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The main purpose of this work is to introduce the class of the monadic dynamic algebras (dynamic algebras
with one quantifier). Similarly to a theorem of Kozen we establish that every separable monadic dynamic
algebra is isomorphic to a monadic (possibly non-standard) Kripke structure. We also classify the simple
(monadic) dynamic algebras. Moreover, in the dynamic duality theory, we analyze the conditions under which
a hemimorphism of a dynamic algebra into itself defines a quantifier.
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Monadic Boolean algebras [1] and dynamic algebras [10, 11] are both recognizable as modal algebras [2, 3].
The fact that a monadic Boolean algebra is a very particular case of a dynamic algebra with only one action (the
quantifier) led us to the study of a class of dynamic algebras, which we will call monadic dynamic algebras,
where there exists an action behaving as a quantifier.

1 Functional monadic Boolean algebras

Functional monadic Boolean algebras were introduced by Halmos in [1]. The set B¥ of all functions from X (a
non-empty set) to B, where B = (B, V, ~,0) is a Boolean algebra, is itself a Boolean algebra BX with respect
to the pointwise operations, namely, if p and ¢ are elements of B, then the supremum p V ¢ and the comple-
ment ~ p are defined by

(pVa)(z) =p(x)Vq(x) and (~p)(z)=~(p(z)),

for every = € X, and where the zero and the unit of B are, respectively, functions that are constantly equal to 0
and 1. Let us denote by R(p) the range of the function p of BX. A Boolean subalgebra A of BX such that

(i) for every p in A the supremum \/ R(p) and the infimum A R(p) exist in B and
(ii) the (constant) functions Jp and Vp, defined by

Jp(z) =V R(p) and Vp(z) = A R(p),

belong to A,

is called a functional monadic Boolean algebra or a B-valued functional monadic Boolean algebra with do-
main X . In this definition it is not necessary to impose that, for every p in A, both Ip and Vp exist and belong to A,
since Vp can be interpreted as ~ (3(~p)) and p as ~ (V(~p)). By the mutual duality of these operators we shall
study 3 alone. In particular, in the functional monadic Boolean algebra 2% where 2 = {0, 1}, if p is a non-zero
element of 2%, there exists an element xo in X such that p(x¢) = 1. Then 1 € R(p) and 3p(x) = \/ R(p) = 1,
for every z € X. If p = 0 in 2%, then p(z) = 0, for every x € X, and 3p(x) = \/ R(p) = 0. Therefore 2X is a
functional monadic Boolean algebra, where 3p = 1, for p # 0, and 30 = 0.
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If, for any set Y, we take B = P(Y"), the (complete) Boolean algebra of all the subsets of Y, then an arbitrary
element p in B% is a function of X in P(Y),

p: X —PY), z— P,.
Immediately, for any p € BX, Jp is defined (since B is complete) by

Fp: X — P), wr—3pr)=Vip) : 1 € X} =U,,ex P

and, similarly, Vp is defined by
Vp: X — P(Y), @ V() = Mple1) : 1 € X} =,,cx P,

Consequently, if y is a point in Y, the value p(z) of a function p in B corresponds in a natural way to the
proposition “y belongs to p(x)”. Since supremum is a set-theoretic union, it follows that each value of Jp
corresponds to “there exists 2 such that y belongs to p(z)” and, dually, that each value of Vp corresponds to “for
every x, y belongs to p(x)”. For this reason, Halmos calls this operator 3 (on a functional monadic Boolean

algebra) a functional existential quantifier, and the operator V a functional universal quantifier.

The functional existential quantifier 3 on a functional monadic Boolean algebra A is normalized, increasing
and quasi-multiplicative, i. e. satisfies

(3); 30 =0,
()2 p < 3p,
(33 IpA3q) =3IpAdg,

whenever p and q are in A.

2 Monadic Boolean algebras

A general concept of quantification is obtained by abstraction from the functional case. A quantifier (an existen-
tial quantifier) on a Boolean algebra 3 is a mapping 3 of the Boolean algebra B into itself satisfying (3)1, (3)2
and (3)3, for every p, ¢ in B.

The concept of a universal quantifier is defined by dualization, via the equation Vp = ~ (3(~ p)). Since we
will only refer to universal quantifiers briefly, the adjective “existential” will usually be omitted.

It is worthwhile to look at some other examples of quantifiers (other than the functional one), namely the
simple quantifier 35, and the discrete quantifier 35. The identity mapping of a Boolean algebra into itself is a
quantifier, the discrete quantifier. The mapping defined by 3,0 = 0 and 33p = 1, for every p # 0, is a quantifier,
called the simple quantifier.

A quantifier 3 on a Boolean algebra B satisfies the following algebraic properties (cf. [1]) for every p, ¢ in B:
(P)d1=1;

(P) 33=3;

(Ps) p € 3(B) if and only if Ip = p, where 3(B) is the range of 3;

(Py) if p < Jg, then dp < Jg;

(Ps) if p < g, then Jp < Jq (the quantifier is monotone);

(Fs) 3(~(Fp)) =~(p);

(P7) the range 3(B) of a quantifier 3 is a Boolean subalgebra of 5;

(Ps) 3(pVq) =3IpVig

A monadic Boolean algebra is a Boolean algebra B together with a quantifier 3 on B. The elementary algebraic
theory of monadic Boolean algebras is defined similarly to that of every other algebraic system.

www.mlq-journal.org © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



136 S. M. Pinto, M. T. Oliveira-Martins, and M. C. Pinto: Monadic dynamic algebras

3 Dynamic algebras

Dynamic algebras were introduced by Kozen [6] and Pratt [10] to provide models for propositional dynamic
logic (PDL). Following Pratt a dynamic algebra is a two-sorted algebra (B, R, ()) verifying a certain set of
equations. The Boolean universe B = (B, V,~,0) is a Boolean algebra (an algebra with a binary operation V,
one unary operation ~ and a nullary operation 0, satisfying the usual set of axioms); the regular uni-
verse R = (R,U,;,*) (or universe of actions or universe of programs) is an algebra with two binary opera-
tions, U and ;, and one unary operation *. The heterogeneous operator (diamond) () : R x B — B relates both
algebras.

Definition 3.1 A dynamic algebra D = (B, R,()), where B = (B,V,~,0), R = (R,U,;,*), is an algebra
satisfying, for p,q € Band a,b € R,
(1) Bis a Boolean algebra;
2 (a,0) =0, {a,pV q) = (a,p) V (a,q);
(3) (@Ub,p) = (a,p) V (b,p);
(4) (a;b,p) = (a, (b,p));
() pV{a;a*,p) < (a*,p);
(6) {a*,p) <pV{a*,~pAa,p)).
Remark 3.2
1. For p and g elements of the Boolean algebra 13, we used (p < ¢) as an abbreviation of (p V ¢ = q).
2. Pratt [10] showed that conditions (5) and (6) can be replaced by (a*, p) = min a!p, where

ap={qe B : pVag<q}.

Notation 3.3 For a,b € R and p € B we write ap instead of (a, p), ab instead of a;b, and we write a < b
whenever ap < bp for every p € B.

Dynamic algebras, as defined by Kozen [7], have one more operation, called reversion. A dynamic algebra

with reversion is a dynamic algebra D = (B, R, ()) equipped with a unary operation ~ on R such thata™~ = q,
(aUb)" =a~Ub™, (ab)” =b"a~ and
(D p <~a(~a"p), fora,be R,pe B.

A dynamic algebra (B, R, ()) is *-continuous if, for every a € Rand p € B, a*p = V{a'p : i > 0}.

Kripke structures, traditional models for PDL, were presented in [10] as examples of dynamic algebras. They
are defined as follows. The full Kripke structure on a given non-empty set S is a triple (S, P(S), P(S x S)),
where P(.5) is the Boolean algebra of all subsets of S (with the usual set theoretical operations) and P(S x S)
is the set of all binary relations on S endowed with the operations ;, U, and * as, respectively, the composi-
tion, the union and the reflexive-transitive closure of binary relations, and where the diamond operation (a, p)
(fora € P(S x S) and p € P(S5)) is the pre-image of p under q, i.e.

(a,p) ={s €S : (s,8) € a,forsomes’ € p}.

Kripke structures (or standard Kripke structures) are defined as the dynamic subalgebras of full Kripke structures.
A dynamic algebra defined as a Kripke structure for all operations but, possibly, the operation * (defined as any
unary operation of binary relations satisfying the axioms (5) and (6)) is called non-standard Kripke structure.
Every standard Kripke structure is a *-continuous dynamic algebra. In a Kripke structure the reversion of a
binary relation a is interpreted as its inverse relation, a= = {(s,t) : (¢,s) € a}.

Let D be a dynamic algebra. Two actions a, b are inseparable, and we denote that fact by a = b, if ap = bp,
for every proposition p in B. The pair (=, %) defines a congruence relation (cf. Definition 3.8 below) in the
dynamic algebra D. A dynamic algebra is separable if the inseparable relation is the identity relation, i. e. for any
actions a and b in R, if ap = bp, for any proposition p € B, then a = b.

The mixed operator diamond () : R x B — B can be seen as

(): R— F(B;B), avr— (p— (a)p=(a,p)),

where F'(B; B) = {f : f: B — B s a mapping}. However, unless D is separable, () does not define a repre-
sentation of R since () is not one-to-one. We may have equal mappings (a) and (b) in F'(B; B) with a # b and,
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consequently, for D an arbitrary dynamic algebra, {{a) : a € R} is a family of mappings in B indexed by R
(where the extensionality axiom is not satisfied). In a separable dynamic algebra, R may be identified with a set
of mappings in B, that we will use whenever appropriate.

The relation < in R, a < b whenever ap < bp, for every p € B, is reflexive and transitive, but it is not anti-
symmetric (since the conditions ap < bp and bp < ap give rise to ap = bp, for every p € B and not necessarily
to a = b) and, therefore, defines a quasi-order in R. Clearly, in separable dynamic algebras < defines a partial
order since the antisymmetry is satisfied.

Example 3.4 Every monadic Boolean algebra defines a dynamic algebra. In fact, let B be a Boolean algebra
with a quantifier 3;, R = ({31},U,;,*), where U, ; and * are defined trivially, and () : {3} x B — B is
the application defined by (31, p) := 31(p), for every p € B. Since 310 =0, I1(pV ¢) = F1p V 14, for ev-
ery p,q € B, 3131 = 3; and 37 = 31, (B, R, ()) is a dynamic algebra.

Conversely, we may ask if every dynamic algebra with a unique element in the regular part defines a monadic
Boolean algebra. The next example shows that the answer to this question is negative.

Example 3.5 Let D = (B, R, ()) be the Kripke structure on S = {1, 2, 3}, where

B == {@, {3}, {]—7 2}’ {17 27 3}}

and R = {a} witha = {(1,1),(1,2),(2,2),(3,2),(3,3)}. Notice thata = a Ua = aa = ¢* and ap € B, for
every p € B. Therefore D is a dynamic algebra. The regular element a does not define a quantifier on .
For, let A : B — B be the operator defined by a, i.e. A(p) := (a)p, for every p € B. Since ~ A{3} = {1,2}
and A(~ A{3}) = {1, 2, 3}, the property of quantifiers, (Ps), is not satisfied.

Although, for dynamic algebras with reversion the answer is positive, as we will see in the next proposition.

Proposition 3.6 Every dynamic algebra with reversion D = (B, {a}, ()) defines a monadic Boolean algebra.

Proof. Let D = (B,{a},()) be a dynamic algebra with reversion. We prove that the application A on B
defined by A(p) := ap, for every p € B, is a quantifier on B. For that, it is enough to prove that A is a closure
operator and that A(~ (Ap)) =~ (Ap), for any p € B (cf. [1, Theorem 3]).

(i) A0 =0, AA(p) = A(p) and A(p V q) = Ap V Ag, for every p,q € B, is a consequence, respectively, of
the fact that a is normal (a0 = 0), idempotent and additive.

(ii) Since a = a* and p < a*p, forevery p € B, we have p < ap and so, p < Ap, for every p € B. Therefore A
is a closure operator on B.

(iii) By (ii) we have ~ (Ap) < A(~(Ap)), for every p € B. By (1) we know that, for every p € B, we
have p < ~a(~a"p). Then a(~a"p) <~p, and since a = a~, we have a(~ap) < ~p. Changing p to ap,
we get a(~a(ap)) < ~(ap) and, since a = aa, a(~ (ap)) <~ (ap). Therefore A(~ (Ap)) <~ (Ap), for ev-
ery p € B. O

The elementary algebraic theory of dynamic algebras is defined similarly to that of every other algebraic
system [13, 14]. We will specify some concepts for later use.

Definition 3.7 Let D = (B,R,()) and D' = (B’,R’,()’) be dynamic algebras, where B = (B, V,~,0),
R =(R,U,;,*), B = (B,V,~,0),and R = (R',U,;,*),and let h; : B — B’ and hy : R — R’ be
mappings. The pair h = (hq, ha) is a dynamic homomorphism between the dynamic algebras D and D’ if h
and ho preserve the mentioned one-sorted operations and h preserves the mixed operation, i.e. for p € B
and a,b € R we have

1. hy is a Boolean homomorphism;
. ha(aUb) = ha(a) U ha(b);

7b) = ha(a); ha(b);

") = (h2(a))™s

{a)p) = (ha(a))"h1(p).

2

3. ha(a
4. ha(a
5. hq(
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Definition 3.8 Let D = (B, R, ()) be a dynamic algebra. The pair § = (61, 62) is a (dynamic) congruence
relation in D if 61 is a congruence relation in B, 65 is a congruence relation in R and, moreover, if p 61 ¢ and a 620,
then ap 61 bq, for every p,q € Band a,b € R.

As usual, we define B/61 = {[plg, : p € B} and R/02 = {[a]s, : a € R}. The structure
D/0 = (B/61,R/02,())

is a dynamic algebra (the quotient dynamic algebra) with operations defined by

[p]Gl [Q]Gl = [P \ Q]Gl’ [a]92 U [b]92 = [CL U b]927 ~ [p]91 = [Np]el’
[aa,; [bla, = [a; blo,, [alo, [Plo, = [aplo., [alg, := [a"]o,-
(B/01,R/02,)) is the homomorphic image of (B, R, ()) under the natural homomorphism v = (v, v2) defined
by v1 : p— [ple,, V2 : a — [a]y, forp € B, a € R.
Also, associated with each homomorphism, there exists a natural congruence. If h : D — D’ is a dynamic
algebra homomorphism, the kernel relation ker, = (K1, K3) given by

pKq if and only if hy(p) = hi(q), aKsb if and only if ho(a) = ha(b)

for every p,q € B and a,b € R, defines a congruence in D.
The homomorphism theorem enables us to assert that every homomorphic image of a dynamic algebra D is,
up to an isomorphism, a quotient algebra [14].

4 Quantified propositional dynamic logic

Propositional dynamic logic PDL is being used in the literature to describe different logic systems [4, 5, 8].
Depending on the problem we have to solve, we use different connectors, — (reversion) [6, 7] and 7 (test) [10, 12].
Similarly, in this work, we devote ourselves to the study of a new connector, the existential quantifier, 3. We use
quantified propositional dynamic logic, QPDL, to denote the version of PDL with quantifier(s).

4.1 Syntax

The expressions of QPDL are of two sorts: propositional sort (propositions or formulae) and regular sort (ac-
tions or programs). All these expressions are built by recursion from a numerable set of propositional variables
(atomic propositions), a numerable set of regular variables (atomic programs), constants 0, 1 of propositional
sort, constant 3y of regular sort, propositional connectors V, ~, 31, program connectors U (non-deterministic
choice), ; (composition), * (iteration), 3, a mixed connector () (diamond) and (, ) (parenthesis).

The formation of propositions and programs is subject to the following rules:

1. Constants 0, 1 are propositions and constant Jy is a program.

2. Each atomic proposition is a proposition and each atomic program is a program.
3. If p and q are propositions, then (p V q), (~p) and (31p) are propositions.

4. If a and b are programs, then (a U b), (a;b), (¢*) and (Jza) are programs.

5. If pis a proposition and a is a program, then (a)p is a proposition.

4.2 Semantics

The semantic structures of QPDL are pairs S = (P(5), P(S x 5)) associated with interpretation maps Z,
where S is a non-empty finite set, called the set of states, P(.S) is the family of all the subsets of S and P (S x S)
is the family of all the binary relations defined on S. Therefore, QPDL expressions are interpreted in seman-
tic structures corresponding each atomic proposition p to a subset Z, of S and each atomic program a to
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a binary relation Z, C S x S. The interpretation of non-atomic expressions results from the interpretation of
atomic expressions by using induction on their syntactic structure. More precisely, an interpretation Z of QPDL
expressions in a semantic structure S = (P(.5), P(S x S)) is defined by:
1. Zo = 0,7, = S, I3, is an equivalence relation on S.
. Each atomic proposition p is interpreted as a subset Z,, of S.
. Each atomic program a is interpreted as a binary relation Z, on S.
Tiyp =1{s5€ S : (s,81) € Ly, for some s; € Z,} (is the pre-image of Z,, under Z,,).
Tpvg =Tp ULy, Loy =15, I3,p = L(3y)p-
Loy = Lo U,

AN L A W

T =Zo oIy = {(s1,82) : (s1,83) € Z, and (83, s2) € Ty, for some s3 € S},

Zow = Unen, T WithZ) = Ag = {(s,5) : s€ Stand I} =T, o I}, n € N, 5,5 = T5,.0.

Remark 4.1 The symbols U, © used on the right-hand side of the identities denote the set operations of union
and complementation, respectively, and the symbol o denotes composition of binary relations.

We may see the set S as the set of possible states of a computer, the propositions as subsets of states and the
actions as computer programs. Therefore, s € Z,, means that “the state s satisfies proposition p”, (s1, s2) € Z,
means that “the program a may begin at state s; and finish at s5”. The propositional operations are interpreted in
a natural form. To have s € 7,,,, means that “s satisfies proposition p or proposition ¢”, s € Z..,, means that “the
state s does not satisfy proposition p” and 3; p means that “there exists a state satisfying p, where is possible to
execute Jy”. The program a U b means “choose a or b non-deterministically and execute it”, a; b means “execute
program « and then b”, ¢ means “choose n € Ny, and execute n times program a” and J2a means “to execute
program Jy and then a”. Finally, s € 7(,), means that “it is possible to execute a beginning at s and finish at a
state satisfying proposition p”.

4.3 Monadic Kripke structures

We are going to use the QPDL to introduce a structure called monadic Kripke structure.

Proposition 4.2 If S is a non-empty set and 39 C S x S is an equivalence relation on S, then 3 defined by
JP = Elgl(P) ={s1 €8 : (s1,82) € Jo, for some sy € P}
is a quantifier on any Boolean subalgebra, BB, of P(S) whenever it satisfies 31 B C B.

Proof. To prove that 3y is a quantifier on 5 it is enough (cf. [1, Theorem 3]) to verify that 3; is a closure
operator and that 3; (3, P)°¢ = (3, P)°, forany P € B.
(i) The condition 310 = () is verified trivially.

(i) P C 31 P, forevery P € 13, since Jy is reflexive on S.

(iii) 31(31P) = 31 P, for every P € B. In fact, by (ii) we have 3, P C 3;(3;P). Now, let s; € 31(I1 P).
Then (s1,s2) € Jo, for some so € 31 P, and so (sq,s3) € g, for some s3 € P. Since Jy is transitive,
then (s1, s3) € Jo. Hence, we have s; € 31 P.

(iv) 31 (PUQ) = 31 P U F1Q since 31U is defined as the pre-image of U under the (equivalent) relation 3y,
for any subset U of S.

Using (i), (i), (iii) and (iv) we may conclude that 3; is a closure operator. It remains to prove

(v) 31(31P)° = (31P)°. By (ii) we have (3; P)° C 31(31P)°. Let s € 3;(31P)°. Then (s,s2) € Jo, for
some sy € (31P)°. So, if (s2, z) € Jo, then z ¢ P. Consider (s, z1) € Jo. Since (s, s2) € Jo, then (sg, s) € Jo.
But since Jy is transitive we have (s2, 21) € Jg and hence z; ¢ P. We conclude thatif (s, z1) € Jo, then z; & P,
i.e.s € 31 P, and thus, s € (3, P)°. O

Let S be a non-empty set (of states) and Z an interpretation of QPDL in S. Then the set of all Z,,, with p
running over all propositions of QPDL, is a monadic Boolean algebra (with quantifier corresponding to Z5,, by
Proposition 4.2) under union and complementation of subsets of S. We denote such an algebra by B(Z).

www.mlq-journal.org © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



140 S. M. Pinto, M. T. Oliveira-Martins, and M. C. Pinto: Monadic dynamic algebras

The set of all the Z,, with a running over all the programs in QPDL, is a Kleene algebra (i.e. is a set of
binary relations closed under union, composition and reflexive-transitive closure of binary relations) containing
an equivalence relation of domain S. We denote it by R(Z). Moreover, for each Z,, € B(Z) and Z, € R(T),

(Za)Ip =Ziayp ={s €S : (s,51) € Iy, for some 51 € 7}

isin B(Z), i.e. B(Z) is closed under images of elements of B(Z) by relations in R(Z).
We define a monadic Kripke structure (S, B, R,3) as a Kripke structure (S, B, R) with an operator

d= (307 Ella 32);
where Jy is an equivalence relation on S belonging to R, 3; is an application on B defined, for P € B, by
HP:=(Fo)P ={s1 €S : (s1,82) € Jp, for some s3 € P},

and Js is an application on R defined by J2a = Jo; a, for every a € R.
Immediately, every interpretation of QPDL defines a monadic Kripke structure.

5 Monadic dynamic algebra

By abstracting the notion of a monadic Kripke structure, we are led to the definition of a monadic dynamic
algebra.

Definition 5.1 A monadic dynamic algebra is a quadruple (B, R, (), 3), where (B, R, ()) is a dynamic algebra
and 3 is a triple (3o, 31, J2) such that

1. 4y € R;

2. 3; : B — B, where 31 (p) := (Jo)p, for every p € B, is a quantifier on 13;

3. 33 : R — Ris defined by 32(a) := Jp; a, forevery a € R.

The operator 3 is called a dynamic quantifier.

In the following, given a monadic dynamic algebra Dp; = (B, R, (), 3) we denote by D = (B, R, ()) its reduct
which is a dynamic algebra.

A monadic dynamic algebra Dy; = (B, R, (), 3) is called separable if it is separable as dynamic algebra,
i.e. if D is separable.

Remark 5.2 In Definition 5.1, if the monadic dynamic algebra (B, R, (), 3) is separable, then there exists
only the element 3y in R such that 3, (p) = (Jo)p, for every p € B. Thus, for these algebras we will write 3; to
represent either the regular element 3 or the Boolean operator 3;.

Hence, we can say that a separable monadic dynamic algebra is a quadruple (B, R, (), 3), where (B, R, ()) is
a dynamic algebra and 3 is a pair (31, 32) such that

1.3, € R;

2. 3; : B — B, where 31(p) := (31)p, for every p € B, is a quantifier on 13;

3. 33 : R — Ris defined by 32(a) := 31;a, forevery a € R.

Example 5.3 Let X be a non empty set and B = (B, V, ~,0) a complete Boolean algebra. Then the set of
all the functions of X into B, BX, is itself a complete Boolean algebra. The functional quantifier 3; enables us
to qualify B = (B, V, ~,0,3;) as a (functional) monadic Boolean algebra (cf. Section 1). For R = (R, U, ;,* ),
where R is the set of all the normal and completely additive functions on BX, U, :, * are, respectively, the
pointwise disjunction, composition and reflexive-transitive closure of elements of R, and () : R x BX — BX
is the map defined by

(a,p) =

we know that (BX, R, (
Therefore (BX, R, (), 3

Iipx) = V{p(x1) : 1 € X} and Fz(a) = J1;a, fora€ R,p € B,

), foreverya € R, p € B,

a(p
)) is a separable dynamic algebra (the completely full dynamic algebra on BX), see [10].
) with 3 = (31, 32) given by

is a monadic dynamic algebra.
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Example 5.4 By Proposition 3.6 we can easily see that every dynamic algebra Dj; = (B, {a}, ()) with re-
version defines a monadic dynamic algebra D = (B, {a}, (),3) with 3 = (31,32) given by 31(p) := ap, for
every p € B, and 32(a) := a.

We can derive a list of elementary consequences of the definition of monadic dynamic algebra.
Proposition 5.5 In any monadic dynamic algebra Dyy = (B, R, (), 3), the following assertions are satisfied:
. 35p = Jop, for every p € B, i.e. 3y is an asterate.
- (35(30))p = 3op, for every p € B.
. a < 3a(a), for every a € R.
. If D is separable and Or € R, then 32(0r) = Og.
. If D is separable and 1p € R, then 32(1p) = 1g.
- (32(32(a)))p = (32(a))p, for everyp € B.
. If D is separable, a € 32(R) if and only if a = Fz(a).
. Afa < 3a(b), then Ia(a) < Fa(b).
.Ifa < b, then Iz(a) < Ja(b).
- (32(aUd))p = (32(a) U 32(b))p, for every p € B.
11. (32(a; 32(b)))p = ((B2(a)); (32(b)))p, for every p € B.
(Here Or and 1R denote constant maps of B into B equal to, respectively, 0 and 1.)

O 00 31 O L B W N =

—
=)

Remark 5.6 Since a*0 =0, p < a*p and a*a*p = a*p, for every p € B and a € R in a dynamic alge-
bra D = (B, R, ()), one could question if, for each a € R, a* defines a quantifier on B, i.e.if 3; : B — B
given by 31p = a*p is a quantifier on B. The answer to this question is negative. In fact, let B = {0, 1, p, ~p}
and

R=1{a:a:B— Bisamap,a(0) =0 and a is finitely additive},
where a(q) = ¢ for every g # ~p and a(~p) = 1. We have
a*p=min{qg € B : pVaq < q} =min{p, 1} = p.
Therefore a*(~a*p) = a*(~p) =min{qg € B : ~pVaqg < g} = 1. But ~a*p =~p. So a*(~a*p) #~a*p,

contradicting (Ps), property satisfied by any quantifier.
Definition 5.7 Let Dy = (B, R, (), 3) be a monadic dynamic algebra. Then D}, = (B!, R, (), 3'), with

Ell = (307 31|Bla32|721)7

is a monadic dynamic subalgebra of Dy if D' is a dynamic subalgebra of D and 3y € R'.

Lemma 5.8 If Dy = (B,R,(),3) is a separable monadic dynamic algebra, where 32(R) is closed under
the operation *, the range 3(D) = (31(B), 32(R), (), 3) is a monadic dynamic subalgebra of Dyy.

Proof. By property (P7), 31(B) is a Boolean subalgebra of 8.
We have to prove that:

(i) If p € 31(B) and a € J2(R), then ap € 31(B).
(i) If a,b € Fa(R), then a U b, ab € F2(R).
(iii) 31 € 3o(R).
The proof of conditions (i) and (ii) is straightforward.
Condition (iii) is satisfied, since condition (32(3;))p = J1p, for every p € B implies 3; = J2(3;) in the sep-
arable monadic dynamic algebra D). O

In the last lemma the condition on * is essential, as the next example shows.
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Example 5.9 Let Dy = (S, P(S), P(S x .S), (), 3s) be the full monadic Kripke structure, where S = {1, 2},
Js = (Js1, Js2) and g, is the simple Boolean quantifier. Since J45(P (S x S)) is not closed under the oper-
ation *, 35,(D) is not a dynamic subalgebra of D. In fact, let a = {(1,2),(2,2)}. We have a = J,5,(a) and
$0 a € J55(P(S x S)). But, a*p = min{q : pVag < q} and so a*{1} = {1}. Since

(Fs2(a™)){1} = Jar {1} = {1,2},
we may conclude that 355(a*) # a*. This yields a* ¢ 355(P(S x S)) by Proposition 5.5, 7.
The notion of a homomorphism between monadic dynamic algebras is described as expected.

Definition 5.10 Let Dy, = (B,R,(),3) and Dy, = (B',R’,()’,3') be monadic dynamic algebras and
let hy : B— B’ and hy : R — R’ be functions. The pair h = (hq, ho) is a homomorphism between the mo-
nadic dynamic algebras Dy and D, (monadic dynamic homomorphism) if it satisfies the following conditions:

1. h is a dynamic homomorphism between D and D’.

2. ha(3o) = 3.

Proposition 5.11 Each homomorphism h = (hq, ha) between the monadic dynamic algebras Dy and D),
satisfies

h1(31(p)) = 31 (hi(p)), foreveryp € B,

and
ho(32(a)) = F5(ha(a)), foreverya € R.

Definition 5.12 Let Dy = (B, R, (), 3) be a monadic dynamic algebra. A congruence 6 = (61,02) on Dy
(monadic dynamic congruence) is a (dynamic) congruence on D.

Remark 5.13 It is obvious that, for any congruence 6, in any monadic dynamic algebra Dy, = (B, R, (), 3)
we have:
(i) Whenever p 61 ¢, then 31 (p) 6131(q), for p,q € B.
(ii) Whenever a 62b, then J5(a) 6232(b), for a, b € R.
The homomorphism theorem and the consequent definition of monadic quotient algebra is stated and proved as
usual. If Dys = (B, R, (), 3) is a monadic dynamic algebra and 6§ = (6, 62) is a (monadic dynamic) congruence
on D)y, we form the quotient algebra

Qu = (B/61,R/62,(),3),

where B/61 = {[plg, : p € B}, R/62 = {[als, : a € R}, 3 := [Jo]s,, J1 is an operator of 5/6; into B/6;
defined by 3 ([ple, ) := [F1p]e, and J, is an operator of R /6 into R /8, defined by 35([a]e,) := [F2(a)]e,. The
remaining operations for quotient algebras are defined as usual.

To ascertain that Qs is a monadic quotient dynamic algebra we only have to confirm that 3’ is a quantifier
on Qys. That follows immediately by the fact that 3’ is the image under a homomorphism of the quantifier 3
of 'DM .

In a dynamic algebra D = (B, R, ()) we define the congruences Ap and V on B and Ar and Vg on R as
expected:

Ap={(p,p) : p€ B}, Ve ={(p.q) :p,q¢c B},
Ar ={(a,a) : a€ R}, Vgr={(a,b) : a,be R}
One can easily show that the pairs (Ap, ARr), (Vp,Vg) and (Vp, Ag) are congruences on D, but, usually,
(Ap, V) is not a congruence on D.
Remark 5.14 We consider the dynamic algebra ({0}, {0}, ()) to be the degenerated dynamic algebra.
Definition 5.15 A non-degenerated dynamic algebra is simple if it has exactly two congruences.

Theorem 5.16 The algebras (B, {a}, () with B arbitrary and a = 35, (the simple Boolean quantifier) are
the unique simple separable dynamic algebras.
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Proof. Let D = (B, R, ()) be a separable dynamic algebra.
(i) If B = {0}, then R = {0}, and so D is the degenerated dynamic algebra (it admits only one congruence).
@) If B ={0,1}, then R = {idr(= 3s1)} or R = {0,idRr}.
In the case R = {idr}, (Ap,Ar) and (Vp, V) are the unique congruences on D, and therefore, D is
simple.
In the case R = {0,idg}, since Agr # Vg, (Ap,ARr), (VB,Vg) and (Vp, Ag) are different congruences
on D, D is not simple.
(iii) For B ¢ {{0},{0,1}} we have:

1. If the cardinality of the set R is greater than 1, then R admits Vi and Ag as distinct congruences.
Immediately (Ap, Ar), (Vp, Vr) and (Vp, AR) are different congruences on D and, therefore, D is not a
simple dynamic algebra.

2. Inthe case R = {a} we have only one congruence Ar (= Vg) on R.

(a) Let a = J5; and fp be a congruence on B with g # Ap and g # V. Since O # Vp we

have [0]g, # [1]o, and, from 65 # Ap, we know that there exists p # 0 such that 0 0gp. Since a0 = 0

and ap = 1 are in different congruence classes, (f5, Ag) is not a dynamic congruence. Therefore, D is a

simple dynamic algebra.

(b) Now, let @ # ds;. Since a = aU a = a;a = a* and a*p > p, we have ap > p, for every p € B.

Therefore, there exists an element p & {0, 1} with ap = p’ and p < p’ < 1. But

ap’ = a(ap) = (aa)p = ap = p'.
Let I,/ be the principal Boolean ideal generated by p’ in B, i.e.
Iy={qeB:q<yp}

For every i € I, we have i < p/, and so ai < ap’ = p/, thatis ai € I,. Let 6, denote the Boolean con-
gruence defined by s6,,t if and only if s Vi =t V4, for some ¢ € I,,. From s6,,t we getasV ai = atV ai
with ai € Iy, yielding as 6,rat. Therefore, (6,/, Ar) is a congruence on D different from (Ap, AR)
and (Vp, ARr) and so D is not simple. O

Corollary 5.17 The unique simple separable monadic dynamic algebras are (B,{3s1}, (), 3s), for arbitrary
Boolean algebras B, 35 = (341, As9) and I4, the simple Boolean quantifier.

6 Duality

From now on we will assume that all dynamic algebras are endowed with a reversion operator.

6.1 Stone space of a separable dynamic algebra with reversion

By Stone’s Representation Theorem, there exists a bijective correspondence between Boolean algebras B and
Boolean spaces X" in such a way that B is isomorphic to the algebra of all the clopen subsets of the corresponding
space X. The precise statement of the facts is as follows: If S is the set of all the ultrafilters of B, Stone’s Rep-
resentation Theorem endows S with a topology 7 such that the Boolean algebra B becomes isomorphic to the
Boolean algebra S of all clopen subsets of X = (S, 7") by means of the mapping

h:B—3S8, pr——hp)=p ={FeS:pefF}.

There exists a natural isomorphism between the dual algebra S of a Boolean space X" and the set of all continuous
functions from X into 2 = {0, 1}. In order to interpret this assertion we have to endow 2 with a topology. The
topology introduced in 2 is the discrete one, i. e. all the four subsets of 2 are open (therefore closed). Thus, 2 be-
comes a (discrete) Boolean space. The mentioned isomorphism maps each clopen subset of X’ to its characteristic
function.
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Therefore, if 3 is a Boolean algebra, S the set of the ultrafilters of B and S the algebra of the clopen subsets
of (S,7) (where T is the topology induced by Stone’s Representation Theorem), we have the isomorphisms

B—8—2% pr——{FeS:peFtr—f,:5—2,

1 ifped,
GHf”(G):{o ifpd G

In the following, we are going to identify each Boolean algebra 3 with the algebra of all the continuous
functions of its dual space into 2.

Our next aim is to determine the entity corresponding to a quantifier 3 on the dual space of a given mo-
nadic Boolean algebra B. We begin by recalling the notion of hemimorphism. A Boolean hemimorphism is
a mapping from a Boolean algebra 5 into a Boolean algebra C such that f is normal (f0 = 0) and addi-
tive (f(pV q) = fpV fq, for every p,q in B). Obviously, every quantifier is a hemimorphism from a Boolean
algebra B into itself. A Boolean relation is a relation ¢ from a Boolean space ) to a Boolean space X" such that
the direct image of each point of ) is a closed set in X" and the inverse image of each clopen set in X is a clopen
setin ).

Let B and C be Boolean algebras having, respectively, X = (Sp,7p) and ) = (S¢, 7¢) as dual spaces. If f
is a hemimorphism from B into C, then its dual, denoted by f 4 is the relation from ) in X defined by

£ =N,epl{(F,G) € Sc x Sp : p(G) < fp(F)},

i.e. Ff°G if and only if p(G) < fp(F), for every p € B. It can be proved that f° is a Boolean relation from )
in X, see [1].

Every quantifier is a hemimorphism. Moreover, Halmos [1] proved that the dual of a quantifier 3 on B is the
equivalence relation on Sp

3 =Nep{(F1, F2) € Sp x Sp : Ip(F2) = Ip(F1)}.
We recall the following notions, cf. [7].

Definition 6.1 A topological Kripke structure is a Kripke structure (5, B, R) endowed with the topology S
in S generated by B.

Definition 6.2 A dynamic space is a topological Kripke structure A = (S, B, R) such that
1. (S,S) is Hausdorff and compact;

2. every element of R is closed in the product topology S x S.

Let Dy = (B, R, (), 3) be a separable monadic dynamic algebra and S the set of all the ultrafilters of B.
Each a € R is a hemimorphism in B satisfying certain additional properties, and its corresponding entity in the
dual dynamic space is

a’ =N,ep{(F,G) € xS : p(G) < ap(F)}
={(F,G) € S xS : p(G) < ap(F), forevery p € B}.
Since p(G) < ap(F) is false only if p(G) = 1 and ap(F') = 0, the condition
p(G) < ap(F), foreveryp € B
is equivalent to
p(G)=1=ap(F)=1, foreveryp € B,
i.e.
peG=apcF, foreverypé€ B.
Therefore,

a® ={(F,G) : pe G =apc F}.
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Similarly, we conclude that the dual of J; is

N =N,ep{(F.G) € 5x S : Ip(G) = Jip(F)}
={(F,G) : 31p € F ifand only if 3;p € G, for every p € B}.

Now we are led to extend the isomorphism defined by Kozen [6] between the class of the separable monadic
dynamic algebras and the class of the (possibly non-standard) monadic Kripke structures by letting

l.py={FeS :peF} forpe B;

d={(F,G)e SxS:peG=ape F} fora€R;

.B"'={p : pe B},

. R ={d : a€R};

. =4{(F,G) €S xS :Jipe Fifandonlyif 3;p € G, forevery p € B};
. F(a) =T d.

The structure S(D) = (S,B’,R’) is a dynamic space called the Stone space of D (the dual space of D),
see [7], and D is isomorphic to the characteristic algebra of S(D), C(S(D)) = (B', R/, ()) (cf.[6,7,9]). Since 3}
is the image under the homomorphism ’ of a quantifier 3;, then 3} is a quantifier on 3’. By the definition of 3,
and by the fact that 3 € R’ (since 3; € R) we conclude that 3 is a quantifier on C(S(D)) and therefore D)y is
isomorphic to C'(S(Dyy)).

‘We have just asserted, for separable monadic dynamic algebras (with or without reversion):

AN L AW

Theorem 6.3 Every separable monadic dynamic algebra is isomorphic to a (possibly) non-standard monadic
Kripke structure.

6.2 Dynamic hemimorphisms and dynamic relations

We have previously referred the isomorphism between the class of separable dynamic algebras D = (B, R, ())
and that of Kripke structures, identifying each Boolean element p with the set p’ = {U € S : p € U} and each
regular element a with the set o’ = {(U,V) € S x S : p €V = ap € U}, where S represents the set of all the
ultrafilters of 3. Moreover, Kozen [7] proved that if A = (S, B, R) is a dynamic space, then the corresponding
characteristic algebra, C(A) = (B, R, ()) is a separable dynamic algebra and S(C(.A)) is homeomorphic to .A.
Now we are going to introduce the notions of hemimorphism in dynamic algebras, of dynamic relation in
dynamic spaces and verify that these two entities are dually related in the class of the separable dynamic algebras.

Definition 6.4 A dynamic hemimorphism is a pair of functions f = (f1, f2) mapping of a dynamic alge-
bra D = (B, R, ()) into a dynamic algebra D; = (B1, R1, ()) such that

(i) f1is a Boolean hemimorphism;
(ii) f20 = 0 whenever 0 € R;
(iii) f2(aUDb) = faa U fob, forevery a,b € R.

Definition 6.5 If D = (B, R, ()) is a dynamic algebra and S is the set of all the ultrafilters of B, we say that
every set of the form

ad={UV)eSxS:peV=apeU}

for some a € R is a closed action of the dual space of D.

Definition 6.6 A dynamic relation between dynamic spaces (So, By, Ro) and (S, B, R) is a pair ¢ = (1, p2)
such that

1. ¢y is a Boolean relation of Sy in S
2. o is arelation of Sy X Sp in S x S such that
(a) the inverse image under ¢ of a closed action of S x S is a closed action of Sy x Sp;

(b) for each (U, V) & v2(Uy, Vp), there exists b € R such that (U, V) € b and b’ N w3 (Uy, Vo) = 0, for
every (Up, Vo).
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Let D = (B, R, ()) and Dy = (Bo, Ro, ()) be separable dynamic algebras and
S(D) = (S7BI7R,)7 S(DO) = (505867R6)

their corresponding Stone spaces.
If f = (f1, f2) is a hemimorphism of D into Dy, its dual, denoted by f9, is the pair (f{, f2), where f7 is the
relation of Sy in .S defined by

1o = {(Uo,U) € Sy xS : peU = fip € Uy, forevery p € B}
and f2‘5 is the relation of Sy x Sp in .S x S defined by
fg = {((UOaVO)a (Ua V)) € (SO X SO) X (S X S) : (Uv V) cd = (U(),VE)) € (f2a)/7a € R}

If ¢ = (¢1,2) is a relation of the dynamic space S(Dy) into the dynamic space S(D), its dual, denoted
by ¢°, is the pair (¢, 3), where ¢ is the map from B in B given by

(e1p) = o1 '
and gog is the map from R into Ry given by
(pha) =y 'd’.

The next theorem is a fundamental result in the dynamic duality theory.

Theorem 6.7 If f is a dynamic hemimorphism between the separable dynamic algebras D = (B,R,())
and Dy = (Bo, Ro, () with R and Ry finite, then f° is a dynamic relation, and (f°)° = f. If ¢ is a dynamic
relation, then ¢° is a dynamic hemimorphism and (¢°)° = @. If f and @ are mutually dual, then

() e = (fip)
and 5 *a’ = (fza)’ for everyp € B anda € R.

Proof. We follow [1] in the proof for the Boolean part (using the dual space S instead of 2°).
(i) We begin by showing that, if f is a dynamic hemimorphism, then f? is a dynamic relation. Let f be a
dynamic hemimorphism of D = (B, R, ()) into Dy = (Bo, Ro, ()). Then

2 ={(U,U)€ Sy xS :pecU= fipc Uy,forevery p € B}
=peplUo,U) € So x S : peU = fip € Up}.

Let Uy € Sy (Uy is a point in Sp). Since
fRUo=Npep{U €S : pelU= fip e U},

to prove that this set is closed it is sufficient to prove that each one of the sets {U € S : p € U = fip € Up},
denoted by F},, is closed. In fact, if fip € Uy, then

peU= fipel

is true for every U € S, therefore F,, = S, a closed set. If fip & U, then
peU= fipelo

is only true if we have p ¢ U. Consequently,
F,={UeS :pgU}={UeS:peU}°=p°

which is closed (since p’ is a clopen set).
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We have confirmed that the image under f{ of a point is closed. Now we will verify that the inverse image
under ff of a clopen set is a clopen set. Let P be a clopen subset of S. Then P = p’ for some p € B. We must
prove that (f{)~'p’ is a clopen set of Sp. If we establish that () is valid for f{ in the role of ¢4, i.e.

() = (fip)’,

we have the required, since (f1p)’ is a clopen set. If p = 0, then p’ = (), and therefore, ( ff )~10’ = 0. Since f;
is normal, 10 = 0 and so, (f10) = (. Then (f{)~10" = (f10)". If p # 0, then p’ # () since there always exists
an ultrafilter containing the element p (the ultrafilter containing the filter generated by p). If Uy € (f0)~ '/,
then there exists U € p’ such that (Up,U) € f?, i.e. ¢ € U implies f1q € Uy, for every ¢ € B. Since p € U,
then f1p € Uy. Therefore Uy € (f1p)’. We have just proved that (f{)~'p’ C (fip)’, for every p # 0in B. To
prove that (f1p)’ C (f{)~'p’ we are going to show that, if an element does not belong to (f{)~'p’, then it does
not belong to (f1p)’, also. Equivalently,

if Up & (f2)~'p', then f1p & Up.

If Uy & (f)~'p/, then (Uy,U) ¢ f?9, forevery U € p'. Then, forevery U € p/, there exists pyy such that pyy € U
and fipy € Uy. Thus

p/ - UUep/{Z €S :pyve Z} = UUep/pEJ'

This is an open cover of p’. Since p’ is compact (because it is closed) there exists a finite subset {Uy, Us, ..., Uy}
of p’ such that

pC U;‘L:1{Z €S :py, €Z}= Uyzlp/Uj'

By hypothesis p’ is not empty and so n # 0, i. e. the finite set is not empty. Let
p=Vj_1pu;.

Therefore, we have
P<p

and since f7 is monotone,
Jip < fip

Then, for every Uy € Sp,

(2 fip € Uo = f1p € Up.

The additivity of f; allows us to write
fip = H(Vj=1pv;) = Vi) fipu;.

Since, for every U € p’, we have fipy & Uy, then ~ (f1py) € Uy. Consequently,
Nj=1 (~(fipu;)) € Uo.

Therefore, f1p & Up.
Since f1p ¢ Uy, then, by (2), we have fi1p & Uy, as required.
Now we are going to analyze f2. If we prove that, for every a € R,

(f3) ' = (f2a),

then we establish that the inverse image under £ of a closed action is a closed action.

www.mlq-journal.org © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



148 S. M. Pinto, M. T. Oliveira-Martins, and M. C. Pinto: Monadic dynamic algebras

If a = 0, then a’ = () and therefore, (f)~10’ = (). But since (f20)’ = 0’ = () we have ()10’ = (f20)".

If a # 0, then a’ # () (since’ is an isomorphism). We show that (f3)~'a’ C (faa)’. Let (Uy, Vo) € (f3)'d’.
Then there exists (U, V) € a’ such that (U, Vp), (U, V)) € f3,i.e. (U,V) € b implies (U, Vy) € (f2b)', for
every b € R. Since (U, V) € d/, then (Uy, Vp) € (f2a)’. Now we prove that (foa)’ C (f9)~'a’. Let us assume
that (Up, Vo) € (f3)~'a’. We want to show that (Up, Vo) & (faa)’. Since (Uy, Vo) & (f3)~'a’, then for ev-
ery (U, V) € ' we have ((Up, Vo), (U,V)) & £3,i.e. for some by € R,

(3) (Ua V) S bE]V and (UOa VO) ¢ (beUV)I'
Thus

a - U(U’V)EG,{(Zl, ZQ) L pe Zy = vap S Zl} = U(U,V)Ea’ b,UV'

Let

“) b=Uwvyea buv

(5 is defined since R is finite). Therefore, from a’ C (l~))’ we geta < b. Since f2 is monotone, foa < ng and so,
®) (f20) C (f2b)".

Now we prove the following: If (U, Vo) & (f2buy )/, forevery (U, V) € o/, then (Up, Vo) & (f2b).

By (4) we have (f2b)" = Uy v)ea (f2buv) i-e. (f20)" = Ny yyea (f2buv)™.

Using (3), for every (U,V) € a’ we have (Up, Vo) & (fobuv)'s then (Up, Vo) & (f2b)'. Using (5) we
have (Up, Vo) & (f2a)’.

We proved that (foa)’ C (f9)~'a’.

Now, to finish the proof that f° is a dynamic relation, we need to show that, for every (Up, Vj), when-
ever (U, V) & f3(Uo, Vp), there exists b € R such that (U, V) € b’ and (Uy, Vo) & (fJ)~'b'. But this is a conse-
quence of the definition of f.

(i) Letus prove that (f9)° = f. We begin by showing that (f{)° = f. Itis enough to prove that (f{)°p = fip,
for every p € B, or either that ((f{)°p)’ = (fip)’, for every p € B. Since ((f{)°p) = (f{)~'p’ and (x) is
satisfied with f{ in the role of 1, we have (f7)~p’ = (f1p)’ and therefore, ((f{)°p) = (fip)’.

Similarly we have ()% = fa,i.e. (f$)%a = faa, forevery a € R.

(iii) Let us show that if ¢ is a dynamic relation, then ¢° is a dynamic hemimorphism. We begin by showing that

if o1 is a Boolean relation, then (¢ is a Boolean hemimorphism. By definition of ¢ we have

(W3p) = o1 'p'.

Since the inverse image under ¢; of a clopen set is a clopen set, it follows that ¢ maps B into By. Now we
prove that ¢ is a hemimorphism. For every p, ¢ € B we have

@Wpva) =ei'pVvae) =1 Ud) =91 Ui 'd = (¥ip) U(elag) = (¢ipV ¢iq)

and therefore, 3 (p V q) = ©ip V ©lq.
Since (30)" = ;10" = ;') = 0 = 0/, then 50 = 0.
Similarly we get 3 (a U b) = p3a U p3b, for every a,b € R and ¢30 = 0.
(iv) We show that (%)® = (. We begin by proving that (¢3)% = ¢;. We know that

(Wip) =i {U €S :peU} and (¢9)° ={(Uo,U)€So xS : pe U= ¢ipeUp}

(@) If (Up, U) € 1 andp € U, then Uy € (¢p)’, i.e. o{p € Uy. Therefore (Up, U) € (¢3)°.
(b) Let (Ug,U) & 1 (then U ¢ p1Up). Since 1 Uy is closed, whenever (Uy, Z) € ;1 there exists py such

that U € pj and Z ¢ pf,. Therefore Uy & ¢} 'pf = (#9po)’. Thus, there exists py € U such that p§po ¢ Up.
Therefore (Uy, U) ¢ (¢3)°.
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It remains to be proved that (3)° = 5. We have
(¥9)° = {((Uo, Vo), (U, V)) € (So x So) x (S x 8) = (U, V) € d' = (Up, Vo) € (930)'}.
(a) If (Uo, Vo), (U, V)) € g, whenever (U, V) € a’, we have (Up, Vo) € @5 a’ = (¢Sa)’. Therefore

((Uo, Vo), (U, V) € (#3)°.

(b) If (Uo, Vo), (U, V)) & o, then (U, V) & p2(Up, V). But so, there exists b € R such that (U, V) € b’
and (Up, Vo) & 3 't/ = (3b)". Therefore ((Uo, Vo), (U, V)) & (#3)°. O

6.3 The dual of a quantifier
In this section we will assume that D = (B, R,()) is a separable dynamic algebra with finite regular part
and that S is the set of the ultrafilters of B. Let f = (fi, f2) be a hemimorphism of D into itself, with

dual @ = (1, ¢2).
We begin by analyzing the Boolean part of f. We define the relation 1)1 by

1 ={(U,V)e SxS: fipeUifandonlyif fip € V, forevery p € B}.

Lemma 6.8 [1] Under the previous conditions, f1 is a quantifier on B if and only if 11 = 1.
Lemma 6.9 [1] Under the previous conditions, @1 is an equivalence relation on S if and only if 11 = 1.
Theorem 6.10 Under the previous conditions, the hemimorphism f = (f1, f2) defines a quantifier on the dy-
namic algebraD = (B, R, () if and only if the dynamic relation ¢ = (p1, p2) satisfies the following conditions:
(1) 1 is an equivalence relation on S.
(1) 1 is a closed action.

(iii) o is given by oy 'a’' := @1;d/, for every a € R.

Proof. We begin by assuming that f = (f1, f2) is a quantifier on D.

We prove (i). Since f = (f1, f2) is a quantifier on D, f; is a quantifier on B, and by Lemmas 6.8 and 6.9,
1 is an equivalence relation on S.

Now we prove (ii). We know that f; € R (f is a quantifier), and so fi is a closed action. But

f={UV)eSxS:peV=fipelU}t=f=¢.

Then ¢ is a closed action.

It remains to prove (iii). We have 5 'a’ = (faa) = (fi;a) = fi;a' = ¢1; 4.

Now we assume that the dynamic relation ¢ satisfies (i), (ii) and (iii).

We want to prove that f is a quantifier on D, i.e. that f; is a quantifier on B3, fi; € R and that f>(a) = f1;a,
for every a € R. Since ¢ is an equivalence relation on S, then, by Lemmas 6.8 and 6.9, we assert that f; is a
quantifier on B.

Let us prove that f; € R. Since ¢ is a closed action, then there exists b € R such that p; = b'. Since 1 = f7,
it happens that &' = f9. Therefore, b’ 'p/ = (f8)~1p/, for every p € B. But

bl_lp' ={UeS: (UV)eb forsomeV €p'} =bp

(since we are working in Kripke structures) and (f{)~'p’ = (f1p)'.

Therefore, b'p’ = (fip)’,i.e. (bp)' = (fip)’, forevery p € B. Then bp = fip, for every p € B. Since D is
separable, f1 = b, and so fi € R (and moreover p1 = f).

It remains to be proved that fo(a) = f1;a, for every a € R. Since

(foa) =3t = p1;d’ = fi;a' = (fi;a),

then f2(a) = f1;a, forevery a € R. O
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