

major sliding will occur.  

This model was based on incipient theoretical work of Mindlin (1949), and also 

Mindling, Mason, Osmer & Deresiewicz (1952) 

In the first, Mindlin studied two elastic spheres under normal pressure and 

tangential force, over a circumferential of radius 𝑎, which was proportional to 𝐹𝑁
1/3 and the 

pressure distribution according to Hertz theory, analyzed in the chapter 2.2. When adding 

the tangential force, the displacement, from one body to another, arise, and every point in 

both bodies have the same displacement.  

This first embryonic study, by Mindlin, concluded that the displacement, until 

slip, could be translated by:  

 

𝑥 =  
(2 −  𝜐)

4 𝐶 𝑎
 . 𝐹𝑇 (2.15) 

In which 𝜐 represents the Poisson’s ratio and 𝐶 the Modulus of rigidity. 

This model is practically in the final form and, such as, Mindlin assumed that 
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the shear traction could not exceed the product between 𝑝 ∗ 𝜇𝑆. To satisfy this, 

only within the contact area are assumed to have relative slip between both bodies, and none 

besides the contact radius.  

So, the modified model happens to be:  

 

𝑥 =  
2 −  𝜐

4 𝐶 𝑎
 . 𝐹𝑁 ∗ 𝜇𝑆 [1 − (1 −

𝐹𝑇

𝐹𝑁 ∗ 𝜇𝑆
)]

2/3

 (2.16) 

The contact radius, 𝑎, also referred as contact half-width, between a sphere and 

a plane, could be calculated using the following equation:  

  

𝑎 =  1,11 √
𝐹𝑁 𝑅𝑎𝑠𝑝

𝐸′

3

 (2.17) 

 

 

Since the main goal of this investigation is to get a knowledge on the friction 

coefficient through the contact, the equation 2-16 must be in order of 𝐹𝑇. 

 

𝐹𝑇 =  [1 − (1 −
8 ∆𝑥 𝑎 𝐶

 3 (2 − 𝜐) 𝜇 𝐹𝑁
)

3
2

 ]  𝜇 𝐹𝑁 (2.18) 
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3. CONTACT STUDY 

3.1. Theoretical study 

 

 

Along this chapter, it will be presented some theoretical approaches to many 

different assessments, which will be divided into distinct subchapters.  

 

When two bodies are put into contact, there are two different ways to examine 

these situations. It can be done either macroscopically or microscopically. This last, when 

the contact is observed very closely, there will always be a discrete number asperities 

touching each other, and this gave rise to the rough surface methodology already explained. 

As referred many times, one surface can only be considered as smooth in a theoretical point 

of view, but in this research it will also be studied, to have a better understanding on how 

this second affects the contact.  

The main goal of this work is to do an evaluation on different contacts, getting 

knowledge on how does the friction coefficient improves over the contact and comparing it 

to Kalker’s theory, which consists in plotting this coefficient in terms of velocity ratio. This 

quotient will get to a point that becomes constant, and in that moment we are dealing with 

changes along the contact: It went from rolling to sliding.  

 

It is also required to know the maximum displacement. 

 

To have a better data changing layout, the obtained values were plotted into a 

graphic so that the differences could be easily noticed. 

 

The disposition of this chapter is made in chronological order, according to the 

assessments done.  
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3.1.1. Normal Static Contact 

 

The first approach done was obviously the simplest, where the bodies were only 

submitted to one effort, which in this case was a normal force. For this reason, this primary 

evaluation was made in the most basic contact conditions possible, once the was neither 

rolling nor sliding between both subjects. 

3.1.1.1. Sphere and a flat plan 

 

 

As a continuation of this chapter’s title, here the analysis is represented by a 

sphere pressed against a flat plane, without existence of any other effort.  

The main purpose of this initial step is to get a general view on how does the 

stiffness, represented as 𝑘, would be affected by the changing parameter.  

 

 

In figure AP 3-1, the main data related to contact objects are revealed, and it is 

important to mention that no specific article nor experimental data linked to any real 

investigation were used. These data were used randomly, merely to do this assessment, so it 

was possible to have a general knowledge on how it would affect the contact.  

 

This can be calculated using its relationship with the normal force and according 

to [2], where it is possible to find the previous steps which conducted to the expressions used 

in further work. 

 

 

From a contact between a sphere and a plane it ensued that the mass centre had 

such displacement, named as 𝛿, given by:  

  

𝛿 =  (
9𝐹𝑁

2

16 𝐸′2 𝑅
 )

1/3

 (3.1) 



 

 

  Erro! A origem da referência não foi encontrada. 

 

 

João Ricardo Almeida Ganhoto  33 

 

As expected, the displacement has an intimate relationship with the effort 

submitted.  

The predicted area between a sphere and a plane is a circle, and for this reason 

the area is calculated by its expression: 

 

𝐴 =  𝜋𝑎2 = 𝜋𝑅𝛿 (3.2) 

As specified, besides the estimation, the values are also plotted. 

In the first approach, only the Young’s modulus, normal effort and sphere radius 

were modified as observed in the figures below. These figures only show the plotting, as the 

data is shown from Figure AP 0-1 to Figure AP 0-3, for Figure 3-1, Figure 3-2 and Figure 

3-3, respectively. 

 

 

 

 

  

(a) (b) 

Figure 3-1. (a) Displacement due to 𝑬𝟏increments; (b) contact area due to 𝑬𝟏increments. 
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(a) (b) 

Figure 3-2. (a) Displacement due to load increments; (b) contact area due to load increments. 

 

  

(a) (b) 

Figure 3-3. (a) Displacement due to radius increments; (b) contact area due to radius increments. 

 

 

  

 

 

Besides the third point, first both analysis have linear dependence on 

modifications.  

 

In this last assessment of this first step, stiffness is going to be analysed, and it 

is no more difficult than the previous approach, but is important to know how to calculate it. 

Stiffness comes from the relationship between the normal force and the 

displacement:  
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𝑘𝑖 =
𝑑𝐹𝑁

𝑑𝛿
=

𝑑(
4
3 𝐸𝑖

′𝑅𝑖
1/2𝛿𝑖

3/2)

𝑑𝛿𝑖
=

3

2
[
4

3
𝑅𝑖

′1/2
 𝐸′𝛿𝑖

1/2] 

 

(3.3) 

At this point, it is going be done different stiffness analysis based on the data 

obtained. Therefore, besides the stiffness assessment on improving data, it will be also added 

the particularity of increasing number of contact points, for an increasing smaller radius, 

assuming this as the first approach to roughness existence.  

Thus, it all began with the assessment related to radius improvement. After this, 

as mentioned, for the second assessment, it was decided to decrease the radius size in a 

inversed proportion as the number of contacting points increased, in other words 𝑅𝑖 =  
𝑅1

𝑛𝑖
, 

in which 𝑅1 is the initial radius (100 mm) and 𝑛𝑖 is the number of contacting points. 

Similar to the latter evaluation, the data will also be plotted into a graphic to a 

better understanding, as shown Figure 3-4 .  

 

 

 

 

Figure 3-4. Stiffness graphic evaluation related to Figure AP 0-5 data. 

 

In this graphic shown above, all three plotting are according to the title’s colours.   

 

For this beginning, it is now intelligible why it was decided to study the contact 

between a sphere and plane and not the contact between any other geometric shape: Due to 

its intimate connection with roughness. 

 



 

 

[Título da Dissertação]   

 

 

36  2017/2018 

 

 

 

 

 

 

 

3.1.2.  Normal and tangential load along the contact 

 

3.1.2.1. Smooth stationary rolling  

 

At a more advanced stage, it is now time to add other force’s components, in 

order to make this theoretical study as more realistic as possible. In this initial approach, two 

cylinders were submitted to contact, and besides the normal force applied, tangential forces 

were added, not directly but by a relative motion between bodies, generated by a rolling 

velocity appliance. See figure to a better understanding. 

Two bodies are said to be rolling when they have different angular velocities 

[17], 𝑤1 ≠ 𝑤2, and for this reason, the angular velocity of roll is then the difference between 

both:  

 

 

∆ 𝑤 = |𝑤1 − 𝑤2| 

 
(3.4) 

 

 

Furthermore, if there is any difference between linear velocities, 𝑉, it will also 

exist, apart from the angular velocity of roll, a sliding velocity. This component is expressed 

in the same way as the latest, having only this particular change: 𝑉 = 𝑤𝑅  

 

 

∆ 𝑉 = |𝑤1𝑅1 − 𝑤2𝑅2| = |𝑉1 − 𝑉2| 

 
(3.5) 
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The term rolling velocity, 𝑉̅, should be carefully defined, as it is different from 

sliding velocity or angular velocity of roll. This must be taken into account especially if the 

contact point/area between both surfaces is not at rest. In other words, if one or both centre 

of the cylinders is in linear motion. 

However, if the bodies are rotating about fixed centres then the rolling velocity 

is [17]: 

 

 

𝑉𝑟 =
1

2
|𝑉1 + 𝑉2| = 

 

(3.6) 

Studying the situation shown in the figure, it can be considered as a stationary 

rolling between cylinder and plane.  

This issue was first studied by Carter [15][18], where he predicted that the 

tangential effort would be limited by Coulomb’s law and that the pressure, unaffected by 

friction, would get an elliptical distribution, quoting Hertzian theory.  

Carter noticed, for low sliding velocities, the existence of a friction coefficient 

that would nullify the slide and also the presence of tangential forces less than the limit 

assumed by Coulomb. Figure artigo frances adaptada  

Combining this information, the tangential effort results from a sliding rate, 𝜉̅, 

which is defined by a quotient between the sliding velocity (equation 3.5) and rolling 

velocity (equation 3.6) and these properties are connected by the following equations:  

 

𝜉̅(%) =
∆ 𝑉

𝑉𝑟
  

 

(3.7) 

 

𝐹𝑇

𝜇 𝐹𝑁
= 1 − (1 − |𝜉|̅̅̅̅ )2 

 

(3.8) 

 

This was the principle used to this second approach to mechanical contact 

between solids.  



 

 

[Título da Dissertação]   

 

 

38  2017/2018 

 

From now on, the procedure will be demonstrated also, as last approach, using 

random values. 

From a theoretical point of view, it is already explained in the chapter2.. that the 

tangential force could not be bigger than the product between 𝜇 𝐹𝑁, and so the maximum 

value admissible for it quotient 1. When this value is reached, if the same contact conditions 

are still taking place, it is being faced a saturated contact in which no more rolling is possible. 

Contrary of what is shown in Figure 3-5, the evolution does not decrease but remains 

constant, as displayed in Figure 3-6. 

 

 

(a) (b) 

Figure 3-5. (a) Effort ratio calculation without any 𝝃̅>1 condition; (b) Plotting the data into a graphic. 
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(a) (b) 

Figure 3-6. (a) Parameter calculation with  𝝃̅>1 condition; (b) Plotting the data into the correct graphic. 

 

 

3.1.2.2. Rough stationary rolling  

 

3.1.2.2.1. Rectangular contact shape 

 

In this second subchapter related to stationary rolling, the problem at issue is 

same as the latest but regarding a microscopic analysis, hence, a rough analysis.  

 

As suggested previously, asperities are considered as rounded shapes, and as 

expected, the biggest difference is that the contact is made out of numerous points. These 

points are considered to be equally distributed, using a periodicity, 𝑝. This distance has 

commonly the same value which is 𝑝= 0,05 mm.  

For this new approach, the methodology is quite similar to the previous one. First 

of all, besides knowing the main data, it is a must to know the number of contact points 

through the contact, and to calculate this parameter, the width length and periodicity should 

be taken into account:  
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• Number of asperities over the length:  

 

𝑛º 𝑎𝑠𝑝𝑒𝑟𝑖𝑡𝑒𝑠 =
𝐿

𝑝
 

 

(3.9) 

 

• Number of asperities over the width:  

 

𝑛º 𝑎𝑠𝑝𝑒𝑟𝑖𝑡𝑒𝑠 =
𝑎

𝑝
 

 

(3.10) 

 

Similarly to the first approach to rough contact, in the subchapter 3.1.1.1, the 

Normal Force is going to be divided by each asperity, not equally, but through a intimate 

relationship with normal pressure, as Hertzian theory suggests.  

On the figure below, main data will be shown, but now it would be of high 

interest to have it closer to real data. To succeed in this, 𝑃0 =  
2 𝐹𝑁

𝜋 𝑎
 should be around 1-2 

GPa.   

It is of major importance to notify the fact that from figure 3-13 to 3.1 disposed 

in this section is related to the data shown in Figure AP 0-6 
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 Using equation 2.3, it is possible to plot pressure distribution, as shown in the 

figure below 

 

P(x)  

0 

289,3785248 

721,8775671 

921,483961 

1033,35199 

1084,969197 

1091,24969 

1084,969197 

1033,35199 

921,483961 

721,8775671 

289,3785248 

0 
 

 

(a) (b) 

Figure 3-7. (a) Contact pressure distribution between two cylinders, rectangular shape                                   
(b) Plotting the data into a graphic. 

 

 

It is of high interest to know that points without filling colours, in Figure 3-7 (a), 

are not considered asperities, but valleys.  

It is from this moment that this assessment differs from the lattest.  

Due to this arc-shape pressure distribution, it is noticeable that, throughout the 

width, the normal force is not constant. To get this important parameter it could be calculated 

either using the integral or calculating rectangular areas under the graphic, in which the 

rectangular width middle point was the asperity. The second choice was preferred, once for 

the next step, the circular contact shape, it would be more difficult to calculate by the first 

choice. The error rate is not that significant, and so it is acceptable to calculate the areas.  
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The figure below, shows how the pressure is related to the contact.  

 

Figure 3-8. Contact normal force, cylinder-cylinder. 

 

 

 

By doing this step, normal force on each column, along the contact, is 

discovered, and so, since it is wanted to study the contact for one asperity, then this value 

should be divided by the number of asperities through the length. This division is done due 

to contact shape. As the contact shape is rectangular, it is known that in the same column, 

the normal force does not suffer any change. At this stage, points which are not considered 

as asperities are not taken into consideration.  

 

Let the Table AP 0.2 gives a better general view on the results. 

Having knowledge on this distribution, it is now possible to analyse each asperity 

behaviour.  

Now, it is the moment that the model proposed is used, equation 2-18.  

Besides calculating the, already known, normal force, it is also required to 

calculate the asperity half width, 𝑎, width and the displacement between both asperities, 𝑥. 
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For the first barrier, equation 2-17 is used to calculate the contact through every 

asperity width, using the normal force calculated in the last step. 

In the table disposed here below, the asperity width value for each position are 

shown.  

 

Table 3.1. Calculation of asperity width based on 𝑭𝑵 for each asperity. 

 JOHNSON ARTICLE 

 Fn(per asperity) Asperity width - a(i)  

0 0 

0,048260225 0,001464804 

0,180469392 0,002273619 

0,23037099 0,002466375 

0,258337998 0,002562394 

0,271242299 0,002604368 

   
0,271242299 0,002604368 

0,258337998 0,002562394 

0,23037099 0,002466375 

0,180469392 0,002273619 

0,048260225 0,001464804 

0 0 
 

 

 

For the second task, it is a more complicated issue. This required displacement 

is not so evident as it seems, because this displacement is related to each asperity and not the 

body as a whole.  

At this point, rolling and sliding velocities are then used, and both are intimately 

connected, as known as SR, or also commonly referred as slide-to-roll ratio.  

 

First of all, the contact between two asperities is characterized by a middle point, 

if both asperities’ centres of mass are not vertically positioned. This middle point was 

assumed to be the position in which the contact was made in the previous calculation. So, 

for this reason, each middle point is equally far of both neighbours, by its periodicity. Then    

the rolling velocity, which was told to be the mean velocity between both bodies, is used, 
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together with the distance covered through the contact, to find out how long did it take to 

reach the required middle point. 

This step is done by using the normal equation for velocities:   

 

∆ 𝑡 =  
∆ 𝑥

𝑉𝑟
 (3.11) 

 

Table 3.2. Time to get to the theoretical asperity position. 

∆ xi ∆ t1 (s) 

distance covered on width 
(mm) 

time to get to asperity (s) 

0,008354393 2,17019E-05 

0,058354393 0,000151585 

0,108354393 0,000281468 

0,158354393 0,000411351 

0,208354393 0,000541234 

0,258354393 0,000671117 

0,308354393 0,000801001 

0,358354393 0,000930884 

0,408354393 0,001060767 

0,458354393 0,00119065 
 

Knowing this period of time, it is possible to calculate the displacement for 

asperities in both bodies, by using the same relationship as in equation 3.11: 

 

𝑥𝑖 =  𝑉𝑖  ∆𝑡  

 
(3.12) 

Then, finally, is possible to calculate the displacement between asperities, by 

subtracting both displacements, as shown in Table 3.3. 
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Having all required parameter deducted, it is possible to calculate the tangential 

force on contact, by using the model proposed in equation 2.18 . 

Since these calculations were made in Excel, and not using any program, there 

were made some variable changes, and to make this it easier, the calculation was made into 

different steps: 

 

1. 𝐵 =
8 𝑥 𝑎 𝐶

 3 (2−𝜐) 𝜇 𝐹𝑁
 

2. 𝑌 = (1 − 𝐵)
3

2 

3. 𝐹𝑇 = (1 − 𝑌) 𝜇 𝐹𝑁 

4. (
3
.
1
3
) 

 

These different steps were used not only for the facilities, but also to stress the 

importance that the variable 𝐵 can not be bigger than 1, due to second step. For this, 𝐵 

calculation was divided in two conditions: 

 

1. If 𝐵 < 1, then: 

𝐵 =
8 𝑥 𝑎 𝐶

 3 (2 − 𝜐) 𝜇 𝐹𝑁
  

2. If 𝐵 ≥ 1, then it assumes it major value, linked with slipping movement: 

𝐵 = 1  

 

 

 

 

 

 

 

 

𝑥1 
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Table 3.3. Calculation of  𝑭𝑻 on each asperity based on the data calculated previously. 

 

Since the main goal is to plot 𝐹𝑇 evolution along the contact it is necessary to 

get the overall 𝐹𝑇. This process, comparing to what was done with the normal force before, 

is the opposite. It is now required to multiply the tangential effort by the number of asperities 

in each column and then summing them all. This procedure is shown in the Table AP 0.4 

 

After getting the parameter required, it is possible to draw the graphic with the 

variables (
𝐹𝑇 

𝜇𝐹𝑁 
 , 𝜉̅ =

∆ 𝑉

𝑉𝑟
). When changing the angular velocity for cylinder number two it 

will also change the sliding rate, which is directly connected with the displacement between 

both bodies centre of mass, which in turn will lead to a new ration between 𝐹𝑇 and 𝜇𝐹𝑁, and 

so on. 

 

 

 

 

 

 

 

IF B < 1 IF B > 1    Per asperity position 

B B Y= (1-B)^(3/2) Ft= (1-Y)*Fn 

     
0,021028435 1 0,968623756 0,000454267 

0,060966249 1 0,909958955 0,004874896 

0,096201007 1 0,859226731 0,009729023 

0,130253542 1 0,811127271 0,014637901 

0,165901127 1 0,761774273 0,019385068 

        

0,205713373 1 0,707890161 0,023769763 

0,253635224 1 0,644802485 0,027528304 

0,318160182 1 0,563019633 0,03020028 

0,426631726 1 0,434160679 0,030635003 

1,153701494 1 0 0,014478067 

  0 0 0 

𝑥1 
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For this data exposure, the sliding rate shown in Table AP 0.4 was selected in 

purpose so that it would be possible to display both situations: rolling and sliding, clearly 

identified. In the end, it will be get to a point in which every asperity is sliding and the 𝐹𝑇 

will not change, as disposed in the table below. 

 

Table 3.4 Situation in which every asperity is in sliding condition. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

After changing the sliding rate several times, it was finally possible to plot the 

graphic was wanted, so it could be compared with the Kalker’s linear theory.  

The sliding rates and ratio between forces are shown in the following table. 

 

 

 

 

 

 

 

 

 

 

 

IF B < 1 
IF B > 

1    Per asperity Per column  

B B Y= (1-B)^(3/2) 𝐹𝑇= (1-Y)*uFn 𝐹𝑇 
  0 0 0  

1,05670529 1 0 0,014478067 2,895613499 

3,063630582 1 0 0,054140818 10,82816351 

4,834221447 1 0 0,069111297 13,82225942 

6,545404135 1 0 0,077501399 15,50027986 

8,336740056 1 0 0,08137269 16,27453796 

          

10,33735543 1 0 0,08137269 16,27453796 

12,74548865 1 0 0,077501399 15,50027986 

15,98794884 1 0 0,069111297 13,82225942 

21,43878022 1 0 0,054140818 10,82816351 

57,97494944 1 0 0,014478067 2,895613499 

  0 0 0 0 

   Total 𝐹𝑇= 118,6417085 
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Table 3.5 Relationship between sliding rate and . 

 

And plotting this data, this graphic is obtained:  

 

∆V/Vr (%) ∑ 𝐹𝑇  ∑ 𝐹𝑇  / (Fn . µ) 

0,001000005 1,971296798 0,016427473 

0,003000045 5,857575833 0,048813132 

0,00600018 11,54086694 0,096173891 

0,009000405 17,0382245 0,141985204 

0,0100005 18,8267108 0,156889257 

0,011000605 20,59197134 0,171599761 

0,01200072 22,3330415 0,186108679 

0,015001125 27,39701154 0,22830843 

0,01600128 29,02393741 0,241866145 

0,01800162 32,13846618 0,267820552 

0,020002 35,13851482 0,292820957 

0,02200242 38,08474851 0,317372904 

0,025003125 42,40017239 0,35333477 

0,030004501 49,30201204 0,4108501 

0,035006126 55,81342027 0,465111836 

0,040008002 61,88974693 0,515747891 

0,045010127 67,44867792 0,562072316 

0,050012503 72,28350396 0,602362533 

0,055015129 76,7097873 0,639248228 

0,060018005 80,75799267 0,672983272 

0,070024509 87,40342097 0,728361841 

0,075028136 90,28398616 0,752366551 

0,080032013 92,78742752 0,773228563 

0,08503614 94,98237564 0,791519797 

0,090040518 97,01805074 0,808483756 

0,100050025 100,4086122 0,836738435 

0,150112584 109,9878085 0,916565071 

0,2002002 113,8665755 0,948888129 

0,250312891 115,5524734 0,962937278 

0,300450676 116,7308675 0,972757229 

0,350613574 117,186857 0,976557142 

0,501253133 117,6958954 0,980799128 

0,601805416 117,9922678 0,983268898 

0,803212851 118,4583618 0,987153015 

0,904068307 118,6056548 0,988380457 

0,955637501 118,6417085 0,988680904 

1,005025126 118,641708497898 0,988680904 

2,02020202 118,641708497898 0,988680904 
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Figure 3-9. Relationship between SR and effort ratio, for rectangular contact shape. 
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3.1.2.2.2. Circular contact shape 

 

 

For this next, and final, step, the approach is almost identical. But first, some 

assumptions were made so that the assessment would become easier.  

Similarly to a rectangular contact shape, this one has also some symmetric 

relations regarding the efforts and subsequent actions. As the procedure advances, these 

assumptions will be explained together with a figure, for a better understanding. 

As explained, the contact between two cylinders can generate a circular contact 

shape, depending on how their axes are disposed, however, as mentioned before, this chapter 

was reserved to real experiences data analysis. For this reason, some calculation are avoided 

as it is part of initial data given, such as normal force, maximum contact pressure, and both 

contact widths.  This information is disposed in Table AP 0.5. 

 

Since the contact area is a circle, then, regarding the asperities’ position, they are 

symmetric referring to both axes, and this makes the pressure also symmetric, as seen in the 

figures disposed previously.  

 

On Figure AP 0-7 and Figure AP 0-8 it is possible to find this asperity 

distribution.  

Due to its symmetric properties, it could be only analysed one quarter, but it 

would not be correct, and so the circle’s upper half of the will be all analysed. This “mistake” 

is going to be stated later. 

Having the pressure distribution displayed, on Figure AP 0-9, it is now time to 

get the normal force on each asperity. The procedure is the same, but as noticed in Figure 

AP 0-7, there are some highlighted asperities. This is related to the fact that these asperities 

are critical due to their area, once they are closer to the contact boundary. The differentiated 

point represents the point of symmetry inside the same quarter. For these, the area was 

specifically calculated, while the others area is 𝑝2.  
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This step requested the calculation of the integral of the circle equation. 

 

 

∫ √𝑎2 − 𝑥2
𝑣𝑖+1

𝑣𝑖

= [2𝑎 sin−1(
5𝑥

2
) +

𝑥

2
√𝑎2 − 𝑥2]

𝑣𝑖

𝑣𝑖+1

  

 

(3.14) 

In which 𝑣𝑖 and 𝑣𝑖+1 represents the 𝑥 values for the valleys (known to be the 

area extremities).  

This integral, as all, gives the area below the graphic, therefore, it is needed to 

subtract the area already known by the relation 𝑝2. Let the figures give a better explanation.  

 

Table 3.6 Relationship between sliding rate and . 

 

 

Asperity are counted clockwise. 

Continuing, it will be possible to get the normal force for each asperity.  

 

 

 

 

 

 

Area of critical asperities 

Asperity x1  x2 INTEGRATION RESULT - KNOWN AREA CRITICAL AREA  
1 0 0,05 0 0,019947794 0,019947794 - 0,0175 0,002447794 

2 0,05 0,1 0,019947794 0,039579337 0,019631543 - 0,0175 0,002131543 

3 0,1 0,15 0,039579337 0,058562486 0,018983149 - 0,0175 0,001483149 

4 0,15 0,2 0,058562486 0,076528918 0,017966432 - 0,015 0,002966432 

5 0,2 0,25 0,076528918 0,09304176 0,016512842 - 0,015 0,001512842 

6 0,25 0,3 0,09304176 0,107531236 0,014489476 - 0,0125 0,001989476 
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Figure 3-10. Normal load by half of the contact. 

 

As seen, the normal load distribution is in agreement with the force primarily 

applied. 

Not changing what has been done, now it is needed to get the tangential force 

value, by doing the same data validation. Once the procedure is equal, only the final results 

will be shown: 

 

1. At first, getting the half-width asperity. 

 

 

Figure 3-11. Asperity half-width on circular contact. 

2. Then, calculating the displacement between asperities centres of mass.  

Here it is understood why this assessment should be done by half and not by 

quarters.  

 

 

Figure 3-12. Displacement between asperities. 

As noticed, the displacement between asperities is obviously not symmetric 

referring z-axes, and that is the main reason it was decided to do this assessment this way.  

 



 

 

  Erro! A origem da referência não foi encontrada. 

 

 

João Ricardo Almeida Ganhoto  53 

 

3. Calculation of the parameter B, having the same conditions, as previous 

assessment:  

 

 

Figure 3-13. B calculation for initially shown sliding rate. 

 

 

4. And finally the tangential effort:  

 

 

Figure 3-14. 𝑭𝑻 calculation for initial shown data for circular contact shape, on each asperity. 

To get the overall, in term of a sliding ration, it is not different from what has 

been done. It’s only need to sum every asperity value, shown above, and then multiply it by 

2.  

Hereafter, it is only required to do the same procedure as previously done, which 

is changing the sliding rate to get new 𝐹𝑇. so it is possible to plot the data, which is shown 

below:  

 

 

 

 

 

 

 



 

 

[Título da Dissertação]   

 

 

54  2017/2018 

 

 

Table 3.7. Distance covered by each corpse for ∆𝒕. 

∆V/Vr (%) ∑ Ft ∑ Ft / (Fn . µ) 

0,001000005 7,751355234 0,037996839 

0,00200002 15,343781490 0,075214615 

0,005000125 37,073913963 0,181734872 

0,00800032 57,106077306 0,279931752 

0,0100005 69,523114576 0,340799581 

0,020002 119,783598657 0,587174503 

0,050012503 179,681693879 0,880792617 

0,070024509 190,731272294 0,934957217 

0,100050025 197,254395280 0,96693331 

0,2002002 202,100425533 0,99068836 

0,501253133 203,451847846 0,99731298 

0,803212851 203,518551855 0,99763996 

1,005025126 203,518551855 0,99763996 

2,02020202 203,518551855 0,99763996 
 

 

 

 

Figure 3-15.Traction curve. 
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3.2. Practical study 

 

As many times mentioned, the aim of this dissertation is to compare theoretical 

study with some pratical experiences values for adhesion ratio, and for this reason it is 

necessary to explain the way in which it was made.  It is important to keep in mind that these 

experiences were made in SUPMECA by E. Cullaz, M. Quillien. F.Robbe-Valloire and F. 

Macewko. 

The pratical experience of this non lubricated rolling/sliding contact were done 

in a twin-disc aparatus 
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[ANNEX A] 

 

 

Figure AP 0-1. Initial data, increment and changing parameters. 

 

 

 

Figure AP 0-2. Displacement and contact area changes when increasing 𝑬𝟏and remaining 𝑬𝟐 constant. 

 

 

Figure AP 0-3. Increasing load. 

 

Figure 0-4. Increasing sphere radius. 
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Figure AP 0-5. Stiffness evaluation. 

 

 

 

Cylinder 1 2 

𝑣 -poisson ratio 0,3 0,3 

C-Modulus of rigidity - [Mpa] 79300 79300 

µ- friction ratio  0,3 

Length - L [mm] 10 

 Fn-Normal Force - [N/mm] 400 

 Normal Force - [N] 4000 

E - Young Modulus  [Mpa] 210000 210000 

E' [MPa] 115384,6154 

Radius [mm] 5 5 

R' [mm] 2,5 

a2 - square width of contact -  [mm2] 0,054454273 

 2a - width of contact  [mm] 0,466708786 

P(x) [N/mm2] P(X) 

p0 [N/mm2] 1091,24969 

Asperity radius - r [mm] 0,02 0,02 

Equivalent asperity radius - r' [mm] 0,01 

Asperity periodicity - p [mm] 0,05 

number of asperitys [length]- n 200 

number of asperitys [width] - n 9,334175714 

Angular velocity [rad/s] 77 76,9846 

V [m/s] 0,385 0,384923 

V [mm/s] 385 384,923 

Vr 384,9615 

∆V 0,077 

∆V/Vr 0,00020002 

∆V/Vr (%) 0,020002 
Figure AP 0-6. Cylinder-cylinder contact data. 
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Figure AP 0-7. Asperities Z values, on circular contact shape. 

 

 

 

Figure AP 0-8. Asperities X values, on circular contact shape. 

 

 

 

 

 

 

Figure AP 0-9. Pressure distribution on circular contact shape. 
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[ANNEX B] 

 
Table AP 0.1. Asperity width based on Johson’s article. 

 JOHNSON ARTICLE 

 Fn(per asperity) Asperity width - a(i)  

0 0 

0,048260225 0,001464804 

0,180469392 0,002273619 

0,23037099 0,002466375 

0,258337998 0,002562394 

0,271242299 0,002604368 

  0 

0,271242299 0,002604368 

0,258337998 0,002562394 

0,23037099 0,002466375 

0,180469392 0,002273619 

0,048260225 0,001464804 

0 0 
 

 
Table AP 0.2. Normal force calculation based on rectangular áreas, contact between cylinders. 

x(asperity position) P(x)   Fn(per column)  Fn(per asperity 

-0,233354393 0 0 0 

-0,225 289,3785248 9,652044998 0,048260225 

-0,175 721,8775671 36,09387836 0,180469392 

-0,125 921,483961 46,07419805 0,23037099 

-0,075 1033,35199 51,66759952 0,258337998 

-0,025 1084,969197 54,24845986 0,271242299 

0 1091,24969    

0,025 1084,969197 54,24845986 0,271242299 

0,075 1033,35199 51,66759952 0,258337998 

0,125 921,483961 46,07419805 0,23037099 

0,175 721,8775671 36,09387836 0,180469392 

0,225 289,3785248 9,652044998 0,048260225 

0,233354393 0 0 0 
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 Table AP 0.3. Distance covered by each corpse for 𝑽𝒊 . ∆𝒕.  

 

 

 

Table AP 0.4. 𝑭𝑻 for asperity, column and overall summation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑋1 = 𝑉1x ∆𝑡 𝑋2= 𝑉2x ∆𝑡 ∆X = |𝑋1 − 𝑋2 | 

Distance covered (mm) Distance covered (mm) 
Distance between asperity 

center of mass 

0,008355229 0,008353557 1,67105E-06 

0,058360229 0,058348557 1,1672E-05 

0,10836523 0,108343556 2,1673E-05 

0,15837023 0,158338556 3,1674E-05 

0,208375231 0,208333555 4,1675E-05 

0,258380231 0,258328555 5,1676E-05 

0,308385232 0,308323554 6,1677E-05 

0,358390232 0,358318554 7,1678E-05 

0,408395233 0,408313553 8,1679E-05 

0,458400233 0,458308553 9,168E-05 

Per asperity Per column  

𝐹𝑇 = (1-Y)* 𝜇𝐹𝑁 𝐹𝑇 
0 0 

0,000454267 0,090853476 

0,004874896 0,974979155 

0,009729023 1,94580464 

0,014637901 2,927580161 

0,019385068 3,877013633 

    

0,023769763 4,75395267 

0,027528304 5,505660888 

0,03020028 6,040055993 

0,030635003 6,12700069 

0,014478067 2,895613499 

TOTAL SHEAR FORCE 35,13851481 
  

𝑥1 
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Table AP 0.5. Main data for circular contact shape. Experiences made in SUPMECA. 

Body Cylinder Cylinder 

𝜎 -poisson ratio 0,3 0,3 

Modulus of rigidity - C [Mpa] 73000 73000 

friction ratio - µ 0,3 

Normal Force - N [N/mm] 680 

Young Modulus - E [Mpa] 210000 210000 

E' [MPa] 115384,6154 

 Semi-major half width of contact - a [mm] 0,4 

Semi-minor half width of contact - b [mm] 0,4 

P[x,z) [N/mm2] P(X,Z) 

Maximum contact pressure - p0 [MPa] 2029,225524 

Radius i [mm] 15 15 

Equivalent radius R' [mm] 7,5 

Asperity radius [mm] 0,02 0,02 

Equivalent asperity radius 0,01 

Asperity periodicity - p [mm] 0,05 0 

number of asperitys [length) - n 68,56524021 0 

number of asperitys [width) - n 0 0 

Angular velocity [rpm] 7 6,99993 

V [m/s] 0,105 0,10499895 

V [mm/s] 105 104,99895 

Vr 104,999475 

∆V 0,00105 

∆V/Vr  1,00001E-05 

∆V/Vr (%) 0,001000005 
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