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It is the main goal of this thesis to study the regularity of solutions for a
nonlinear elliptic system coming from population segregation, and the free
boundary problem that is obtained in the limit as the competition parameter

goes to infinity (e — 0). The system is described by the following equations:

1
M~ (uf) = Zugzug, i=1,....d, in{,
J#i

ui =¢;, 1=1,...,d, on 0.
The diffusion operator, which in the literature is usually taken to be a linear
operator, is replaced by the nonlinear minimal Pucci operator M~. The re-
sults are similar to those obtained for the corresponding linear problem, work
done by Caffarelli, Karakhanyan, and Fang-Hua Lin, but the techniques are
substantially different. The main results are existence and Holder regularity of

solutions of the elliptic system, characterization of the limit as a free boundary

problem, and Lipschitz regularity at the boundary for the limiting problem.
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Chapter 1

Introduction

In this dissertation we study the existence and regularity of solutions of

a problem motivated by population dynamics. The motivation of the models

and main results will be presented in the next chapter, but generally speaking,

the goal of this work is to generalize the regularity results for the system

and

, 1
Au§ = uquj inQ,i=1,...,d,

€ vy
i#£]

w>0 inQ,i=1,...,d 1)
uf(z) = ¢i(x) >0 ondQ,i=1,...,d,

(@ip; =0 ondQ, i#j

(Au; =0 whenwu; >0,i=1,...,d,

Alu; = u) <0 inQ i=1,....d

i7#]
wi(z) >0 inQ,i=1,...,d, (1.2)

'LLin:O IHQ,Z#],

(u; =¢; ond),1=1,...,d,



presented in Sections 1 and 2 of [4], to the following nonlinear elliptic system

of equations

( — € 1 € € . .

M (U,):gulz%, inQ, i=1,...,d,
JF#i

us >0 inQ i=1,....,d,

1

us=¢; ondQ),i1=1,....,d,

]

\¢i¢j:O onGQ,i%j,
where M~ denotes the extremal Pucci operator (see (1.8)), and to characterize

the limit problem, analogous to (1.2), for this case.

We have chosen this problem, besides its intrinsic mathematical inter-
est, in order to study a model that takes into account diffusion with prefer-
ential directions, so we are able to model situations with maximal diffusion.
The choice of the operator is also related with its natural comparison with a

non-divergence linear operator with measurable coefficients.

1.1 Motivation and main results

1.1.1 Some models of segregation of populations

The problem we study is motivated by the Gause-Lotka-Voltera model
of extinction or coexistence of species that live in the same territory, can

diffuse, and have high competition rates.

Consider the equation,

8ui
ot

2 .
= dlAUZ —|—RZUZ — Q;U; — Z bijuiuj 1mn Q,

diffusion term #J



which models populations of different species in competition, where

w;(z,t) is the density of the population i at time ¢ and position x;
R; is the intrinsic rate of growth of species i;
d; is the diffusion rate for species i;

a; is a positive number that characterizes the intraspecies competition

for the species i;

b;; is a positive number that characterizes the interspecies competition

between the species ¢ and j.

In the papers [25, 27] this model was studied initially without diffusion.
These papers studied how species can survive or get extinct with time, depend-
ing on the interactions among them. Upon adding diffusion, Mimura, Ei and
Fang proved that the existence of a stable solution depends on the shape of
the domain and on the relations between the coefficients in the equation. The
characterization for two species has been proven to be easier, while the three

species interactions remain to be fully understood in these papers.

In the sequence of papers by Dancer and Du [15, 16, 20] the authors
decided to first understand better the steady case (time independent) in order
to obtain results for the parabolic problem. In these papers, one can find suf-

ficient and necessary conditions for the existence of positive solutions (uy, us)



and (uq, ug,us) with explicit conditions on the coefficients R;,a;,b;; for the

following problem:

—Au; = Ryu; — au;® — Z bijjuiu; in €,
i
u; =0 on 09, (1.3)
u; >0 in Q,

with ¢ = 1,2 and ¢ = 1, 2, 3, respectively.

The spatial segregation obtained in the limit as b;; — oo of the competition-
diffusion system was associated with a free boundary problem by Dancer, Hil-
horst, Mimura, and Peletier in [19] (i.e. in the case of high competition between
the species). In [17] the existence and uniqueness of the solution to Problem

(1.3) with just two populations has been studied using variational methods.

Later in [9], Conti, Terracini and Verzini proved that the limit problem
is related with the optimal partition problem in N dimensional domains. Since
then, several papers by Conti, Felli, Terracini and Verzini [10, 11, 12, 13, 14]
studied with a general formulation, the existence, uniqueness, and regularity

for the asymptotic limit of the following system,
g = f(u) — —uus )
A = f(ug) — Tufug i
u; =¢; ondfd, i=1,2.
where ¢;(z)¢;(z) = 0, for i # j. In these papers, the existence of a limit pair

of functions (uy, ug) such that (u$,us) — (u1,uz) when € — 0 is shown to have

a tight connection with two different mathematical problems. Namely,



a) to find the solution of a free boundary problem characterized by the

conditions:
( _Auz = f(u7,>X{UZ>O} i = ]-7 27
wi(z) >0 inQ, i=1,2,

ui(x)ug(z) =0 inQ,

| uwi=¢; ondQ,i=1,2,

b) to find the solution for an optimal partition problem. Optimal partition
problems are problems like, for example, (from [7]):

Let € be a bounded, smooth domain in R",
and let m > 1 be a positive integer. One seeks
for a partition of € into m, mutually disjoint
subsets, ;, j = 1,...,m such that Q is its
union and that it minimizes the sum of the
first Dirichlet eigenvalue of the Laplacian on

2; with zero Dirichlet boundary condition on
08);.

(1.4)

The existence and uniqueness of solution for a type of free boundary

problem of the form
—Au = f(U)X{u>O}

u(z) >0 inQ,

u=0 onof)

with u bounded, was studied using variational methods by Dancer [18].



Then the regularity of solutions for the free boundary problem

( 1 . .
Aui:Euig u; inQ,i=1,...,d,
i#]
ui >0 inQ,e=1,....,d, (15)

uf(z) = ¢i(x) >0 ondQ,i=1,...,d,

¢ipj=0 ondQ, i#j

was studied by Caffarelli, Karakhanyan and Lin in [3, 4] with the viscosity ap-

proach. More specifically, in [4] the authors proved that the singular perturbed
elliptic system (1.1) has as limit when ¢ — 0, the following free boundary prob-

lem
Au; =0 whenwu; >0,i=1,...,d,

Alu; = u) <0 inQi=1,....d,
i#]j
uwi(z) >0 inQ, i=1,....d, (1.6)

uiuj:O inQ, Z;éj,

L u;=¢; ondQ,i=1,...,d.

They also proved that the limit solutions u; are Holder continuous and have
linear growth from a free boundary point. Also that the set of interfaces
{z : u(x) = 0} consists of two parts: a singular set of Hausdorff dimension
n—2 where three or more species can concur; and a family of analytic surfaces,

level surfaces of harmonic functions.

The segregation model that we study in this thesis has the diffusion
operator replaced by the nonlinear minimal Pucci operator M™. Besides the

inherent interest of the extension of these results to the nonlinear setting,



we think that this work may be relevant to those interested in non-standard
diffusion models. In this work, we were able to extend to the nonlinear setting
the regularity results for the solutions proven by Caffarelli, Karakhanyan and
Lin. The statement of the problem and main results are presented in the next

section.

1.1.2 Set-up of the problem and main results

Let Q C R" be a bounded domain where d populations co-exist. Con-
sider the following system of fully nonlinear elliptic equations with Dirichlet

boundary data for

1
M‘(uj):guquj, 1=1,...,d, inf,
i (1.7)
ui =¢;, 1=1,...,d, on 0,
where uf, (i = 1,...,d) are non-negative functions defined in 2 that can be
seen as a density of the population ¢, and the parameter % characterizes the

level of competition between species.

Each ¢; is a non-negative Holder continuous function defined on 052

such that ¢;(x)¢;(x) = 0 for i # j, meaning that they have disjoint supports.

Here M~ denotes the extremal Pucci operator, defined as

M~ (w) = inf a;Dy(w(x) =AY ei+A) e (1.8)

AcAna e; <0 e; >0
where A 5 is the set of symmetric n x n real matrices with eigenvalues in
[A, A], for some fixed constants 0 < A < A, and e; are the eigenvalues of the

matrix D?w(x).



We assume that u§ are bounded, 0 < uf < N, for all i. Note that

AMw > M~ (w), thus u§ are subharmonic, for all 4.

Our results in this thesis are the following:

Theorem (Existence). Let € > 0 constant, and 2 be a Lipschitz domain. Let
¢; be non-negative Holder continuous functions defined on 0S). Then there exist
continuous functions (uf,--- ,ug) depending on the parameter ¢ such that u$

is a viscosity solution of Problem (1.7).

Theorem (Regularity of solutions). Let e > 0 constant and ¢; be non-negative
Hélder continuous functions defined on 0. Let u® = (u,--- ,u5) be solutions
of Problem (1.7) in By(0). Then there exist a constant o, 0 < o < 1, such
that for any e, u¢ € (C* (By(0)))? and

< C(N),

"en(oy)) =

with N = sup; ||u§H ) and C(N) independent of e.

Loo(Bl

In the limit as € — 0, this model forces the populations to segregate,

meaning that in the limit the supports of the functions are disjoint and

€,,€
uGug

€

— pin the sense of measures, when € — 0.

The measure p has support on the free boundary. Recall that the support of

a measure j is the complementary of the set

{E : E the biggest open set such that u(F) = 0}.



Theorem (Characterization of the limit problem). Let ¢; be non-negative
Hélder continuous functions defined on 0. If u € (C’O‘)d 1s the limit of solu-

tions of (1.7), then

1. M~ (uZ — D ok uk> < 0;

2. (supp u:)° N (supp (S uk)>o — 0 fori=1,...d:

3. M~ (u;) =0, when u;(x) >0, forx e Q 1=1,...,d;
4. ui(z) = ¢i(x), forz € 0Q, i=1,...,d.

Theorem (Lipschitz regularity for the free boundary problem). If u belonging
to (C*(B1(0)))4, is the limit of solutions of (1.7) in B1(0), and zy belongs to the
set O (suppuy) N B%(O), then, without loss of generality, the growth of uy near
the boundary of its support is controlled in a linear way and wuy is Lipschitz.
More precisely, there exist a universal constant C' such that for any solution

u, for any point xoy on the free boundary:

1. supg,(zo) w1 < CR,
2 Nuillrip(Bro) < C

where C' = C(n, ||ul|12(5,)) and R < §.

Although the last three results are similar in spirit to the ones proved
in [4] for the elliptic linear system of equations, our proofs use different tech-

niques.



The organization of this thesis is the following.

In Chapter 2 we review the definition and properties of the Pucci oper-
ator, some of the results necessary for this work from the viscosity theory for
fully nonlinear elliptic differential equations. Some properties of subharmonic
functions and the Fabes and Strook inequality are presented. These results

are essential tools for this work.
Each main result is developed in a separate chapter.

Chapter 3 is dedicate to prove existence of solution for Problem (1.7).
The proof of Holder regularity up to the boundary for an equation of the type
M~ (u) = f(z) with Holder boundary values in Lipschitz domain necessary

for the existence proof is also contained in this chapter.

Then, in Chapter 4, we prove Holder regularity uniform in € for u¢ and
this allows us to characterize the limit problem that is, in fact, a new system
of equations that constitute a free boundary problem. We will recall here some
free boundary type of problems and state the essential monotonicity formula

introduced in [1].

To study the regularity of the free boundary problem we need to study
independently the regularity of the solution and of the free boundary set. In
this work, we present the regularity of the solution; the regularity of the free

boundary remains an open problem for which there are no tools.

The main result, the linear decay from the free boundary, is developed

in Chapter 6.

10



Chapter 2

Preliminaries and important tools

2.1 Some properties of subharmonic functions

In this thesis we use some known properties of subharmonic functions
that are presented here with proof. The first result is a very useful inequality

that can be obtained from Green’s Identity with a special Green function.

Lemma 2.1.1. Let u be subharmonic function, that is, Au > 0. Then,

(92 ]{3 (z0) ube=¢ ]isr(m (ulz) ~ulz0)) 45 (2.1)

Proof. Consider T to be the Green function:

~ 1 1 1
fo) = g (- )
nwn(2 —n) \ |z — x| r

where w,, is the volume of the unit ball in R™. Then

Au(z)T(z) — AT (z)u(z)dx = —I'(z) —
[, Au@iE) - Al [ SR

And

- _ ulz _8f‘(x)u .
/Br(mo) Au(z)N)dx = ]([9Br(xo) (z0)dS + /837-(%) ( ov ( >> ds

(2—n) 1 )
= u(x dS+/ (— —u(r) | dS
]iB,.(mo) (o) OB (z0) nwy, (2 —n) |z — zo[" )
1

pr— - dS-
nw,r*1 /63,«(930) ulzo) ~ u(z)

11




Therefore,

1 / < 1 1 ) ][
o — ) Au - dx = u(x) — u(wg)) dS.
nwn(n — 2) By (z0) |l’ . x0|n—2 7"”_2 9B, (o) ( ( ) ( 0))

Since u is subharmonic, (Iz xl‘n_z — rn1—2) is nonnegative in B, (z), and since
—<Z0

for € Br(z) we have the inequality,

( 1 1 ><< 1 1 )
(5)=2 rm72) |x—x0|"_2 rn=2 )’

we obtain,

;/ Au(r) ( . 1_ — 1_ ) dx < ][ (u(x) — u(zp)) dS.
nwp(n — 2) By (o) ()2 rn2 OB, (2,)

Therefore,

Aufz)dx < ][ (u(z) — ulzy)) dS

OBr(x0)

nwn(:b —2) (1 N 2n1—2> (g)ln_g /B
that is,
5,

The second result is related with the growth of subharmonic functions

Audx < C’][ (u(z) — u(zo)) ds. O

(o) 9Br(z0)

T
2

in thin domains. More precisely, we will need the following results.

Lemma 2.1.2 (L*° decay for subharmonic functions supported in small do-
mains). Let u be a non-negative subharmonic function in a domain that con-
tains B1(0). If for some small ¢y > 0,

B
supu<l  and [{u # 0} N B1(0)] <
B1(0) |B1(0)]

€0

then,

sup u < € 2".
B%(O)

12



Proof. Let y be an arbitrary point in the ball B% (0). Due to the subharmonicity

and the fact that u is a non-negative function

B
uy) < ula)dx< / u(z)dx < PO OpRYl o
’B% ‘ B1(0) )B ‘ B1(0)

which gives the result. ]

Proposition 2.1.3. Let u be a non-negative subharmonic function in a do-

main that contains By(0). If for some p < 1 and for some constants N, ey > 0

[{u# 0} N B,(0)]
sup u(z) < Np and < €,
2€B,(0) |B,(0)]

then,

sup u(z) < Npep2™.
IEBg(O)

Proof. Consider the function v defined on B;(0) by

1
v(z) = N—pU(P z).
The new function v satisfies
sup v(x) <1,

z€B1(0)

and so, by Lemma 2.1.2, we have that

sup v(x) < ¢ 2".
J?EB% (0)

13



Substituting v by its definition in terms of u gives that,

1
sup —u(pr) < €2" & sup u(y) < Npe2”,
xeB%(O) P y€Bg (0)

which gives the final result. ]

2.2 Pucci Operators: General properties

In this section we present the definition of viscosity solutions and re-
view the general properties of Pucci operators. We also introduce the spaces
S(\ A, f) and S(\, A, f) and some results from the fully nonlinear elliptic
theory that are used in this work (see [2] for the proofs and more detail). Def-
inition 2.2.2, Remark 2.2.1, and Proposition 2.2.5 are valid in a more general

setting for a fully nonlinear elliptic operator F'(D?u) (see [2] for more details).

Here M* and M~ will denote the extremal Pucci operators,

M*H(u) == sup ayDij(u) = sup Tr(AD*u) = X Z ei + A Z e,

A€ Ay A A€A\A e; <0 e; >0

M= ol D) = ol TAPR) = A3 et A D e
e; <0 e; >0
where A, 4 is the set of symmetric (n x n) matrices with eigenvalues in [A, A]

for 0 < A < A, and e; are the eigenvalues of the matrix D?u.

To see this, consider a fixed . Let M = D?u and {v;}; be the basis
of R™ of the eigenvectors of M with eigenvalues e;. Let O be the orthogonal

matrix that change the variables to the basis of eigenvectors of M. Then
OMOt = [(Sijei]ij =D.

14



As the trace is invariant under change of coordinates,

Tr(AM) = Tr(AMO'O) = Tr(OAMO") = Tr(OAO'O MO") = Tr(OAO! D),
A

the Pucci operator does not fix A, A € A, ,. Note that A and A have the
same eigenvalues. So, let e; are the eigenvalues of the matrix D?u for a certain
x and A be the extreme case possible in order to maximize (or minimize) the

trace:

A6i7 e; >0
Ae; = { e;, e; <0

Then
MF(u) = sup Tr(AD?u) = A Z e, + A Z e;

A€Ax A e;<0 e; >0

The analog is valid to M™.

These two operators are a special case of nonlinear uniformly elliptic

operators:

Definition 2.2.1. Let F' : § x Q — R, where § is the space of real n x n

symmetric matrices and 2 C R". We say that

- Fis a uniform elliptic operator if there are two positive constants A\ < A,

called ellipticity constants, such that, for any M € S and = € 2
AN < F(M + N) = F(M) < A|[N]|

for all nonnegative definite matrix N € S, where || N|| = sup|,_; [Nz| is

the value of the maximum eigenvalue of N if N > 0.

15



- F'is concave (convex) if it is concave (convex) as a function of M € S.
When dealing with these operators we consider solutions in the viscosity
sense.

Definition 2.2.2. Let f be a continuous function defined in 2 and 0 < A < A
two constants. We denote by S(\, A, f) the space of continuous functions u
defined in € that are viscosity subsolutions of M™(u) = f(x) in §2, meaning
that if zy € ©, A is a neighborhood of xy, and P a paraboloid (see Remark

2.2.2) that touches u from above at x, i.e.
P(z) > u(z) Ve e A and P(zq) = u(xo),
then
MT(P(x0)) = f(wo).

In similar way, we denote by S(A, A, f) the space of continuous functions u
defined in €2 that are viscosity supersolutions of M~ (u) = f(x) in 2, meaning
that if xy € ©, A is a neighborhood of xy, and P a paraboloid (see Remark

2.2.2) that touches u from below at zg, i.e.
P(z) <u(z) Ve e A and P(x¢) = u(zo),
then

M (P(x0)) < f(o)-

16



Remark 2.2.1. As in [2] we will denote by S*(\, A, f) the set of viscosity solu-

tions

SOAA, =) NS A LF]).
Remark 2.2.2. A paraboloid P is a polynomial in (xy, s, ,z,) of second
degree:

1
P(z)=1ly+(z) + §mtAx
where [y is a constant, A = D?P is a symmetric matrix and I(z) is a linear
function.

Remark 2.2.3. Observe now that if w(z) defined on B,(y) is a solution to
M*(w) = 0 we have invariance under translation by y (2.2), rotation by R

(2.3) and dilation by % and rescaling by d (2.4):

W(r) =w(@+y), x€ By(0)= M*(w(x)) = M*(w(2)),z € Byg(0), (2.2)

w(r) =w(Rx), x € By(0) = M*(@(z)) = M*(w(2)), € By(0), (2.3)
w(r) = éw(dw), r € B1(0) = M*(W(z)) = dM*(w(2)),z € B1(0), (2.4)
and so, w(z) defined in By (0) is still a solution to M* (@) = 0 with the direction

e, as we want.

Remark 2.2.4. Observe that

Lt ay Dij(u(@)) < aij(x) Dy (u(z)) < sup - ai; Dij(u(z)).
€A A€Ax A

Before proceeding, let us call the attention upon for the following prop-
erties of Pucci operators. Those properties follow easily from the definition

and previous remarks. Let u, v be smooth functions and 0 < A <1 < A:
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- M~ (u) < AAu < MT(u) ;
M (=) = —M* u):

M~ (u)+M~(v) < M~ (u+v) < MT(u)+M~(v) and so M~ is concave;

M (u)+ M~ (v) < MF(u+v) < M*(u)+M*(v) and so M™ is convex;

-0 < M (uf) < AAug < MT(uf) = uf is subharmonic in the viscosity

sense;

0< Y M (u§) <M (3, uf) <A(D,us) which implies that >, uf is

subharmonic in the viscosity sense;

Remark 2.2.5. Observe that if u is continuous and subharmonic in the viscosity

sense then u is subharmonic in the distributional sense, meaning that
/Augbdx::/uAgbdXZO Vo >0, ¢ € Cg°.
Q Q

Now, we recall the comparison principle for viscosity solutions, Corol-
lary 3.7 in [2], that states that a viscosity subsolution that is negative on the
boundary has to remain negative in whole domain, and that a viscosity su-
persolution that is positive on the boundary has to remain positive in whole

domain:

Proposition 2.2.1. Assume that u € C(Q). Then,

1. uwe S\ A 0) and u <0 on I imply u < 0 in 2.

18



2. u€ S\ A,0) and u >0 on OQ imply u > 0 in Q.

The following compactness result (Proposition 4.11 in [2]) follows from
the closedness of the family of viscosity solutions of Problem (2.5) under the

uniform convergence and the Ascoli-Arzela theorem.

Proposition 2.2.2. Let {F}}r>1 be a sequence of uniformly elliptic operators
with ellipticity constants A, A and let {ug}x>1 C C(Q) be viscosity solutions in
Q of

Fy(D*uy, ) = f(2), (2.5)
with f continuous and bounded. Assume that F} converges uniformly in com-
pact sets of S x Q to I, where S is the space of real symmetric matrices, and
that uy, is uniformly bounded in compact sets of Q0. Then there exist u € C(2)

and a subsequence of {uy}r>1 that converges uniformly to u in compact sets of

Q. Moreover, F(D?u,x) = f(x) in the viscosity sense in S).

Below is the L¢ Lemma that follows from Lemma 4.6 in [2], using a
standard covering argument. Note that it is enough to consider f* instead of

| f| due to the Alexandroff-Bakelman-Pucci estimate, Theorem 3.2 in [2].

Lemma 2.2.3. Ifu € S(f*) in B1(0), u € C(B1(0)), f a is continuous and

bounded function in B1(0), and they satisfy:

1. infp, yu(z) <1
2

2. u(z) >0 in By(0)
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SN Lm0y < €0

Then, if €q is sufficiently small, there exist d and € positive universal constants

such that:

{z € B1(0) s u(x) = t}| <dt™, forall t>0.

Now, we recall the inequality that gives interior Holder regularity and

that follows from the Harnack inequality for viscosity solutions:

Proposition 2.2.4. Let w € S\, A, |f]) NS\, A, — | f|) with f a continuous
and bounded function in B1(0). Then, there exists a universal constant pu < 1

such that
OS€B ()W < poscp, @ + [[fll 1 5,0y -

The interior Holder regularity that we will use is a particular case of

Theorem 7.1 in [2], and Sobolev embedding:

Proposition 2.2.5. Let w be a bounded viscosity solution of M~ (w) = f(z)
in By(0), with f a continuous bounded function in B1(0). Then there ezists a
positive constant C' depending only on n, A\, A such that w € WQJ’(B%(O)), for

any p < 00, and so w € Cl’d(B%(O)) for any & < 1, and we have

[wlleras, @) < C <HWHL°°(BI(O)) + Hf”LP(Bl(O))> '

%
Remark 2.2.6. (1) The same result under the same hypothesis is also valid for

a general uniformly elliptic operator, concave or convex.

(2) Observe that if f € C® then w € C*9.
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2.3 Existence of barriers

One of the essential tools in this thesis is the existence of ” fundamental”
sub and supersolutions for the extremal Pucci operators that work as a barrier.
Since the radii of the balls in which we need existence of barriers has to be

arbitrary we construct those on the most general setting as is stated below.

Lemma 2.3.1. Given constants 0 < X\ < A and M,r,a,b,p > 0, 5" <r <
p there exist a smooth function defined on B,(0)\Bar(0) and a constant c,

c(a, a,b), and a universal constant o such that:
1. ¢(x) =rM for x € 0Bar(0)
2. Y(x) =0 for z € 0B,(0)
3. M~(¢) > 0 for x € B,(0)\Bs (0)

@

4. g—f = cM when x € 0B,(0), and ¢ = —a;2

b —qgo *

Proof. Consider first r = 1 and M = 1, we will rescale afterwards. Let «, My >

0, >n—2and

1
(,O(ZE) = M1 + MQW.

where My, M, and « are such that the following conditions are satisfied:
1. p(z) =0 when |z| =1
2. p(xr) =1 when |z| = ¢ <1
3. M~ (p) > 0in B;(0)\Ba (0)
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In detail,

L. () =0 when |z| =1 = M; = —M,

2. () =1 when [z] = ¢ = M, = <%)1a_1 == >0

and so have that,

aa

ba_aa'

1

|

Note that if ¢ is very small then M, is very small too. On the other hand, the

second derivatives of ¢ are given by:
dyjp(x) = —aMy |z| ™26 — a(—a — 2) Mywsa; |z| %

Evaluating the Hessian of ¢ at a point (r,0,--- ,0) one obtains:

Oijp=0 i#]

O = Mya(a+ 1)r—2

Oiip = —aMyr 72 i>1
And so by radial symmetry and rotational invariance the Pucci operator is
given by

M (p(x)) = Mada(a + 1) |27 = A(n = 1) aM || "7
= My |z|* *(Ma+1)—A(n—1)).

In order to satisfy (3) one needs that:

a>A(n—1)—)\7

- A
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which gives that

1 @ Aln—1)— A\
o(r) = =My + My—5  with M, = a and o > u
|| b — a® A
Notice that the normal derivative is:
Op 1
%(ZL’) = M2| |a+1
And so when r = |z| = 1,
Op a®
—(x) = —a My = — )
ov (z) @ abo‘ —a®
Let ¢ = —a*—.

Now let us consider a dilation and obtain the result for general » and M = 1.

Let ¢(x) = ro(¥). Then ¢ defined on B,(0) satisfies:

1. ¢(z) =0 when |z| =7

2. ¢(x) =r when |z| = 5"
3. M~(¢) >0 in B,(0)\Bzx (0)

4. %(x) = c when |z| =7

Finally for an arbitrary M, let ¥(z) = M@(x). Now it is easy to check that

the barrier function v satisfies:
1. ¥(z) =0 when |z| =7
2. (z) =rM when |z| = &F

23



3. M~() > 0 in B,(0)\Bxx (0)

4. %(z) = cM when |z| =7

]

Lemma 2.3.2. Given constants 0 < A < A and M,r,a,b,p >0, 3r <1 <p,

there exist a smooth function defined on B,(0)\Baz (0), a constant c, c(a, a,b),

and a universal constant o such that:

1. Y(x) =r M for x € 0B,(0)
2. Y(z) =0 for x € 0B, (0)
8. M* (1) <0 for x € B.(0)\B,2(0)

4. g—qf = cM when x € 0B,2(0), where c = «

Sl
SIS [

>a+1

~(
Proof. Consider first r = 1 and M = 1, we will rescale afterwards. Let a, My >

0a>n—2and

1
QO(.%) = M1 — MQ—

ke

where M, Ms, and « are such that the following conditions are satisfied:

1. p(x) =0 when |z| = ¢
2. o(x) =1 when |z| =1

3. M*(¢) < 0/in B,(0)\By (0)
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In detail, (1) and (2) imply that

aa

ba_aa

M1:1—|—M2 andMQZ

and so have that,

aOé

ba_aa'

1
QD(.%) =1+ MQ — MQW with MQ =
X

On the other hand, the second derivatives of ¢ are given by:
Dyjp(x) = aMy 2|72 055 + a(—a — 2) Moz x| 77+

Evaluating the Hessian of ¢ at a point (r,0,---,0) one obtains:
Dyp=0 i+#j
Ol = —Myala + 1)r— 2
Do = aMor™2 i>1
And so by radial symmetry and rotational invariance the Pucci operator is
given by
M (p(x)) = A(n— 1) aMy [z = AMpa(a + 1) [«
= Moo |2| 2 (A(n—1) — Ma +1)).

In order to satisfy (3) one needs that:

Aln—1)— A\
A(”—l)—)\(a+1)§0<:>a2%7
which gives that
1 o An—1) — A
QP(:L‘):1+M2_M2—O¢ with My = “ and QZM
|£E| ba_aa /\
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Notice that the normal derivative is:

Op 1
—() =aMy———.
8V (l’) o 2 |x|a+l
And so when |z| = ¢,
0 1 a
8—;0@) = a M, =

Let c = —&%—.
O
Now let us consider a dilation and obtain the result for general r» and M = 1.

Let ¢(z) = ro(¥). Then ¢ defined on B, (0) satisfies:

L. §(z) = 0 when |z|=r,

2. ¢(x) =r when |z| =7,

3. MJF(@) <0in BT(O)\BTQ%) (0)7

4. %(m) = c when [z| =r{.

Finally for an arbitrary M, let ¥ (z) = M@(z). Now, it is easy to check that
the barrier function v satisfies

1. ¥(r) = 0 when |z| =r{,

2. Y(z) =rM when |z| =r,

3. M*(¢) < 0in B.(0)\B, 2 (0),

4. 2(z) = ¢M when |z| =17

a
ov b
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]

Remark 2.3.1. Observe that the barrier on Lemma 2.3.2 could have been ob-
tained from the barrier on Lemma 2.3.1 by doing —¢(z)+ 1, since M~ (¢)) > 0
implies M*(—¢ + 1) <0.

2.4 Fabes and Strook inequality

To prove the uniform Holder regularity for the solutions of the elliptic
system we need to use the Fabes and Strook inequality that we state below.
For the proof of the Lemma see [22] (for more details see also [6, 21]). This
inequality relates the value of the integral of the generalized Green function
in a ball with the integral in a non-trivial subset. The generalized Green
functions allows us to have a representation formula for viscosity solutions of
linear operators in non divergence form and measurable coefficients. For more

details about the generalized Green functions see [8].

Lemma 2.4.1 (Fabes and Strook inequality). Let G(z,y) denote the Green’s
function for a linear operator L with measurable coefficients Lu = a;;(x)D;;u,
[a;j(x)] € Axa. Then, there exist universal constants C' and [ such that

whenever E C B,., and B, C B% the following holds:

B
Lf” Gz, y)dy < C/ G(z,y)dy  forallx € By.
r B, B
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Chapter 3

Existence of solutions

3.1 Preliminaries

To prove the existence theorem, Theorem 3.3.1, we will need a fixed-
point argument that can be found in [23], pg 280. We recall the result here

for the sake of completeness:

Proposition 3.1.1. Let o be a closed, convex subset of a Banach space B.

Let T : 0 — o be a continuous function such that T'(c) is a pre-compact set.

Then T has a fixed point.

To apply the fixed point theorem, we need an existence result and
regularity up to the boundary for a Bellman-type equation. In the following

results, we denote by G the operator

1
Glwi] = G(DQC% r) = inf (astDstwi — Ewi Z u;)
as € Q i
[ast] S A)\,A

1
= M (w;) — —wi Zu;,
J#

with u§ fixed positive continuous functions and Ay 5 the set of symmetric n xn

real matrices with eigenvalues in [\, A], for 0 < A < A. The existence result is
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Theorem 17.18 in [23], but we also state it below in the adequate form for our

purpose.

Proposition 3.1.2. Let € be a bounded domain in R"™ satisfying the exterior
sphere condition for all x € OS). Let u§, j # i, be given functions, and ag
symmetric matrices. Suppose that, for all s, t, j, there exists a positive constant
i such that:

as € C*(Q) and ||asl| o2y < pA;

b5 € C(Q) nd 15| < %

and
0 <M < anse& <AJEP, and ug>0.
Then, for any ¢; € C(09), there exists a unique solution w; € C*(Q) N C(Q)
of
G(D*w;,x) =0, in Q
wi = ¢; on 0f).

We also need a generalization of the comparison principle that the

reader can find on page 443 in [23] and comment on page 446:

Proposition 3.1.3. Let u, v € C(Q)NC%(Q). If Gu] > Gv] in Q and u < v

in 02, then u < v in €.
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3.2 An improvement: Hoélder regularity up to the bound-

ary.

The next Proposition is the Hélder regularity up to the boundary for
a viscosity solution of an equation of the type M~ (w) = f(z) in a Lipschitz
domain. The proof we present here uses the comparison principle and an
inductive construction of barriers. A different proof, by Luis Escauriaza, can
be found in [21], Lemma 3. Escauriaza uses the Fabes and Stroock inequality
(see Lemma 2.4.1) to estimate the Holder norm of the solution up to the

boundary in terms of the L? norm of the right-hand side.

This result is an improvement of Proposition 4.12 and 4.13 in [2] for

general Lipschitz domains.

Proposition 3.2.1. Let Q be an Lipschitz domain. Let w € C?(Q)NC(Q) be
a viscosity solution of
(3.1)
w=¢ on O,
with f > 0 and f € C(Q) N CHQ), ¢ € CP(ON). Then w € CV(Q), where
v = min(&, ) and &,« are the universal Holder exponents for the interior

reqularity and boundary reqularity, respectively.

The proof of this proposition follows the same lines of the proof of
Proposition 4.13, in [2]. Once the interior regularity and the regularity for
an arbitrary point in the boundary is guaranteed the proof is basically the

interplay of these two results depending on how close two points are, compared
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to the maximum of their distance to the boundary. The interior regularity
comes from Proposition 2.2.5. To prove the regularity for an arbitrary point

on the boundary, Proposition 3.2.5, we need the couple of Lemmas that follow.

The first Lemma, establishes the decay of a subsolution of M™ in con-
centric balls centered at an external point in the outside cone. The proof uses

a standard comparison argument and the use of a barrier function.

Lemma 3.2.2. Let €2 be an Lipschitz domain and C an external cone centered
at xo € 052, with some universal opening. Let y € C be the center of the balls
B! ¢ B? C B? such that B! € C, and that dist(0B* N Q,x¢) > 6 > 0. Let u
be a solution of M™(u) > 0 in the viscosity sense in §2, such that u < 1 on

B3N Q and u <0 on B3N ON. Then, there exist X > 0 such that
u(z) <A <1 in B*NQ.

Proof. Since the domain is Lipschitz there exists a cone C' with opening equal
to p, such that for any point of the boundary we can place the cone with

opening p and vertex at that point such that C' N Q = 0.

Without loss of generality, take the cone with origin at zy € 02 and

with axis e,

and consider the origin as the center of the balls B!, B?, B? as illustrated in

Figure 3.1.
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Figure 3.1: Reference decay.

Applying Lemma 2.3.2 with M = % where r is the radius of B* and %
equal to the radius of B! we obtain a supersolution ¢, M* () <0 in B*\ B,
such that ¢(z) = 0 in B! and ¥(x) = 1 in 9B3. And so

u(z) <Y(z) on I(B*NQ)

Applying the comparison principle stated in Proposition 2.2.1 we can conclude

that

u(z) <¢Y(z) in B*NQ

Let A = ¢(z) < 1 for x € 9B*N . As ¢ is an increasing function, see
Figure 3.2, we can conclude that for x € B2NQ we have that u(z) < A < 1 as

we claim. ]
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Figure 3.2: Upper bound for u due to the supersolution ).

The next Lemma is important for the iteration construction. Basically
we prove that if the boundary data is bounded from above in half of the unit
ball centered at a boundary point, and the function is bounded in the unit

ball then in one fourth of the ball, the function decays by a fixed value.

Lemma 3.2.3. Let Q) be a Lipschitz domain and C' an external cone with

universal opening. Let 0 € 0S) be the origin of the cone. Let v be a solution of

M (u) > 0 in the viscosity sense in Q, such that v < 1 on B1(0)NQ, v(0) =0
1

and v(z) < (5)5 on Bi (0)NOQ, for some > 0. Then, there exists a constant

(%)B < p <1 such that
v(z) <p in Bi(0)N Q.

Proof. By hypothesis,

8
o(z) < G) 2 €N B, (0)
Let
v(3) — (3)°
w(z) = e for z € B;(0)NQy,
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where Q% = {2z : x € Q}. w satisfies all the hypotheses of Lemma 3.2.2 with:

1. g =0;

2. C' the uniform external cone with axis without loss of generality equals

to e, axis;

3. B! = B,(y) with y = (0,---,0, —%) and r < dist(y, 9C),r = £;

4. B* = B (y);
5. B® = Ba(y)

Observe that B* C B1(0) and that B1(0) C B*. Then by Lemma 3.2.2
w(r)<A<1 in BQHQ%

and so we have also that, for z € B1(0) N {2

1
57

e < )\@v(g) <A(1-— (%)B) + (%)ﬁ = A+ (1- ) (%)5

and (%)ﬁ < u < 1. Then, we obtain that

v(z) <p zEBi(O)ﬂQ. O

3.2.1 Iterative decay

Now we will be able to prove an iterative decay illustrated in Figure

3.3.
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Figure 3.3: Iterative decay.

Lemma 3.2.4. Let Q be a Lipschitz domain and C' an external cone with
universal opening. Let 0 € 0S) be the origin of the cone. Let v be a solution
of M*(u) > 0 in the viscosity sense in €, such that v < py on Bfk(O) N Q,
(o = 1), v(0) = 0 and v(z) < (ﬁ)ﬂ on Bﬁ(O) N OSY. Then, there exist

a constant, figi1, prr1 = Mg+ (1= X) (ﬁ)'g for some X € (0,1) universal,
such that

v(x) <pgyr in B_1 (0)NQ.

qk+1

Proof. By scaling and dilation, define for x € B;(0)




Since w satisfies the hypotheses of Lemma 3.2.3, considering this dilation and

scaling, we see that
w(x) <A<l in Bi(0)NQ

and so, like in the previous proof, we have also that

o() ~ (g2)” z 1Y’
Y §A<:>v(4—k)§)\,uk+(1—)\) 3 for z € B1(0) N
Hr — (m) N - .
Hk+1
Therefore,
v(y) <pgyr for y € B (0) N,
with (ﬁ)ﬁ < pgs1 < pg. This finishes the proof. ]

Remark 3.2.1. Observe that the decay at each step of this iteration is constant
and equal to (4%)& for @ much smaller than g and Cy a large positive
constant. In fact, there exit constants Cy and « such that pu, < Oy (4%)@ . By
induction, for £ = 0 the result is true by Lemma 3.2.3 for Cy > 1. Assuming
the result valid for a general k, we have that

1 ﬁ 1 o ]_
e =+ (-3 (355 ) < g (19360 + 0= ) g )

Take o = ¢ and such that 4\ < 1 then

1
(40‘)\00 + (1 — /\)m) g CO

for Cy large constant since,

« 1 (&3 1
4 )\CO + (]. - )\)m = é’%\/C(] + (1 - >\) 25(1—26)4k6(1—6) S CO
<1
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1

& Coz(1-4) (1 — 490280120 4kB(1—)"

Remark 3.2.2. Note that Lemmas 3.2.2 - 3.2.4 are valid for v a viscosity solu-
tion of Problem (3.1).

Proposition 3.2.5 (Holder regularity up to the boundary). Let 2 be an Lips-
chitz domain and C' an external cone with universal opening that only depends
on the domain. Let xq € 0S) be the origin of the cone. Let v be a viscosity
solution of Problem (3.1) such that |v(z)| < 1 on By(zo) N, v(zg) = 0 and
lo(x)| < |z]® on By(zo) N Q. Then, there exist constants C > 0 and o << f
such that

o) ~ vl _

sup -
2€B1(20)NQ |2 — o

and € = O(|| | ).

Remark 3.2.3. The constant C' in the previous proposition would depend on
€ if this result was to be applied to our main problem. The uniform Holder
regularity in € will be proved in the next section and does not depend on this

result.
Proof. Assume by translation invariance that zo = 0. Note that v(0) = v(zg) =
0. So if we prove that

o(z)] < Cl2]”,

the result follows. Observe that on the boundary the regularity of the bound-

ary data gives the result directly. Let k be such that

1
Ak+1 < o] < 4k
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Using Lemma 3.2.3 followed by Lemma 3.2.4 (see Remark 3.2.2) we can assume

that for z such that |z| = p < & we have:
v(x) < pg.
Then, taking in account the previous remark, we also have,

o(z) < Co (4—1k>a

but then

v(z) < Cod® (4k+1> < Cod™ |x|™.

To obtain the other inequality observe that —uv(z) < 1. So if we consider

instead of —v the function

we have that, for x € B;(0),

(Wl B
MF(w(@) 2 M| — == lz]" | =M™ (v) 2 [|fll o — f(z) = 0.

Observe that we have as well, for x € 92 N B;1(0) that

1F1l oo 1f1l oo
wz) = —~ Ix!2—¢(:v)§< ) +C> i

Therefore, we can apply the comparison principle for w and a barrier function
as in Lemma 3.2.3. Repeating the same construction as in the proof of Lemma

3.2.3 and Lemma 3.2.4 we obtain also that
w(z) < Clpl*
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and so, in an analogous way, we obtain that
—v(z) < Clp|*.
with C' depending of || f|| j c. This completes the proof. O

With this result that is the analogous of Proposition 4.12 in [2], the

proof of Proposition 3.2.1 follows as the proof of Propositon 4.13 in [2].

3.3 Proof of Theorem 3.3.1

In this section we finally present the proof of the existence of solution

for the nonlinear elliptic system.

Theorem 3.3.1 (Existence). Let € > 0 constant, and €2 be a Lipschitz domain.
Let ¢; be a non-negative Holder continuous functions defined on 0S). Then there
exist continuous functions (uf,--- ,ug) depending on the parameter € such that

u$ is a viscosity solution of Problem (1.7).

Proof. Let B be the Banach space of bounded continuous vector-valued func-
tions defined on a domain €2 with the norm
5+ ) = e (sup o)
v z€Q
Let o be the subset of bounded continuous functions that satisfy prescribed
boundary data, and are bounded from above and from below as is stated below:
u$ is continuous, u$(z) = ¢;(z) when z € 09,

o =< (u§,us, -+ ,us):
( 1) %2y ) d) 0 S uf(l’) S sup ”¢1,||LOO
7
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o is a closed and convex subset of B. Let T be the operator that is defined
in the fOHOWiIlg way: T((uiau; T 7“3)) - (Ui,?];, T 7U¢Ei) if (u§7u§7 T 7“2)
and (v, vs, -+ ,v5) are such that,
1
M~ (v§) = - ‘us 1=1,...,d in )
(v§) - ZU () i
vi=¢;, 1=1,...,d, in 09,
1

in the viscosity sense, where uj, j # i are fixed. Let g(u®) = £>°,;u5 and

observe that each of the previous equations of the vector u® = (u§, us, - -, ug)

take the form:

Observe that if T" has a fixed point, then
T ((ui7u§> T 7uzei)) = (uﬁ, (CTRRR ’ufi)
meaning that u{ = ¢; on the boundary and that

— € 1 €,,€ y
M (uz):EZulu] i=1,....d
JF#i
in 2, which proves the existence as desired.

So in order for T to have a fixed point we need to prove that it satisfies

the hypotheses of Proposition 3.1.1:

1. T(o) C o : We need to prove that there exists a regular solution for each
one of the equations
M= (vg) —vpg(u) =0, k=1,...,d, in Q

v, = Pk, k=1,....,d, in 0S.
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Observe that if such a regular solution exists, the comparison principle

is valid by Proposition 3.1.3.

To use Proposition 3.1.2 we can rewrite the differential equation in the

form
F(uvg) = inf (a;;D;jv5, — v, g(uf)) =0, k=1,...,d.
a; € Q
lai;] € Axa

since, by density, taking the infimum in Q is equal to taking the infimum
over R. Let (£),cy be a family of smooth domains contained in € such
that €; 7 Q as | — oo. Since we do not have the desired regularity on
the coefficients of v}, we will first consider the boundary value problem
in each smooth domain €2; with the following regularized equation,
Fo(vg) = inf (a;;Dyjui, — v, (g(u) * ps)) =0, k=1,...,d,
a;; € Q
[ai] € Axa
where ps is an approximation of the identity. And we will consider
suitable boundary data that converges to the original boundary data
when we approach the original domain.

So now, by Proposition 3.1.2, there exist a unique solution (vg)? in

C2(Q) N CO(Q) with
()} = (dk) on Y, k=1,--d.

Taking the limit in [ we obtain the existence of (v§)?, solutions in © with

boundary data equal to ¢. From Proposition 3.2.1 we also have that
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there exists a universal exponent « such that (v§)° is Holder continuous

up to the boundary, (v§)® € C7(Q).

As we have F° — F uniformly due to the properties of identity approx-

imation, we can conclude that

Fo(ug®) 228 F(ug)

by Proposition 2.2.2, this is, that v; € C7(Q) is the solution for our
problem F(v§) =0 in Q, for all k.
We need also to prove that for each &, 0 < vj, < sup; ||¢; 700 -

Suppose, by contradiction that there exists zy such that vi(zg) < 0.
Since v, = ¢ on 02 and ¢y is non-negative, xy must be an interior
point. But, if vj, has an interior minimum attained at z, then there

exists a paraboloid P touching v, from above at xy and such that
M= (P(z9)) > 0.
Since, g(u) > 0, on the other hand we have that
M= (o)) = v (o) g(u(ay)) < 0,

and so we have a contradiction.

Analogously, suppose, by contradiction that there exists xy such that
vi (o) > sup; [|@i]| ;oo . Then, by the same reason as before 2y must be

an interior point and
M~ (vi(z9)) < 0.
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Since, g(u®) > 0, we have that
M (vp(20)) = vi(o) g(u(z0)) = 0,
and so we have a contradiction.
. T is continuous: Let us assume that for each fixed e we have
(W) (uS)n) = (15, - ) € [CQ)?
meaning that when n tends to oo,
i () — 1 0

We need to prove that

when n — oo. Since,

if we prove that there exists a constant C, independent of ¢, so that we

have the estimate

e
UJHLOO

I(05)n = vl < Cmax | u5),

the result follows. For all x € €, let w,, be the function

43



and suppose by contradiction that there exists y € ) such that
wn(y) > K max ||(u§)n - uj”Loo : (3.2)

for some large K > 0, where r is such that Q C B,.(0). We want to prove
that this is impossible if K is sufficiently large. Let h, be the concave

radially symmetric function,

ha(2) = 7(r* = |z]*),
with v = K max; || (u§), — u§|| ;. Observe that:
(a) hp(x) =0 on 0B.(0);
(b) hn(z) < r? K max; H(uj)n — ujHLoo for all z in B,(0);

(c) 0 =wn(x) < hy(z) on 0, since (vf), and v§ are solutions with the

same boundary data.

So, since we are assuming (3.2), there exists a negative minimum of
h, — w,. Let zy be the point where the negative minimum value of
hn — wy is attained, h,(z¢) — w,(z9) < 0. Then we have that for any

matrix A € Ay 4,
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Moreover,
M (wn) = M7((vf)n) — M™(v])

<((vf)n =) D (=i ) (w5 - (UE)n)>

J#i J#i

>

A | =

(«w»—wQEZWﬂm—wu—1ﬁ@xwﬁh—umpJ
i
adding and substrating 2vf > i2i(U5)n- Then, if af; are the coefficients

associated to wy,, i.e.

a;7 Dijw, = M* (wy),

then
0 < aZ"Dij(hn wp) (7o)
< 3 -27a ) — = (o) — v8) (20) S (w)al0)
i i

1
+va(x0)(d -1) mjax H(u;)n — uj-HLoo

< Z —2Km§1x H(uj)n - U;HLOO az" (o)
7

1
+gvf($o)(d -1) max [(u§)n = S| e

because 0 < hy () < wy(zo) and 3, (u5)n (o) > 0 and so
== ((W)n = v5) (w0) 3 _(u5)n(w0) < 0.

JFi
Taking K > %=L sup; ||¢i| ;. We obtain that

0 < CL;‘;"DU (hn — wn) (l’o) <0

which is a contradition.
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3. T'(o) is precompact: This a consequence of (1), since the solutions to the

equation are Holder continuous, and this set is precompact in o.

This concludes the proof. O
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Chapter 4

Regularity of solutions

To obtain Holder regularity for the solutions we want to construct a
barrier function of the type ¢|z — x|" and prove that it is a upper and lower
bound for the solution for all xy. One way of doing so is to prove that there
exists a uniform decay on the oscillation of the solution over dyadic balls.
Meaning that, we will prove that there exist two constants 0 < A\, g < 1,

independent of €, such that for all i = 1,...,d, we have

OSCLUEB)\(O)U’?E;(QZ) < Qi OSCxEBl(O)u§<x)~

The C¢ regularity of each function will follow from here in a standard way
using Lemma 8.23, in [23]. We will follow this strategy to prove the regularity
following the proof presented in [4]. We will prove first the decay of the
oscillation under certain particular hypotheses and then use this result to
prove the uniform C® regularity for a solution of Problem (1.7). Instead of
the Green representation formula for the Laplace operator used in [4] we need
to use the Fabes and Strook inequality and the generalized green functions for
second order elliptic operators with measurable coefficients (for more details

see [8, 21]).
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4.1 Some Lemmas

We first establish some conditions under which the maximum of a func-

tion in a smaller ball is lower.

Lemma 4.1.1. Let u be a solution of Problem (1.7). Let M; = maxX,ep, (o) v ()
and O; = 0SCzep, (o) (x). If for some positive constant vy one of the following

hypotheses is verified

1. {z € Bi(O) cus(z) < M; —%0;}

> Yo

2. {z € Bi(O) M7 (us(x) > v O} > 7

5. |{w € By(0): M- (ui(@) 2 30 (@)} 2 %0

then there exist a small positive constant co = co(o) such that the following

decay estimate is valid:

max uf(x) < M; — ¢ O;
xGB% (0)

and so

oscp, (oyus(x) < ¢ Oy, with ¢ < 1.
4
Proof.

1. By contradiction, assume that for all ¢y small, exist a point z, € Bi(())

such that

’Ui(l’o) Z MZ — Cp Ol
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and let
M; — uf(x)

7

0;

v; satisfy the following properties, with f;(z) = — - () > us(x):

; Vi) s
(a) 1nf3%(0) L=<

N
=
E,
w

©) Vi(z) <1

(b) M~ () < filw)
(c) vi(z) > 0in By(0)
(d) ||fi|| g» = 0 since f;"(x) = 0.

Then we can apply the L°— Lemma stated as Lemma 2.2.3, to conclude

that
()
Co

{xGB%(O): Zt}‘gdt_‘s,

for d, ¢ universal constants and for all t > 0. If ¢t = % then we have

(€ By(0) ule) 2 0} | <a(7)

But, taking in account the hypothesis we have:

10 < [{r € By(0): vla) = 20} < d(7)

6+1
'Y()Jr

— we have the contradiction.

Since ¢y is arbitrary, if ¢ <

2. If u§ is a solution for M~ (u§) = f(u) there exists a symmetric matrix

with coefficients a;;(x) with

AMEP < ag(n)&g; < A€
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such that

ar(z) Dyug(z) = f(ug(x))

For that particular matrix consider the linear problem with measurable

coefficients in By (0) :

and let G(z,-) be the respective Green function on B;(0) such that for
all z € By(0),

v(z) =— G(z,y)g(y)dy + boundary terms
B1(0)

(see [8, 21]). Since
ag(2) D (M; — ui(x)) = — f(ui(2)),

and since the boundary values are positive and G(z,y) f(us(y)) > 0 for

all y, we conclude that

M; —ui(z) > - / |, Gl (=)
> [ Gy
Z % Oi/AG(xay)dya

for A; :=={z € B1(0) : M~ (u§(z)) > 7o O;}. Since by hypothesis

N

|A;| = |{x € B%(O) M (u(2) > 7% O} >
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and due to Fabes-Strook inequality, (see Lemma 2.4.1 and Theorem 2 in
[22] for more details) there exist v and ¢, universal constants such that

1 1
for;1<7"<§,

1Al )
vOi/Gx,ydwaOi( G(z,y)dy
001 ], Gy OB 0 ) S Y
( Yo )7 a( )d
> 0| 5 / x,y)dy.
’ | B, (0)] +(0)

We claim that for z € B 1 (0) there exists an universal constant C' such

that:
/ G(z,y)dy > C. (4.1)
B:(0)

So again by hypothesis and due to the claim (that we will prove later)

we have

Yo 7 Y0 7
C Oz GZU, d ZC Oz C
7 <|Br<o>\) gy Y Z e (rBT<o>|>

and finally

”
Yo

. € > . — .

M; uz(m)_c%()z(|Br(0)|) C = ¢y0;,

with ¢y < 1.

To prove claim (4.1) we argue that for z € Bi(())

1
G(x,y)dy = — G(z,y)(2nAN)dy
[, ey = gx [ cwen

1
—_— G(x,y) | 2 a;; | dy

i

v

vV
O]
3‘}—t
=
o]
c
«Q
8
s
R
\O)
£
~_
o,
<



where G is the Green function for L, on B,.(0), since x is interior moreover
2
ai(@)Dij(r® — |a*) = =2} aila)
and 2n\ <23 a;(z) < 2nA.

. Let

A= {o € By(0) : M (ui(x)) 2 70 i(a) |

and

Hi:{xGAi:ug(x)S%}

and consider the two possible cases:

1 1
(a) [A\H;| > 3 Al and (b)) [A\H;| < 3 | Al

(a) If |A;\H;| > 1 |A;] then as

{w € ANH; : M (u(w)) = 70 4}

2

N

{:z: € B%(o) c M (us(z)) > wOQOZ}

M;

] O;
since 3 < 5

, we can conclude that
O; 1
Hx € B1(0) : M~ (uj(x)) = 7 7}‘ > |AN\H;| > 3 | Ail > %-

Then we have the decay by (2) with 7, replaced by %
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(b) If |A\H;| < 3 |A;| then as

Hi:{xeAi:u( )g%}C{xeBi(O):uE(x)éMi—ﬁOOi}

for By <

| Hi| = | A\ (A\H;)| = [Ai] — [(A\H;)| >

we have

Hx € B%(O) cul(x) < M; —%Oi}‘ >

no |2

for 4o = min(By, 70). The decay follows by (1).
]

Next Lemma states that if all the oscillations are tiny compared to just
one that remains big (see Figure 4.1), then the largest oscillation has to decay

due to an increase of the minimum in a smaller ball.

Lemma 4.1.2. Let u¢ be a solution of Problem (1.7) in B1(0). Let
O} = 08C,ep, (0)us ().

Assume that for some 6 > 0, sufficiently small,

» 0} <60].
i#1
then Of must decay in B%(O), that is, there exist y1 < 1 such that

1
Of < MO}.
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NN e

0;

O

Figure 4.1: Hlustration of our hypotheses about oscillations.

Proof. Let w be the solution of the problem
M~ (w(z)) =0, =z € By(0)
w(z) =uj(z), € dB(0)

Since uj — w is a subsolution for the positive Pucci extremal operator
M (uf —w) = M™(uf) + M (-w) 20,

and u§ —w+ >, (M; —uf) is a supersolution for the negative Pucci extremal

operator,
M- <u; + ) (M —uf) — w) < M- <u; + ) (M; - u;)> + M (—w)
i#1 i#1
< M)+ ) ME(M; - u)
i#1
< M) = Y M () <0,
i#1

by the maximum principle for viscosity solutions and our hypotheses we get,

ug(x) < w(z) <uf(e) + Y (M; — uf(x)) < us + 50},



Since w € S*(\, A, 0), w decays, namely
OSCxeB%(o)w(x) < 1 08Cpe, (0w ()
and from this inequalities, since
max w — minw < maxu§ + 60 — minw < maxu§ + 60; — min us,
we can conclude that
oscp, oW < oscp, Ul + 00

In a analogous way,

oscp, (o)u§ < oscp,ow + 00

So, then,

€
OSCBl (0)u1
2

IN

0sc, ()W + 001 < p108Caep, ) (2) + 00;
2

< p(oscp, yuf + 607) + 60;.
Simplifying,
oscp, us < (u(1+6) +6) 01,
2

which concludes the proof by taking ¢ sufficiently small. ]

4.2 Uniform in ¢ Holder regularity: proof of Theorem
4.2.1

In this section we finally present the proof of the regularity Theorem
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Theorem 4.2.1 (Regularity of solutions). Let € and ¢; be as in Theorem 3.3.1.
Let uf = (uf,--- ,uf) be solutions of Problem (1.7) in B1(0). Then there exist

a constant o, 0 < o < 1, such that for any e, uc € (C* (By(0)))* and

< C(N),

GO

with N = sup; ||u N and C(N) independent of e.

€
J HL°<>(81(0

Proof. We prove this theorem iteratively. We will prove that the oscillation of
u‘ will decay, by some constant factor 1 < 1, independent of ¢ when it goes
from B;(0) to By(0) for some A < 1 also independent of e. Meaning that, we
will prove that there exist two constants 0 < A\, i < 1, independent of €, such

that for all = 1,...,d, we have

05Cae (01 () < fi 05Csep, 0y ().

The C“ regularity of each function will follow from here in a standard way using
Lemma 8.23, in [23]. Since, what matters is the ratio between oscillations

ose () _
o S

08, (0) U5 ()
the result will hold true if we prove this decay for the normalized functions,
which satisfy the same equation with a different value of €. Thus, consider

uf, us, -+ -, u solutions of Problem (1.7) on B;(0) and the renormalized func-

: pora pors
tions ug, -, uy,



with P = 1 €

MaZ e By (0),k=1,...,d Ug(2)

. These functions are bounded from above by

one and satisfy

Briefly, the iterative process consists of the following. We prove that
in B 1 (0) at least the largest oscillation decays. Without loss of generality
consider u§ the function with the largest oscillation. Then, there exists 77 < 1

such that

08Czep, Ui (z) < T 0sCeep, (0yul ().

Then, we consider the renormalization by the dilation in x :

= — /1
ul(x) = pus <Zx> , x € B1(0), i=1,--,d,

with

1
pP= — > 1.
maXmeB%{(o),kﬂ d Uk(ﬁ)

Observe that these functions are solutions of the system

1 s s .
42Eu$(w>§u;<x), i=1,,d

M (w(@) =

€

So, basically, they are the solutions of an equivalent system with a
different e, still defined on B;(0).
We start all over to prove that we have again the reduction of the next

largest oscillation, when we are in B 1 (0). We call the new function with the
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uj,

Figure 4.2: Decay iteration in Theorem 4.2.1. After the renormalization the
oscillation of the first function decays while the others remain the same. In
the original configuration we register that decay and we proceed with the next
renormalization.

largest oscillation u:f So we have that there exists 7 < 1, independent of e,
such that

08Csep, (0)U; () < T 0SCre By (0) U5 () = 08Cren y (0)U;(w) < o OSCren, ©0us ().
4

Considering what has happened in the previous step we can have several sce-
narios. Either we have the reduction of the oscillation from B (0) to 34%(0)
of just one of the functions, or two or more. (Later, when there is no possible
confusion, the function with the largest oscillation at each iteration will always

be denoted by uzi)
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We repeat this process taking the renormalizations

us(x) = — )ug(ﬂx), x € By(0), i=1,---.d,

€
mawzegl(o)J Uj (4—kZ

until eventually we have the reduction of all the oscillations, or until the largest
oscillation is much larger then the other oscillations. If that is the case, then

eventually we will have that, for O; = oscp,u§(x),

> 0; <60,

J#1
In that case, using the Lemma 4.1.2, O; must also decay and we have the
result. Thus, after repeating this iterative process a finite number of times we

obtain that for some A <1, i < 1 and every 2 =1,...,d,

OSCxeBA(o)U_E(iU) <[4 0SCre B,y (0) U5 (z).

For simplicity, we will still refer to the renormalized functions bounded

by one, as uj, and also ﬁ%kg will still be denoted by € in each new step. Al-
though, e can be bigger than the one in the first steps, depending on the
number of steps needed, it will eventually remain smaller than one since the
renormalization after each dilation will be a multiplication by a factor smaller

than one.

In what follows uj, denotes at each renormalization, the function that
achieves the maximum value 1 and u{ is the function that has maximum

oscillation. Naturally, they can be or not the same function.

Below follows the proof of decay for the renormalized functions in all

possible cases.
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Case 1: Let us assume that % > 1.
We are going to use the following argument: observe that, if there exists k

such that:

{z € By 1 uj(2) = 10} = 0,

then since for any j # k

we have,
Hx € B% : /\/l’(u;) > 'youj}‘ > Y%.

And so by (3) in Lemma 4.1.1 we can conclude that O;, for all j # k decays.

Let 0 <y < %1 be a fixed constant.

1. If max, u{ > 7 and O; does not decay then by (1) in Lemma 4.1.1 we

can conclude that there exists vy a positive small constant such that

1
HxEBi cuf(z) > maxu§ — 01 > %H >1—9 > 5

so then as we observed before, we have for all j # 1 that,

- € ’y € fy
H:IJE B% P M7 (uf) > §u]}‘ > 5

And so by (3) in Lemma 4.1.1 we can conclude that O;, for all j # 1

decays.

2. If max, u{ < 7y then, since O; < max, uj < v, all oscillations are smaller

than v (see Figure 4.3).
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Figure 4.3: All oscillations are smaller than ~.

Then in particular the function u§ has oscillation smaller than 7. Thus,

and so for all 7 # jo, we have for all j #£ jo,
M- () > (1= ).

So again by (3) in Lemma 4.1.1 we can conclude that for all j # jo, O,

decays. In particular, the largest oscillation decayed.

Case 2: Let us assume that % < 1. Let 6 = %
Observe that, since all the functions are bounded from above by one and are

positive, we have that for all i # iy, and iy an arbitrarily fixed indix,

Ous ug < M (u5) < Qug(d —1). (4.2)
In a more general point of view we have for any : = 1,...,d,
0< M- (uf) < d, (4.3)
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We will use one or another expression according to convenience. There are
two possible cases: either (1) § < O; < 1or (2) O; < 1. We prove that in
the first case all the big oscillations decay. So after a finite number of steps,
(and if all the functions did not decay yet in the mean time) we will have that
all oscillations are less than }1. In this case, since the function that attains the

maximum will have also oscillation less than 717 we can prove that all the other

functions decay. In this way, we will eventually be again in the case of

Y0, <60y,

J#Jo

and as before we have the result. The proof of the decay in each case follows.

1. Assume that % < O; < 1. There exists an interior point y € B% (0), such

that

3 € 1 € € 1
min u§ + 3 < uf(y) < maxuj — 3

By (4.3) we conclude that the equation for u{ has right hand side con-
tinuous and bounded. Then, by regularity, Proposition 2.2.5, we can

conclude that there exists a universal constant C such that for all z €

B (y)

16
1
16

€

1 1
1§ (2) = ui )] < VUil o 755 < Muillone 755 <
And so, for all x € Bﬁ(y) we have that

u§(z) < maxu§ —

1_6.
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Then by (1) of Lemma 4.1.1, we can conclude that
0SCR, (0)U] < [ OSCR, (0)U] with  p < 1.
4

With this argument we can conclude that all the functions with oscilla-
tions bigger than i decay. Moreover, repeating the same argument we

can conclude that all the functions with oscillations bigger than % decay.

. Assume that O; < }1. Observe that in this case ujo(x) > % for all z €

B1(0)
Then for all i # j, the function u satisfies the equation
3 _
Zeuf <M~ (u) < Ous(d—1)
Meaning that,
M (uf) ~ O ug
Consider v;, ¢ # jo, the renormalized functions us, by the renormalization

1
ule) = maxX,en o) 45(@) )

Observe that v; has maximum 1 and satisfies in By (0),

szi < /\/l’(vi) < Qvl(d — 1)

For each function v;, ¢ # jo, we can have two situations. FEither (a)
vi(z) > 3 for all z or (b) v;(z) < 5 for some x in B;(0). In both cases

we will prove that v;, i # jo decay in Bi(O).
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(a) If v;(x) >

5 for all z € B;(0). Then

N | —

O; = 08Cyep, (0)Vi(T) <

We claim that: there exists a universal constant N such that 0 <
NO;.

Assuming that the claim is true, observe that
0 S Mi(?}l‘) S dNO“

which implies that we can consider the function w with oscillation

1 in B1(0) defined by

vi(2) — min.ep, (o) vi(2)

0;

w(z) =
and that satisfies in B;(0)
0 < M (w) <dN.

By regularity, Proposition 2.2.5, there exists a universal constant C

depending on N and d such that,
w(z) —w(y)| < wllgra [ =yl < CN, d) |z —yl.

Assuming that w didn’t decay, let y € By (0) be such that w(y) < 3.

Then, if ¢ = min (dist(y, 8Bi), 40&\,@)), for all = € B,(y)
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And so, for x € B,(y),

w(z) < -+

A~ =
DO | —
VAN
=] W

Then by (1) of Lemma 4.1.1, we can conclude that for all i # jo,

there exist p < 1
OSCB%(O)UZ'($) < poscg, (oyvi(x) = OSCBi s (x) < poscp, oyus(z)(z).

Proof of the claim: consider by contradiction that 8 > 2nA24 O;.
So, for all z € B;(0),

3 3

sz-(x)e > §9 > 2n\9 O;.
Observe that, if m = min.cp, (o) vi(2), m <t < m + oscp, )vi() is
a positive constant to be chosen later and

P(z) =80; |z> +1t
we have that for any z, and any ¢,
3
M~ (v;) > Z—lvi(x)ﬁ >2nA90; > M~ (P(x)) =2n\80,;.

and so P can not touch v; from above at any y, since it would
contradict that the v; is a subsolution. But since for ¢ = m and
[z =1,

P(x) >m+80; and P(0)=m,

P crosses the function v;, and so it is possible to find ¢ such that P
would touch the function v; from above at some point, which is a

contradiction.
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(b) If v;(y) < 5 for some interior point y of Bi (0) we proceed as before

1

and use regularity. If the function never attains a value less than 3

in B1 (0) then the function has decayed.

]

With this uniform bound in the Banach space C¢ one can conclude
that these sequence converges uniformly (up to a subsequence) to a vector of

functions u.

We will prove in the next chapter that this limit vector function and

its support are in fact the solutions of a free boundary problem.
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Chapter 5

Characterization of limit problem: a free
boundary problem

5.1 Free boundary problems. Monotonicity formula

Free boundary problems consist in problems where the function and
part of the boundary of the support of the function (so called free boundary)

are both unknowns.

Typically the problem consists in an equation that is satisfied in a sub-
set of the domain, a boundary condition for the fixed boundary of the problem
and a condition to be satisfied across the free boundary, or and equation that

is satisfied in all the domain (as here).

In the study of the regularity of the solution of a free boundary problem
two aspects are important: the regularity of the solution on the interior of its
support and across the free boundary; and to characterize the geometry of the

free boundary set itself.

For the similar linear problems, variational and non variational form
(problem (1.4) in [7] and problem (1.2) in [4], respectively), the regularity
results for the free boundary were very similar: that the set of interfaces

{z : u(x) = 0} consists of two parts: a singular set of Hausdorff dimension
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n — 2 where three or more species may concur; and a family of level surfaces

of C** and harmonic functions, respectively.

For the nonlinear problem in this thesis we study the regularity of the
solution across the free boundary. The regularity of the free boundary is still
an open problem, since the existent tools, like the Almgren’s monotonicity

formula or similar frequency functions, work just in the linear setting.

The literature for free boundary problems is vast but one can find in
the books [5, 26] essential tools and results about free boundary problems. We
will just recall here the essential tool that we use in this thesis to prove the
Lipchitz regularity of the solution across the free boundary: the Alt-Caffarelli-

Friedman monotonicity formula introduced in [1].

Lemma 5.1.1. Let u, v be two Holder continuous functions defined on B1(0),
nonnegative, subharmonic when positive and with disjoints supports. Assume
that zy is an interior point and belongs to the intersection of the boundary of
their support. Then, the following quantity is increasing with the radius p and

uniformly bounded,

1 Vul|? 1 Vo|?
_2/ ’ u’n72 dx _2/ ‘ U’n72 dx S N’
P* JB,(z0) |z — 20| P~ JB,(20) |z — 2

since the norm of the densities is bounded, say by the fized constant N;

C(n) [|(u, 0) |22y 0y < N-

For the proof see page 214 on [5] and the proof of Lemma 7 (a) in [4].
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5.2 Limit problem

In this chapter we will assume without loss of generality that A = 1.
Observe that if u€ is a viscosity solution of Problem (1.7) then there exists a

subsequence still indexed by € and function u € (C*)? such that

u‘ —u uniformly.

We will prove that in the limit as € — 0, this model forces the popula-
tions to segregate, meaning that in the limit the supports of the functions are

disjoint and

€,,€

€

— 4 in the sense of measures, when ¢ — 0.

The measure p has support on the free boundary. Recall that the support of

a measure j is the complementary of the set

{E : E the biggest open set such that u(F) = 0}.

The following Lemma characterizes the Laplacian of the limit solution.

Lemma 5.2.1. If u € (C*)? is the limit of a solution of (1.7) then Au; are

positive measures.

Proof. Let ¢ be positive a test function. Then

0§/M‘(u§)¢§/Au§(b:/A¢u§—>/Agbui:/QbAui

and so Aw; is a positive distribution which implies that it is a nonnegative

Radon measure. O]
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Now we are ready to prove the following characterization Theorem:

Theorem 5.2.2 (Characterization of the limit problem). Let ¢; be as in The-
orem 3.3.1. If
€ (C)* is the limit of solutions of (1.7), then

1. M~ <uz — Zk# uk> <0;
2. (supp u;)° N (Supp (D uk)> =0 fori=1,...d;
3. M~ (u;) =0, when u;(x) >0, forx € Q i=1,...,d;

4. ui(z) = ¢i(x), forx € 0Q, 1=1,...,d.

Proof. (1) Observe that

—(ug—zu;> < M(u +/\/l+< Zuk>

ki ki

M= (ug) — M~ (Z uk>
ki

< M7(uf) = > M (up) <0.
ki

IN

AS u§ = uf = Wi — Yy U when € — 0 uniformly and S(A, A, 0) is closed

under uniform convergence, u; — >, 2; Uk 1s a supersolution of M™:

- (uZ — Zuk> <0
ki

(2) If wi(zo) = g > 0 for any 4, i = 1,...,d then for § < %2 there
exists an € such that for € < €, %L < ap — § < uf(zg) < ap + 6 < 242, So by

Holder continuity there exist h > 0 such that:
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a) |ui(y) — ui(zo)| < G in Ban(xo);

b) u§(y) > % in a ball of radius 2h and center .

Observe that applying Green’s Identity with a function u{ and the fundamental

solution

~ 1 1 1
I'(zo) = — ,
( 0) nwn<2 _ TL) (|I . :L'0|n_2 |2 h|n—2>

we obtain the inequality (see Lemma 2.1.1)

hQ][ Aut dx < C (us () — ut () dS,
B (zo0)

8B2h ($())

where (' is a constant just depending on n. From the equation for u$, we

obtain
Q U us U
][ 0 Zk;éz kdX < ][ i Zk;éz kdX _ M‘(uf)dx
B (o) de B (z0) € B (xo)
C
< f dudsg (us(y) — ug(2,)) dS
By (x0) h? J 9By (o)
CO&O
< .
— 4h?
Thus,

][ 0 Dk U;de < e C ap
By (z0) 4 — 4h?’

which implies that,

¢ 0
]éh(%) > ug

ki
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when € — 0. By subharmonicity,

> " ug (o) 3][ > ug =0

ki Bn(zo) gz

and so >, ; ug(7o) = 0 and this proves the result.

(3) To prove that M~ (u;) = 0, when u; > 0 assume the set up in the

€
Uy Dgri
€

beginning of (2) for w;(z). We need to prove that Y 5 0 uniformly

when € — 0 in order to use the closedness of S(A, A). Since,
U, ;U 1
A (Zk;éz k) > M-~ (Zk;éz k) > _ZM,UE: > O,
€ € €

—Z’“”j Yk is subharmonic. So, if we prove that M — 0 in L*(Bp(xo)), then

for RS Eh—&’ (xo)a

— 0,

U U
Zk;ﬁz k(y) < Ek:;éz kdX
€ B/ () €

S US . . . .
and so %’“ — 0 convergences uniformly in a compact set contained in

By (z0). Recall that we proved in (2) that »; ; ui — 0 uniformly in a compact

set contained in Bp(zg) and we have that

Z up, - 0=>A (Z ui) — 01in the sense of distributions.
k#i ki

So, since

Qp Zk;ﬁ‘“i u; Zk;é‘uek _ _
Z% < %:M(ug)gkz#/\/lu;
1

g ()

ki ki

IN
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we conclude that
Sus
Liate o g
€

Then, as we said, we have that

cu
M — 0 uniformly in a compact set contained in By (o).
€

As uf — u; uniformly and are bounded, we finally conclude that
— 0 uniformly in a compact set contained in By (zo).

€
e Zk;éi U,
K3
€

Proceeding analogously with u,, & = 1,--- ,n we conclude that the limit
problem is

/\/l’(ui):(), u; >0 1=1,...,d.

(4) To prove the last statement we will construct an upper and lower

barrier.

(a) Consider as upper barriers the solutions of the d problems, (i = 1,...,d):
M7 () =0 inQ and  uj(z) = Gi(2)X(4,@)0y O
So we have that for all t =1,...,d,
1
() =0 < ~uf € — M~ (uf) inQ
M (uz) — Euz Zuk M (uz) m
and

ui(z) =u(x) forall x €.
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So by the comparison principle, for all 7 and for all € we have the upper
bound
uf(xr) > uf(x) forall z€Q.

Taking limits in € we can deduce that for all ¢

oi(z) > wi(z) forall =z € 0NQ.

Now consider as a lower barrier the solution of the problem:
M7 (wi)=0 inQ and  wi(x)=¢i(z)— Y ¢;(x) indQ
J#i

So we have that for all v =1,...,d,

M= (ug = u§) <0=M"(w;) inQ

i#j
and
us(x) — Zu;(:ﬁ) =w;(x) forall x € 0.
i#j

So by the comparison principle, for all ¢ and for all € we have the lower

bound

us(x) — Zu;(:v) > wi(z) forall z¢€Q.
i#]
Taking the limit in € we can deduce that for all ¢

wi() = ¢i(x) > ¢i(x) = > ¢j(x) forall € 0Q.
1#] J#i
Since by hypothesis we know that ¢; have disjoint supports, when ¢;(z) #
0,

and this proves the statement. O
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Chapter 6

Lipschitz regularity for the free boundary
problem

The regularity theorem of this chapter is the main result relating the
growth of one of the functions in terms of the distance of the function to the free
boundary. In the proof we will need to use barriers, properties of subharmonic
functions (see Chapter 2) and the monotonicity formula introduced in [1] (see

Chapter 5).

We start by presenting the linear decay to the boundary for subsolutions
that are bounded and take the value zero in part of the boundary of the
support. This fact is going to play a crucial role in the main proof and it uses
the construction of fundamental barriers that was presented in Chapter 2. In
the main proof we will also use the study of the L> decay for subharmonic

functions supported in a small domains that was presented in the next section.

6.1 Linear decay to the boundary

Lemma 6.1.1 (Linear decay to the boundary normalized). Let v be a non-
negative continuous function defined in Q@ = By(20)\B1(0), where o < § and

2o 18, without loss of generality, a point on 0B1(0) with é—g‘ = ey, e, the unit
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vector. Assume that,
1. M*(v) >0 in Q,
2. v(z) <Uo in Q,
3. v(x) =0 on 0B41(0).
—<—=1, such that
7(%)a+17 )
v(z) < CUdist(z, 0By),

then, there exists a universal constant C’, C = %

otl=

when x € S, with S, = (BH%(O)\Bl(O)) N{r = (2, 2,) : |2/ — %] < §}. In
particular,

v(z) < C Udist(z, dBy),

when x € B ().

Proof. Consider the function v extended by zero to all B,(2). Observe that
the extension still satisfies the hypotheses. We will take a barrier ¢ as in
Lemma 2.3.2 with r = %”, 7= % and M = U%, that will be used as a model
and will be sliding tangentially along 0B1(0) in order to construct a wall of
barriers (see Figure 6.1). With that purpose, take a family of balls { Bz (y)},
such that y € Bso (20) N 9B1-2(0). So the balls Bz (y) are tangent to 9B:(0)

and are inside Bj(0), where v is zero. For each ball consider ¢ is such that:

(a) ¢(x) =Uo for x € OBse (y);

£

(b) ¢(z) =0 for x € IBs (y);
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() M (¢) <0 in B (y)\Bg (y);

(@ 4@ =U3

W when ’$—y| = %.

~(

Note that U,Bs.(y) C B,(zp) and so for all y defined previously and for

8

(S
S e

x €0 <UyB%a (y ) we know by hypothesis that
v(z) < Up.

We now apply the comparison principle for each barrier depending on y and
respective ring B%a (y)\Bs (y), since v is a subsolution and ¢ a supersolution

for M™, and we obtain that
8(z) 2 v(w), © € OB (y) VOB () = 0(x) 2 v(x), 7 € By (v)\Bg(y).
Hence, repeating this for all y we obtain that

v(z) < (),

for all z € S, = (Bi42(0)\B1(0)) N{z = (2/,2,) : |2’ — 20| < §}. Taking in

account that ¢ is radially concave, we also obtain that,

Q

v(z) <U

o] co

(S

dist(z, 9B1(0)). (6.1)

. (l a+1
5

For the final remark, observe that Bs (z) C S,. O

Corollary 6.1.2 (Linear decay to the boundary). Let v be a non-negative
continuous function defined in Qyy = Bs(tozo)\ By, (0), where & < 2 and toz
is, without loss of generality, a point on OBy, (0) with |§—8| = e,, e, the unit

vector. Assume that,
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3. v(x) =0 on 0By, (0).
—, such that,

gy

Utl=

then, there exists a universal constant C, C' = %
v(z) < CUdist(z, 0B,,),

2o |Qe
—

when x© € Sz with Sz = <Bt0+%(0)\BtO(O)) N{x = (2, 2,) : |2 —toz)| <

In particular,
v(z) < C Udist(z, dBy,),

when x € B (tozo)-

Proof. Consider the function
v(xty)

u(z) =
(@) =7 .
defined for z € Q = B,(20)\B1(0), with o = % Observe that, u satisfies the
hypotheses of Lemma 6.1.1 with U = 1 and notice that o < % Then,

u(z) < C’dist(x,@Bl),

when z € S,. Substituting, we obtain
& u(y) < CUdist(y,0By,),

1
~—U(.T t()) S tgdiSt(tox7aBt0>
0

Uty

for y € S5.
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6.2 Lipschitz regularity of the solutions: proof of The-
orem 6.2.1

We finally present the proof of the main Theorem:

Theorem 6.2.1 (Lipschitz regularity for the free boundary problem). If u €
(C%(B1(0)))? is the limit of solutions of (1.7) in B1(0), and zo belongs to the
set O (suppuy) N B%(O), then, without loss of generality, the growth of uy near
the boundary of its support is controlled in a linear way and wuy is Lipschitz.
More precisely, there exist a universal constant C such that for any solution

u, for any point xoy on the free boundary:

2. uill Lip(Br(ze)) < C,

where C' = C(n, ||ul|12(p,)) and R < ;.

Proof. (1) The proof is by contradiction. Let xq, zg € d(suppu;) be two interior
points to be characterized later. We will find a smooth function 7 such that

in Bs(z9) C Br(x) touches the supersolution

U1—E Uk

from below at zy, and simultaneously satisfies

M= (n(z)) >0,
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and this contradicts the definition of supersolution. In fact, we will find a
positive universal constant Cy such that if u;(y) = C'R for some y € Bg(zo)

and C > Cj then we have a contradiction.

To simplify the notation let © = u; and v = ), 41 Uk. Let us assume
that the free boundary intersects the ball centered at the origin, d(supp u) N

B1(0) £ 0.

N[

By contradiction, assume without loss of generality that u grows above
any linear function in a ball centered at zy; more precisely, assume that for
any constant M’ and

xo € d(supp u) N B

(0),

1
2

there exists y such that
y € Bgr(xo) and u(y) = M'R,

where R < %. Also, we may assume that R = 2d where d = dist(y, dsuppu) >

0 (if not we can always pick another z) and so we have
y € Bgr(xo) and wu(y) = M'2d = Md.
For a later purpose we fix zy € 9B4(y) N d(supp u) (the closest point to y in

the free boundary).

As uw > 0 and u € S*(\,A,0) we can apply Harnack for viscosity
solutions on By(y),
sup u < c¢ inf wu

Bg(y) Bg(y)
2
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and conclude that for any x € B g (v)
1
-Md<u(x)<cMd (6.2)
c

As observed in Chapter 2, if w(z) defined on By(y) is a solution to M~ (w) = 0,
W(x) defined in By(0) is still a solution to M~ (@) = 0 with the direction e,

as we want.

So we will prove this theorem using translation, rotation, dilation, and
rescaling arguments on (ug, us, -+ ,ug). In order to simplify the notation the

new functions will always be denoted by the same name.

Consider the functions u, v and u — v satisfying
M~ (u) 20, M~ (v) 20, M ((u—2v)(z)) <0,

(see 2 in Lemma 5.2.1), and defined on an appropriate domain by translation
(2.2), rotation (2.3), dilation and rescaling (2.4) such that y is the new origin,
the direction ﬁ is now the direction e, and d is now 1. We will still call z,

the point in 0B;(0) N dsuppu. By (6.2) we now have

11 1
P < < — 1
dCMd_u(:v)_dC'Md, z € B1(0),

that is,

1
EMSU(x)SC'M, x € B1(0). (6.3)
The rest of the proof consists of the following steps:

First step: we will prove that for a certain M, a positive large constant,

u(z) > M d(z,0B:(0)) z € B1(0)\B1(0).
—_—— 2

1—|z
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Second step: we will prove that, for a small p,

~ d(x,0B,(0))  w€So, (6.4)
M — -\ ——— 2
|z|—1

where Ss := (BHg(O)\Bl(O)) N{(@ z,) € R" : |2" — 2| < £} (see Figure
6.1).

Figure 6.1: Barriers to control v. In the picture S is Sg defined in Lemma
6.1.1.

Third step: Finally we will construct the function 7 (see Figure 6.2) to

obtain the contradiction, since we will have for § < £:

- M (u—v) <0  forallz € Bs(z);

- n(z) < (u—w)(x), for all x € Bs(zp);
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- 1(20) = (u —v) (20);
- 1 is a smooth function such that M~ (n(zy)) > 0.

and by definition of supersolution this is impossible and the result follows.

Figure 6.2: Barrier function that touches u — v from below at 2.

First step: By Lemma 2.3.1 (r = 1,a = 1,b = 2) there exist a subsolu-

tion 1 of M~ on the ring B;(0)\B1(0) such that:

(a) Y(x) = 0 for = € IB;(0);

(¢c) M~ (¢) >0 forz € Bl(O)\B%(O);

oYP(x) a M
(d) o T2a_1C

for x € 0B;(0), where v is the outer normal direction.

Due to the comparison principle applied in the ring Bl(O)\B% (0) and

by (6.3) one can conclude that

u(z) > YP(x), z=€dB(0)U 63%(0) = u(x) > Y(x), z € B1(0)\B1(0),

1
2
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and also, since 1 is convex in the radial direction, and by (d),

ule) > % 1% dist(z,0B1(0) = € Bi(0)\B
—_———

M

(0). (6.5)

D=

Second Step: We do not know anything about the free boundary or the
shape of the support of the other densities v = ), 41U But we know that
if 2z is the point on the free boundary closest to 0 then by the monotonicity

formula

1 Vul? 1 Vol?
_2/ | U|n—2dx _2/ | ,U|n—2dX S N
P” JB,(20) |z — 20| P~ JB,(20) |z — 20|

since the norm of the densities is bounded, say by the fixed constant N:
4
C(n) [[(u, V)25, 0y < N-

Our goal in this step is to prove that v has to grow very slowly below

a linear function with small slope away from 0B;(0) N B,(2o).

Let us consider the two possible cases around the point zj:

Second Step a): For a sequence of small radii, the measure of the in-

tersection of the support of v with each ball is almost zero: there is a

sequence of radii pg, pr — 0, such that

{v # 03 0 By, (20)] < €[ By, (20)],

or,
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Second Step b): the measure of the support of v contained in a ball with

any radius is not small, say, if for any radius p > 0
[{v # 0} N By(20)] > €[By(20)] -

The proof proceeds separately in each case but in both cases we will prove

(6.4).

Proof of Second Step a): If there exists a sequence of radius (pg)ken,

pr — 0, such that

‘{U 7é O} N Bpk(zo)‘ <€ |BP1€(Z0)’ >

we can consider a subsequence of (pg)x such that

o < B << Bl <pysp <L

Since v is bounded in all domain, we have that there exists N; such that

sup  v(z) < Nypy.
z€By, (20)

Then, since v is subharmonic, by Proposition 2.1.3, we have that
sup  v(x) < e Nyp 2™

xEB% (20)

Then, since
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by Corollary 6.1.2 with U = € N;2"*!, 6 = £ and t, = 1, we obtain that

there exists a universal constant C :
v(z) < Ce Ny 2" dist(z, OBy ),

when @ € So1 with Sa, 1= (BH%(O)\Bl(O)) Nz = (2, 2,) : |o — 2| <
2} Let € := ¢ be such that

6 C 2" < % (6.6)

Then, for x € S%l

N
v(z) < %dist(x,@Bl).
Take as the next radii in the subsequence p, such that B,,(z) C S o

Then,

sup w(z) <
2€Bp, (20)

N
9 P2-

So we can repeat the process, and so, again by Proposition 2.1.3 with

N, = %, we have that

N .
sup  v(x) < eg—p2 2",
xGBp% (Zo) 2

Then, by Corollary 6.1.2, with U=¢e N 2", G = 2 and to = 1, and by
(6.6),

-~ N
v(z) < Cey Ny 2"dist(z,0By) < Ildist(x, 0By),
when & € Sz with Ssy = (BH%(O)\Bl(O)) N{z = (2, 2,) : o — 2| <
%),
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Again take as the next radii in the subsequence p; such that B,,(z) C

3%2. Then,

sup v(z) <
zE€B)p4(20)

N
4 ,03-

Repeating a finite number of times this process, we have that, for x € S ok

N
v(z) < 2—]:dist(.r, 0By).

N

Therefore, it is possible to find p; such that o < C %, and so
1
v(r) < C=d(z,0B1(0)) x € Sor.
M — —\—— 2
|z|—1
In particular,
1
v(x) < C=d(x,0B1(0)) x € Ba(zo). (6.7)
M — —— 8
|z|—1

Proof of Second Step b): If for any p > 0 as small as we want

[{v # 0} N By(20)] > €|By(20)] .
Since
[{v # 0} N By(20)| = {u =0} N By(20)] > €|By(20)],

we can apply Poincaré-Sobolev inequality (see page 79 in [24]) to the

function u. Also, by construction
[{u # 0} = {v =0} = |B,(20) N B1(0)| > €|B,(20)],
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so we can also apply the Poincaré-Sobolev inequality to v. Hence,

/ v?(x)dx < C(n, e)pQ/ |Vo(z)[dx,
By(20)

By(20)

/ w?(x)dx < O(n, 6),02/ |Vu(r)|*dx.
BP(ZO)

BP(ZO)
Then,
pn—2
/ z)dx < C(n, e)pz/ |Vv(a:)\2—de,
e - =20
pn—2
/ dX < C(n 6) 2/ |VU(£L‘)’2—HdX,
Bp(z By(z0) |z — 2

</Bp (z0) ) (/Bpuo) UQ(x)dX) < Gl N,

But we also know that w is controlled from below by the barrier function from

the First Step, so if A = Bl(O)\Bé(O) then

/ P?(z)dx §/ u?(z)dx §/ u?(z)dx.
Bp(zg)ﬁA Bp(zo)ﬂA Bp(zo)

To estimate the integral of the barrier function observe that by Holder

inequality

2
1
_ dx 2(2)dx
|B,(20) N Al (/Bp(zo)mAw(x) ) = /Bp(zo)ﬁAw (z)dx

and that
P(x) > C(x) forall x € By(z)NA,
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where C'is a cone with base B,(z9) N A, vertex at (1 — p)Z%, and height equal

[zol’

to pM with M the absolute value of the slope of the barrier function at z,

namely M = 3222 (see (6.5)). Note that M is arbitrarily big and so - will

be arbitrarily small. So, if ¢; is a constant such that |B,(z0) N A| = ¢1p"w,

then,
—2
M pzclpnwn _ (UOZ(C)>2 </ Q/J2<I)dx
n? |By(20) N A] — B,(z0)NA
Therefore,
c MQ 2p"w
[ ) (AL ) < cno N,
BP(ZO) 1L
SO

C 2n—4 8N N
/ vi(x)dx | < (nﬁf Pt C(a,n, e, e)p”+2:2.
Bp(z0) C1 M PZinn M

Let y € B%p(zo) such that B (y) C B,(z0). Due to the subharmonicity

and positivity of v

v(y) < ][ v(x)dx < (é) ][ v(x)dx.
By (y) 16 By (z0)

On the other hand, the Holder inequality yields,

(][ U(@dX)Q f s

All together, for any y € B%(zo), we have,

1
v (y) < 162"][ v(r)idx = 162”—/ v(z)?dx,
BP(ZO)

By(20) prwn
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and hence

162" N
Cla,n,cr,e)p"?—= = 162” C(a,n,cr,€) p*—5
pnwn M ~~

2
)

v*(y) <

gl =

We conclude that v(y) < ¢, XY™ for y € B%p(zo). Note that doing the same

B

o E\E

type of argument for r = pt, 0 <t < 1 we can conclude that
1
v(y) < eosVN= |y — 2| . (6.8)
M
Since, v a subsolution of the positive extremal Pucci operator
M (v) ) > Z M~ (u;) =0,
and we have by (6.8) that

1
v(y) < 02ng7 x € Bs(2),

M
by Corollary 6.1.2, with U = ¢ % o = £ and ty = 1, we obtain that

2
aeVN
M

v(y) < dist(y, 0B1(0)), when y € Ss.

As before, Ss is the portion of an annulus around B, (0) contained in Be(z),

S

SIS

_ (BHg(O)\Bl(O)) N {(,z,) €R™ : |2/ — 2 < i’}.

More explicitly, we have that for y € Bg(zo),

8 1
v(y) < Vv Ng# i dist(y, 9B1(0)) . (6.9)
1 (1 ————
N 5 5/ ly|—1

c
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Third step: Consider p the radii in Second Step a). Consider € to be €
in Second Step a), and C'in (6.7) to be

Q

C= Czﬁ%

)a+1'

(S

Putting together (6.5), (6.7) and (6.9), if A = B1(0) N Bs(29) and B = SN
Bs(z0)

[

o)

w(x) > M1 —|z)) z€A and —v(z) > —=7

(jz| —1) =€ B.

So letting 7 be the radial symmetric smooth function defined by (see
Figure 6.2)
n(x) = (1 - |z]) + M(1 - |2])?,

we can conclude that
(u—v)(z) >n(x)  z € Bs(x)

and that
(u —v)(20) = n(20)-

But notice that the Hessian of 7 is given by

[ —14+2M(r—1) 0 0
6 —1+2?(r—1) 0 o 0
H(n)(x) = : . : :
0 e 0 % 0
i 0 0 e 0 2M |

(where r = |z|) and so at zy because r = 1 we obtain
M~(n(z)) = A2M — A(n — 1) > 0,
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since M is as big as we wish. But this contradicts the fact that u — v is a
supersolution of M~and this finishes the proof of (1).
(2) Arguing in a similar way as in Proposition 4.13, in [2], we should

consider:

a) When 2|z —y| < h, h = max(dist(x, dsuppu, ), dist(y, Isuppuy)), y €
B % () so by interior regularity (Proposition 2.2.5 with f = 0) for prop-

erly scaled balls gives that
ur(z) —wa(y)] < Cllurll oo, 0y l2 = 5

b) When 2|z —y| > h note that for x in the support of u; and T is the
closest point to x on the free boundary we have from the previous result
that

| () = wn (T)| < (2)] < Ch.

And so, by adding and subtracting u1(Z) and u;(7), where 7 is the closest

point to y on the free boundary, and by triangular inequality,

(@) —m@) _ |w@) —n@)] | [u@) —w@)] | |u@) - w)

7 —yl B |z —yl |z —yl 7 —yl
2 ui(z)] | 2w (y)]
< 4C.
h T h S
Thus,
lullziney @on = wallcor s, @y < €
4
and the result follows. O
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