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Abstract

We classify Borel-Schur algebras having finite representation type. We also de-
termine Auslander-Reiten sequences for a large class of simple modules over Borel-
Schur algebras. A partial information on the structure of the socles of Borel-Schur
algebras is given.

1 Introduction

Consider the general linear group GL,(K), where K is an infinite field, and let B* be
the Borel subgroup of GL,(K) consisting of all upper triangular matrices in GL,, (K).
The Schur algebras S(n,r) and S(B*) := S(B*,n,r) corresponding to GL,(K) and BT,
respectively, are powerful tools in the study of polynomial representations of G L, (K)
and BT. In particular, the simple modules of S(BT) labelled by partitions induce to
Weyl modules for S(n,r), and Weyl modules are central objects of study. In the recent
paper [18], Borel-Schur algebras were crucial to construct resolutions for Weyl modules.
Therefore one would like to understand better the algebra S(B¥).

Given a finite-dimensional algebra over K, we denote by A-mod the category of all
finite-dimensional left A-modules. The algebra A is said to have finite representation
type if there are only finitely many isomorphism classes of indecomposable modules in
A-mod. Representation type of Schur algebras and of infinitesimal Schur algebras was
determined in [7] and [5]. In particular, it is known when Schur algebras are of finite
type. In this paper we obtain the corresponding classification for Borel-Schur algebras,
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determining the conditions on n, r and characteristic of K under which S(B™,n,r) is of
finite representation type. This is Theorem [6.6]

One of the motivations for this classification was the construction of Auslander-Reiten
sequences for Borel-Schur algebras. The class of these sequences, also known as almost
split sequences, is an important invariant of the module category of a finite-dimensional
algebra. It provides part of a presentation of the module category.

Taking advantage of the easy multiplication of some basis elements of S(BY), we
determine Auslander-Reiten sequences for a large class of simple S(B*)-modules. We
are able to do this, for an arbitrary n, under some combinatorial conditions. We note
that when these are satisfied, the relevant simple module does not occur in the socle of
S(B™).

Several recipes were given in the 80’s for the construction of Auslander-Reiten se-
quences (see for example [4] [10, 11]). Although we do not use any of these, we should
remark that the recipe due to J.A. Green [11] was the motivation for this work.

The proofs of our results in this article are based on an explicit description of the
multiplication in the Borel-Schur algebras S(B*,n,r) obtained by Green in [12]. It
would be interesting if one could get similar results for the Borel-Schur algebras of other
Dynkin types considered in [20].

The paper is organized as follows. Section [2| recalls the definitions of the algebras and
some basic background. We also describe the quiver presentation of S(BT,2,r).

In Section [3] we construct Auslander-Reiten sequences ending in a simple module K,
where X satisfies a condition given in . As a by-product we see that this condition
implies that K, does not occur in the (left) socle of the algebra. The main result of this
section is Theorem[3.6] Some observations about the middle term of the Auslander-Reiten
sequences are also given.

In Section {4 we consider n = 2 and find Auslander-Reiten sequences ending in an
arbitrary simple module, that is we deal with the cases missing in Section [3] As an
easy consequence of the results in this section we can obtain a necessary and sufficient
condition for a simple module to occur in the socle of S(B™,2,r). This and other results
involving the socle of the Borel-Schur algebra S(B*, n, ), for arbitrary n, are summarized
in Theorem [4.5

In Section [5| we discuss reduction of rank. This may be of more general interest, and
is in fact used in Section [0, where we determine precisely which Borel-Schur algebras are
of finite type.

2 Notation and basic results

In this section we establish the notation we will use and give some basic results. We will
follow [17] and any undefined term may be found there. For further details on the general
theory of Schur algebras see [13] and [14].

Throughout the paper K is an infinite field of arbitrary characteristic, n and r are
arbitrary fixed positive integers and p is any prime number.

For any natural number s, we denote by s the set {1,..., s} and by 3, the symmetric



group on s. Define the sets of multi-indices I(n,r) and of compositions A(n,r) by

I(n,r) ={i= (i1,...,%)|i, € nforall p er}
A(n,r) ={ A= A1,.... )| A €Z, A\, >0 (v €n), Z)\V:r}.

ven

We will often write I instead of I(n,r) and A instead of A(n,r).

Given 7 € I and A € A, we say that ¢ has weight A and write ¢ € X if, for all v € n,
we have \, = #{per|i,=v}.

The group >3, acts on the right on I and on [ x I, respectively, by

i = (Inly vy dmr)

and (i, 7)m = (im, jm), for all m € X, and 4, j € I. If i and j are in the same X.-orbit of
I we write i ~ j. Also (i,j) ~ (¢,7') means these two pairs are in the same X,.-orbit of
I x I. We denote the stabilizer of i in ¥, by %;, that is ¥; = {7 € ¥, | imr = i}. We write
i =2 NY;. Given ¢, j € I, then ¢ < j means that i, < j, forall p € r, and 7 < j
means that ¢ < j and 7 # j.

We use < for the “dominance order” on A, that is a < g if Y «a, < >F_ 5, for
all © € n. Obviously if i € a and j €  (where «, 8 € A), then ¢ < j implies 5 < a.

Given A € A, we consider in [ the special element

——
A1 A2 An

For each v € n — 1, and each non-negative integer m < \,, 1, we define
AMy,m) = (A, .., A +my A —my . \,) €A,

and write (v, m) for [ (X (v,m)). We have [(v,m) <.
For the notation of A-tableaux the reader is referred to [17]. Given A € A, we choose
the basic A-tableau

1 2 ..\
A A1 M2 o AN
MA oA+l

The row-stabilizer of T?, i.e. the subgroup of ¥, consisting of all those 7 € 3, which
preserve the rows of T? is the parabolic subgroup ,.
Given i € I, we define the A\-tableau T} as

it Qs .. i
T)\ . Ini+1 Ixi+2 - - R 2V S Y
P =
I+ p_1+1 .. e e .



Then T} has only 1’s in the first row, 2’s in the second row, ..., n’s in row n. Notice
also that E?V,m) differs from T} only by the first m entries of row v + 1: these entries are
all equal to v.

We say that a A-tableau T} is row-semistandard if the entries in each row of T} are

weakly increasing from left to right. We define
I7(A\):={iel|i<l(\) and T} is row-semistandard }

and
I\ :={jel }j > 1 (\) and Tj’\ is row-semistandard } .

The following obvious fact will be used later in this paper:
A, #Z0and m < \,, then IT(\)={j€ I (A(n—1,m))|j>1(\)}. (2.1)

Next we recall the definition of Schur algebra and of Borel-Schur algebra as they were
introduced in [12].

The general linear group GL, (K) acts on K™ by multiplication. So GL,, (K) acts on
the r-fold tensor product (K")*" by the rule

g1 ® - ®u.) =g ®--Q gu,, all g € GL, (K), vy, ..., v, € K™

Extending by linearity this action to the group algebra KGL,, (K), we obtain a homomor-
phism of algebras T': KGL, (K) — Endg ((K")®") . The image of T, i.e. T (KGL, (K)) is
called the Schur algebra for K, n, r and is denoted by S (n,r). Let BT = Byf (n,r) denote
the Borel subgroup of GL,, (K) consisting of all upper triangular matrices in GL,, (K).
The Borel-Schur algebra S (BT) = S (B*,n,r) is the subalgebra T (KB*) of S (n,r).

Associated with each pair (¢, j) € I x I, there is a well defined element &; ; of S(n, )
(see [12]). These elements have the property that &; ; = &, if and only if (7, j) ~ (k, h). If
we eliminate repetitions in the set {&; ;| (¢,7) € I x I} then we obtain a basis of S(n, 7).
Also S(BY) =K{¢&,]i<j, (i,j) €1 xI}.

If i has weight o € A, we write & ; = &,. The set {{,|a € A} is a set of orthogonal
idempotents and 1gmr) = > ep Sa-

A formula for the product of two basis elements is the following (see [12]): & &, = 0,
unless j ~ k; and

&ig&in =Y Bion : Siojn Eio (2:2)

[

where the sum is over a transversal {c} of the set of all double cosets ¥; ;03 in 3;.

Observation 2.1. 1. £,&; = &; or zero, according to i € o or ¢ & o. Similarly,
& i&p = &j or zero, according to j € B or j & B.

2. Suppose in the formula (2.2) there is only one double coset. Then one can take the
only representative to be 0 = 1. We see from (2.2) that the product & ;;n is a
scalar multiple of & ,. The scalar is an element of the prime field.

We are particularly interested in products of the type & m)i&,;, for I = 1(X), and
j €It (N), for some A € A.



Lemma 2.2. Let \€e A, ven—1,0<m < \,yq, and j € I (N). If the v + 1-st row
of Tj’\ is constant then the double coset Xy my 12, coincides with ¥;.

Proof. We have ¥; = Xy. Now we know that Y, ., differs from Xy only in factors v and
v + 1 and in these it is

Y1t At m) X DA Fmt Lt At Aus1 )

where t = A\; +---+ A, _1. It follows that the intersection ¥, ) differs from ¥ only in
factor v + 1 and this is

Dt A4 Lot AuAm} X DAt A AA At 1}

We can write ¥, ; = Uy X - -+ x Uy, where U; is a subgroup of ¥,,. Therefore the double
coset Xj(,m),; 12 coincides with 3J; as soon as the product of the two (v + 1)-st factors
is ¥y,,,- This holds if U,4; = X, ,,, i.e., if the (v + 1)-st row of T} is constant. O

Lemma 2.3. Let \ € A, ven—1,0<m < \41. Given j € IT(X), suppose that the
(v + 1)-st row of Tj’\ 15 constant with all entries equal to c, and that ¢ occurs exactly a

times in row v. Then
a+m
Siwm) &1 = ( m )fl(u,m),j-

If v = n — 1 then the hypothesis holds for all j € IT(A).

Proof. From Lemma [2.2] and Observation [2.1] we know that

gl(u,m),lgl,j = [El(u,m),j : El(l/,m),l,j] gl(u,m),j-

Now Xjm),; and Xym) ;0 differ only in factors v and v + 1. If the entries of row v of
T* where ¢ occurs in Tj’\ are ty, ..., tq, then factors v and v + 1 of Xy, ; and Xywm) 1
are, respectively,

C XN e M AL A A m) X

and
X D ta} X DA AL A A m) X
Therefore [El(y7m)7j : El(y,m),l,j} = (ajnm) -

Given X € A, let K, denote the one-dimensional S (B*)-module K, where &, acts as
identity and all the other basis elements, &; ;, where ¢ < j and (4, ) ¢ (I,1), act as zero.
The following results were proved in [17].

Theorem 2.4. 1. {K,\|\ € A} is a full set of irreducible S (BT)-modules.
2. The module S (BT) &y is a projective cover of K.
3. The module S (BT) &y has a K-basis { &, |1 € I~ (\)}.

4. The module K is projective if and only if X = (r,0,...,0). This is a consequence
of #1= (\) = 1 if and only if A = (r,0,...,0).



As we see the simple S(BT)-modules are one-dimensional. Hence S(B™) is a basic
algebra. This makes many calculations easy. The projective module S(B1){, has a
composition series with one-dimensional quotients and hence the dimension is the same
as the composition length. The composition factors are therefore completely described
by I=(A). The radical series of the indecomposable projective modules can be very
complicated if n is large. However [I7, Theorem 4.5] has determined minimal generators
for the radical of S(B1)£, in general. These then allow the description of the first two
steps of a minimal projective resolution of K. Define

B S(BY) &, if char K = 0;

Py:=S(B") &y p o= et .
0 ( ) 3) 1 D &) S(BT) 5}\<V’pdy), if char K = p.

ven—11<pdv <A, 44

Then by [I7, Theorem 5.4] the first two steps of a minimal projective resolution of K,
are
P2 P2 Ky — 0. (2.3)

Here the S(B™)-homomorphism py is defined on the generator by pg(€,) = 1. The S(B™)-
homomorphism p; is defined on generators by pi({xw,1)) = &i(v,1),, When char(K) = 0, and
P1 (5,\(u,pdv)) = &i(vpiv), 1, When char(K) = p.

Notice that this determines the quiver Q of the algebra S(B¥). The vertices of Q are
given by the compositions A € A(n,r). There is an arrow from the vertex A to the vertex
p if and only if S(B¥)¢, occurs as a summand of P;. Let KQ be the path algebra of the
quiver Q. We write e, for the idempotent of KQ that corresponds to the empty path
based at the vertex A. Since the algebra S(B™) is basic, there is a canonical epimorphims
m: KQ — S(BT) defined by w(ey) = & and by sending the arrow starting at A and
ending at /\(l/, pd) to gl()\(yvpd))vl()\).

Next we will describe the quiver presentation of S(B*,2,r). This will be used in
Section [6

To simplify the notation we will identify the composition (A1, o) with Ay. We have
an arrow from the vertex ¢ to vertex s if and only if t — s = p? for some natural number d
if char K = p, and ¢t —s = 1 if char K = 0. We denote this arrow by oy 4 in characteristic p
and oy in characteristic 0. Our aim is to describe the kernel of the canonical epimorphim
m: KQ — S(B™,2,r) defined above.

Lemma 2.5. The dimension of £,S(B*,2,7)&, is 1 if A < p and 0 otherwise.

Proof. By Theoremthe set {&71()\)}@' el~(N), i€ ,u} is a basis of £,S(B™,2,7)&,. This
is obviously the empty set unless A < ;i and contains only the element &) x) if A < p.
O

Proposition 2.6. (a) If charK = 0 the epimorphism 7: KQ — S(BT,2,r) is an iso-
morphism of algebras.

(b) If char K = p the kernel of m: KQ — S(B™,2,r) is generated as an ideal by
Vs (p—1)pt.ds—(p—2)pi.d - - - Us,d, Where d € N, s — pTt >0, (2.4)
Qg piy gy Ols.dy — Qg_pdz g, Qs dy, Where dy < dg and s — ph —pdz > 0. (2.5)

6



Proof. (a) If char K = 0 the quiver Q is of type A, ;

0 1 2 r—2 r—1 r

It is clear that dimg e,JKQe; is 1 or 0 according to s <t or s > t. Now the result follows
from the definition of 7 and Lemma 2.5

(b) Suppose char K = p. Denote by Z the ideal generated by and . Let
A= KQ/I. We show first that

dimg(esAey) = 0if s > t;  dimg(esAey) < 1if s <. (2.6)

The first equality is obvious since the labels decrease along every path in Q. Define the
degree of the arrow ay, 4 as p?. Then we can define the degree of a path in Q as the sum
of the degrees of the arrows in the path. It is immediate that all paths from vertex ¢ to
vertex s have the same degree t — s. Using , every element in A can be written as a
linear combination of paths

Oéthdl OétQ,dZ e Oétk,dk (27)
with dy > dy > -+ > dj, and t; = t;41 — pdi+1 for all 1 < j < k — 1. Denote by my the
number of occurrences of the natural number d among d;, ..., di. In view of (2.4)) we

can assume that my < p—1 for every d. Then the degree of the path is Y ys0 map?.
But >, mgp? is the p-adic expansion of the degree of the path . This shows that
the multiplicities my are determined by the starting ¢ = t; and endindg s = t; — p©
points of the path . Therefore, given vertices s and ¢ with s < ¢, there is exactly one
path from ¢ to s of the form such that d; > --- > d;. and each multiplicity mgy of d
among dy, ..., di does not exceed p — 1. Hence dimg e;Ae; < 1.

Next we show that Z C kerx. It follows from the definition of 7 that

7T(63) = g(r—s,s)a 7T-(Oés,d) = gl(r—s—i-pd,s—pd),l(r—s,s)'
Using Lemma , when we apply 7 to each summand in (2.5)) we obtain

(pd1 + pdz

pd )51(T-S+Pd1+pd27s—pd1—pd2)7l(r—sas)‘

Now we apply 7 to (2.4). The result is

2p™\ (3p° p-p
(pd ) (pd R pd gl(r—s+pd+l7S_pd+1)’l(r_8,5)_ (2.8)

Since p divides (pzzl), we get that (2.8]) is 0. This shows that Z C ker 7. Now, comparing
the dimensions of e;Ae; and 7(es)S(BY,2,7)m(e;), we see that 7 induces an injective map

from A to S(BT,2,r). Since 7 is surjective, we get that this is indeed an isomorphism,
that is KQ /T = S(B*,2,r). O



3 Auslander-Reiten sequences

In this section we give an overview of some results and definitions connected to the notion
of Auslander-Reiten sequences. Let A be a finite-dimensional algebra over K.
A short exact sequence

(E) 0-N-LE-2%8550
is said to be Auslander-Reiten if
(i) (E) is not split;
(ii) the modules S and N are indecomposable;

(iii) if X is an indecomposable A-module and h: X — S is a non-invertible homomor-
phism of A-modules, then h factors through g.

Theorem 3.1 ([I]). Given any non-projective indecomposable A-module S, there is
an Auslander-Reiten sequence (E) ending with S. Moreover, (E) is determined by S,
uniquely up to isomorphism of short exact sequences.

In this paper we will construct an Auslander-Reiten sequence ending with K, for a large
number of A € A(n,r). We will use two contravariant functors

D, ()': A—~mod — A% —mod
where for every X € A—mod
X' :=Homyu (X, A), DX := Homg (X, K).

Recall that A acts on the right of X* and DX, respectively, by (¢¢€) () = ¢ (z) ¢ and
(V&) (x) =1 (€x), where p € X', p € DX, £ € A, and x € X.
Consider the Nakayama functor [9] p.10]

D(-)": A—mod — A—mod.

This is a covariant right exact functor which turns projectives into injectives. Let X be
an indecomposable non-projective A-module. Consider the first two steps of a minimal
projective resolution of X

P PP X 0.

Applying the Nakayama functor we get from this the exact sequence

0 rX — DPt 2% ppt P pxt (3.1)

The kernel 7X of Dp} is called the Auslander-Reiten translation of X. It is shown on
pages 5-6 of [9] that it is possible to select an A-homomorphism 6: X — DP} such that
the short exact sequence obtained from (3.1]) by pullback along 6

07X 5 EO) S X >0 (3.2)
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is an Auslander-Reiten sequence. Note that
E )= { (z,¢) € DP{t@X‘Dp'-fl (2) :9(0)}

is an A-submodule of DP{® X, and f, g are the A-homomorphisms defined by ¢ (z,¢) = ¢,
f () = (v,0), for all z € DP}, v € 7X, and ¢ € X. Several recipes were given in the 80’s
for the construction of § with the above property, see [4, [0 [11], but we do not need to
use them in this article.

Now we consider A = S(B") and X = K, with A € A(n,r), A # (r,0,...,0). It is
clear that K, is indecomposable and non-projective. We will use the minimal projective
resolution of K,. Since

soc(DP}) = D(hd BY) = D(hd(6:,5(B*))) = K,

we have
dimK HOIIlS(B-»-)(K)\, DPS) =1 (33)
Therefore we can take for §: Ky — DP} any non-zero S(B™)-homomorphism.
Before constructing Auslander-Reiten sequences, we will determine K-bases of F,

and P; adapted to our calculations. As (S (B*1)&,)" and €,S (B*) are isomorphic right
S (BT)-modules for every o € A, we will identify these two modules. We will also identify

(GBO@\/ S (BT) {a)t with @, cp &aS (BY), for every family A’ of elements in A.
Lemma 3.2. Let a € A. Then { &y |j € I (@)} is a K-basis of £&,.5 (BY).

Proof. We know that £,S (B™) is spanned by { &i(a) |j el(n,r), j=> l(a)}. As &)y =
&i(a),; if and only if im = j, for some 7 in the stabilizer of I («) in ¥, and this stabilizer
coincides with the row stabilizer of T%, the result follows. O

Fix A\ € A(n,r) and consider the result of the application of (-)* to (2.3). Then
n—1 n—1
Pl = Q_}lf,\(l,,l)S(BjL), or P2 & f)\(yypdV)S(BJr), according as charK = 0 ,

v=11<pdv <X, 41

or char K = p. Thus a K-basis of P} is given by

By = {&u1, |j elt*(A\(r,1)), ven—1}, ifcharK=0,

j e (Aw,ph)), (3.4)
By = upty p , if char K = p.
1<p” <A, ven—1

With the above identifications of the projective modules, the map p}: Pt — P} becomes

n—1 n—1
pi(n) = Zlgl(,,,l),m, or pi(n) = > > &upeys according as charK = 0, or

v=l1<pd' <Ay
char K = p.
To construct an Auslander-Reiten sequence ending with K, it is convenient to obtain,
from B; and B, new bases for P} containing p (&x),;), j € I (X). Suppose \ satisfies
conditions

{/\n #0, if char K = 0, (3.5)

A # 0, Mg < pt —1, if charK = p and p? < A, < p?+L.

9



Given j € I (A), as j > 1 = [ (), the nth row of T} is constant with all entries equal
to n, and its (n — 1)st row has a entries equal to n and A\,_; — a entries equal to n — 1,
for some 0 < a < \,_1.

We shall look first at the case char K = 0. Then by Lemma 2.3

§in-1,1)085 = (@ + 1) &n-1,1).5,

and a+1 # 0. Using this, we shall show that we can replace &,,—1,1),; by p} (&,;) in By and
obtain a new basis for P{. Notice that It (X) C IT (A (n —1,1)), and so &n-11),; € Bi.
On the other hand, §; € Pt = ¢,S (B™), and

n—2 n—2
Ph (&) = Gin1nibes + Y Gwnibiy = (@+ 1) Gy + D G e
v=1 v=1

Now &,1),:&1,; 1s a linear combination of basis elements of the type &1, for some
m € X, As, forv=1,...,n—2, we have that [ (v,1) ¢ [ (n —1,1), we get that §—1,1);
is always different from &1, for any ¢ € I (n,r). Therefore, we can replace §,—1,1),; in
By by pt (&) and still get a basis for P{. We have proved the following:

Proposition 3.3. If charK =0 and A\, # 0, then
El :{él(l”l):j ‘j 6 [+(>\(V71>)7 V= 1’,77/_2}
U &g |d € 1T (=L INTT (N U{pi (&) |7 € T (N}
is a basis of Pf. In particular, p} is a monomorphism.

Suppose now that charK = p and that A satisfies condition (3.5)). We will apply
Lemma [2.3] together with the following well known consequence of Lucas’ Theorem:

Proposition 3.4. Assume m and q are positive integers and that
m=mo+rmp+---+mp’ and ¢=qo+qp+ -+ qp°

are the p-adic expansions of m and q. Then p divides (’Z) if and only if m, < q, for
some V.

Given j € I ()\), we denote by a = a(j) the number of entries equal to n in the
(n — 1)st row of Tj)‘. Let ag, ..., ag be the coefficients in the p-adic expansion of a, with
aq possibly equal to zero. As a < \,_; < p®*! — 1, and all the coefficients in the p-adic
expansion of p?*t! — 1 are equal to p — 1, we get that there is some a; # p — 1. Let

m(j) :=min{t|a; <p—1} (3.6)

and define
) ={jel"\)|m()=d}.

Obviously I+ (A) = Upegead ™ (A, ).

10



Proposition 3.5. Suppose that char K = p and that A € A (n,r) satisfies condition (3.5)).
Then

B, = { Sl(y,pd/)J ‘j € I+(>\(V>pd/))7 1< pd/ <A, v=1...,n— 2}

U {gl(n—l,pdl)J ‘7 € I+<)\(TL - 17pd/)) \ I+ (/\7d/) ) 0< d < d}
U{pl (&) ]ielt (N}

is a K-basis for P{. In particular, p\ is a monomorphism.

Proof. Let j € IT(\). Just like in the characteristic zero case, we consider the basis
element & ; of P} and look at

n—1
pi (&J) = Z Z 5l(l/,pd/),lglyj'

v=11<pd’ <A\,
By Lemma for any d’ such that 0 < p? <\, we have

a+pd/

gl(n—l,pd/),lflnj:( p? )fl(n—l,pd’),j'

Here a is the number of times n occurs in row n — 1 of Tj)‘. It follows from Proposition
and the definition of m (j) (see (3.6) ), that p does not divide (**? m(])) and divides all

pm(J)
(aﬁd) for d' < m (j). Therefore

t = a"’Pdl
i) => > §i () 1€ T > ( o )ﬁl(nl,pw),j (3.7)

, D
v=11<p? <A\ pm) <pd’ <An

and the coefficient of &,/ in this sum is non-zero. As, for v # n — 1, we have

(n=1pm®).j
l(n — 1,pm(j)) b Z(V, pd/) it follows that &,_1 ,m()); does not appear in the basis ex-
pansion of 51( d')’l&,h, for any h € I*(X). Also, if d # m(j), then I (n — 1,pd') il

v,p

l(n — 17pm(j)) and so €l<n—1,pd/),h +# Sl(n—l,pm(f)),j for all h € I ()\). Finally, suppose

h € I ()\) satisfies (I(n — 1,p™9),5) ~ (I(n — 1,p™™) k). Then h = jr for some

T € EA<n_17pm(j)). But, since both h, j > [, we cannot move any entry n— 1 in row (n—1)

of Tj)‘ to row n to obtain T;. This implies that 7 belongs to the row stabilizer of T*.
As both Tj’\ and T} are row semistandard we get h = j. Therefore fl(n_l pmi),; APPears

only once in By: in the expression (3.7) of p} (&) with the coefficient (“*7 mm). Hence,

we can replace fl(n_lpm(j)) 5 by pi (&) in By for all j € I (X) and still have a basis for
P} O
It is now easy to obtain an Auslander-Reiten sequence ending with K, for A\ satisfy-

ing (3.5). Denote, respectively, by B} and Bj the K-basis of DP! dual to B; and Bs.
For j € I (\), we denote by z,; the element in B} (respectively, in Bj) that is dual to

11



Pt (&,5). Let Uy be the subspace of DP} with K-basis By \{ z;|j € IT(\)} if charK =0
or Bs\{z,|j€ It (N} if charK = p. Then U, is in fact a S(B™)-submodule. Define

E\) ={(z,c) e DP{&K\|z € (Ur+cauy)}.
Then we have the following result.

Theorem 3.6. Suppose that A € A (n,r) satisfies (3.5). Then the sequence
00Uy -5 EO) -5 Ky — 0, (3.8)

where f and g are defined by f (z) = (2,0) and g (2/,¢) = ¢, forall z € Uy, (2',¢) € E()\),
1s an Auslander-Reiten sequence.

Proof. Notice first that K, is not projective, since A # (r,0,...,0). Hence an Auslander-
Reiten sequence ending with K, exists.

By the dimension of Homgg+)(Ky, DF)) is one. Therefore, for any non-zero
6 € Homgg+)(Ky, DF}), the sequence

0= 7Ky -1 E(0) 5 Ky — 0 (3.9)
is an Auslander-Reiten sequence. We will consider 6 defined by
0(c)(n) = ne, for all n € Pt = &.S(B") and all ¢ € K.

Note that as P} has K-basis {&;|j € I (A)} and, for j € It ()\) and ¢ € K}, § ¢ = ¢
or 0, according as j = [ or j # [, we have that 6 is completely determined by saying
that 0(c)(&,;) = cif j = [, and 0 otherwise. Given z € DP} we can write z as a linear
combination of the elements of B or Bj, according to char K = 0 or char K = p. Then,
for any ¢ € K,, we have Dp!(z) = 6(c) if and only if zp! = 6(c), which in turn holds if
and only if for all j € I (\) there holds zp! (§;) = cif j = [, and 0 otherwise. Thus
2 = cz; + u for some u € Uy. Hence

E(9) ={(z,¢c) € DP® K, | Dp}(z) =0(c)} = E()).

In a similar way, we see that z € 7K, = ker Dp! if and only if zpt = 0, that is if and only
if z € Uy,. Therefore 7K, = U,. ]

Remark 3.7. We have explained that any non-zero homomorphism from the simple mod-
ule K, into DF} gives an Auslander-Reiten sequence. In particular if we replace 6 by ¢,
where c is a non-zero scalar, then this gives the same Auslander-Reiten sequence. In fact
we can say more. Recall the Auslander-Reiten formula. For any modules X,Y of some
algebra, we have (see, for example, Theorem 2.20 in [11])

Ext'(X,7Y) & DHom(Y, X).

Here Hom(U, V') is the quotient space of Hom(U, V') modulo homomorphisms which factor
through a projective module. We apply this with X =Y = K. Then the right hand
side is trivially one-dimensional. Hence Ext'(Ky, 7K,) = K. Therefore, by the previous
observation, if we have a non-split exact sequence with end terms K, and 7K, this must
be an Auslander-Reiten sequence.

12



We have constructed Auslander-Reiten sequences ending with Ky, for every A €
A (n,r) satisfying conditions . For this we only need to deal with the multiplica-
tion of basis elements of S (BT) where the formula in Lemma [2.3| can be used. For A not
satisfying , the calculations for multiplication of basis elements get very tortuous,
with many particular cases to consider, and the method we use does not work well in
the construction of the desired sequences. We will give throughout treatment of the case
n = 2 in Section [l For n = 3, we know some examples, but the calculation get quickly
out of control, so we do not list them.

Now we will look at the following problem. Given the Auslander-Reiten sequence
(3-8), one would like to know when the module E()) is indecomposable. This seems to
be a difficult question in general, as one can see for the Borel-Schur algebras of finite
type (see Section @ In fact one of the motivations for our classification was to get
a better understanding of this question. We have two easy observations, which deal
with most of the cases when the algebra has finite type. The first one involves the
indecomposability of the module P;. Notice that P; is indecomposable if and only if
A= (A,0,---,0,A,,0,---,0), forsome2 <v<n, A\, >1,ifcharK=0,and 1 < )\, < p,
if char K = p.

Proposition 3.8. Given A € A(n,r), assume the module Py is indecomposable. Then
the middle term E(\) is indecomposable.

Proof. We construct E(A) as a pullback, and hence we have a commutative diagram with

exact rows
0—>TK,\—>E()\)—> Ky —— 0

T .10

0 — 7K, —— DP! —25 DR

By the Snake Lemma, the map 6 is injective. Since P; is indecomposable, the module
DP} is indecomposable injective and hence has a simple socle. Therefore the socle of
E(A) is simple, and the module is indecomposable. H

Note that if n = 2 and char K = 0, then P; is always indecomposable. Therefore we
have the following result.

Corollary 3.9. If n =2 and char K = 0, then the middle term E()) is always indecom-
posable.

We can also identify from the Auslander-Reiten sequence for K, when A =
(0,0,...,7). This is the unique simple module which is injective. It follows that DP} =
K, and the map 6 is an isomorphism. In this case the map Dp! must be onto, and then
the Auslander-Reiten sequence is equivalent to the exact sequence which is the bottom
row of the diagram (3.10)).

4 Auslander-Reiten sequences for n =2

In this section we study the construction of an Auslander-Reiten sequence ending with K
in the particular case of n = 2. We will show that it is very easy to obtain such sequences
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with no restriction on A or the characteristic of K. We will also collect some facts on
the socle of S(B*,n,r), for general n, which are easy consequences of the construction
of Auslander-Reiten sequence we have done.

Let A = (A1, A\2). Since K, is non-projective if and only if Ay # 0, all compositions
we are interested in satisfy this condition. So we assume that Ay # 0. In particular, the
construction of Auslander-Reiten sequences in the characteristic zero and n = 2 case is
completely answered in Theorem [3.6]

Suppose now that char K = p and d is such that p? < X\, < p?*l. Given j € I ()),
recall that a (j) is the number of 2’s in the first row of T}, If

a=a(j)=@-1)+@-p+-+{@-1p"+... (4.1)
is the p-adic expansion of a then, by Proposition [3.4] for all 0 < d’ < d the binomial

coefficient (a+f, ) is divisible by p. Hence

+
gl] Zfllpd/ lfl]:Z(a’pp )55(1;#)'20'

’

Next we suppose that a = a(j) has p-adic expansion a = ag + a1p + - - - + asp®, with
a; # p— 1 for some 0 <t < d. Define m(j) =min{¢|t <dand a; < p— 1} and

={jelW|a)# -+ @-Dp+-+E-1p"+...}.

For 0 < d' < d we denote by I()\ d’) the subset of those j € I()\) such that m(j) = d'.
Then I(\) = U0<d/<d I(\,d) and T (A, d) C IT(A(1,p%)). Now with a proof completely

analogous to the proof of Proposition , we see that, for j € I (A, d’), the element
&1, pm0y,; in By can be replaced by pi(&,;) and the resulting set B is a new basis for P;.
This proves the following result.

Proposition 4.1. Suppose that charK = p and A\ = (A, A2), with Ay # 0. Then

B ={ 1),
u{pl (&)

LD\ TN ), 0<d < d}
jel}

is a K-basis for P}.
We also have that {fl,j jeIt(A\)\ f()\)} is a K-basis for ker(p!). In particular, p}

is injective if and only if p? < Xo < p*! and Ay < p?*tt — 1, i.e., if and only if X satisfies
condition [3.3.

Denote by Bj the basis of DP} dual to By. We write z; for the element dual to
P4(&.;), where j € I(A). Let Uy, be the S(B%)-submodule of DP} with K-basis Bj \

{Zl,j ‘j € f()\)} and
E\) = { (2,¢) € DP! ® K, | z € (Uy +czu)} )
Then, adapting the proof of Theorem [3.6] we can conclude the following result.

14



Theorem 4.2. Suppose that char K = p and A = (A1, \2), with Ay # 0. Then the sequence
0= Uy -5 E(\) -5 Ky — 0,

where f and g are defined by f (2) = (2,0) and g (2/,¢) = ¢, forall z € Uy, (Z',¢) € E(\),
1s an Auslander-Reiten sequence.

Now we return to the general setting of an arbitrary n and A € A(n,r). In what
follows, we will use the usual notation A™(n,r) for the subset of partitions in A(n,r).

While constructing Auslander-Reiten sequences, we studied the kernel of the map pf.
Since this kernel can be identified with Homgg+)(Ky, S(B™)), it provides information
on the socle of the Borel-Schur algebra S(B™). Namely, p! is non-injective if and only
if K, is in the socle of S(B*). We end the present section with a compilation of this
information. We start with the following auxiliary result.

Lemma 4.3. Suppose v € A(n,r) \ AT(n,r) and let M be an S(n,r)-module. Then
Homgp+)(K,, M) = 0, where we consider M as an S(B™)-module by restriction.

Proof. Let f: K, — M be an S(BT)-homomorphism and ¢ € K,. Then &;f(c) =
f(&jc) =0 for all &; € S(B™) different from ¢,. By [12, Theorem 5.2] we have S(n,r) =
D xert(n S(BT)ES(BT), where S(B™) denotes the lower Borel subalgebra of the Schur
algebra S(n,r). Since v € At (n,r), we get that S(n,r)f(c) = 0. This shows that f(c) =0
for all ¢ € K, and thus f is the zero map. O

As a simple consequence we get:
Proposition 4.4. Let v € A(n,r) \ A" (n,7). Then Homgp+)(K,, S(B™)) = 0.
Proof. The embedding S(B*) < S(n,r) induces the injective map
Homgp+)(K,, S(B")) — Homgp+)(K,, S(n,r)).

Now Lemma implies that the vector space Homgp+)(K,, S(n,7)) is trivial. Thus also
Homg g+ (K,, S(B)) vanishes. O

Combining the results on p! obtained previously with Proposition , we get the
following theorem.

Theorem 4.5. 1. The module Ko o) is a direct summand of the socle of S(B™)
independently of char K.

2. Suppose char K = 0 and n = 2. Then the socle of S(B™) is a direct sum of several
copies of K,.).

3. Suppose char K = p and n = 2. Then K, is a direct summand of the socle of S(B™)
if and only if X = (r,0) or X is a partition satisfying

)\1 Z leogp )\2J+1 . 1

4. Suppose n > 3 and char K = 0. Then all the composition factors of the socle of
S(B™T) are of the form Ky with A a partition such that \, = 0.
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5. Suppose n > 3 and charK = p. Then all the composition factors of the socle of
S(BY) are of the form Ky with X\ a partition such that either A\, =0 or

An—l Z p\_logp )\nj-‘rl _ 1

Proof. The module K, . ) is isomorphic to its projective cover S (B+)€(r,0 ,,,,, 0)- Thus
Homgp+)(Kro,...0), S(BT)) = &no,..005(B") is non trivial. This shows that K . o) is
a direct summand of the socle of S(B™).

Now the claims (2)-(5) follow from Propositions [3.3] 3.5, and [4.1] O

5 Functors between different algebras

A Borel-Schur algebra is triangular, that is, its quiver does not have oriented cycles.
Furthermore, a Borel-Schur algebra S(BT,m,r) is a non-unital subalgebra of a Borel-
Schur algebra S(B™,n,r) for m < n. This gives rise to functors between their module
categories, and one would like to understand when an Auslander-Reiten sequence of a
module for the smaller algebra lifts to an Auslander-Reiten sequence over the larger
algebra.

We study this question in a slightly more general setting. Assume A* C A(n,r) is a
coideal with respect to the dominance order. That is, if A € A* and A < u then pu € A*.
For example, if m < n then

AN (m,r) ={aeAn,r)|a=(a1,...,0n,0,...,0)}

is a coideal in A(n,r). Let

€= ep 1= ZQ

AEA*

This is an idempotent in A := S(B*,n,r). Then eAe can be regarded as a non-unital
subalgebra of A, see also [13] § 6.5]. This algebra has simple modules precisely the K,
with A € A*. In case A* = A*(m,r) we have

eS(B*,n,r)e = S(B",m,r). (5.1)
We have an exact functor

F: A-mod — eAe-mod
VeV
0: V=V =0y

The functor F' has a left adjoint G = Ae®c4.: eAe-mod — A-mod. In our case G is the
identity functor, since (1 — e)Ae = 0. We get as an easy consequence:

Proposition 5.1. With the above notation, the following hold:
(i) FG(M) = M for all M € eAe-mod;

(i1) G is exact;
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(iii) G preserves indecomposable modules;
(iv) G preserves simple modules.

We will use the following notation. If A\ € A(n,r) belongs to the subset A* we write
A if we view it as a weight of the algebra eAe, and we write Ky for the simple eAe-
module labelled by A\. Then G(Kj5) = K,. We also use 74 and 7.4, for the Auslander-
Reiten translation in A-mod and eAe-mod, respectively. Consider the Auslander-Reiten
sequence in eAe-mod

0= TeaK5 — E(N) — K5 — 0.
By applying the functor G we obtain the exact sequence

0 — G(TeaKz) = G(E())) — Ky — 0. (5.2)

Proposition 5.2. The sequence is an Auslander-Reiten sequence if and only if
G(TeAeKj\) = TAK)\.

Proof. One direction is clear. For the converse, assume G(Te4.K5) = 74K,. The exact
sequence is non-split since, if we apply F', we get the Auslander-Reiten sequence in
eAe-mod. By Remark [3.7, any non-split exact sequence with end terms 74K, and K, is
the Auslander-Reiten sequence. This proves the claim. O]

We give now an example where the sequence (5.2)) is not an Auslander-Reiten se-
quence.

Ezxample 5.3. Suppose char(K) # 2. Assume A* = A(2,3) viewed as a subset of A(3,3),
so that ede = S(B*,2,3) and A = S(B™,3,3). Consider the weight A = (1,2,0). From
the construction, we have the exact sequence

0 — 4Ky — DP! 2% DR,

In this case, DP} is the injective I(1,0) with socle K210y and DF; is the injective 1 20).

There is a uniserial module U of dimension 2 with top isomorphic to K ,1) and socle
isomorphic to Kz1,0). This is a submodule of I(5; ¢y and it is contained in the kernel of
Dy, as the socle of I(12) is not a composition factor of U. That is, U is a submodule of
74K, and we see that 74K, is not of the form G(M) for any M. So by the Proposition 5.2}
(5.2)) cannot be an Auslander-Reiten sequence.

6 Finite type classification

In this section we assume that the ground field K is algebraically closed. We will determine
precisely which Borel-Schur algebras are of finite type. We start by summarising general
results which can be used to identify representation type.

Assume A is some finite-dimensional algebra over K. Recall that A has finite type if
there are only finitely many indecomposable A-modules up to isomorphism. Otherwise,
A has nfinite type. If A = KQ, where Q is a quiver with no oriented cycles, then by
Gabriel’s Theorem [8, Theorem 1.2] A has finite type if and only if Q is a disjoint union
of Dynkin quivers of types Ay with k > 1, Dy, with k > 4, or Ey with 6 < k£ < 8.
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In some cases, we will consider algebras of the form KQ/Z where Z is generated by
a single commutativity relation. We will use a result by Ringel (see [16]) to identify
algebras of infinite type. Furthermore, the following is a general reduction method (see
for example Lemma 1 in [2]).

Lemma 6.1. Assume e is an idempotent of A. If eAe has infinite type then A has infinite
type.

We will combine this result with the idea of regular covering of quivers. Let Q be a
quiver and G a group acting freely on the right of Q. Then one has the quotient quiver
Q = Q /G and the canonical projection ¢: @ — Q. In that situation one says that Q
is a reqular covering of Q'.

The action of G on Q induces an action of G on the path category P(Q) of the quiver
Q. It is obvious that P(Q)/G is isomorphic to the path category P(Q’). In particular,
following Bongartz and Gabriel [3], we can define the pushdown functor ¢, : P(Q)-mod —
P(Q’)-mod. In our case the definition takes the following form. Let M be a representation
of Q, then for any vertex zG € Q'

¢*(A{)1G = 6})—A4ig;

geG
and for every arrow = — y in Q, we define the map

Ou(M)ac: 0«(M )z — (M)

to be the matrix with zeros at positions (g1, ¢2) if g1 # g2 and ag at position (g, g).
Similarly, for each g € G, we define a new representation g,M of Q by
(gM), = M

zg—1

and
(g*M)a = Mag—1 : ng—l — Myg—l

for every vertex z and every arrow = — y in Q.
The following theorem is a restatement of [10, Lemma 3.5] in our notation.

Theorem 6.2. Let Q be a quiver and G a group acting freely on Q. Suppose that M is
a finite-dimensional indecomposable representation of Q such that g.M % M, for every
g € G, g# 1g. Then ¢.M is indecomposable. Moreover, if N 2 M is a representation
of Q such that p.N = ¢, M, then there is g € G, g # 1g, such that g.M = N.

Returning to Borel-Schur algebras, we have already seen in that S(B*, m,r) and
eS(B*,n,r)e are isomorphic for some idempotent e € S(B™,n,r), whenever n > m, and
we will apply Lemmain this case. It also applies to relate S(B™T,2,r) with S(B™,2,r')
for ' > r. Namely we have:

Lemma 6.3. There is an idempotent e of S(B™,2,r 4+ 1) such that

eS(BT,2,r+1)e = S(BY,2,r).
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Proof. The usual basis of S(B™,2,r) can be parametrized as &, ,, where v, n € A(2,7) and
p v, see [21]. If A € A(2,7), then set A = (A +1,X2) € A(2,r+1). Let

€ = Z f;\.

AeA(2,r)

Then we claim that eS(B*,2,r + 1)e = S(B*,2,r). Namely the linear map, defined on

the basis by §,» = &, 5, is bijective and, by Lemma 22 of [21], it is an algebra map. [

Some of the Borel-Schur algebras S(B™,2,r) are special biserial.
Definition 6.4. An algebra of the form A = KQ/Z is called special biserial if

(i) for each vertex ¢ of Q, there are at most two arrows starting at ¢ and at most two
arrows ending at i;

(ii) for each arrow « of Q there is at most one arrow § and one arrow v such that af
and ya do not belong to Z.

A special biserial algebra A = KQ/Z is called a string algebra if Z is generated by
monomials.

Remark 6.5. By [0, I1.1.3], for every special biserial algebra A = KQ/Z, there is a string
algebra Ag, such that A and Ay, have the same representation type. To construct A,
one proceeds as follows. Let X be the set of vertices x € Q such that the modules Ae,
are injective-projective and non-uniserial. Then J := @,y soc(Ae,) is an ideal of A.
The algebra Ay, is defined to be A/J. Moreover, every indecomposable A-module is
either annihilated by 7, in which case it can be considered as an indecomposable Ag,-
module, or it is isomorphic to Ae, for some x € X. Therefore the number of isomorphism
classes of indecomposable A-modules differs from the number of isomorphism classes of
indecomposable Ag,-modules by the number of elements in X. Hence A and A, have
the same representation type.

The indecomposable modules over a string algebra were classified in [19]. Let V' be
the set of vertices of @ and E the set of arrows of Q. Denote by Q the quiver with the
set of vertices

E=EUu{d|acE},

where o' denotes the arrow going in the opposite direction of a. We define the involution
ton E by (a)t = at, (a')! = «a for every a € E. A walk in Q is a path in Q. A cycle in
Q is called a tour in Q. We say that a walk w = «q ... a3 is admissible if neither w nor
w! contain a subpath in Z or a subpath of the form aa! with a € E. A tour 7 = ay . .. ay,
is called admissible if

(i) neither 7 nor 7' is a cycle;
(ii) for any 1 < j < k the cyclic shift o ...agoq ... 1 of 7 is different from 7;

(iii) there are neither subpaths from Z nor of the form aa’ either in cyclic shifts of 7 or
in cyclic shifts of 7°.
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Given a walk w in Q, Wald and Waschbiisch construct on page 487 of [19] an A-module
M (w). Further, given a tour 7, a natural number m and x € K*, they construct an
A-module M(7,m, k). They show in [I9, Proposition 2.3] that the modules M (w) and
M (7, m, k) are indecomposable and

(i) if M is an indecomposable A-module, then either M = M (w) for some admissible
walk or M = M (7, m, k) for some admissible tour, m € N and x € K;

(il) M(w) 2 M (7, m,k) for any admissible walk w, admissible tour 7, m € N, k € K*;
(iii) if M(wy) = M(wy) for two different admissible walks w; and wy, then w; = wk;
(iv) if M(m,m1, k1) = M(Ta,me, ko) for (11,my, k1) # (7o, M2, Ka), then m; = mao,
k1 = kg and Ty is a cyclic shift of either 71 or 7}.
We can now state the classification of finite type for Borel-Schur algebras.

Theorem 6.6. 1. The algebra S(B*Y,2,7) has finite type if and only if one of the
following holds:

(i) char(K) =0;

(i1) char(K)=p>5 and r < p;
(#i) char(K) =3 and r < 4;
(iv) char(K) =2 and r < 3.

2. Forn >3, the algebra S(B™,n,r) has finite type if and only if r = 1.

Proof. (1) We show first that the algebras listed above have finite type.

(a) If char(K) = 0, or if char(K) = p and r < p, then by Proposition S(B*,2,r)
is isomorphic to KQ, where Q is the Dynkin quiver of type A,.; with linear orientation.
By Gabriel’s Theorem [8, Theorem 1.2], the algebra has finite type.

From now we assume that K has characteristic p.

(b) If r = p then S(B™,2,p) has finite type: its quiver described in Proposition

has the form

aq g ap—1 ap

with a; : 4 — 17— 1 and § : p — 0, where the only relation is that the product of all
the «; is zero. This is (trivially) special biserial. Any admissible walk is a subwalk of
QoQr3 . . .apﬂtalag ...ap_1 (or its transpose) and there are no admissible tours. Hence
there are only finitely many admissible words and the algebra has finite type.

(c) The algebra S(B™,2,3) for p = 2 is also special biserial. By Proposition , its

quiver is

(6.1)



and the relations are ayas = 0, asag = 0, and a3 = [aaz. The only injective-projective
indecomposable module of S(B*,2,3) is S(B*,2,3){(,). Its socle is the one-dimensional
subspace of S(B™,2,3) generated by a;/3. Thus the corresponding string algebra Ag,
has the same quiver and the relations ajas = 0, asaz = 0, a3 = 0, and Sraz = 0.
Now every admissible walk for Ay, is either a subwalk of w = azfiasfiay or of w'. In
particular, there are no admissible tours and therefore, by Remark [6.5, both Ay, and A
have finite representation type.

(d) The algebra S(B™,2,4) has finite type for p = 3. To prove this, we calculate
Auslander-Reiten sequences, and we find that the Auslander-Reiten quiver has a finite
component, a drawing of which we include (see Figure [1)). Auslander’s Theorem (see
for example Proposition on page 116 of [15]) states that if the Auslander-Reiten quiver
of an indecomposable algebra has a connected component whose modules have lengths
bounded by some natural number, then this component is finite and it contains precisely
all indecomposable modules. In particular the algebra is of finite type. It is clear that the
modules in the component of the Auslander-Reiten quiver of S(B*,2,4) on Figure 1| have
bounded length since there are finitely many of them. Hence by Auslander’s Theorem
the algebra S(B™,2,4) has finite type.

Now we find four classes of algebras and show they have infinite type.

(e) Consider S(B*,2,p+ 1) for p > 7. Define

e =Ept1,0) T Ep1) + Ep-12) + Ep-23) T Eap-2) T S@p-1) T E1p) + S0p+1)-

From Proposition it follows that the algebra eS(B™,2, p+1)e is a basic algebra whose
quiver is
p—=2 p=1 p  p+l

0 1 2 3 (62)

with commuting square and no other relation. The quiver (6.2) is number 32 in Ringel’s
list [16] and thus the algebra S(B™,2,p+ 1) has infinite type.
(f) Consider S(B™,2,6) for p = 5. By Proposition 2.6} it has the quiver presentation

Bs
az 2 3 4 [e73}
0 o1 f{(u as 5 6
6.3
Be ( )
with the relations

arapazogas = 0, apazagasas =0, a8 = Psas. (6.4)

Let us consider the quiver

6/ 6//
4/ 5/ 1/ 2/ 3/ 4//

(6.5)
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Figure 1: Auslander-Reiten quiver for S(B™,2,4), p = 3.
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with an action of the symmetric group ¥, given by interchanging ' with ”. Then the
quiver is a quotient of under this action. The full subquiver of (|6.5) spanned
by the vertices 3', and i” with 0 < ¢ < 6 is isomorphic to the quiver (6.2)). Therefore
there is an infinite set 7 of pairwise non-isomorphic indecomposable representations V'
of the quiver such that V;; = 0 for ¢ # 3, and the square

‘/6//

commutes. It is easy to check that for every such V' the representation ¢,(V') of
satisfies relations .

Now we show that ¢,V is indecomposable. Suppose that ¢,V is not indecomposable.
Then by Theorem there is a non-unit element o € ¥ such that o,V = V. Since ¥,
contains a unique non-unit element and its action on (6.5)) is given by swapping i’ and i”
for every 1 <14 < 6, we get Vi» = Vi for all i. In particular V;» = 0 for ¢ # 3. Thus the
support of V' is {3',3”}. Since there are no arrows connecting 3" and 3” in (6.5)), V is a
direct sum of several copies of the simple modules S35 and S3.. As V' is indecomposable
we get that either V' = Sy or V 22 S3,. But in the fist case 0,V = S3» 22 S5 2 V', and
in the second case 0,V =2 S3 2% S3» = V. Thus we get a contradiction to the existence
of o # 1 such that ¢,V = V. This shows that ¢,V is indecomposable.

Further, if V and W € J are two different representations of such that ¢, (V) =
¢«(W), then by Theorem [6.2, we have V = ¢*W where 0 = (12) € 5. This implies that
Vin 2 Wy = 0 if ¢ # 3. Therefore either V' is isomorphic to the simple module Sy or to
the simple module Sz». Let J' = J \ {Ss/, S3+}. Then J' is infinite and {¢.(V)|V € J'}
is the set of pairwise non-isomorphic indecomposable representations of S(B™,2,6) over
a field of characteristic 5. This shows that S(B™,2,6) is of infinite type for p = 5.

(9) Consider S(B*,2,5) for p = 3. By Proposition it is isomorphic to the quiver
algebra of the quiver

B3 Bs
1 3 4 5
[e%1 (o) as (e 7} as
Ba (66)
with relations
arapas = 0, apazoy = 0, azagos = 0, a1y = Baay, zfs = Baas. (6-7)
Let us consider the quiver
3/ 4/ 5/
3// 4// 5//
U U (6.8)

o 1" 9 )
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with an action of Yy given by interchanging ' and ”. Then (6.6) is the quotient of
under this action. Let J be the set of isomorphism classes of finite-dimensional
indecomposable representations V' of , such that

‘/b/ — O’ -‘/1/ = O’ ‘/5// — 0,
the map from V3 to Vor is zero, and the square
-‘/3// -~ -‘/21//
Vi < Vi

commutes. Then the elements of J can be identified with the isomorphism classes of
finite-dimensional indecomposable representations of the quiver 33 in Ringel’s list [16].
Thus J is infinite.

Now, for every isomorphism class [V] in J, one can check that ¢,V satisfies relations
(6.7) and therefore can be considered as a representation of S(B*,2,5) over a field of
characteristic 3. Theorem implies that ¢,V is indecomposable. In fact, if this is not
the case, then o,V = V and thus Vp» = Vi» = V5 = 0. Moreover, the map from Vi~ to
Vs is zero. Hence V is the direct sum of subrepresentations V’ and V" defined by

VZ = Vi/, ii’ = O; Vzil = O, lif = ‘/;//, (69)

where 0 < i < 5. Since V' is indecomposable, we get that either V/ =0 or V" = 0. But
0.V =2V implies that ,V’' =2 V" and o,V"” = V'. Thus in both cases, we get that V' = 0.

Further, for every [V] € J there is at most one [W] € J different from [V] such that
[¢.V] = [¢.W]. In fact, by Theorem [6.2 we get that V = o,W, where o = (12) € X,.
Therefore the set

{[o.V][[V]e T}
is infinite, and we get that S(BT,2,5) for p = 3 has infinitely many pairwise non-
isomorphic indecomposable representations.
(h) Consider S(B¥,2,4) for p = 2. By Proposition it has the quiver

B2 Ba
0,/a1 1 3 as\ 4
W
Bs (6.10)
Y

and its ideal of relations is generated by

aray =0, axa3 =0, oz =0, ofs=LPaas, ofy =Psaq, [2fs=0. (6.11)

Let us consider the quiver

2/ 3/ 4

2// 3//
0/ 1/ 4//

o 1 )
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with an action of Y, given by interchanging ' and ”. Then is the quotient of
under this action. Let J be the set of isomorphism classes of indecomposable
representations V' of such that V;; = 0 for ¢ # 2 and the maps from Vi to Vin,
from Vzr to Vo and from Vy to Vi» are zero maps. Then J can be identified with the
set of isomorphism classes of indecomposable representations of the quiver

2/ 2//

4 0"

3// 1//

of type Ds. Thus J is infinite. One can check that for every [V] € J the repre-
sentation ¢,V of satisfies the relations and thus can be considered as a
representation of S(B™,2,4) over a field of characteristic 2. Using Theorem one can
verify as above that ¢,V is indecomposable. Moreover, if [V] and [W] € J are different
and [p.V] = [¢p.W] then [V] = [0.W]. Therefore the set { [¢.V]|[V] € J} is infinite.
Hence S(BT,2,4) defined over a field of characteristic 2 has infinitely many pairwise
non-isomorphic indecomposable representations. This completes the proof of part (1) of
Theorem [6.6]

(2) Now we study S(B*,3,r) for r > 2. The quiver of S(B*,3,r) contains a full
subquiver Q' given by

(r—2,1,1) (r—1,0,1)

(T_27270) (T—l,l,O)

Let e be the idempotent e = £,—2.11)+&r—1,01) +Er—22,0+Er-11,0)- Then eS(B*,3,r)eis
isomorphic to K'Q' and this is of infinite type, by Gabriel’s Theorem. Hence S(B™,3,r)
is of infinite type, by Lemma . Now it follows, from and Lemma , that
S(B*,n,r) is of infinite type for any n > 3 and r > 2.

Finally, the algebra S(B™,n,1) is isomorphic to KQ where Q is a quiver of type A,
with linear orientation, hence it has finite type. m

Acknowledgements

This work was partially supported by the Centre for Mathematics of the University
of Coimbra — UID/MAT/00324/2013, funded by the Portuguese Government through
FCT/MEC and co-funded by the European Regional Development Fund through the
Partnership Agreement PT2020. The third author’s work was also supported by the
FCT Grant SFRH/BPD/31788/2006 and the exploratory project in the framework of
Programa Investigador FCT IF/00016,/2013.

References

[1] M. Auslander and I. Reiten, Representation theory of Artin algebras. III. Almost
split sequences, Comm. Algebra 3 (1975), 239-294.

25



2]

[10]

[11]

[12]

[13]

[14]

[15]

K. Bongartz, Zykellose Algebren sind nicht zigellos, Representation theory, I (Proc.
Second Internat. Conf., Carleton Univ., Ottawa, Ont., 1979), Lecture Notes in Math.,
vol. 832, Springer, Berlin, 1980, pp. 97-102.

K. Bongartz and P. Gabriel, Covering spaces in representation-theory, Invent. Math.
65 (1981/82), no. 3, 331-378.

M. C. R. Butler, The construction of almost split sequences. I, Proc. London Math.
Soc. (3) 40 (1980), no. 1, 72-86.

S. R. Doty, K. Erdmann, S. Martin, and D. K. Nakano, Representation type of Schur
algebras, Math. Z. 232 (1999), no. 1, 137-182.

K. Erdmann, Blocks of tame representation type and related algebras, Lecture Notes
in Mathematics, vol. 1428, Springer-Verlag, Berlin, 1990.

, Schur algebras of finite type, Quart. J. Math. Oxford Ser. (2) 44 (1993),
no. 173, 17-41.

P. Gabriel, Unzerlegbare Darstellungen. I, Manuscripta Math. 6 (1972), 71-103; cor-
rection, ibid. 6 (1972), 309.

_, Auslander-Reiten sequences and representation-finite algebras, Representa-
tion theory, I (Proc. Workshop, Carleton Univ., Ottawa, Ont., 1979), Lecture Notes
in Math., vol. 831, Springer, Berlin, 1980, pp. 1-71.

_, The universal cover of a representation-finite algebra, Representations of
algebras (Puebla, 1980), Lecture Notes in Math., vol. 903, Springer, Berlin-New
York, 1981, pp. 68-105.

J. A. Green, Notes on almost split sequences, I, (1983), Groups, Representations and
Cohomology Preprint Archive of D. Benson.

_, On certain subalgebras of the Schur algebra, J. Algebra 131 (1990), no. 1,

265-280.

, Polynomial representations of GL,,, augmented ed., Lecture Notes in Math-
ematics, vol. 830, Springer, Berlin, 2007, With an appendix on Schensted correspon-
dence and Littelmann paths by K. Erdmann, Green and M. Schocker.

S. Martin, Schur algebras and representation theory, Cambridge Tracts in Mathe-
matics, vol. 112, Cambridge University Press, Cambridge, 2008, Reprint of the 1993
original.

C. M. Ringel, On algorithms for solving vector space problems. 1. Report on the
Brauer-Thrall conjectures: Rojter’s theorem and the theorem of Nazarova and Rojter,
Representation theory, I (Proc. Workshop, Carleton Univ., Ottawa, Ont., 1979),
Lecture Notes in Math., vol. 831, Springer, Berlin, 1980, pp. 104-136.

26



[16]

, On algorithms for solving vector space problems. 1I. Tame algebras, Repre-
sentation theory, I (Proc. Workshop, Carleton Univ., Ottawa, Ont., 1979), Lecture
Notes in Math., vol. 831, Springer, Berlin, 1980, pp. 137-287.

A. P. Santana, The Schur algebra S(B™) and projective resolutions of Weyl modules,
J. Algebra 161 (1993), no. 2, 480-504.

A. P. Santana and I. Yudin, Characteristic-free resolutions of Weyl and Specht mod-
ules, Adv. Math. 229 (2012), no. 4, 2578-2601.

B. Wald and J. Waschbiisch, Tame biserial algebras, J. Algebra 95 (1985), no. 2,
480-500.

D. J. Woodcock, Borel Schur algebras, Comm. Algebra 22 (1994), no. 5, 1703—-1721.

I. Yudin, On projective resolutions of simple modules over the Borel subalgebra
ST(n,r) of the Schur algebra S(n,r) for n < 3, J. Algebra 319 (2008), no. 5, 1870
1902.

27



	Introduction
	Notation and basic results
	Auslander-Reiten sequences
	Auslander-Reiten sequences for n=2
	 Functors between different algebras
	Finite type classification 

