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Abstract—Modern Tokamaks have evolved from the initial ax-
isymmetric circular plasma shape to an elongated axisymmetric
plasma shape that improves the energy confinement, which is one
of the key factors to improve fusion reactor performance. How-
ever, the elongated plasma cross section introduces a vertical in-
stability that requires a real-time feedback control loop to stabi-
lize the plasma vertical position and velocity. At the Tokamak à
Configuration Variable (TCV) in-vessel poloidal field coils driven
by fast switching power supplies are used to stabilize highly elon-
gated plasmas. TCV plasma experiments have used a PID algo-
rithm based controller to correct the plasma vertical position. In
late 2013 experiments a new optimal real-time controller was tested
improving the stability of the plasma. This contribution describes
the new optimal real-time controller developed. The choice of the
model that describes the plasma response to the actuators is dis-
cussed. The high order model that is initially implemented needs
the application of a mathematical order reduction and the valida-
tion of the new reduced model. The lower order model is used to
derive the time optimal control law. A new method for the con-
struction of the switching curves of a bang-bang controller is pre-
sented that is based on the state-space trajectories that optimize the
time to target of the system. The final control algorithm and its im-
plementation are described and preliminary experimental results
are discussed.
Index Terms—Optimal control, plasma control, real-time,

tokamak.

I. INTRODUCTION

M ODERN tokamak devices [1] are designed to ac-
commodate elongated cross-section plasmas [2][3] to

improve fusion performance. A vertically elongated plasma
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presents important advantages since it allows the creation
of divertor plasmas, the increase of density limit as well as
providing plasma stability. However, an elongated plasma is
unstable due to the forces that pull the plasma column upward
or downward. The result of these forces is a plasma configura-
tion that tends to be pushed up or down depending on the initial
displacement disturbance. For example, a small displacement
downwards results in the lower poloidal field coils pulling the
plasma down, with increased strength as the plasma gets further
from the equilibrium position. To compensate this instability,
feedback controllers have been designed to correct the vertical
position displacement [4]–[6].
The design of vertical stabilization feedback controllers has

been based on simple models, resulting in experimentally tuned
Single Input Single Output (SISO) Proportional Integral and
Derivative (PID) regulators. This procedure requires an in-depth
experimental treatment that is time consuming and requires a
big number of experimental discharges to obtain the necessary
gains optimization. Optimization principles have been used to
design high performance controllers for the vertical stabiliza-
tion of the ITER plasma column [7][8]. This paper presents an
alternative method to design the vertical stabilization controller
of a tokamak using a simple plasma model and the application
of optimal control theory.
This paper is organized as follows: Section II presents the ver-

tical observer developed to detect the plasma centroid vertical
position and velocity in real-time; Section III briefly depicts
the different methods that can be used to describe a tokamak
plasma; Section IV describes the state-space plasma model that
predicts the plasma response to the actuators and the model re-
duction performed to allow the application of the time optimal
control theory that is presented in Section V; Section VI de-
picts the simulation tool that grants off line testing and param-
eter tuning of the controller; The controller results and future
work is presented in Section VII.

II. VERTICAL PLASMA POSITION OBSERVER

The vertical position observer uses a linear combination of
magnetic field probe signals. The matrix coefficients of the
probes signals are calculated before each plasma discharge, ac-
counting for plasma parameters such as shape and position. This
means that, although the real-time vertical position observer
is independent of these plasma parameters, the contribution
of each probe to the observer has in account the pre-planned
plasma parameters. For example, when the experiment aims at
creating a plasma in the upper part of the vacuum vessel, the
probes closer to the predicted plasma will be more efficient
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estimating its position, thus being given more weight in the
observer.
The coefficients calculated are the observer. From a finite

element set of plasma current filaments, using Green’s func-
tions, the magnetic field produced in the probes by the fila-
ments is calculated. A-matrix is built with the probes that are
going to be used, which are inverted to obtain the observer
coefficients [9].
The plasma current density is decomposed into by

vertically bilinear finite elements evenly distributed in a two di-
mensional poloidal cut of the vessel. This defines a rectangle
with boundaries set to include the plasma inside
it according to the pre programmed equilibria defined in the
discharge preparation, storing its values in the matrix ac-
cording to [10]:

(1)

where

and the square brackets represent the Iverson brackets with
value 1 for a true condition and 0 otherwise. The current
density can thus be written as a linear combination with
coefficients [10]:

(2)

Using this geometry and introducing the weights that allow
giving more relevance to some measures over others, the mag-
netic field probe measurements can be related to the current den-
sity by:

(3)

where is the vector of the measured quantities in the mag-
netic probes, is the matrix of the Green functions between
the coils and the magnetic probes, is the vector of the poloidal
field coil currents, is the matrix with the Green functions to
link the current in the plasma filaments with the magnetic field
measured by the probes.
The weighted coefficients can be obtained taking the term

with the current density from equation (3) and solving in order
to :

(4)

with and given by:

(5)
(6)

Using the Einstein notation and replacing according to 2,
the estimation of the plasma vertical position, the so-called ob-
server, is defined by the static relation [11]:

(7)

where z is the position of the plasma column, is the position
of the filaments of the plasma column and is the reference
position of the plasma axis. is the vector of relative positions
given by . and are given by:

(8)
(9)

The plasma velocity observer ( ) uses the same
method. Since the time derivative of has slow variation
compared to vertical position growth rate, it is not relevant
for the control system. In consequence, the following reduced
equations define the Bdot observer:

(10)

(11)

III. PLASMA DESCRIPTION

The modeling of a tokamak plasma requires complex mathe-
matical calculation, in depth physical knowledge and computa-
tional power for numerical calculation during simulation phase.
Different paths have been tried to accomplish this mission.
The simpler models consider the plasma as a filament or non-

deformable matrix of conducting filaments. The more complex
models include nonlinear codes, with the simulation of non-
linear behaviors such as large vertical position displacements.
Some important plasmamodel and reconstruction codes include
PET[12], TSC (Tokamak Simulation Code)[13], EFIT (Equilib-
rium FITting)[14], FBT (Free Boundary Tokamak)[15], PRO-
TEUS[16], CREATE-L[17], DINA[18] and RZIP[19].
Some of these codes are accurate for plasma simulation and

reconstruction but due to its complex structure are not suitable
for controller design. This action is based on simpler linear
models that ensure the stability, robustness and performance
of the controller, provided that the states are not too far from
equilibrium.
Linear models for control design purposes use the electrical

circuit equations to calculate the time evolution of the plasma
current. RZIP is an enhanced non deformable model that may
vary its vertical and radial position, as well as its total plasma
current. The RZIP model is presented in the next section, to be
used for the design of the plasma stabilization controller.

IV. PLASMA MODEL FOR CONTROL

A. RZIP Plasma Model

The use of the RZIP plasmamodel aims at finding the transfer
function between the currents in the poloidal field coils, internal
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to the TCV structure close to the plasma, and the vertical plasma
displacement [20][21].
The RZIP model gets its name from the simplifications as-

sumed to build the circuit equations, with the following charac-
teristics: (i) the current has constant distribution, rigid model, as
the plasma shape is assumed not to change; (ii) the vertical posi-
tion can change: plasma is free to move vertically; (iii) the radial
position can change: plasma is free to move radially; (iv) the
integral of the plasma filaments current can change: the total
plasma current is free to change.
The model design simplifications give important advantages

over more complex plasma models, maintaining an overall ac-
curacy: (i) A simple model that is easier to implement; (ii) No
need to calculate the complete plasma equilibrium; (iii) More
explicit model to the quantities that define plasma response to
the control variables (a better control model).
The model is derived from (i) the equilibrium equation of the

vertical forces in the plasma; (ii) the equilibrium equation of the
radial forces in the plasma and (iii) the plasma current circuit
equations [19].

B. Influence of the Voltage in the Fast Coils in the Plasma
Vertical Position

This section aims at obtaining the independent transfer func-
tion that describes the influence of the poloidal field coils in-
ternal to the TCV structure close to the plasma on the plasma
vertical position.
The state space system is diagonalized to obtain the indepen-

dent influence of the coil currents over the plasma vertical posi-
tion. Then the equation of the fast coil is taken by neglecting the
influence of the other coils. The typical way to address the ver-
tical stabilization problem is to independently control the ver-
tical plasma position from the plasma current and shape con-
trollers [2], which are designed on the basis that the system
is vertically stable due to the controller already implemented.
This double loop arrangement simplifies the design of the con-
trollers, based on the assumption and later confirmation that the
controllers act on different time scales. Different frequencies in
the controllers grant the treatment of some parameters as distur-
bances to the next stage of the global controller.
The verification of the method was achieved by comparing

the value of the plasma vertical instability growth rates for dif-
ferent plasmas with the transfer function unstable pole. Fig. 1
permits to immediately check that higher elongation correspond
to higher instability. Values for some discharges were validated
with the growth rate measurements in TCV [21].

C. Model Reduction and Validation

In control engineering, the best model is not always the most
accurate, but the one that allows the construction of a robust
stable controller, according to the necessary performance and
specifications.
For the purpose of applying optimal control theory to the

plasma model obtained a model reduction was necessary to im-
plementation of the mathematical treatment presented in the
next section. The transfer function that was obtained is of 52nd
order, while optimal control theory is usually applied to systems

Fig. 1. Pole-Zero plot of 52nd order transfer function of a circular TCV plasma
(top) standard elongated plasma (middle) and extremely elongated plasma. The
poles are plotted as x’s and the zeros as o’s.

Fig. 2. Bode diagrams of the complete and reduced model transfer functions.

with second or third order at most. This led to the application of
model reduction techniques, which favor obtaining a reduced
system that may be solved more efficiently for control design
purposes.
The method of balanced realization was applied to reduce

the transfer function [22] to a second order transfer function
with difference results that could not be detected by the plot
of the step response of both transfer functions. In the bode dia-
gram plot of both models (Fig. 2) differences were detected but
only on slower frequencies that are not relevant for plasma ver-
tical stabilization. The blue shadow areas in the figure show the
agreement between both models for the frequencies of interest.
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V. OPTIMAL CONTROL

A. System Definition

This section describes the application of the time optimal
control to the second order model to obtain a control law, the
switching time and the final time of the bang-bang controller
[23][24].
The second order transfer-function that describes the plasma

model has the form:

(12)

This transfer function represents the following controllable state
space model:

(13)

with , where

(14)

and

(15)

are the system variables when is given by

(16)

The eigenvalues of A are thus, given by

(17)

(18)

and the eigenvectors are given by

(19)

Having defined the system model and given the initial system
state , the aim is finding the control law and parameters that
take the system from the initial state to a target state ,
minimizing the time to target.

B. Control Law

The problem of finding the control law that drives the plasma
position from an initial position to a final position in
the minimum amount of time, is easier with the definition of a
new system state and the redefinition of the state system
equations. In this state system the set point becomes the origin,
thus simplifying the problem:

(20)
(21)
(22)

Fig. 3. Representation of the simulated time:(i) to cross the zero position (top);
(ii) to switch the control (middle); (iii) to the set point position velocity pair (0,0)
(bottom) versus the initial position using the model for discharge 49529.

Using Pontryagin’s Minimum Principle (PMP), the aim is to
minimize the cost function given by the time to achieve the set
point:

(23)

According to PMP the control must minimize the optimal con-
trol theory Hamiltonian of the system that is given by:

(24)

where is the state of the adjoint system, representing the
system as a linear transformation using the vector space defined
by the eigenvectors.
The minimization of this Hamiltonian yields the optimal time

control law [25]:

(25)

The bang-bang control law is complete with an arbitrary value
of for , which might also be a dead zone where
no control is applied to avoid unnecessary switching due to
hysteresis.

C. Predictive Control and Construction of Switching Curves
This subsection presents the method to predict the action

ahead, preventing situations when the observer becomes tem-
porarily unavailable, for example in the presence of Edge
Localized Modes (ELMs). By the use of this method, it is
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Fig. 4. Block diagram of the simulation tool to analyze controller performance before implementation in real plasma discharges.

possible to keep the system stable, by predicting the control
action needed, provided the time the observer is not available
is shorter than the final control time calculated and no other
major unpredicted disturbance affects the system.
This method is based on the a-priori calculation of the

switching time and final time for the optimal time control law
of the system. This application uses some of the deduction
and results already presented [25], but a new simpler and
more generic algorithm was developed. The idea is to find the
position where the following two paths cross each other. From
the initial system state is applied the maximum control possible
in the direction of the set point tracing this path. Also trace the
path from the set point applying the opposite control backward
in time. The state-space point where both paths cross is the
place where the controller should switch. Based on the idea
presented the following 5 step fully computational algorithm
was developed and implemented:

Step 1) Define what path control ( ) should the
system travel first in the direction of the set point,
based on the initial system state.

Step 2) Build the trace of the path that the system travels
from initial position, when the maximum/minimum
control is applied . The path is an array
with system state and time information.

Step 3) Build the back trace in time that the system travels,
when the maximum/minimum control is applied.
This path includes a negative time array that counts
the time from backward.

Step 4) Calculate the intersection of both paths, leading to
the calculation of the desired values. The system
state intersection time in the first array gives the
switching time , that can be added to the time in
the system state of the second array to give the final
time .

Step 5) Repeat the same procedure to a different initial
system state to find a matrix of initial system states
versus switching and final times.

D. Application to the Reduced Plasma Model

The method of calculation was applied to a set of admissible
system states, to drive the system to the desired set point. A table
was built, to be implemented in the controller system.
Fig. 3 reproduces the time: (i) to cross the zero position; (ii) to

switch the control; and (iii) to the set point position velocity pair
(0,0). Moreover, it is possible to check the uncontrollable zones
on the left and on the right of the graphics. This method de-

fines the controllable zone of the plasma given its initial position
and velocity, permitting the simulation of the plasma parameter
limits and the design of new control systems.

VI. CONTROLLER SIMULATIONS

A. Simulator Tool
The plasma model was used to build a system simulation tool

using Matlab Simulink [26] (Fig. 4). The simulator was imple-
mented to test the different controllers and fine tuning any pa-
rameters before the use in real discharges in the tokamak.
The plasma model includes the transfer function between the

currents in the internal poloidal field coils and the plasma po-
sition, but lacks the transfer function of the fast power supplies
that were also taken into account using a different simulation
block. The stabilization controller has two inputs: the plasma
velocity and plasma position error. From the inputs this block
builds the controller signal to be sent to the fast power supplies.
A disturbance generator is used to simulate unpredictable in-
fluences in the plasma. The complete plasma model is used for
the simulation, for accuracy, because there is no need to use a
reduced model except for the fact of faster computational sim-
ulations. Finally, the plasma model outputs the plasma position
and a derivative block is used to simulate the plasma velocity
measurements.
This Matlab Simulink model was used to obtain preliminary

results.

B. Simulation Analysis
The controller algorithm was tested and tuned based on sim-

ulation analysis. The decision for the best controller based on
these analyses, resulted in a controller that adapts its force to
the initial velocity detected.
A true bang-bang controller that always applies the maximum

restore signal would exhibit a big oscillation in the plasma posi-
tion. On the opposite side, a bang-bang controller that was lim-
ited to use a small control signal avoiding to exhibit oscillations,
would be limited to the control of small perturbations. Thus, a
weighted bang-bang controller that increases its restoring signal
according to the initial plasma velocity demonstrated to bemuch
more efficient, resulting in a more stable controller.
Fig. 5 supports the use of a weighted bang-bang controller.
In these simulations it is possible to see a bang-bang con-

troller with maximum possible strength that was tested against a
high level of disturbances (Fig. 5 on the left) with the plasma po-
sition under good control. However, using a variable bang-bang
controller that changes state according to the distance of the
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Fig. 5. Simulation results of the bang-bang (left) and variable bang-bang (right) controllers.

Fig. 6. Diagram of the controller state machine.

plasma to the set point (Fig. 5 on the right), also in the pres-
ence of big disturbances, the coil currents needed to stabilize
the plasma are lower, as well as the plasma position error. The
analysis of further simulations show that big disturbances can be
controlled using a high control signal for higher displacements
and smaller control signal for smaller displacements.
Fig. 6 represents a diagram with the controller state-machine.

The controller is a weighted bang-bang controller, that is similar
to use an adaptive bang-bang controller that reconfigures based
on system state position and velocity limits. This controller op-
tion improves stability by introducing a linear component to the
classical nonlinear bang-bang controller.

VII. CONTROLLER VALIDATION AND RESULTS
The controller implementation based on the simulation re-

sults was tested during plasma discharges at TCV,with improve-
ment in the overall stability of the plasma. Figs. 7 and 8 depict

the stability improvement using the new controller. The plasma
discharges were designed to test the limits of the controllers by
increasing the plasma elongation from 0.5 seconds, which can
be seen at the top of each figure. These plots already confirm the
higher elongation achieved using the bang-bang controller.
The increased instability limit using the new controller can

also be confirmed by the improvement in discharge time for
the same conditions. The current PID controller was not able to
cope with the vertical instability finishing the discharge with a
vertical disruption at approximately 0.65 s (0.15 s after starting
the linear increase in plasma elongation). On the other hand the
new bang-bang controller maintained the plasma discharge up
to approximately 0.8 s (0.3 s after starting the linear increase in
plasma elongation).
Figs. 7 and 8 also show a smaller deviation for the plasma po-

sition and velocity during the discharge. Figs. 9 and 10 depict a
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Fig. 7. Plasma position and velocity for shot 49564 using the new bang-bang
controller.

Fig. 8. Plasma position and velocity for reference shot 49567 using the PID
controller in the same plasma conditions as discharge 49564.

better use of the coil currents. The plasma position and velocity
are more stable during the complete discharge without the con-
tinuous fast up-down movement that can be seen using the PID
controller.
In conclusion, the stabilization of the axisymmetric MHD

instability of highly elongated plasmas requires very fast re-
sponses that can not be provided by reconstruction algorithms,
some of which presented in Section III. The internal stabiliza-
tion coils of TCV are designed to counter growth rates of up
to . The bang-bang controller developed was an ef-
fort to improve even further over the performance of the ana-
logue Plant Control System (PCS). This was implemented in
the APCS digital signal processors and tested successfully on
TCV discharges featuring an elongation ramp: the higher elon-
gation achieved by the new bang-bang controller than by the
standard PID one will be exploited to improve the TCV plasma
stability during the future campaigns of TCV Tokamak Science
Program [27].

Fig. 9. Control signal and coil current for discharge 49564 using the new bang-
bang controller.

Fig. 10. Control signal and coil current for reference discharge 49567 using
the PID controller in the same plasma conditions as discharge 49564.

The vertical stabilization controller was implemented and
tested using one of the hardware modules with parallel digital
signal processing capabilities of the Advanced Plasma Control
System [28]. For further testing of the controller it is envis-
aged the use of an ELM detector [29] capable of signalling
the error and unavailability of plasma position observer. It is
also planned the controller implementation in a newer control
hardware based on FPGA [30] to study and compare the per-
formance of both systems.
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