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Continuous Solutions for a Degenerate Free Boundary Problem (*).

JosE MIGUEL URBANO

Abstract. — We prove existence of continuous solutions for
3[y(0)]1—div(|Ve|?"2Ve)30, p>2,

where vy is a maximal monotone graph, by showing equicontinuity of a sequence of approxi-
mate solutions. Relations of this type are models for certain free boundary problems like the
Stefan problem with nonlinear diffusion.

1. — Introduction.

This paper deals with the question of the continuity of the solution of degenerate
parabolic equations, with principal part in divergence form, of the type

3 [y(@)1—div(|Ve|"~?VE)30, p>2,

where y is a maximal monotone graph with a singularity at the origin. The equation is
thus degenerate in the space part, due to the vanishing of its modulus of ellipticity
|V|"~* at points where |V@| = 0, and singular in the time part since «y’'(0) = ~». We
use the word singular with this meaning and not in reference to the principal part sin-
gular case corresponding to 1 < p <2, which is not considered here.

An equation of this form occurs as a model for the well known two phase Stefan
problem when a nonlinear law of diffusion is considered, 6 being in that case the tem-
perature and y(6) the enthalpy. The problem of the continuity of the temperature in
the linear diffusion case (p = 2) was solved independently by Caffarelli and Evans (cf.
(1)) and DiBenedetto (cf. [3]) in the early eighties. The technique developed in [3] is
more powerful since it works not only for the Laplacian, whose properties are essential
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in the proof of [1], but also for more general principal parts, satisfying appropriate
structure assumptions. It covers also the case of equations with lower order terms de-
pending on the temperature, which is relevant when we are taking convection into
account.

Concerning the case of nonlinear diffusion, the question of the existence was sue-
cessfully tackled in [11] by means of a regularization method and the use of an extend-
ed weak maximum principle. The very week regularity available in what concerns the
time derivative, that only has a meaning as a distribution, prevented us so far from ob-
taining a uniqueness result. We show here that the problem has at least a continuous
solution, namely the one that was obtained in the proof of the existence result as the
limit of the sequence of approximate solutions. These are the unique solutions of prob-
lems obtained after regularization of the maximal monotone graph. The result is
achieved by showing that the equibounded sequence of approximations is also
equicontinuous.

The regularity of solutions of degenerate parabolic equations has deserved a con-
siderable amount of attention in recent years and a good reference in what concerns
the state of the art is the book by DiBenedetto [6]. Results on the continuity of sol-
utions at a point consist basically in constructing a sequence of nested and shrinking
cylinders with vertex at that point, such that the essential oscillation of the function in
those cylinders converges to zero when the cylinders shrink to the point. At the basis of
the proof is an iteration technique, that is a refinement of the technique by DeGiorgi
and Moser (cf. [2], [9] and [8]), based on energy (and logarithmic) estimates for the sol-
ution, that in the degenerate case are not homogeneous in the sense that they involve
integral norms corresponding to different powers, namely the powers 2 and p. The key
idea is to look at the equation in its own geometry, i.e,, in a geometry dictated by its de-
generate structure. This amounts to rescale the standard parabolic cylinders by a fac-
tor like

where w is an upper bound for the oscillation of the solution in the rescalled cylinder.
This procedure, which can be called accommodation of the degeneracy, allows one to
recover the homogeneity in the energy estimates written over these rescalled cylinders
and carry on with the proof. We can say heuristically that the equation behaves in its
own geometry like the heat equation.

In the present singular-degenerate case, when showing that the approximate sol-
utions are equicontinuous, a third power (power 1) occurs at the energy estimates, as a
consequence of estimating uniformly the regularization of the maximal monotone
graph. No rescalling permits the compatibility of the three powers so we use the geom-
etry of the nonsingular case to deal with the degeneracy and pay the price of a depen-
dence on the oscillation in the various constants that are determined along the proof.
Owing to this fact we are no longer able to exhibit a modulus of continuity but only to
define it implicitly independently of the regularization. This is enough to obtain a con-
tinuous solution for the original problem but the Hélder continuity, that holds in the
nonsingular case, is lost.
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The article is organized as follows. In the next section we formulate the problem
and state the main result concerning the interior equicontinuity of a sequence of ap-
proximate solutions. In section 3 we derive the essential tools for the proof: the inde-
pendent of ¢ local energy and logarithmic estimates. The geometric setting is present-
ed in section 4, where we aiso reduce the proof to the analysis of two alternative cases,
that are considered separately in sections 5 and 6. The proof of the main results is the
object of the last section.

We made an effort to keep the article self contained and enjoyable to read without
repeating too much of what is already known from the literature. Some duplication of
arguments was although inevitable.

Notation.

® Q is a bounded and regular domain in R¥, with boundary 3%.

® Q=2 x(0,T), for T >0 is the space-time domain with lateral boundary X =
=0 x (0, T) and parabolic boundary 3,Q =2 U (2 x {0}).

® We use the usual Sobolev spaces and define
VE@Q) =L=0, T; L"(2)NL"©O, T; W3 *(2))
endowed with the norm
el = €55 sup o, 15, 0+ IVl .

@ The characteristic function of a set A is denoted by y 4.

@ Given a point 2, RY, K, (1) denotes the N-dimensional cube with centre at x,
and wedge 2¢:

K, (%) := {x eRV: (max @ — x| < g} ;
given a point (x,, t,) e R¥*1, the cylinder of radius ¢ and height 7> 0 is
(g, to) + Q(7, 0) 1= K, (29) X (tg — 7, t).
@ Throughout the paper, the letter C denotes a constant that depends only on the

data. The same C will be used to denote different constants depending on the data ex-
cept if this occurs in the same line. In that case we use Cj, C,, ete.

2. — Statement of the problem and main result.

In [11] we study a generalized Stefan problem from the point of view of the exis-
tence of a solution. The novelty in the problem is the assumption of a nonlinear Fourier
law relating the heat flux and the gradient of the renormalized temperature field 6,
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that gives rise to a diffusion term in the equation involving the p-Laplacian operator
A4,0:=div(|Ve|?~?V8).

In the case p > 2, to which we will be restricted, this renders the equation degenerate
since its modulus of ellipticity |V&|” 2 vanishes at points where |Vg| = 0.

We assume the material under consideration occupies a domain £, with two phases,
a solid phase corresponding to the region {# <0} and a liquid phase corresponding to
the region {6 >0}, separated by an interface @ = {6 =0}, the free boundary. The
problem in its strong formulation reads

(3,+v-V)b(8) =4,6 in Q\@={6<0}U {6>0}
P [|V6]" 2V6]* n=Aw-v)n on &={0=0}

=60, on 2

6(0) =6, in Qx {0}

where v is a prescribed velocity field, b a given continuous and increasing function, n
the unit normal to @, pointing to the solid region, w the velocity of the free boundary
and A4 = [e]* > 0 the latent heat of phase transition (e is the internal energy), with [.]*
denoting the jump across &.

Following the original ideas of [7] we derive a weak formulation, in which all explie-
it references to the free boundary are absent, considering the maximal monotone graph
H associated with the Heaviside function,

0 if s<0
H(s)=4[0,1] if s=0
1 if s>0

and introducing a new unknown function, the enthalpy #, such that
ney(d) =b(0) + 1H(09).

A formal integration by parts against appropriate test functions and the replacement of
the initial condition for 8 by a more adequate initial condition for 7, leads to an integral
relation that we adopt as definition of weak solution.

We will restrict ourselves to the cases

Q) v=0, b(s)=s, 6p=0, p>2.

A more general be C% !(R) satisfying the conditions 5(0) =0and 0 <b,<b' <b, can
be considered; the problem can be reduced to the case b(s) = s in a simple way (see [3]).
It is also possible to deal with the case of a convective term depending on the tempera-
ture at the expense of a more technical analysis (see [6]). We don’t consider it here to
foeus the attention on the really new difficulty, which is to deal with the singularity in
time and the degeneracy in space at the same time. The case of a convective term de-
pending on the enthalpy, like the convective term in [11], is more delicate and is left
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open. As far as we know, not even in the nondegenerate case (p = 2) continuity results
are available. The existence of weak solutions is obtained in [10], where it is also shown
that 8,0 € L2.(Q), a regularity result that may be relevant to obtain the continuity of
the temperature. The last two restrictions in (1) reflect severe difficulties with which
we are unable to deal at the present moment. We will refer to this later in the last
section.

With this restrictions in mind, the exact definition of weak solution, the space of
test functions being

TQ) = {£eLP (0, T; W3 P(2)): 8,E< L*(Q), &T) =0},
is the following (see [11])

DEFINITION 1. — We say that (5, ) is a weak solution of problem (P), if
0eL?O, T; WiP(2)NL>(Q);

neL*(Q) and ney(d), ae. in Q;

~ [nai&+ [ 1961772 V0-VE= [1,80), VE€TQ.
Q Q Q

The proof of the existence result in [11], assuming

noey(0y) and |OglL-ysM, M>0

consists in a regularization of the maximal monotone graph and some data, leading to
approximated problems that are solved by a Galerkin method. The derivation of suit-
able a priori estimates and the use of monotonicity methods allow us to pass to the lim-
it and obtain a bounded solution to the problem. More precisely, let 0 < ¢<<1 and con-
sider the function

y.(8) =8+ AH,(s),
where H, is a C”-approximation of the Heaviside function, such that
H,(s)=0 ifs<0, H(s)=1 ifs=e,

H/ =0 and H,— H uniformly in the compact subsets of R\{0}, as ¢ —0. The function
y ¢ is bilipschitz and satisfies

) 1sy(s)<1+1L, seR,
with L, = O(1/¢) being the Lipschitz constant of H,. Its inverse 8,=y ! satisfies

1

3 0<
® 1+ AL,

<pf.(s)<1l, seR.
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Taking also a sequence of functions 8,,€ W' ?(£2) such that
Oo.—>04, y.(85.) =1 in L¥(Q) and |6, | <M, ae. in Q
we define the approximated problem as follows
(P,): For each 0 < ¢<«1, find a function
0.cHY (0, T; LE)NL", T; WHP(2)NL™(Q)
such that

@~ [ra0085+ [|0,77°V0,VE= [7.(60) KO), VE€TQ.
Q Q Q

In the presence of the regularity required, equation (4) can be shown to be equivalent
to the two conditions: 6,.(0) = 6,, and, for a.e. te (0, T),

®) [ aly@lg+ [ [V6.1772V6,.Yp=0, VoeWi?(®).

ax 2x1t}
We show in [11] that this approximated problem has a unique solution and derive
enough a priori estimates to pass to the limit and obtain a solution of the original prob-

lem with the regularity required in Definition 1, that in addition satisfies an extended
weak maximum principle:

6]l =gy <M .

It is clear from the results of [6] that the solutions of the approximated problem are
Hoélder continuous. In faet, they satisfy in the distribution sense an equation of the

type
Su—diva(r, t, u, Vu) =0

with u =y .(8,) and a(x, ¢, u, Vu) = | VB .(u) lp’zVﬁe(u). We verify that the assump-
tions on page 16 of [6] are satisfied due to (3):

1 ¢
Al b w, V) V= BL))P 1 | Vul” = Vu|?
(A1) a(x,t, u, Vu)-Vu = (B (u))" ™" | Vu] (1+/1Ls) | Vu|

(A2) |alx, t, u, Vu) | =@Buw)P | Vu|? " < |Vu PN
We also see that (A1) is not satisfied uniformly since

1
1+ AL,

Co(b‘) = (

p-1
) —0 as &—0,

which is in accordance with our expectations; in fact, that would imply the continuity of
the enthalpy n whereas this is only expected to hold for the temperature.
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We will show that there is a uniform, i.e. independent of ¢, interior modulus of con-
tinuity for 8, and this will allow us to obtain a locally continuous temperature as a sol-
ution to the original problem as a consequence of the Theorem of Ascoli-Arzela. The ex-
act result is the following

THEOREM 1. — The sequence (0.,), is locally equicontinuous, i.e., there is an inde-
pendent of € interior modulus of continuity for 8 .. As a consequence, problem (P) has
at least a locally continuous solution.

We strongly emphasize that a uniqueness result for the problem is still missing, so
we are actually only showing that the solutions obtained via this regularization proce-
dure are locally continuous. Anyway, these are the interesting solutions in terms of the
applications since the numerical methods use regularizations of this type.

The results presented here are local so we didn’t have to associate to the equation a
specific boundary value problem. We have just done it here to be consistent with the
presentation of [11]. However, in section 7 we remark that this method can be extended
up to the boundary in the case of Neumann or homogeneous Dirichlet conditions.

3. — The local energy and logarithmic estimates.

In this section we derive certain uniform local estimates that will be the main tool in
the proof of the interior continuity.

Consider a cylinder (x, t) + Q(7, 0)cQ and let 0 £ <1 be a piecewise smooth
cutoff function in (x,, ¢,) + Q(7, @) such that

®) IVE| <o and &, £) =0, x¢kK,(m).

We start with the energy estimates. For the sake of simplicity and without loss of
generality, we will state them for cylinders that are centered at the origin (0, 0), the
changes being obvious in the case the center is a point (x, ;).

PROPOSITION 1. — Let 6, be a solution of (P,) and k<M. There exists a constant
C >0, that is independent of €, such that for every cylinder Q(t, 0)C @,

0
@  swp [ @-REP [ [|VO.-R_g|Ps
—T<t<0KQ><{t} -1 K,

SCIO Jo.—rr e+ j (08—k)wc’°+cf) Jo.-k " "5¢.

-7 K, Kyx {~7} -1 K,
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PROOF. — Let o= —(0,—k)_ £? in (5) and integrate in time over (—7, t) for te (-1, 0).
The first term gives

-T K

6,-k_
(8) _ J»t J'at[ys(ee)]((ee_k)_ CP)= J' Itat( J, y;(k—S)Sds) CP=
(4 Kg -7 0

@) 0.~k
= J I yi(k—s) sds) &P - J ( f Vé(k—s)SdS) &P -
0 0

¢ B.—k)-

o[ [| | y;<k—s>sds)c""atc>
0

O~k —2M+2) [ (0.~k)-L"-

K, x {t} K, x {-1}

t
—2pM+2) [ [0.-k) 5,

T K,
since we have, recalling (2),

@ —k)- (.- k)

j y'(k—s)sds = j sds= L6, — k2
0 0 2

and
8,—k) - B~ k)
j y'(k—s)sds<(§,—k)_ j y'(k—s)ds
0 0

=0~ k) [y (k) —y.(0,)]
S2AM+AX6.—k)-.

Concerning the other term, we have

) f I |Vé. IP—2V0€-V[—(08_]C)_ = ff IV(GE—k)-Clp—

-t K, -7K,

i
—p [ [Iv6.1772v6,-vEIEP 10, - k)1 =

-7 KQ

2_21. f [1v6. -0 _¢”-cw) jt [o.—kr Ve,
-7 K, Tk
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using the inequality of Young

P 1 ,
(10) abs< a4 —p?,
p p’{:'p

valid for a, b =0 and ¢ > 0, with the choices
a=(0,-k_|V¢|, b=|V0O.-k_ ;"""

and ¢ appropriate. Since ¢ e (-7, 0) is arbitrary, we can combine estimates (8) and (9)
to obtain (7). =

REMARK 1. — The price to be paid for the singularity at 0, i.e., for the fact that y, is
not uniformly bounded above in a neighbourhood of 0, is the presence of (0, —k)_
(with exponent 1) in the right hand side of (7), instead of (8, — k)% as in [6].

PROPOSITION 2. — Let 0, be a solution of (P.) and k> ¢. There exists a constant
C >0, that is independent of ¢, such that for every cylinder Q(z, 0)c@Q,

0
ay s | @-kRE"+ [ [|VO. R, LS
—1<t<0K0X{t} -1 K,

sCJ'0 J(Ge—k)’i |VEIP+C J (ee-k)%,C”+Cf) f(oe"k)‘ié‘”_lat@.

-7 K, Ky x {-t} -7 K,

ProoF. - We are now above the singularity since we have k > ¢. This means that
y . =1 and estimate (11) is exactly estimate (3.8) in [6] without the part coming from the
absent lower order terms. ®

We proceed with the logarithmic estimates. Given constants a, b, ¢, with 0 <c < a,
define the nonnegative function

a
x =1 -
w{a,b,c}(s) (n[(a+c)—(6‘“b)t ])Jr

a
ifbxrcsssb=x
ln[(a+c)t(b—s)] bxecsssbx(a+c)

0 if sSb=xc
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whose first derivative is

1
Wi )@ =3 b—9)x(a+c)
0 ifssbxc
and second derivative (¥, 5, 1) = {(¥ {a,5,¢})’ }2=0.

Now, given a bounded function « in a cylinder (x,, ty) + Q(z, ¢) and a number k, de-
fine the constant

fbxresssbx(at+e)

AV

0,

H; = esssup |[(u—FK).|.
(o, to) + Q(z, 0)

The following function was introduced in [4] and since then has been used as a recur-
rent tool in the proof of results concerning the local behaviour of solutions of degener-
ate PDE’s:

qlt (Hui:k,(u_k)tvC)Ew?Hufk,k,c}Ouy 0<C<Hui:k-

From now on, when referring to this function we will write ¥ * (u), omitting the sub-
scripts; it will be clear what they are in every particular situation.

Take a cutoff function satisfying (6) as before and such that it is independent of
te(—7, 0). The logarithmic estimates, again in the case (i, &) = (0, 0), are

PROPOSITION 3. — Let 6, be a solution of (P.), keR and 0 <c <Hyg_ . There exists a
constant C >0, that is independent of ¢, such that for every cylinder Q(t, 0)CQ,

08
2 s [ wOaF’s | | [ri@v @@ )6 ds)|
k

—T<t<0
K, x {t} K, x {-1} +

0
+C[ (v 021w YO 7| Ve,

-7 K,

PROOF. - Let ¢ =2y ~(0,)[(y 7)'(0,)] £? in (5) and integrate in time over (-7, t)
for te (—7, 0). We have, recalling that 5, =0,

[

[ [atr. 60100 1w Y01 =

-1 K,

0,
= f fat (I2V§(s)w‘(s)(¢—)'(s)ds) e =
k

-7 K

(4 +

0,
= J [y (8)FE" — I (IZy;(s)w‘(s)(tp')'(s)ds) v,
k

K, x {t} K, x {~-7} +
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due to the fact that, using (2),

[

> jzw-(s><w->'<s) ds =

0
[2vie)p ()@ () ds
k + K
= [1/’ - (95)]2 - (1/) - (k))z = [1/’ - (08)]2’
because ¥ ~ (k) = 0. The other term gives

t

j I|V05|p‘2V08-V{21/)_(95)[(1/)_)'(98)] g} =

- K,

t
= [ [1vo. P2 +y- @)@ ) 60IFL} +

-7 K,

t
+p [ [V, |P7V0,VE[29 (00w ) (01677} 2

-1 K,

t
= [ [1V0. {20+~ 00—y~ (0w Y (0 IFL) -

-7 K,

t
2177 [ [um @)1 Y@ Ve

K,
t
2-C[ [p7@alw r©I 1P Ve,
K,
using again Young’s inequality (10) with £ = (p — 1)? 1V and
a=|@ )OI Ve,  b=|VO, [P (p ) (0|

Since te (—1, 0) is arbitrary, we can combine both estimates to obtain (12). =

REMARK 2. — In this estimate there is a term that depends on & through y ;. We will
see later how to avoid this difficulty.

The proof of the next proposition follows from the same remark that was used in the
proof of Proposition 2.
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PROPOSITION 4. — Let 0, be a solution of (P,), k> e and 0 <c < Hg' ;. There exists a
constant C>0, that is independent of e, such that for every cylinder Q(t,0)cCQ,

R T N AL C9) o SR I A )
TEE<Op ity K,x {-1}

0
+C [ [yr@a)@w*y @7 |V

-7 K,

4. - The geometric setting and the alternative.

The proof of the equicontinuity will follow from these estimates, adapting the tech-
nique introduced by DiDenedetto (cf. [6]). It consists essentially in showing that for
every point (&g, ty) €@ we can find a sequence of nested and shrinking cylinders
(g, to) + Q(T,, 0), such that the essential oscillation of each function @, in these
cylinders goes to zero as n— « in a way that is qualitatively independent of .

This can be achieved, roughly speaking, by considering the equation in a geometry
dictated by its own structure. This means that, instead of the usual cylinders, we have
to work in cylinders whose dimensions take the degeneracy of the equation into ac-
count. Let’s make this idea precise. From now on we will drop the ¢ in 6,.

Consider a point (g, £)) € @ and, by translation and to simplify, assume (xg, ) =
= (0, 0). Consider R >0 such that Q(R" ', 2R)cQ, define

u-:= essinf 0; pu,:= esssup 6; w:= essosc O=u, —pu._
QR 2R) QRP1, 2R) QR 2R)

and construct the cylinder

o \27?
where the number A will be chosen in the course of the proof of the form

o 2(p+1)N+p)
P

14) A=2%  with s>Co”°,

Note that for p =2, ie. in the nondegenerate case, @, =1 and these are the standard
parabolic cylinders. We will assume, without loss of generality, that w <1 and also
that

p—2
(15) 1 =(£"_) >R
o A
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and comment later on the case when this doesn’t hold. Now, (15) implies that
Q(agR?, R)cQ(R? ™', 2R) and the relation

(16) ess osc <o
Q(aoR?, R)

which will be the starting point of an iteration process that leads to our main results.
Note that we had to consider the cylinder Q(R”_l, 2R) and assume (15), so that (16)
would hold for the rescalled cylinder Q(aq R, R). This is in general not true for a given
cylinder since its dimensions would have to be intrinsically defined in terms of the es-
sential oscillation of the function within it. We now consider subeylinders of
Q(ay,R?, R) of the form

2-p
(0,t*) + QR®, R), withd= (%)

that are contained in Q(aoR”, R), since A >2 and if

4

@-toary £

*
5 <t*<0.
w

The proof of our main result (Theorem 2 ahead) follows from the analysis of two com-
plementary cases and the achievement of the same type of conclusion for both. We can
briefly describe them in the following way: in the first case we assume that there is a
cylinder of the type (0, t*) + Q(dR?, R) where 0 is essentially away from its infimum.
We show that going down to a smaller cylinder the oscillation decreases by a small fac-
tor that we can exhibit and that depends on the oscillation. If that cylinder can not be
found then 6 is essentially away from its supremum in all cylinders of that type and we
can add up this information to reach the same conclusion as in the previous case. We
state this in a precise way.

For a constant vy (0, 1), that will be determined depending only on the data and
w, we will assume that either

(C1) There is a cylinder of the type (0, t*)+ Q(dR?, R) for which

an

[(w, tye (0, t*) + Q(AR?, R): 0(x, t)’<ﬂ e %} ’

sy

[

|QR?, R)|
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or this does not hold. In that case we have the complementary condition, and since
uy— (w2)z2u_+ (w/2), it can be stated as

(C2) For every cylinder of the type (0, t*) + Q(dR?, R)

(18)

[(x, He(0,t*)+ QUAR?, R): Oz, t)>u, — %] I

$1'—V0

|QUR®, R) |

5. — Analysis of case (C1).

LEMMA 1. — There exists a constant vy e (0, 1), depending only on the data and o,
such that if (17) holds then

P
0(zx, t)>,u_+%)— ae. (x, t)e(O,t*)+Q(d(£2?) ’ 523_)

PROOF. — Take the cylinder for which (17) holds and assume, by translation, that
t*=0. Let

R

2n+1

R,= + , n=0,1, ...,

o | Sy

and construct the family of nested and shrinking cylinders Q(dR?, R,). Consider
piecewise smooth cutoff functions 0 < ¢, <1, defined in these eylinders, and satisfying
the following set of assumptions

¢n=1 in QQR!.\,R,:,) ,=0 on 3,QW@RI,R,)
2n+1 p(n +1)
0<3,¢,<

R dR”

|VEn| <

Write the energy inequality (7) for the functions (8 — k)., with

w
4 2n+2’

n=0,1, ...,
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in the cylinders Q(dR?, R,) and with ¢ =¢,. They read

)  swp | O-kREL+ jo [ 1V -k ¢, 1P <

._dR,’f<t<0KRnx{t} _dR? Kp,
0 0
<C [ [O-kP Ve P+C [ [0-k) T2 8 L.s
—dR? Kg, -dR} Kg,

gp(n+1)

=C R?

0 1 0
[ f(o—mﬂ.+5 [ [o-k)l.

—dR} Kpg, ~dR} Kg,

Next, observing that, when it is not zero,

w w w
0-k,)-=@u--0)+—+ < —
( )-=(u )+ PR
so that, since 2 -p <0,
2-p
w—mﬂ=w—mﬁﬂw—mﬂz(%) 0k, ,

we obtain from (19)

wz—p 0
(20) (5) sip [ O-kPCh+ [ [ |VO-k) L, s

- 4
dR"<t<0KRn><{t} —dR? Kg,

2DV 1w 0
< |\z) talz)) L Jrewen

—dRY Kg,

Recall that d = (w/2)?~? and divide (20) by d to get

0
CONE S IR S 2- RN B E Y SENE

—dRY <t<0
" Kp, % {t} —dR} Kg,

2D [\ 21
s -_ h— - —
C 27| 3 1+ =137 f IX{(G—k,,)_>0}<

- derf KRn

C2 w1 0
<owl\z)a ) Jreso

—dR? Kg,
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because @ < 1. Now we perform a change of the time variable in (21), putting { = ¢/d and
defining

¢, )=6(,t) and T,(,H=g,(,1),
and obtain the simplified inequality

— — c oV [
(22) ”(0—kn)_§n||{’/6’(Q<R£,Rn>)$;ﬁ(;) f IX{@—kn)_>o}-
—R? Kg,

Define, for each n,

0

An= I jx{@_kn)_w}dxdf
_RYIZ KRn

and observe that the following estimates hold

1 o\ _
23) W(E) Aps1S by —Fkpir |PA 1 <6 —F,)- |5, QRF, 1, Byyp) S
— — — C2[wl
<@ k) -Tallb, are, roy SCINO —k,) - Tollhg @z, ray APF P < ] (E ) AL,

In fact, the first and the third inequalities are obvious; the second one holds due to the
fact that k, ., <k,; the fourth inequality is a consequence of a well known imbedding
theorem (see, e.g., Corollary 3.1 on chapter I of [6]) and the last one follows from (22).
Next, define the numbers

o A
|QRE, R,

divide (23) by |Q(R},,, R.+1)| and obtain the recursive relation

"

c4™
X 1 N
1l S = Xn+(;o/< +p))’

since
|QRY, B Wy _ (@RYVIPITOWND (a1 RV
|QR?,1, Ry 1) |[RP (2R,.)V*PR? (2" +2/2"*1) RN P RP

N
_oN+s on 41 \VEP a4 pszN”P.
2"+ 2 2"
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We can use a lemma on the fast geometric convergence of sequences (see Lemma 4.1 on
Chapter I of [6]) to conclude that if

w \Ntop
(24) X, < e 4-(N+P)2/P=Cw(N+p)/p—=—v0
then
(25) X,—0.

But (24) is nothing but the assumption (17) of the lemma and the conclusion easily fol-
lows from (25). In fact, observe that

R W
Rn\E and kn\ﬂ_-l--z,

and since (25) implies that A,— 0, we conclude that
@, DHe@ EY R B, heu_ + 2| =
’ 2 | |-

»
= (x,t)eQ(d ——),-g):o(x,t)su_+% =0

and the lemma is proved. =

Qur next aim is to show that the conclusion of Lemma 1 holds in a full cylinder
Q(z, ). The idea is to use the fact that at the time level

Y4
(26) —i:=t*—d(£)

the function 6(x) is strictly above the level 4 _ + w/4 in the cube Kg» and look at this
time level as an initial condition to make the conclusion hold up to £ = 0. Again this is a
sophisticated way of showing that the equation behaves like the heat equation. As an
intermediate step we need the following lemma.

LEMMA 2. — Given v, (0, 1), there exists s; e N, depending on the data and w,
such that .

<v,|Kpy|, Vte(—1t,0).

[xeKR,4: e, t)<u_+ %]
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PRrROOF. —~ We use the logarithmic estimate (12) applied to the function (6 — k)_ in
the cylinder Q(t R/2), with the choices

w
2n+2

w
k=u_+— and c=
a 4

where neN will be chosen later. We have

w w
o-u -2 <2
( # 4)_| 1

and, since if Hy , =0 the result is trivial, we may assume it is strictly positive and
choose 7 big enough so that ¢ < Hg ;. We recall that in this case the logarithmic fune-
tion is defined in the whole domain of 8, Q(, R/2) (since it is obvious that Hgp+6-

—k+c¢>0), and given by
-
In 2k if 6<k-—
Hiy+6—k+o2r+?

@n k—60<Hg ;=esssup
Qd, Rf2)

2n+2

- — w{_Hg_,k,kyw/Z"+2}(0) =
w

on+2 :

0 ifo=k—

From (27), we can easily estimate

H, 4
28) Y- <nln2 since ok < @/ =2"
Hiy+60—k+w2rt?  @f2r+?

and the derivative (here in the nonvanishing case 8 <k —c¢)

-1

2P = (Hy +0~k+cf 2<
Hg_’k+0_k+c ( 0.k )p

o Y72
<2 s

Now observe that as a consequence of Lemma 1, we have 6(z, —t) > k in the cube Kpp,
which implies that

29 | Y@=

W_(QC, - Z) =0, xEKR/z.

Choosing a piecewise smooth cutoff function 0 < Z(x) <1, defined on Kp, and such
that

8
=1in Kgy and |V{| < —
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inequality (12) reads
0
(30) sip [ [y @OF<C[ [v @@ @)V
—t<t<0KR,2><{t} _t Knn

The right hand side is estimated above, using (28) and (29), by

p-2 P p-2 P 2-p
w 8\ w 8 w
Crn(In2)| — — | t|Kpp|< Cn| — —{=] R*2"|Kgpy|< CrAP?|K,
n(In )(2) (R) | Kppo | n(z) (R)(A) | Krya | | Kia |

observing also that

2_
31) t<aR?=|2 “rP.
A

Since the integrand is nonnegative, we estimate the left hand side of (30) below inte-
grating over the smaller set

w
S= [xeKR/,,: O, t) <pu_+ 2n+2]cKm

and observing that in S, {=1 and

n—1
b

HG_,k - (Hg_’k_w/4)+(I)/4 - (D/4

_ w  (Hip-of)+o/2 ont?

because (Hy  — w/4) <0 and (w/4) > (w/2"*'), n > 1, which implies that
[ ()P =[In(2* HP = (n—1P(n2).
From both estimates we get (n — 1)2(In2)? | S| < CrA” % |Kgy |, ie.

w
teKpy: 0z, t)<u_+ <C APTPK
[ Rt 6 | u 2n+2] -1y | Kry |
and to prove the lemma we just need to choose
2C  ,_
(32) s;=n+2 with n>1+ZAP7%
V1

since if n=1+2/a then w/(n —1¥<a, a>0 m.

REMARK 3. — A crucial step towards the proof of the equicontinuity occured in the
previous proof. In fact, this is the only place where we make use of estimate (12), that
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has a term depending on ¢, namely

0,
[ri@v @ e ds) £,
K,x {~7} \K

+

We get rid of it (and keep the independence of ¢) by choosing appropriately the initial
time —7 for which ¥~ vanishes.
We now state the main result of this section.

PROPOSITION 5. — There exist constants vye (0, 1), 1 <s,eN, depending on the
data and w, such that if (17) holds then

- R
0(x, t)y>u _ +23+1 a.e. (x,t)eQ(t,E).

PROOF. — Consider the cylinder for which (17) holds, let

.

3 E;:E, n==0,1,.”

and construct the family of nested and shrinking cylinders Q(, R,), where £ is given by
(26). Take piecewise smooth eutoff functions 0 < £ ,(x) < 1, not depending on ¢, defined
in Kg, and satisfying the assumptions

2n+4
R

En=11in Kg ., |VC,.|=

Write the local energy inequalities (7) for the functions (6 —k,)- in the cylinders
Qd, R,), with

w
281+1 + 2s1+1+n

foy=p _ + ., w=0,1,..,

(s;>1 is to be chosen) and {=¢,. Observing that, due to Lemma 1, we have &z, -BH>
>u_ + (w/4) 2k, in the cube Kgp> Kp , which implies that

O-k)_(x, —t)=0,0xeKy, n=0,1,...,
they read
0
83)  sup j (o—kn)%cm[ j|V(e—kn)_§n|Ps
—t<t<0 A
Kg, % {t} -t Kp,

2p(n +4) 0

scj j(e k) |VE,|P<C j(o—kn)”_.

-t Kg, -t Kg,
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Next, since (8 — k,)_ < (w/2*) and 2 — p <0, we have, using also (31),

2-p 281 p—2 z
—'knz—/ @ 0 — 2-P -
(6 ~ k) >(231) (6 -k, = (A) T

> ——(6-k,),
(R/2)”( -

choosing s; > log, A + p/(p — 2). So, from (33), dividing by tI(R2Y, we get

wp [ 0k e B

~t<t<0
KRﬂ b3 {t} - t KR"

2P(n+3) JP j(g -

—tKRn

sC

The change of the time variable £ = ¢((R/2)"/ t), with the new funetion
o(,t =6(,1),
leads to the simplified inequality

_ 2
@ — k) - & ull¥pmey, Ry < C ( ) J IX{@ k)= >0} -
(RI2Y &Ry Ka,

Define, for each n,

0
I f X (@—kn- >0y dx dE
~(B2Y Kg,

and observe that the following estimates hold, by a reasoning similar to the one that led
to (23):

1 o\ —
W(Eg) Ap1 S |y —kni1 P A1 SO ~Ka) - |I7, ey, £y n S

< "(0 kn)-Ca “p QURRY, Ry )\C”(O —kn)-Cn ”V&’(Q((R/Z)P R, ))Ap/(N+p)<

2" 1+ @N +p)
<C—— AN +p
(RI2Y \ 2 A“"
Next, define the numbers
Xn = A% »
|QUR/2Y, R,)|
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divide the inequality by |Q((R/2)", R, .1)| and obtain the recursive relation
Xn S C4WX,% +(PAN +p))

Using again the lemma on the fast geometric convergence of sequences (see Lemma 4.1
on Chapter I of [6]) we conclude that if

(34) XoSC - Wplg-W+o'h =y, (0, 1)
then
(35) X,—0.

Apply Lemma 2 with this v, and conclude that there exists s;, depending only on the
data, and w such that

[{L’EKRM: 0(w,t)<,u_+%]l $V1|KR/4|, VtE(—Z,O),

and obtain (34) as follows
0
j I X{(E—(u_+w/2‘1))_>0}

_ —(R2Y Kpn
’ |QUR/2Y, R/4)|
0
f j X {0 (u_ +w2)))_ >0}
_ (R2Y i K
t |QUR/2)", R/4)|
(R2)P t|{x e Kpy: 0(x, 1) <u_ +w/2"} |
s = < 'Vl.
t (R/2Y | Kgu|

Now the conclusion easily follows from (35). In fact, observe that

R
R, — and k,Npu_+ ——,
8 281+1

and since (85) implies that A,— 0, we conclude that

- RY R\ _ . w
(x’t)eQ((E)"s‘)‘“’”’”s””’w |-

[(x, t) eQ(i‘,

oo &

):0(x,t)$,u-+L“ =0

281+1

and the proposition is proved. =
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REMARK 4. — The dependence of s, on w oceurs only through A. Recalling the depen-
dence of A on w, that was already announced in (14), although it will only be deter-
mined in the next section, we find from (32) that it is sufficient to choose

(36) 81> 02007 > O + (200~ 20™°
that already takes into account the condition

p - p
$i>loge A+ —— ~Cw + ——.
1 g2 —o -2

COROLLARY 1. — There exist constants v, o€ (0, 1), depending on the data and w,
such that if (17) holds then

(38) essosc 0<ogw.
Q(RBY, R/8)

Proor. — We can use Proposition 5 to obtain s; € N such that

essinf@=zu_ +

QC, R/8) 28 +1
and from this we get
. w 1
essoscO=esssup b —essinfO<pu, —pu_— =(1- W
QG R8) QG R/8) QG Ri8) 28 +1 2n+1

Since d(R/8Y <t = —t* + d(R2), t* <0, we have

o] el 3)

and the corollary follows with oo=(1—1/(22%1)). m

6. — Analysis of case (C2).

If (C1) doesn’t hold then (C2) is necessarily true. We will show that also in this case
a conclusion similar to (37) can be taken. Recall that the constant v, has already been
determined in the previous section and is given by (24).

LEMMA 3. — Fix a cylinder (0, t*) + QdR?, R) c Q(ayR?, R) for which (18) holds.
There exists a time level

0 |t* — dRP, t* — fz-‘ldR”
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such that

w 1—v
reKp: 0, t)>u, — — 'S — % VKg].
{ r: O( )>pu 2] (1—v0/2 I Rl

Proor. — The proof can easily be obtained by contradiction (see Lemma 7.1. on
Chapter III of [6]). =

The next lemma asserts that the set where 6(x) is close to its supremum is small,
not only at a specific time level, but for all time levels near the top of the cylinder
(0, t*) + Q(R?, R).

LEMMA 4. — There exists 1 < s, N, depending on the data and w, such that

2
. _e i
[xeKR.O(m,t)>/A+ Zsz]ls(l (2))|KR|,

for all tet* — (vo/2) dR?, t*]

ProOF. — The proof consists in using the logarithmic inequalities of Proposition 4,
and since these are the same as in the nonsingular case, the proof is the same as in
Lemma 7.2 on Chapter III of [6]. We just trace the dependence of s, on w. The number
8, is chosen in [6], s, =7 + 1 where n is chosen so large that

2
" J<l1-221+vy)=p and n=Cry¥ety.
n—1 2

Assuming v, < 1/2, which is always possible, we conclude that

4 28 _ B+ VB

4
— +22 ——— +2=
Vo vo(l—vy) p-1 -1

since §>1, so it is sufficient to choose

>

4
n> max[_z +2, CVEZ(’HI)]-
Vo

Recalling the dependence of v, on w, it is sufficient to choose

C
S — LT
%> —promer O

Now we want to show that the same type of conclusion holds in an upper portion of
the full cylinder Q(ayR?”, R), say for all te(— (ay/2) R”, 0). We just have to use the
fact that (18) holds for all cylinders of the type (0, t*) + Q(dR?, R) so that the conclu-
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sion of the previous lemma holds true for all time levels

t> — (ay—d) R” — —1}2—°dR”.

p—2
=2
2]

D29y, & ~(a—d)RP— 2dRP< - X R?
d 2 2

So if we choose

A
38 —
(38 ( 2

we get

and obtain

COROLLARY 2. — For all te (—(ay/2) R?, 0),

w vo |2
’xeKR:B(w,t)>,u+—§“ S(l—-(?o) |Kr| .

This information can be used to prove the main result of this section.

PROPOSITION 6. — There exists a constant 1 < s;e€ N, depending on the data and w,
such that
w @, 8) aw[RY R
W ae. (¥,1)e Q E E— , E .

PROOF. —~ Again the proof is the same as in Lemma 9.1 of Chapter III of [6]. We trace
here the dependence of s3 on w. In [6], s3 is determined using an auxiliary lemma (Lem-
ma 8.1 on Chapter III) that says that given any vz e (0, 1), there exists s3> s, such

that
o
—R?, R \

The v used to determine s3 depends only on the data and the choice of s;3 is made so
that

(39) 0@, ) <u, -

[(w,t)eQ(%RP,R): 0w, t)>pu, — %] ’ <v,

C

=
Vis— )" 7

V3,
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that is
83> 85+ C: + G
BT LoD T 2 DNk 2N
It is clearly enough to choose
C
(40) 8> ———— =Co "

%Pt LWV +p)p

It is still here that A is chosen equal to
A =2%,

(s; so large that (38) holds) which also determines the length of the cylinder
Q(ayR”, R). Observe that in this way we determine a level 4 ., — w/2%*! and a cylinder
(fixing A and consequently ay) so that (39) holds in that particular cylinder.

COROLLARY 3. — There exist constants v, o, e (0, 1), depending on the data and w,
such that if (18) holds then

essose O0<o0,w.
Qao/2(R2Y, RI2)

ProoF. — It is similar to the proof of Corollary 1. We find o,=(1-1/2%%). m

7. — Proof of the main results.

In this section we prove our main results using the the information obtained previ-
ously. An immediate consequence of Corollaries 1 and 3 is

LEMMA 5. - There exists a constant 0 = o(w) € (0, 1), that depends only on the data
and w, such that

ess osc O<o(w)w.
Q(A(R/8Y, R/Z)

ProOF. - Since one of (17) or (18) has to be true, the conclusion of at least one of
Corollaries 1 or 3 holds. Choosing
o=max {0y, 01},

and observing that, due to (38),

BV <n(RY
8 2\2 /]’

we obtain the conclusion. =
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We are now going to define recursively two sequences of positive real numbers.
Set

wi=ow)w and R;= E
k(wy)
with
(p—-2)/p p—2/p
Koy =8| 1 Alwy) >8,
o(w) 2

A(w,) to be fixed depending on w ;. Then defining

wH Z-p
Q1=QR,R)) with a;= )

and since
2-p 2-p 2-p P
o= o) 1422 (8
Alw,) o(w) 2 8
B w, 2-p W 2-p A(a)l) 2~p R P
- A(wl) w1 2 8
o VPRV
SONC
P
=d(£),
8
we have

Qi CcQ(aR?,R) and eSSQIOSCGSa)l.

We are in the setting (16) and this means that the whole process can now be repeated
starting from ;. So we define recursively the following sequences of positive real num-
bers, for n=0,1, ...,

R,

RozR _
and {wo—a)
K(wn+1)

Wyi1=0(w,)w,
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and consider the family of cylinders

2-p
= p . - @Dy
Qn Q(aan, Rn) ’ with a,, (A(a)n) ) .

THEOREM 2. — The sequences (w ,), and (R,), are decreasing sequences that con-
verge to zero. Moreover, for all n=0,1,2, ...,

(41) Q..1CQ, and essQosca <w,.

Proor. — The sequences are obviously decreasing and bounded below by zero, so to
show that they converge to zero we just need to show that they cannot converge to a
positive number. As far as (R,), is concerned this conclusion follows immediately
from

Rn+l — 1
Rn K(w n+ 1)

With (w,), the situation is more delicate since

1
<=.
8

Drtl - (w,) /1.

n

So we suppose that w, s a> 0 and observe that, in that case,
glw,) 7ola)<1,
recalling that

olw,)=1~ s=8(w,) =max{s;(w,), s3(w,)}

9s+1 ’
and the dependence of s, and s; on w ,,, given respectively by (36) and (40). Consequent-
ly, wy1=0lw,) w,<da)w, and

w,<lo@)]w, n=0,1, ...,

which implies that w,—0, a contradiction.
Relations (41) follow at once from the recursive process used to define the
sequences. o

Theorem 2 was obtained assuming (15). If this doesn’t hold, we have, recalling the
dependence of A on w given by (14),

-2 1 W
— <R = — < —— < RYVP-D)
20'w a 2Cw @

since w < 1. Now, taking logarithms and assuming without loss of generality that R <
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<1, we obtain

C/

C'o "z - logRY™? = os|{——
082 @ _ longl/(p—2)

1/a
] —0, R—0,

and there is nothing to prove.

Proor oF THEOREM 1. — The conclusion of Theorem 2 implies that

esslim 6,.(x,t) exists for all (g, {) €@,
(=, ) — (o, t0)

s0 we can choose a continuous representative for each 6, out of its equivalence class. It
also defines implicitly an interior modulus of continuity, i.e., for each Kc @, a continu-
ous and nondecreasing function fx: R* —R", that depends only on the data and K,
such that

|0.(x, ) — 0, (x", t")| <fe(|x—'| + |t—t'|'P).

Since this modulus of continuity is independent of ¢ (cf. Remark 3), the conclusion of
the theorem follows. ®

REMARK 5. ~ The results can be extended up to the parabolic boundary of Q. In fact,
we can obtain a continuous solution at £ = 0 and at the boundary %, in the case of Neu-
mann or homogeneous Dirichlet data. The proof consists in adapting the energy and
logarithmic estimates and the proof of the interior continuity as in [3] and [6]. The case
of nonhomogeneous Dirichlet data presented unexpected difficulties in the case p =2,
dealt with at [5], and is left open in the case p > 2.

REMARK 6. ~ Also the principal part singular case 1 < p <2 is left open. Apart from
the extra difficulties that may arise from the more elaborate techniques that have to be
applied, there is also a problem concerning the regularization that is used in [11] to ob-
tain the solution for 1 < p < 2. It consists in adding a perturbation of the Laplacian to
the equation, i.e., an extra term of the form

ejve,vg
Q

to (4) and this is clearly a bad term as far as the derivation of independent of ¢ energy
and logarithmic estimates is concerned. So we should first try to obtain a solution using
a different, and more adequate for this purpose, type of regularization. We expect to
overcome these difficulties in the future.
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