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SUMMARY

This note bridges the gap between the existence and regularity classes for the third-grade Rivlin—
Ericksen fluid equations. We obtain a new global a priori estimate, which conveys the precise regularity
conditions that lead to the existence of a global in time regular solution. Copyright © 2006 John Wiley
& Sons, Ltd.
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1. INTRODUCTION

Many models governing the motion of incompressible viscoelastic fluids are best described as
systems of non-linear parabolic-hyperbolic PDE’s. Typically, existence results for this type of
systems can only be obtained locally in time, or else globally, while assuming that the given
data are sufficiently small, see, e.g. References [1-9]. For some models, the situation is better
in a two-dimensional setting and solvability can be proved globally in time for any sufficiently
regular set of data, cf. References [4,10]. Quite recently it was shown, without any smallness
assumptions on the data, that the equations of third-grade Rivlin—Ericksen fluids admit global
solutions if the initial fluid velocity belongs to H*(R"), n=2,3, see Reference [10]. In the
2-D case, this regularity is enough to show uniqueness but in the 3-D case there is a gap
between the existence and the uniqueness classes.
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In this article, we will study the regularity of a global in time solution of the third-
grade fluid equations in 3-D. Our analysis is based on a new global a priori estimate which
allows for the study of the precise regularity conditions that lead to the existence of a global
regular solution. Consequently, we obtain a regularity class, different from the existence class,
but within which the uniqueness is also valid. Let us stress that although the existence
of more regular (even classical) solutions for these equations has been studied previously,
cf. References [2,9], these results, which are all only true under restrictive smallness (and
regularity) conditions on the data or on the material constants, were obtained directly within
the regularity and uniqueness classes. Hence, they can only be results ‘in the small’.

Finally, it is interesting to note that the term which makes it possible to show global
existence in 3-D for third-grade fluids (and not for the second-grade fluid equations in which
this term is missing) is the same which Ladyzhenskaya added to the Navier—Stokes equations
in order to prove existence of a unique global in time solution, cf. Reference [11]. In our
model, however, uniqueness and regularity demand an extra hypothesis due to the presence
of higher-order non-linear terms.

The paper is organized as follows: in Section 2 we present the model and introduce some
notation; Section 3 gathers the basic a priori estimates for the solution of the problem;
Section 4 contains a uniqueness result; in the main Section 5 we bridge the gap between
the existence and regularity classes by establishing a new global a priori estimate for the
third-order spatial derivatives using an additional regularity assumption.

2. THE EQUATIONS

In an incompressible Rivlin—Ericksen fluid of grade three the extra-stress tensor is given by
(see Reference [12])

Te = nA1(V) + 11 As(V) + 0AT(V) + S(tr AF(V)A (V) (1)
where v is the fluid velocity, A;(v) and A,(v) denote the first two Rivlin—Ericksen tensors

A(V) = Vv + (V)"

8 . 2)
Ay(v)= <6t +v- V) A(V)+F A (VMVV 4 (VV) A(v)

and #,0,%; and f§ stand for material constants. In fact, the constitutive relation (1) is a
degenerate form of a more general Rivlin—Ericksen fluid of grade three defined by

Te =nA; + 01 Ag + AT + B1As + Bo(A1As + AsA)) + Bi(tr ADA,

and obtained by assuming, in view of thermodynamics, that f; =/, =0 (see Reference [13]).
A third-grade fluid is compatible with thermodynamics if the material constants in (1)
satisfy the conditions (cf. Reference [13]):

n=0, o1=0, [=0, |+ on|<\/24np 3)

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1339-1348



A PRIORI ESTIMATES FOR THE THIRD-GRADE FLUID EQUATIONS 1341

The constitutive law (1) includes as special cases the fluids of second-grade (f=0), and
the Newtonian fluids (f =0y =a, =0).

The constitutive relation (1), together with the equations of motion, leads to the following
system of equations—for v and the hydrostatic pressure p (redefined after division by the
constant density )—that governs the motion of an incompressible viscoelastic Rivlin—Ericksen
fluid of grade three:

%(v — a1 AV) — VAV — BV - (JA(Y)[PA(V)) + Vp

=—v-V(V -0 AV) + V- N(v) +f in R % (0,T) @)
V-v=0 in R® x (0,7)
v(x,0) = vo(x) xeR’

Here we have set A(v)=A,(v). Moreover, all the material constants are divided by the
constant density p (v=1#/p denotes the kinematic viscosity coefficient), the vector field f
stands for external body forces, and

N(V) =0 (VV)TA(V) + (o + op)A%(V)

3. BASIC A PRIORI ESTIMATES

Our main result is based on a new, global a priori estimate for the third-order spatial
derivatives of the solution. Hence, for the sake of completeness, we gather in this section
a few basic a priori estimates for the lower-order derivatives that will be useful in the sequel
and briefly recall how they can be derived. We will assume throughout the paper that v, o; and
p are strictly positive. Let us start by recalling the existence result proven in Reference [10].

Theorem 3.1
Assume that fe L2 ([0,00);L*(R*)) and that vo€ H*(R®), with V - vo=0. There exists a

solution v € Cy ([0, T); H*(R*)), which is global in time (i.e. the solution exists for all 7 >0),
satisfying Equations (4) in the sense of distributions.

The result follows from an a priori estimate for the L?>(R*)-norm of v — o Av and from a
subsequent application of the Galerkin method.

We next describe how to obtain the basic a priori estimates. Multiplying (4), with v,
integrating over R3, performing several integrations by parts, and using the fact that V-v=0,

one obtains
1d 2 2 2 B 4
== vPdx 4oy [ |VV[°dx ) +v [ [VV[ dx+Z [ |A(V)|"dx
2 dt R3 R3 R3 2 I

o + o

=-at /R}A2(v):A(v)dx+/R}f~vdx
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where A : B=4,;B;; denotes the usual double scalar product between two second-order tensors.
Using Holder’s and Young’s inequalities, we get

d</ |v|2dx+oc1/ Vv[2 dx —|—2v/ |VV|2dx—|—E/ AW dx
dt R3 R3 R3 2 [

oty + 02| / 2 / 2 200 2
< LT il
S “2up o . |Vv|* dx + . [v[*dx | + ot 2 S If|* dx (5)

and, hence, Gronwall’s inequality yields the first a priori estimate

T T
ess sup (I, + [ V¥li) +2v [ [9vIadr B [ iAol ar

0<t<T

|OC] +O€2‘2 20!1
< eXp{ﬁ(xl T ¢ < [vollg2 + o[ V¥ollGa + T + wf / |1£]15, de (6)

Next, let us (formally) multiply Equation (4); by —Av, integrate over R3, and again

integrate by parts. This results in

I
Edi (/ |Vv|zdx+o¢1/ v2v|2dx> +v/ V2V dx
t R3 R3 R3

+ g /W |A(W))? [VA(V)|? dx + ﬁ%: /Rz(A(v) . 5_;A(V))2dx
< o + o] /R3 IVAW))? |A(V)| dx + % /R3 IA(Y)| [VA(WV) dx

+ [ WIAMIIVAMdr + (1. Av)| )

Using Holder’s and Young’s inequalities, one can absorb part of the terms on the right-hand
side of (7) to the other side. This leads to

;(/ |VV|2dx+O(1/ |V2v|2dx)+v/ Y2y dx
t R3 R3 R3

p |
g [ AP FAMPar+265 [ (AK):0Am) dx

%<4|o<1+a2|2+a%) / VPt / VP vt L / £ dx (8)
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and one obtains, from Gronwall’s inequality,

T T
ess sup (9¥[3, + | VIR +v [V ar g [ [ AmRIvA®)Eaxa
0 0 3

0<t<T

384y 4o 4 (7 I
<oxp{ (Z2+ 20 1} (I9wlizrnlVwlar g [ Badrey [Inzar) @)

which provides the second a priori estimate after using the first estimate to control the term
involving ||v|[5,.

4. A UNIQUENESS RESULT

Here we show that an additional regularity assumption is enough to obtain uniqueness.

Theorem 4.1
Let vi,vo € Co([0,T); H*(R?)), be two solutions of Equations (4). Moreover, assume that
v €L(0,T; W*(R?)). Then vi(¢)=v,(¢) a.e. in R for all £>0.

Proof
Subtracting Equation (4), written for the two solutions v, and v,, multiplying the resulting
equation by w=v; — v,, and integrating over R® provides the identity

1d

ff/ (|w|2+oc1\Vw|2)dx+v/ Vw] dx
2dt Jps R3

+0 [ IAGDPA®) — AGPAT) AW d
R3

:—/ w-Vvl-wdx—ﬁ/ W- VAV : A(w)dx
R3 2 R3

—rxl/ (A2(W) : A(V)) + A(v2)A(W) : Vw)dx
R3

-2 [ () - A ) A ds (10)

It follows that

1d

p
3 W12 + 19w+ vIVwis + 5 [ (AGOE — AP

B [ AMRIAGOR + AP dx

< [ Vvilli2llwliT, + con[[W]los | VAo | A(W)lfo2

(loa | + [oa])?

5 Vw3, (11)

+ [ AMPIAGOP +AGDP)dx ¢
R3
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where we have used Holder’s and Young’s inequalities, and Sobolev’s embedding theorem.
Hence, one obtains

1d (o] + |o2] )?
3 gy IR o I9W1R2) < ¢ (131 + max 1) 72w g + 220
1p
< (W52 + oIV wIE,)
which, in view of Gronwall’s inequality, yields the result. O

5. A BRIDGE BETWEEN EXISTENCE AND REGULARITY

We are now ready to prove our main result providing a regularity class for the weak solution.

Theorem 5.1

Let feL?(0,T;H'(R*)) and vo€ H3(R?). Moreover, assume that there exists a weak
solution v Cy([0,7); H*(R*)) to problem (4) such that veL?(0,7; W?3(R*)). Then
veL>(0,T; H*(R?)), for all T>0.

Proof
The following calculations are formal but can be easily justified by a density argument. The
idea is to test the equation
0,(v — ot AV) + (v - V)V — vAv — BV - (JA(V)|*A(V))
=f —Vp+aV-A (V) + V- (v-VA®W) + (VV)TA(Y) + A(V)VY)

with A?v, perform integration by parts (typically twice), and estimate the resulting terms
using the usual inequalities. First, one easily sees that

1d
A2 _14a 2412
Raﬁ,v Afvdx 24t o |V=v|” dx
o [ aav-Avdax—o [ avv:vaiva=29 [ ivpax
R3 R3 2 dt S

—v [ Av.-Alvdx=v [ Vv: Vszdx:v/ |V3v|? dx
R3

R3 R3

f-szdx:—/ 00 f104 Ay dx
R3

R3

(v-V)v-Nvdx:/ alujajaku,-aka,uidx—/ B40;9,0:040,010; dx = I
R3 R3 R3
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The next term is
8 [ T (AmPAGD) - Avar=F [ AwPAW- A dx
=5 [ BBAMPA M@ dx
= g {/R3 |A(v)|2A,:,-(6k6/V)A,-j(8k5;V)dx
T /R (CrRUAMIPIA (A (210¥) dx
+2 /R 3(ak|A(v)|2)Aij(6;v)Aij(6k61v)dx}
which can be rewritten in the form

: {/R AWPIT AW de 5 [ |V2A(v>|2|2dx} A

with

2
Bim = p [ @iaoP) (625 av 5 [ @aiampyy ey om s

The non-linear term multiplied by o, takes the form

0%

ocz/ V~A2(v)-A2vdx:—3/ A%(v) : A(A%v)dx
R3 R3
S { [ Au @iy (400, d
R}
+ / A,-k(alv)Akj(amv)A,-j(alamv)dx} = 13
R3

and a similar reasoning shows that

ocl/ V- (v-VA®W) + (VV)TA®W) + A(V)VV) - Alvdx
R3

4 CVA(Y) : A(A2 A2(v) : A(A? }
2{/RSVV(V) ( v)dx+/[R€3 (v): A(A%v)dx

{/ Ami(v)014;;(0xv)A;j(0x 0 V) dx + / 5k5m0151Aij(V)Aij(ak5mV)dx}
R R

| R

- {/R3 Aix(010mV)A1j(V)A;(010,V) dx + /R3Aik(aIV)Akj(amv)Aii(aIamv)dx} =1
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again because divv=0. This finally gives

j( |v2v|2dx+a1/ v3v|2dx>x+2v/ |V3v|? dx
t R3 R3 R3

LB { [ awpviampan [ v2|A<v)|2|2dx}
R3 2 Jw
:—2/ 5kf,- 6kAUid.X—2ll+212+2]3 +2I4 (12)
R}

The right-hand side in (12) can be bounded from above by

2| VE[[o2[VAV]joz + 2 BIVIAM)los | VAW [los]| VAV o2
+ BIVAM o2 VAM) o3 VAW [log + 2V ¥]02 V>[4
+2[VV[[54VVllo2 + (2 |0ty + 0] + 011)

(NAMIIVPAM)lloz + 2 [V2V]l03 [ VAM)ll06) [V A¥)fo2

where we have taken into account that |A(v)|<2|Vv|. In view of Young’s and Sobolev’s
inequalities, we get the estimates

1
2|V £lloalIVAV]oo < SV £ll52 + vIVEV[52

BIVAM)los 2lIVIAM) losl VAW oz + VAW o2l VAV o)

p

<G IVIAMPIG: + B IVVIG V2V,

IV¥lo2 V¥[34 + VYISl V2V llo2 <e (1 + [VVIEDIVAVIG, + e VYT,
2o + o] + oa)(([AMWI VA [loz + 2/ V?¥]los [ VAM) 0.6V AW o2

B

o 2
<SIAGIT AW, + ¢ (v+ 5 + (o -+ 32l )Tl ) 91,

p

where we have also recalled that |o; + 0| <24 \/vf (cf. Equation (3)), and used the interpo-
lation inequality

1/4 3/4
IVlloa <clIVlig IVV]3s
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In view of these estimates, we obtain, from (12), the inequality

d B B
E(HVZVII%Q + a1 [|VPV[[5.2) + vIIVPVI[G, + §H|A(V)\|V2A(V)|||é,2 + ZIIVZ\A(v)IZII%,z

1
<SIVEIG + €l VVIiz + e(COs o, 00, ) + [ VY2 + (B + DIVAYG)IV VG,

where C(v, 01,0, ) =c(1+v+(o}/B)+ (Jo + 02| +1)*). From Gronwall’s inequality it then
follows that

T
ess sup (Vv + 20 Vv[f,) + v / V3|3, dr
0

0<t<

T T
<exp{c<v,o<1,az,ﬁ)r+ [ Ivviade s+ [ I9ovie, dr}
0 0

1 T T
(172wl + 9ol + [ IV ds e [ IV )

which concludes the proof in view of the first two a priori estimates (6) and (9), and the
regularity assumption v L?(0, T; W>3(R3)). O

We can obtain further regularity by testing Equation (4); with —A3v and performing again
some integrations by parts. We obtain the inequality

d
GV + [TV + 209+ 8 [ AWPITAWE s+ 5 [ VA0 P

<c/ (IV V] [V3V] + [ V2V [VPY]) dx + 2| (W2, Vi)
R3

+ C(ona ) / (AW TP AW + [TV [TV 7)) d
R3
+e(B) / AW [VAM) VAW [V AW+ [VAWP VAW dx

from which one easily concludes, using the previous estimates, that
veL>(0,T; HY(R*)) for all T>0

assuming additional hypotheses on the initial datum, vo € H*(R?), and on the forcing term,
fcL*(0,T; H*(R?)).
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