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Coimbra, Apartado 3008, 3000 Coimbra, Portugal

E-mail: lena@mat.uc.pt

and

Shahn Majid†

Department of Applied Mathematics & Theoretical Physics, Unï ersity of Cambridge,
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We show that the octonions are a twisting of the group algebra of Z = Z = Z2 2 2
in the quasitensor category of representations of a quasi-Hopf algebra associated
to a group 3-cocycle. In particular, we show that they are quasialgebras associative
up to a 3-cocycle isomorphism. We show that one may make general constructions
for quasialgebras exactly along the lines of the associative theory, including
quasilinear algebra, representation theory, and an automorphism quasi-Hopf alge-
bra. We study the algebraic properties of quasialgebras of the type which includes
the octonions. Further examples include the higher 2 n-onion Cayley algebras and
examples associated to Hadamard matrices. Q 1999 Academic Press

1. INTRODUCTION

In this paper we provide a natural setting for the octonion algebra,
namely as a quasialgebra or algebra in a symmetric monoidal or quasiten-
sor category. Such categories have a tensor product and associativity

Ž . Ž .isomorphisms F : V m W m Z ( V m W m Z for any three ob-V , W , Z
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jects, but these need not, however, be the trivial vector space isomor-
phisms. These categories also arise naturally as the representation cate-

w xgories of quasi-Hopf algebras 1 . Our first result is to identify the correct
‘‘octonion generating quasi-Hopf algebra’’ in the category of representa-
tions of which the octonions live as a quasialgebra. The categorical point
of view then provides further general constructions on the octonions.
Moreover, the framework has many other interesting quasiassociative
algebras beyond these.

We note that our formulation of the octonions as quasialgebras is quite
different from the usual treatment of such nonassociative algebras as
‘‘alternative algebras.’’ The alternative axiom is much weaker than associa-
tivity and as a result most constructions for associative algebras do not go
through for alternative ones. By contrast, in our new approach, the
associativity axiom is retained up to isomorphism in the form

?( ?m id s ?( id m ? (FŽ . Ž .

w xwhere ? is the product. We can then make use of Mac Lane’s theorem 2 ,
which asserts that any monoidal category is equivalent to a strictly associa-
tive one}i.e., we may make all categorical constructions for quasialgebras
exactly as if they were strictly associative and simply put in the associators

ŽF as needed for compositions to make sense Mac Lane’s theorem ensures
.that all the ways to do this will give the same answer . Thus our result

allows us to work with octonions exactly as if they were effectively
associative. We demonstrate this in Sections 6 and 7 with notions of
automorphisms and quasimatrix representations.

The second aspect of our result is the explicit form of the octonions as
twistings of group algebras. We obtain them as examples of a particular
class of quasialgebras k G which we study in detail, where G is a groupF

Ž .and F a 2-cochain and where we work over a field k . We show how
various algebraic properties of the octonions, including composition and
alternativity properties, may be expressed in general in terms of F and a
quasibicharacter RR and 3-cocycle f built from it. These are the main
results of the paper and occupy Sections 3 and 4. Higher Cayley algebras

Ž .and also more trivially the quaternions and complex numbers are of this
Žk G type, the latter two being associative as corresponding to F closed aF

.2-cocycle in these two cases. There are also many k G quasialgebrasF
included in our theory which are quite different from the octonions; some
interesting classes of these are collected in Section 5.

Moreover, many of the properties of these k G quasialgebras areF
related to the fact that they are in some sense ‘‘gauge equivalent’’ to the
group algebras kG by a certain twisting operation. The general principle
of ‘‘gauge equivalence’’ or twisting has been introduced for quasi-Hopf
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w xalgebras by Drinfeld 1 and has also been used for ordinary associative
w xHopf algebras 3 . Our k G are not themselves Hopf algebras or quasi-F

Hopf algebras but rather they relate to Drinfeld’s theory as follows. Thus,
Ž Ž . . Ž .behind our construction is a quasi-Hopf algebra k G , f , where k G is

Ž .the usual Hopf algebra of functions on a finite group G but regarded
trivially as a quasi-Hopf algebra via a 3-cocycle f on G. In this sense our
construction is very much the analogue, for discrete groups, of Drinfeld’s

Ž .construction of the quantum groups U g as equivalent to quasi-Hopfq
Ž Ž . .algebras U g , f , where f is a Hopf-algebra 3-cocycle obtained by

w xsolving the Knizhnik-Zamalodchikov equations 1 . In our case the
Ž Ž . . Ž .k G , f are obtained by twisting from the Hopf algebras k G by
cochains F. On the other hand, the group algebra kG lives in an obvious

Ž . Ž .way in the category of k G -modules or G-graded spaces as an algebra;
Ž . Ž Ž . .when we twist or ‘‘gauge transform’’ k G into k G , f we must likewise

gauge transform all the algebras on which it acts, which in our case sends
Ž Ž . .kG to k G as an algebra in the category of k G , f representations.F

This is the point of view by which our quasialgebras k G are introduced,F
Ž .in Section 2. For technical reasons to avoid G finite we actually work

with dual quasi-Hopf algebras and comodules rather than quasi-Hopf
algebras and modules.

In the quantum groups literature this kind of extension of Drinfeld’s
twisting to algebraic structures living in representation categories has been

w xintroduced in 4 , where it was used to express the transformation from
Ž Ž .q-deformed Euclidean space which lives in the category of U so -mod-q 4

. Žules to q-deformed Minkowski space which lives in the category of
Ž . . ŽU so -modules . In a similar way, a certain 2-cochain F which weq 1, 3

. Žprovide gauge transforms the group algebra of Z = Z = Z Z the2 2 2 2
.cyclic group of order 2 into the octonions.

2. PRELIMINARIES: GENERAL CONSTRUCTIONS

An introduction to quantum groups, including quasitensor categories
w xand quasi-Hopf algebras is in 5 , the main notations of which we use here.

w xIn fact, the natural setting for us is the dual of Drinfeld’s axioms 1 ,
w xnamely the notion of a dual quasi-Hopf algebra 6, 5 .

Ž .Thus, a dual quasibialgebra is H, D, e , f where the coproduct D:
ŽH ª H m H and counit e : H ª k form a coalgebra the axioms are those

.of a unital associative algebra with arrows reversed and are multiplicative
with respect to a ‘‘product’’ H m H ª H. We write Dh s Ýh m h andŽ1. Ž2.
Ž . Ž .id m D (Dh s D m id (Dh s Ýh m h m h , etc., as an explicit no-Ž1. Ž2. Ž3.

w xtation 7 for elements resulting from repeated applications of D. The
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product is required to be associative up to ‘‘conjugation’’ by f in the sense

a ? b ? c f a , b , c s f a , b , c a ? b ? cŽ . Ž . Ž . Ž .Ý ÝŽ1. Ž1. Ž1. Ž2. Ž2. Ž2. Ž1. Ž1. Ž1. Ž2. Ž2. Ž2.

1Ž .

for all a, b, c g H, where f is a unital 3-cocycle in the sense

f b , c , d f a , b ? c , d f a , b , cŽ . Ž . Ž .Ý Ž1. Ž1. Ž1. Ž1. Ž2. Ž2. Ž2. Ž2. Ž3. Ž3.

s f a , b , c ? d f a ? b , c , d 2Ž .Ž . Ž .Ý Ž1. Ž1. Ž1. Ž1. Ž2. Ž2. Ž2. Ž2.

Ž . Ž . Ž .for all a, b, c, d g H, and f a, 1, b s e a e b for all a, b g H. We also
require that f is convolution-invertible in the algebra of maps Hm3 ª k,
i.e., that there exists fy1 : Hm3 ª k such that

f a , b , c fy1 a , b , cŽ . Ž .Ý Ž1. Ž1. Ž1. Ž2. Ž2. Ž2.

s e a e b e c s f a , b , c fy1 a , b , cŽ . Ž . Ž . Ž . Ž .Ý Ž1. Ž1. Ž1. Ž2. Ž2. Ž2.

for all a, b, c g H.
A dual quasibialgebra is a dual quasi-Hopf algebra if there is a linear

map S: H ª H and linear functionals a , b : H ª k such that

Sa a a a s 1a a , a Sa b a s 1b a , 3Ž . Ž . Ž . Ž . Ž .Ž .Ý ÝŽ1. Ž3. Ž2. Ž1. Ž3. Ž2.

f a , Sa , a b a a a s e a ,Ž . Ž . Ž .Ž .Ý Ž1. Ž3. Ž5. Ž2. Ž4.
4Ž .

y1f Sa , a , Sa a a b a s e aŽ . Ž . Ž .Ž .Ý Ž1. Ž3. Ž5. Ž2. Ž4.

for all a g H.
Finally, H is called dual quasitriangular if there is a convolution-invert-

ible map RR: H m H ª k such that

RR a ? b , c s f c , a , b RR a , c fy1 a , c , bŽ . Ž .Ž . Ž .Ý Ž1. Ž1. Ž1. Ž2. Ž2. Ž3. Ž3. Ž2.

= RR b , c f a , b , c , 5Ž .Ž . Ž .Ž3. Ž4. Ž4. Ž4. Ž5.

RR a, b ? c s fy1 b , c , a RR a , c f b , a , cŽ . Ž .Ž . Ž .Ý Ž1. Ž1. Ž1. Ž2. Ž2. Ž2. Ž3. Ž3.

=RR a , b fy1 a , b , c , 6Ž .Ž . Ž .Ž4. Ž3. Ž5. Ž4. Ž4.

b ? a RR a , b s RR a , b a ? b 7Ž .Ž . Ž .Ý ÝŽ1. Ž1. Ž2. Ž2. Ž1. Ž1. Ž2. Ž2.

for all a, b, c g H.
We recall also that a corepresentation or comodule under a coalgebra

Ž .means a vector space V and a map b : V ª V m H obeying id m D ( b s
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Ž . Ž .b m id ( b and id m e ( b s id. This is the notion of an action with
arrows reversed. In the finite-dimensional case a coaction of H means an
action of the associative algebra H*.

A monoidal category is a category CC of objects V, W, Z, etc., a functor
ŽŽ . . Ž Ž ..m: CC m CC ª CC, and a natural transformation F: m m ª m m

between the two functors CC = CC = CC ª CC, where F obeys Mac Lane’s
w x‘‘pentagon identity’’ for equality of the two obvious isomorphisms 2

V m W m Z m U ( V m W m Z m UŽ . Ž .Ž . Ž .Ž .

built from F for any four objects V, W, Z, and U. A braided or
‘‘quasitensor’’ category is a monoidal one which has, in addition, a natural
transformation C: mª mop obeying two ‘‘hexagon’’ coherence conditions
Ž w x.see 8 .

The comodules MM H over a dual quasi-Hopf algebra form such a
category with

Ž1. Ž1. Ž1. Ž2. Ž2. Ž2.F ¨ m w m z s ¨ m w m z f ¨ , w , zŽ . Ž .Ž . Ž .ÝV , W , Z

Ž1. Ž2.Ž .for ¨ g V, w g W, and z g Z. Here b ¨ s Ý¨ m ¨ is a notation and
the tensor product of two comodules is a comodule by composition with

w xthe product of H. In the quasitriangular case the category is braided 1 ,
Ž1. Ž1. Ž2. Ž2.Ž . Ž .with C ¨ m w s Ýw m ¨ RR ¨ , w . There is also a conjugate orV , W

dual coaction on V * made possible by the antipode S. The converse is also
Ž .true: namely any braided monoidal category with duals and with a

Žmultiplicative functor to the category of vector spaces and some finiteness
. Ž .properties comes from the comodules over a dual quasitriangular quasi-

w xHopf algebra 6 .
If H is a dual quasi-Hopf algebra, then so is H with the new product,F

F, RR, a , b given by

a ? b s Fy1 a , b a ? b F a , bŽ . Ž .ÝF Ž1. Ž1. Ž2. Ž2. Ž3. Ž3.

f a, b , c s Fy1 b , c Fy1 a , b ? c f a , b , cŽ . Ž . Ž . Ž .ÝF Ž1. Ž1. Ž1. Ž2. Ž2. Ž2. Ž3. Ž3.

= F a ? b , c F a , b 8Ž .Ž . Ž .Ž3. Ž4. Ž4. Ž4. Ž5.

a a s F Sa , a a a , b a s Fy1 a , Sa b aŽ . Ž . Ž . Ž .Ž . Ž .Ý ÝF Ž1. Ž3. Ž2. F Ž1. Ž3. Ž2.

RR a, b s Fy1 b , a RR a , b F a , bŽ . Ž . Ž . Ž .ÝF Ž1. Ž1. Ž2. Ž2. Ž3. Ž3.

for all a, b, c g H. Here F is any convolution-invertible map F: H m H ª
Ž . Ž . Ž . Ž .k obeying F a, 1 s F 1, a s e a for all a g H a 2-cochain . This is the

dual version of the twisting operation or ‘‘gauge equivalence’’ of Drinfeld,
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so called because it does not change the category of comodules up to
monoidal equivalence.

DEFINITION 2.1. Let H be a dual quasi-Hopf algebra. An H-comodule
quasialgebra A is an algebra in the category of H-comodules. This means
an H-comodule, a product map ? associative in the category and equivari-
ant under the coaction of H. Explicitly,

Ž1. Ž1. Ž1. Ž2. Ž2. Ž2.a ? b ? c s a ? b ? c f a , b , c ,Ž . Ž . Ž .Ý
b a ? b s b a b b , ;a, b g AŽ . Ž . Ž .

where the last expression uses the tensor product algebra in A m H.

PROPOSITION 2.2. If A is an H-comodule quasialgebra and F: H m H ª k
a 2-cochain, then A with the new productF

Ž1. Ž1. Ž2. Ž2.a ? b s a b F a , bŽ .ÝF

and unchanged unit is an H -comodule quasialgebra.F

Proof. This is elementary and follows from the equivalence of the
w xcomodule categories under twisting. See also 3 in the module version.

There is a parallel theory with all arrows reversed. Thus, H can be a
quasi-Hopf algebra, with associative product and D coassociative up to

m3 w xconjugation by an invertible 3-cocycle f g H 1 . In this case the
modules of H form a monoidal category and, in the quasitriangular case, a
braided one. In this case we work with H-module quasialgebras and their
twistings by F g H m H.

When the theory is developed in this comodule form, it is an easy matter
to specialize to the following class of examples: let H s kG the group
algebra of a group. This has coproduct, etc.,

D x s x m x , e x s 1, Sx s xy1 , ; x g G

forming a Hopf algebra. However, for any point-wise invertible group
cocycle f : G = G = G ª k in the sense

f y , z , w f x , yz , w f x , y , zŽ . Ž . Ž .
s f x , y , zw f xy , z , w , f x , e, y s 1 9Ž . Ž . Ž . Ž .

m3 Ž .extended linearly to kG , we can regard kG, f as a dual quasi-Hopf
Ž .algebra. Group inversion provides an antipode with a s e , b x s

Ž y1 .1rf x, x , x . Finally, a dual quasitriangular structure is possible only
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when G is Abelian and corresponds to invertible RR: G = G ª k such that

f z , x , y f x , y , zŽ . Ž .
RR xy , z s RR x , z RR y , z ,Ž . Ž . Ž .

f x , z , yŽ .
10Ž .

f y , x , zŽ .
RR x , yz s RR x , z RR x , yŽ . Ž . Ž .

f y , z , x f x , y , zŽ . Ž .

for all x, y, z g G.
A special case is when f is a coboundary,

F x , y F xy , z F x , yŽ . Ž . Ž .
f x , y , z s , RR x , y s RR x , y ,Ž . Ž . Ž .0F y , z F x , yz F y , xŽ . Ž . Ž .

11Ž .y1F x , xŽ .
b x sŽ . y1F x , xŽ .

Ž . Ž . Žfor any invertible F obeying F x, e s 1 s F e, x for all x g G a 2-
.cochain and any invertible bicharacter RR . This is the twisting of the0

Ž .group algebra kG, RR regarded as a dual quasitriangular Hopf algebra0
w x5 with trivial initial f .0

Ž .Next, a coaction of kG means precisely a G-grading, where b ¨ s ¨ m
< < < <¨ on homogeneous elements of degree ¨ . Hence the notion of an
H-comodule quasialgebra in this case becomes:

DEFINITION 2.3. A G-graded quasialgebra is a G-graded vector space
A, a product map A m A ª A preserving the total degree and associative
in the sense

< < < < < <a ? b ? c s a ? b ? c f a , b , c , ;a, b , c g AŽ . Ž . Ž .

Ž .of homogeneous degree , for a 3-cocycle f. A G-graded quasialgebra is
Ž .called coboundary if f is a coboundary as in 11 .

This is the setting which we will use, with the above as the underlying
explanation of the constructions. If G is finite we can equally regard its

Ž . Ž .m3 Ž .function algebra k G with f g k G as a quasi-Hopf algebra k G asf

w x Ž .in 9 and then view a G-graded quasialgebra as equivalently a k G -mod-f

Ž . Ž < <.ule quasialgebra. Here the action of h g k G is h.¨ s ¨h ¨ on homo-f

geneous elements.

COROLLARY 2.4. k G defined as kG with a modified productF

x ? y s xyF x , y , ; x , y g GŽ .F
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is a coboundary G-graded quasialgebra. The degree of x g G is x, and F is any
2-cochain on G.

Proof. This is a special case of the twisting proposition. Here kG coacts
on itself by b s D, i.e., the degree of x g G is x. We now twist kG to the

Ž .dual quasi-Hopf algebra kG, f s ­ F . In the process, we also twist kG as
a comodule algebra to k G as a comodule quasialgebra under this dualF
quasi-Hopf algebra.

We note an elementary property of k G.F

PROPOSITION 2.5. With trï ial initial bicharacter RR , the category of0
Ž 2 .G-graded ¨ector spaces is symmetrically braided in the sense C s id and

k G is braided-commutatï e in the senseF

a ? b s ?(C a m b , ;a, b g k G.Ž . F

Ž .Proof. This is immediate from 11 and the definition of C from RR.
< < < <F a , bŽ .Ž .The latter is clearly C a m b s b m a for elements of homoge-
< < < <F b , aŽ .

< < < < 2neous degree a , b , which is braided but trivially so in the sense C s id
Ži.e., the category of G-graded spaces in this case is symmetric monoidal

.rather than strictly braided .

3. MORE ABOUT THE QUASIALGEBRA k GF

In this section, we will study further properties of the G-graded quasial-
gebra k G beyond the general ones arising from their categorical struc-F
ture in the preceding section. We assume that G is Abelian, that F is a
2-cochain, and that f is a 3-cocycle.

First of all, we note that k G has a natural symmetric bilinear formF
whereby the basis of group elements is orthonormal. In general, the

Žassociated quadratic function on k G will not be multiplicative a quadraticF
.character .

PROPOSITION 3.1. If k G admits a quadratic character then F 2 is aF
coboundary and f 2 s 1. If the Euclidean norm quadratic function defined by
Ž . Ž .q x s 1 for all x g G is multiplicatï e making k G a composition algebraF

then F 2 s 1.

ŽProof. For all discussions of quadratic forms we suppose that k has
.characteristic not 2. Given a quadratic character q: k G ª k, we haveF

Ž . Ž Ž . . 2Ž . Ž . Ž . Ž .q x ? y s q F x, y xy s F x, y q xy s q x q y on x, y g G; i.e.,
2Ž . Ž . Ž . Ž .F x, y s q x q y rq xy is a coboundary in the group cohomology. In

general, if F 2 s ­ q we still need to specify a bilinear form with diagonal
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q, so the converse is not automatic. If we take the canonical quadratic
Ž .function associated to G as an orthonormal basis, we will have q x ? y sF

2Ž . 2Ž . Ž . Ž .F x, y s F x, y q x q y for all x, y g G, so if this is multiplicative
2then F s 1.

This will be the case for some of the Cayley algebras in the next section,
as well as for many other examples, and is the reason that F, f typically
have values "1 in these cases.

Also, we already know from the construction in Corollary 2.4 that

F x , y F xy , zŽ . Ž .
x ? y ? z s x ? y ? z f x , y , z , f x , y , z sŽ . Ž . Ž . Ž .

F x , yz F y , zŽ . Ž .

Ž .and hence that k G is associative iff f s 1. Also, recall that F x, e sF
Ž . Ž .F e, x s 1 where e g G is the group identity is part of the definition of

a cochain, and

f e, x , y s f x , e, y s f x , y , e s 1Ž . Ž . Ž .

Žis part of the definition of a cocycle the middle one implies the other
.two ; in particular it holds for our coboundary f.

Likewise, we know from Proposition 2.5 that k G is braided-commuta-F
tive with respect to the braiding

F x , yŽ .
C x m y s RR x , y y m x , RR x , y s , ; x , y g G.Ž . Ž . Ž .

F y , xŽ .

Hence it is commutative in the usual sense iff F is symmetric. This is also
clear from the form of the product in k G since G itself is Abelian. MoreF
interesting for us,

DEFINITION 3.2. We say that k G is altercommutatï e if C is given byF
RR of the form

1 if x s e or y s e or x s y
RR x , y sŽ . ½y1 otherwise

for all x, y g G.
Ž . Ž . Ž .Note that RR x, x s RR x, e s RR e, x s 1 for any k G, so the contentF

here is the value y1 in the remaining ‘‘otherwise’’ case. Also note that an
altercommutative k G can never be commutative unless G s Z . TheF 2
condition is somewhat similar to the notion of a ‘‘supercommutative’’
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Ž .algebra. One also has more familiar cases for the breakdown of associa-
tivity, such as the notion of an alternative algebra. We have,

PROPOSITION 3.3. k G is an alternatï e algebra if and only ifF

fy1 y , x , z q RR x , y fy1 x , y , z s 1 q RR x , yŽ . Ž . Ž . Ž .
f x , y , z q RR z , y f x , z , y s 1 q RR z , yŽ . Ž . Ž . Ž .

for all x, y, z g G. In this case,

f x , x , y s f x , y , y s f x , y , x s 1Ž . Ž . Ž .

for all x, y g G.

Proof. It is enough to consider the conditions of an alternative algebra
on our basis elements, x, y, z g G, i.e.,

x ? y ? z y x ? y ? z q y ? x ? z y y ? x ? z s 0Ž . Ž . Ž . Ž .
x ? y ? z y x ? y ? z q x ? z ? y y x ? z ? y s 0.Ž . Ž . Ž . Ž .

This translates at once into the two equations

F x , y F xy , z q F y , x F yx , zŽ . Ž . Ž . Ž .
s F y , z F x , yz q F x , z F y , xzŽ . Ž . Ž . Ž .

F x , z F xz , y q F x , y F xy , zŽ . Ž . Ž . Ž .
s F z , y F x , zy q F y , z F x , yzŽ . Ž . Ž . Ž .

for all x, y, z g G when we put the product of k G in terms of theF
associative product in G. Dividing through then gives the equations in
terms of f, RR as stated.

ŽAlso, setting x s y in the first equation gives us for characteristic of k
. Ž .not 2 f x, x, z s 1. Setting y s z in the second equation likewise gives
Ž . Ž .us f x, y, y s 1. Given these, setting x s z in either gives f x, y, x s 1.

Actually, it is known that the condition of being an alternative algebra is
equivalent to

a ? a ? b s a ? a ? b , a ? b ? b s a ? b ? bŽ . Ž . Ž . Ž .

Ž .for all a, b in the algebra, which more immediately implies f x, x, y s
Ž . Žf x, y, y s 1 on basis elements. Given these, the same two equations

applied to a s x q y, b s z in the first case and a s x, b s y q z in the
second case provide the full equations for an alternative algebra on basis

Ž . Ž .elements x, y, z and hence imply that a ? b ? a s a ? b ? a holds as well,
.as usual .
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Next we consider involutions. Since we have a special basis of k G, it isF
natural to consider involutions diagonal in this basis.

LEMMA 3.4. k G admits an in¨olution which is diagonal in the basis G iffF
Ž . 2RR s ­ s a group coboundary for some 1-cochain s: G ª k* with s s 1. In

Ž . Ž . Ž . Ž .y1this case, one has RR x, y s RR y, x and f x, y, z s f z, y, x for all
x, y, z g G.

Proof. Consider the endomorphism s of the vector space k G of theF
form,

s x s s x x , ; x g G,Ž . Ž .

extended linearly, for some function s: G ª k. For an involution we need
2 Ž . Ž . Ž . Ž .s s id, s 1 s 1, and s a ? b s s b s a , ;a, b in our algebra. It is

enough to consider these on the basis elements. Then clearly the first two
correspond to

Ž . Ž . 2Ž .i s e s 1 and s x s 1 for all x g G.
For the second condition,

s x ? y s s xy x ? y s s xy F x , y xyŽ . Ž . Ž . Ž .
while

s y ? s x s s y y ? s x x s s x s y F y , x xy.Ž . Ž . Ž . Ž . Ž . Ž . Ž .

Equality for all x, y corresponds to
s x s y F x , yŽ . Ž . Ž .Ž .ii s for all x, y g G.

s xy F y , xŽ . Ž .
We interpret this as stated, where the right-hand side is RR correspond-

Ž . 2Ž .ing to the braiding C. In view of i , it implies that RR x, y s 1 and
hence that RR is symmetric. It also implies that ­ RR s 1 in the group

Ž .cohomology, which is the condition on f stated since RR x, y s
Ž . Ž .F x, y rF y, x for all x, y g G.

In fact, we will be particularly interested in involutions with the property

a q s a , a ? s a g k1Ž . Ž .
Ž .a multiple of the identity for all a in the algebra. Let us call this a strong
in¨olution. We also suppose from now on that G is finite.

PROPOSITION 3.5. k G admits a diagonal strong in¨olution s if and onlyF
if

Ž . Ž .ni G , Z for some n,2

Ž . Ž . Ž .ii s e s e, s x s yx for all x / e, and
Ž .iii k G is altercommutatï e in the sense of Definition 3.2.F
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Ž . Ž .Proof. Consider an endomorphism of the diagonal form s x s s x x.
A general element is a s Ý a x. We have of coursex g G x

s a s a s x x ;Ž . Ž .Ý x
xgG

hence

a q s a s a 1 q s x x g k1Ž . Ž .Ž .Ý x
xgG

Ž .for all coefficients a if and only if s x s y1 for all x / e. Here thex
group identity e g G is the basis element 1 g k G. Since we also needF
Ž .s 1 s 1 for an involution, these two conditions hold iff

Ž . Ž . Ž .ii9 s e s 1 and s x s y1 for all x / e.
Next, consider a basis element x g G, then

x ? s x s s x x ? x s s x F x , x x 2 g k1Ž . Ž . Ž . Ž .
2 Žimplies that x s e; i.e., every element of G has order 2. Hence G which

. Ž .nis a finite Abelian group is isomorphic to Z for some n. Next, consider2
x q y for basis elements x / y. Then

x q y ? s x q y s x q y ? s x x q s y yŽ . Ž . Ž . Ž . Ž .Ž .
s s x F x , x q s y F y , y eŽ . Ž . Ž . Ž .Ž .

q s x F x , y q s y F y , x xy g k1Ž . Ž . Ž . Ž .Ž .
tell us that

Ž . Ž . Ž . Ž . Ž .iii9 s x F y, x q s y F x, y s 0 for all x / y.

Ž .When x s e or y s e this is empty. Otherwise, given ii9 it is equivalent
Ž .to RR x, y s y1 for all x / y, x / e, and y / e, which is the altercommu-

tativity condition.
Conversely, given these facts, a general element a s Ý a x obeysx g G x

a ? s a s a a s y x ? y s a a F x , y s y xyŽ . Ž . Ž . Ž .Ý Ýx y x y
x , ygG x , ygG

s z d a a s y F x , y g k1Ž . Ž .Ý Ý x y , z x yž /
zgG x , ygG

since the terms with z / e have contribution only when x / y, and in this
Ž .case the terms cancel pairwise due to condition iii9 . Hence if these

conditions hold, we have the stated properties for s . They clearly imply
the ones in the preceding lemma as well.
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Ž . Ž .On the other hand, given k G we have a natural function s x s F x, xF
and consider now the particular endomorphism corresponding to this.

Ž . Ž .PROPOSITION 3.6. If s x s F x, x x for all x g G defines a strong
< <in¨olution and G / 2 in k, then the algebra k G is simple.F

Proof. Let I be an ideal of k G different from k G, and a sF F
Ý a x be an element of I. Then for each y / e g G,x g G x

a ? y s a F x , y xy g I , y ? a s a F y , x xy g I.Ž . Ž .Ý Ýx x
xgG xgG

Adding these together and using Proposition 3.5 in the form of the
Ž . Ž .conditions ii9 and iii9 , we see that

a ? y q y ? a s a F y , x q F x , y xy q a 2 F y , y eŽ . Ž . Ž .Ž .Ý x y
x/y

s 2a y y 2a e g I.e y

Ž . Ž .Then a ? y q y ? a ? y s y2 a e q a y g I as well. Since this is for alle y
Ž < < .y / e, we have Ý a y q G y 1 a e g I and hence a e g I providedy / e y e e

< <G y 2 / 0 in k. In this case a s 0 and ya e q a y s ya e g I tell use y e y
� 4that a s 0 for all y; i.e., a s 0. Hence I s 0 .y

We also see from Proposition 3.5 that s a strong involution restricts us
Ž .nto G ( Z .2

Ž .n Ž . Ž .COROLLARY 3.7. If G ( Z and F obeys F x, x s y1 and F x, y s2
Ž .yF y, x for all x / e, y / e, and x / y, then k G is an altercommutatï eF

algebra with diagonal strong in¨olution and is simple when n G 2.

Ž . Ž . Ž .Proof. From RR x, y s F x, y rF y, x it is clear that the k G areF
Ž .altercommutative and hence noncommutative for n G 2 . From this, the

Ž .n Ž .choice G s Z and F x, x s y1 for x / e, we conclude by Proposi-2
tion 3.5 that the algebras k G admit the diagonal strong involutionF
Ž . Ž .s x s F x, x x and hence by Proposition 3.6 that they are simple when

n G 2.

Also in this context, we have a partial converse to Proposition 3.1.

Ž .nPROPOSITION 3.8. If G ( Z then the Euclidean norm quadratic func-2
Ž .tion defined by q x s 1 for all x g G makes k G a composition algebra ifF

and only if

Ž . 2Ž .i F x, y s 1 for all x, y g G.
Ž . Ž . Ž . Ž . Ž .ii F x, xz F y, yz q F x, yz F y, xz s 0, for all x, y, z g G with

x / y.
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Ž . Ž .In this case the conditions in Proposition 3.6 hold: i.e., s x s F x, x x
< <for all x g G is a strong in¨olution and k G is simple if G / 2. Moreo¨er,F

k G is alternatï e.F

Ž . Ž . Ž .Proof. Suppose that q is multiplicative. q x ? y s q x q y on all basis
elements x, y g G is F 2 s 1, as we know already from Proposition 3.1.

ŽŽ . . Ž . Ž .The next case q x q y ? z s q x q y q z on basis elements x, y, z g G
Ž .with x / y does not yield any new condition both sides are 2 . Now

consider the elements x, y, z, w g G with x / y, z / w, but xz s yw.
Because every element of G is of order 2, this also means xw s yz.
Because G is a group, xz / xw, however. Hence

q x q y ? z q wŽ . Ž .Ž .
s q xz F x , z q F y , w q xw F x , w q F y , zŽ . Ž . Ž . Ž .Ž . Ž .Ž .

2 2s F x , z q F y , w q F x , w q F y , zŽ . Ž . Ž . Ž .Ž . Ž .
s 4 q 2 F x , z F y , w q F x , w F y , zŽ . Ž . Ž . Ž .Ž .

Ž . Ž .while q x q y q z q w s 4. This is the second condition stated after
writing w s xyz and renaming xz to z.

Conversely, assuming these conditions and given a s Ý a x and b sx x
Ý b y, we havey y

a ? b s z a b F x , xzŽ .Ý Ý x x zž /
zgG xgG

since every element of G has order 2. Hence

2

q a ? b s a b F x , xzŽ . Ž .Ý Ý x x zž /
z x

s a a b b F x , xz F y , yz .Ž . Ž .Ý Ý Ý x y x z y z
z x y

In this sum the diagonal part where x s y contributes

a 2 b 2 s q a q bŽ . Ž .Ý Ý x x z
z x

since F 2 s 1, while the remaining contribution from x / y is

a a b b F x , xz F y , yz , ) .Ž . Ž . Ž .Ý Ý x y x z y z
z x/y
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Ž .By condition ii this is equal to

y a a b b F x , yz F y , xzŽ . Ž .Ý Ý x y x z y z
x/y z

s y a a b b F x , xw F y , ywŽ . Ž .Ý Ý x y y w x w
x/y w

where we change the order of summation and change variables to w s xyz.
Ž .But this has the same form as our original expression for ) but with a

minus sign; hence this is zero.
Ž .Next, we observe that the condition ii can be broken down equivalently

as conditions

Ž . Ž . Ž .ii.a F x, xy q F x, y s 0 for all x, y g G with x / e.
Ž . Ž . Ž . Ž . Ž .ii.b F x, yz F y, xz q F x, z F y, z s 0 for all x, y, z g G with

x / e, y / e, and x / y.
Ž .The first of these is ii in either of the cases x s e, y / e or x / e, y s e

Ž .followed by a relabeling , while the second is the remaining case x / e,
Ž . Ž . Ž .y / e, x / y after making use of ii.a to substitute F x, xz and F y, yz .

Ž . Ž .In this case, ii.a implies the condition ii9 of Proposition 3.6. On the
Ž .other hand, z s e in the original form of the present condition ii gives us

F x , x F y , y q F x , y F y , x s 0, ; x / yŽ . Ž . Ž . Ž .

2 Ž .which, given F s 1, implies the condition iii9 of Proposition 3.6. Hence
s is strongly involutive.

Finally, also in this case, the equations of an alternative algebra in terms
Ž .of F see the proof of Proposition 3.3 reduce to the following. If x s e or

y s e, the first equation is trivial. Otherwise, the case x / e, y / e, and
Ž . Ž .nx s y reduces to f x, x, z s 1, which in our present case where G ( Z2

reduces to

F x , x s F x , xz F x , z .Ž . Ž . Ž .

Ž .This holds because the left-hand side is y1 by the condition ii9 of
Ž .2 Ž .Proposition 3.6 and the right-hand side is yF x, z s y1 by ii.a and

F 2 s 1. The remaining case is x / e, y / e, and x / y. In this case the
altercommutativity property in Proposition 3.6 reduces the first equation
for an alternative algebra to

F y , z F x , yz q F x , z F y , xz s 0.Ž . Ž . Ž . Ž .

2 Ž .Since F s 1, this is equivalent to ii.b .
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On the other hand, under the assumptions of Proposition 3.6, the
Ž . Ž .conditions ii.a and ii.b are equivalent to

Ž . Ž . Ž .ii.c F x, y q F xy, y s 0 for all x, y g G with y / e.
Ž . Ž . Ž . Ž . Ž .ii.d F x, y F x, z q F xy, z F xz, y s 0 for all x, y, z g G with

y / e, z / e, and y / z.

Ž Ž . .Or one can obtain them directly from our original condition ii . We
use these versions in a similar analysis for the content of the second of the
conditions in Proposition 3.3 for an alternative algebra.

We have written the proof of the last part of the proposition in a
reversible way. Hence we also conclude,

Ž . Ž .COROLLARY 3.9. If s x s F x, x x for all x g G is a strong in¨olution,
and F 2 s 1, then the following are equï alent:

Ž .i k G is an alternatï e algebra, andF

Ž .ii k G is a composition algebra.F

The conditions in Proposition 3.8 and the corollary are evidently highly
restrictive, because if k has characteristic different from 2 it is known that
we have only the following composition algebras with the Euclidean norm:
k, the algebra with basis 1, ¨ , ¨ 2 s y1, the algebra over k with the
product of quaternions, and the algebra over k with the product of
octonions. If k is algebraically closed these algebras are isomorphic to

Ž . Ž .k, k [ k, M k 2 = 2 matrices , and Zorn’s algebra of vectorial matrices2
w x10 . The latter is then the only finite-dimensional simple alternative
algebra that is not associative. On the other hand, the diagonal strong
involution conditions in Proposition 3.6 are definitely weaker and hold for
the entire family of Cayley algebras, as we will see in the next section.

Finally, for completeness, we include a slight generalization of Proposi-
tion 3.8.

PROPOSITION 3.10. Let k G be an algebra that admits a strong diagonalF
Ž . Ž . Ž . Ž .in¨olution s x s s x x. Then the nondegenerate form n x s x ? s x

makes k G a composition algebra if and only ifF

Ž . Ž . Ž .2 Ž . Ž . Ž . Ž . Ž .i s xy F x, y F xy, xy s s x s y F x, x F y, y , for all x, y
g G.

Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .ii F x, xz F y, yz F z, z s z q F x, yz F y, xz F xyz, xyz s xyz
s 0, for all x, y g G with x / y.

Proof. Let A be a quasialgebra k G that admits a strong diagonalF
Ž . Ž . Ž . Ž .involution s x s s x x and let us consider the form n x s x ? s x . For

Ž . Ž .all x, y g G, if the form n x admits composition we have n x ? y s
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Ž . Ž . Ž . 2Ž . Ž . Ž . Ž . Ž .n x n y and then n x ? y s F x, y F xy, xy s xy s n x n y s
Ž . Ž . Ž . Ž .s x s y F x, x F y, y . On the other hand, for two elements of the

Ž .algebra k G, a s Ý a x and b s Ý b y we have n a sF x g G x y g G y
2 Ž . Ž . Ž . 2 Ž . Ž .Ý a s x F x, x and n b s Ý b s y F y, y . But we know thatx g G x y g G y

a ? b s z a b F x , xzŽ .Ý Ý x x zž /
zgG xgG

so

2

n a ? b s a b F x , xz s z F z , zŽ . Ž . Ž . Ž .Ý Ý x x z
zgG xgG

s a b F x , xz a b F y , yz s z F z , z ,Ž . Ž . Ž . Ž .Ý x x z y y z
x , y , zgG

and like in the proof of Proposition 3.8 the result follows after comparing
the last expression with

n a n b s a 2s x F x , x b 2s y F y , y .Ž . Ž . Ž . Ž . Ž . Ž .Ý Ýx yž / ž /
xgG ygG

4. CAYLEY ALGEBRAS

In this section, we show that the complex number algebra, the quater-
nion algebra, the octonion algebra, and the higher Cayley algebras are all
G-graded quasialgebras of the form k G for suitable G and F, which weF
construct. We recall that these algebras can be constructed inductively by
the Cayley-Dickson process; we show that this process is compatible with
our quasialgebra approach to nonassociative algebras.

Ž .Let A be a finite-dimensional not necessarily associative algebra with
identity element 1 and a strong involution s , i.e., an involution such that

Ž . Ž .a q s a , a ? s a g k1 for all a g A. We have studied this condition in
the context of our quasialgebras k G in Proposition 3.5. The Cayley-Dick-F
son process says that we can obtain a new algebra A s A [ y A of twice

Ž .the dimension i.e., elements are denoted a, y a for a g A and multiplica-
tion defined by

a q y b ? c q y d s a ? c q a d ? s b q y s a ? d q c ? bŽ . Ž . Ž . Ž .Ž . Ž .

and with a new strong involution s

s a q y b s s a y y b.Ž . Ž .
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The symbol y here is a notational device to label the second copy of A in
A. However, y ? y s a1 according to the stated product, so one should
think of the construction as a generalization of the idea of complexifica-

w xtion when a s y1. If A s k and a s y1 then A s k y modulo the
relation y 2 s y1 will be called the ‘‘complex number algebra’’ over a
general field k. As in the preceding section, we suppose k has characteris-
tic not 2.

We start with the cochain version of the Cayley-Dickson construction,
motivated by the formulae above.

PROPOSITION 4.1. Let G be a finite Abelian group and F a cochain on it
Ž . Ž .so k G is a G-graded quasialgebra . For any s: G ª k* with s e s 1 weF
define G s G = Z and on it the cochain F and function s,2

F x , y sF x , y , F x , y y ss x F x , y , F y x , y sF y , xŽ . Ž . Ž . Ž . Ž . Ž . Ž .

F y x , y y s a s x F y , x , s x s s x , s y x s y1,Ž . Ž . Ž . Ž . Ž . Ž .

Ž . Ž .for all x, y g G. Here x ' x, e and y x ' x, n denote elements of G,
� 4 2where Z s e, n with product n s e.2

Ž . Ž .If s x s s x x is a strong in¨olution, then k G is the Cayley-DicksonF
process applied to k G.F

Proof. The only features to be checked for a cochain are that F should
Ž .be pointwise invertible which is clear from invertibility of s, F and

Ž . Ž . Ž . Ž . Ž .F e, y x s s e F e, x s 1 and F y x, e s F e, x s 1. Hence we have a
new quasialgebra k G.F

This reproduces the product ? of the Cayley-Dickson process with
Ž . Ž .respect to s x s s x x, since that is

y x ? y s y y ? x s y F y , x yxŽ . Ž .
y x ? y y s a ys x ? x s a s x F y , x yxŽ . Ž . Ž .

x ? y y s y s x x ? y s s x F x , y xy yŽ . Ž . Ž .

in terms of the product of G on the right. Moreover, s on G clearly
reproduces the s in the Cayley-Dickson procedure as well.

This provides a cochain approach to the Cayley-Dickson process. The
last proposition also makes evident that all composition algebras with
identity element, over a field of characteristic different from 2, are in fact,
quasialgebras k G. We know that if we start with a field k with character-F

Ž . Žistic different from 2 we can construct the sequence of algebras k n the
. Ž Ž . . ŽCayley-Dickson extension of k with a s n , k n , b the Cayley-Dickson

Ž . . ŽŽ Ž . . . Žextension of k n with a s b , and k n , b , g the Cayley-Dickson
Ž Ž . . .extension of k n , b with a s g , in all cases admitting a strong diago-
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nal involution such that the associated form admits composition. If A is a
composition algebra with identity over a field of characteristic different
from 2, it is isomorphic to one of these four classes of algebras. This
proves too that the last proposition of Section 3 is a complete characteriza-
tion of all composition algebras k G with identity, in terms of its cochainF
F. We also know from Proposition 3.5 that all these algebras with strong
diagonal involution are altercommutative. More generally,

PROPOSITION 4.2. The braiding of k G is ; x, y g G,F

y1
RR x , y s RR x , y , RR x , y y s s x , RR y x , y s s y ,Ž . Ž . Ž . Ž . Ž . Ž .

s x 12Ž . Ž .
RR y x , y y s RR y , x .Ž . Ž .

s yŽ .

Ž .Hence k G is altercommutatï e iff k G is altercommutatï e and s x s y1F F
for all x g G and x / e. In this case s has the same property as well.

Proof. The form of RR follows at once from F in Proposition 4.1. The
second part is then immediate from the definition of altercommutative.

As in Section 3, we are particularly interested in the canonical involu-
Ž . Ž .tion defined by s x s F x, x and in the Cayley-Dickson extension with

a s y1. In that case F is determined from F alone. Let us call this choice
the standard Cayley-Dickson process in our cochain approach.

Ž .COROLLARY 4.3. If F x, x s y1 for all x g G and x / e then the same
holds for F under the standard Cayley-Dickson process. Moreo¨er, in this
case,

Ž .i s has the standard form on G.
2 2Ž .ii If F s 1 then F s 1 as well.

Ž .iii If k G is altercommutatï e then so is k G.F F

Proof. We have

s x s F x , x x s F x , x x s s x ,Ž . Ž . Ž . Ž .
2

s y x s F y x , y x y x s yF x , x y x s yy xŽ . Ž . Ž .

2Ž .since F x, x s 1. The first two parts are then immediate. The third part
is a special case of the preceding proposition.

In particular, the standard complex, quaternion, octonion, etc., algebras
are all of this form given by iterating the standard Cayley-Dickson process.

Ž .nTo describe their cochains, we consider the special case where G s Z2
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and F is of the form
Ž .f x , yF x , y s y1Ž . Ž .
Žfor some Z -valued function f on G = G which is a natural supposition2

2 .for the class with F s 1 .

Ž .n Ž . fCOROLLARY 4.4. If G s Z and F s y1 then the standard2
nq1 fŽ . Ž .Cayley-Dickson process has G s Z and F s y1 . We use a ¨ector2

ª nŽ . Ž . � 4 Žnotation x s x , . . . , x g Z where x g 0, 1 and the group Z is now1 n 2 i 2
.written additï ely . Then

ª ª ª ª ª ªf x , x , y , y s f x , y 1 y x q f y , x xŽ .Ž . Ž .Ž . Ž .Ž .nq1 nq1 nq1 nq1

ª ªq y f x , x q x y .Ž .nq1 nq1 nq1

Proof. From the above, we have clearly

f x , y s f x , y , f x , y y s f x , y q f x , x ,Ž . Ž . Ž . Ž . Ž .

f y x , y s f y , x , f y x , y y s 1 q f x , x q f y , x .Ž . Ž . Ž . Ž . Ž .
We then convert this to a vector notation where each copy of Z in G is2
the additive group of Z . We then make use of the product in Z to2 2

Žexpress whether a term is included or not thus x y contributes 1 iffnq1 nq1
.both x s 1 and y s 1, etc.nq1 nq1

Iterating this now generates the f for the quaternions, octonions, etc.:

Ž .PROPOSITION 4.5. i The complex number algebra has this form with

G s Z , f x , y s xy , x , y g ZŽ .2 2

where we identify G as the additï e group Z but also make use of its product.2

Ž .ii The quaternion algebra is of this form with

ª ªG s Z = Z , f x , y s x y q x q x yŽ .Ž .2 2 1 1 1 2 2

ª Ž .where x s x , x g G is a ¨ector notation.1 2

Ž .iii The octonion algebra is of this form with

ª ªG s Z = Z = Z , f x , y s x y q y x x q x y x q x x y .Ž . Ý2 2 2 i j 1 2 3 1 2 3 1 2 3
iFj

Ž .iv The 16-onion algebra is of the form G s Z = Z = Z = Z and2 2 2 2

ª ªf x , y s x y q x x y q x x y yŽ . Ý Ý Ýi j i j k i j k l
iFj i/j/k/i distinct i , j , k , l

q x y y x .Ý i j k 4
i/j/k/i
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We are now able to apply our various criteria in the last section for the
structure of the algebras of the form k G to this construction and to allF

Ž nthese algebras. Note in all these cases and for the whole 2 -onion family
.generated in this way f has a bilinear part defined by the bilinear form

1 1 ??? 1
0 1 ??? 1
. .. . .. .
0 ??? 1 1� 0
0 ??? 0 1

For the complex number and quaternion algebras this is the only part,
which implies that F is a bicharacter and hence, in particular, is a group
coboundary f s 1; i.e., these algebras are associative. The f for the
octonions has this bilinear part, which does not change associativity, plus a
cubic term which contributes to f. Explicitly,

ªªª< <ª ª ª x y zf x , y , z s y1Ž .Ž .

in terms of the determinant of the three vectors as a matrix. The 16-onion
has additional cubic and quartic terms, etc. This makes the origin of the
breakdown of associativity for the higher members of the family particu-
larly clear. It is also clear that if one takes only the quadratic parts of these
cochains,

n ª ªG s Z , f x , y s x yŽ . Ž . Ý2 i j
iFj

then one has for k G the associative versions of these algebras, namelyF
Ž .their associated Clifford algebras here with negative signature .

In the remainder of this section we suppose that the quasialgebra k GF
Ž . Ž .admits a diagonal involution s x s s x x in the basis G. We shall now

denote by k G the generalized Cayley-Dickson procedure with respect toF
Ž .this with general a / 0 . It is easy to see that s provides a diagonal

involution on it; i.e., this property is preserved under the procedure.

PROPOSITION 4.6. If s defines a diagonal in¨olution, then the associatï ity
cocycle f of k G is gï en byF

f x , y , z s f x , y , z , f y x , y , z s RR y , z f x , y , zŽ . Ž . Ž . Ž . Ž .

f x , y y , z s RR y , z RR xy , z f x , y , z ,Ž . Ž . Ž . Ž .
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f x , y , y z s RR x , y f x , y , zŽ . Ž . Ž .

f y x , y y , z s RR xy , z f x , y , z ,Ž . Ž . Ž .

f y x , y , y z s RR y , z RR x , y f x , y , zŽ . Ž . Ž . Ž .

f x , y y , y z s RR x , yz f x , y , z ,Ž . Ž . Ž .

f y x , y y , y z s RR xy , z RR x , y f x , y , zŽ . Ž . Ž . Ž .

; x, y, z g G.

Proof. We use the definition of f as coboundary of F, the form of this
Ž . Ž . Ž .in Proposition 4.1, and F x, y s RR x, y F y, x from Definition 3.2. We

2 Ž . Ž . Ž . Ž .also use Lemma 3.4 which tells us that s s 1, RR x, y s s x s y rs xy ,
Ž . Ž .and f x, y, z f z, y, x s 1.

COROLLARY 4.7. Suppose that s defines a diagonal in¨olution. Then k GF
is associatï e if and only if k G is associatï e and commutatï e.F

Proof. We already know that k G is commutative iff F is symmetric,F
which means iff RR s 1. So in this case if f s 1 then f s 1. So if k G isF
associative and commutative, k G is associative. Conversely, if f s 1 thenF

Ž .by restriction, f s 1 so k G is associative. Moreover, 1 s f x, y, y sF
Ž . Ž . Ž .RR x, y f x, y, e s RR x, y tells us that k G is commutative.F

For our final result we need the further condition that k G has trivialF
² :centre k1 s e . This is equivalent to the statement that all basis ele-

ments x / e are not central. Since k G is braided-commutative withF
respect to RR, the condition is equivalent to e the only basis element x

Ž . Žsuch that RR x, y s 1 for all y g G such an element x is called
.‘‘bosonic’’ . For example, the trivial centre condition holds if k G isF

< <altercommutative and G ) 2.

PROPOSITION 4.8. Suppose that s defines a diagonal in¨olution and k GF
Ž .has trï ial centre. Then k G is alternatï e iff k G is associatï e and s x s y1F F

for all x g G and x / e.

Proof. The condition for k G being alternative is expressed via Propo-F
Ž .sition 3.3 in terms of RR and f. These in turn are given by 12 and

Proposition 4.6. We enumerate the various cases of the two conditions. For
example,

f x , y y , z q RR z , y y f x , z , y y s 1 q RR z , y y , ; x , y , z g GŽ . Ž . Ž . Ž .

reduces to

RR y , z RR yx , z f x , y , z q s z RR x , z f x , z , y s 1 q s zŽ . Ž . Ž . Ž . Ž . Ž . Ž .
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Ž .which, using 10 and facts about RR, f from Lemma 3.4, reduces to

f x , z , y RR x , z f y , x , z q s z s 1 q s z , ; x , y , z g G.Ž . Ž . Ž . Ž . Ž .Ž .

Ž .This clearly holds if f s 1 and s z s y1 for all z / e and similarly for
all other cases of the alternativity conditions.

Conversely, if k G is alternative then the above condition holds. SettingF
Ž Ž . .Ž Ž ..y s e implies that RR x, z y 1 1 q s z s 0 for all x, z g G. Under the

assumption of no central basis element other than e, we conclude that
Ž . Ž .s z s y1 for all z / e. The condition above then reduces to f y, x, z s

1 for all z / e. Hence f s 1.

For example, if s defines a strong diagonal involution then we know
Ž .from Proposition 3.5 that k G is altercommutative and that s x s y1F

for all x / e. So in this setting, k G is alternative iff k G is associative.F F

5. NEW QUASIALGEBRAS

It is clear that there are many examples of quasialgebras k G accordingF
to the group G and the cochain F. In this section we will consider
examples where F 2 s 1; we will see that even in this case we can obtain
very different types of algebras. We assume that the characteristic of k is
zero.

Motivated by Proposition 3.8, we first consider examples where the
< < Žcochain F in the basis G is a Hadamard matrix of dimension n s G that

is, a matrix F with entries "1 such that F tF s nI where t is transpose
.and I is the identity matrix normalized such that the first row and column

Ž .corresponding to e have entries 1.

LEMMA 5.1. If the cochain F forms a Hadamard matrix then for all
x, y g G, x / y there is a bijection p s p : G ª G such thatx, y

p p z s z , F x , z F y , z q F x , p z F y , p z s 0,Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
;z g G.

Proof. As the cochain F forms a Hadamard matrix, we have
Ž . Ž .Ý F x, z F y, z s 0 for all x / y. Since the values are "1, thez g G

cardinality of the subset A : G formed by the elements z g G such that
Ž . Ž .F x, z F y, z s 1 is therefore the same as the cardinality of the comple-

mentary subset B : G formed by the elements z g G such that
Ž . Ž .F x, z F y, z s y1. We choose any bijection r between these subsets

y1Ž . Ž . Ž . Ž .and define p z s r z for z g A and p z s r z for z g B.x, y x, y
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One may partially characterize the resulting algebras in terms of the
Ž .nallowed bijections p. For example, if G s Z and if p can be chosen so2

Ž . Ž .that p z s xyz product in G then it follows from Proposition 3.8 thatx, y
k G is necessarily a 2 n-dimensional composition algebra for the EuclideanF
norm. More generally, we can consider G a power of Z and require4 n

Ž . 2 n 2 nexistence of a bijection of the form p z s x y z.x, y

EXAMPLE 5.2. If G s Z , there is a unique F forming a symmetric4
Hadamard matrix with 1 on the diagonal and admitting bijections of the

Ž . 2 2 2 2form p z s x y z for all x y / e. In this case k G is a commutative,x, y F
associative, and nonsimple algebra.

2 2 Ž . Ž .Proof. We suppose that for all x y / e, F x, z F y, z q
Ž 2 2 . Ž 2 2 .F x, x y z F y, x y z s 0 for all z g G. Taking the standard basis

Ž . Ž .e, e , e , e of Z , we can enumerate the cases F e , z q F e , e z s 0,1 2 3 4 1 1 2
Ž . Ž . Ž . Ž . Ž . Ž .F e , z q F e , e z s 0, F e , z F e , z q F e , e z F e , e z s 0,3 3 2 1 2 1 2 2 2

Ž . Ž . Ž . Ž .and F e , z F e , z q F e , e z F e , e z s 0 for all z g G. These2 3 2 2 3 2
equations and the other assumptions force one to

1 1 1 1
1 1 y1 y1F s .
1 y1 1 y1
1 y1 y1 1

The resulting multiplication table of k G is thenF

e e e e1 2 3

e e ye ye1 2 3 .
e ye e ye2 3 1
e ye ye e3 1 2

This is easily seen to be commutative and associative. It has a nontrivial
� 4ideal spanned by e q e, e y e , e q e .1 2 3 1 2

It is known that Hadamard matrices necessarily have dimension 2 or 4n.
However, we can consider the class of algebras k G of dimensions 3 orF
4n q 1 where the matrix elements of the cochain are of the form

1 1 ??? 1
1
.F s ,. F0.
1

where F is a Hadamard matrix.0
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EXAMPLE 5.3. Let k Z be a quasialgebra with cochain of the aboveF 3
form with F a Hadamard matrix of dimension 2. Then k Z is a0 F 3

Ž .nonassociative simple algebra commutative or altercommutative .
Let k Z be a quasialgebra with cochain of the above form with F theF 5 0

ŽHadamard matrix of dimension 4 with maximal excess so F s J y 2 I0
.where J has all entries 1 . Then k G is a simple, commutative, nonasso-F

ciative algebra.

Proof. If F is an Hadamard matrix of order 2 we have only two0
different possibilities for k Z , with the multiplication Table IF 3

e e e1 2

e ye e1 2
e e e2 1

or the multiplication Table II

e e e1 2

.e e ye1 2
e e e2 1

Let I / k Z be an ideal of k Z and let a s Ý a x be an elementF 3 F 3 x g Z x3
Ž .of I. Then a ? e ? e g I. If k Z is defined by Table I, this implies that1 2 F 3

Ž .a s 0 if not, e g I and I s k Z . Similarly, if k Z is defined bye 1 F 3 F 31
Ž .Table II, it implies that a s 0 if not e g I and I s k Z . Multiplying ae F 3

by e and reusing these results, one may conclude that I must be zero ini
either case. On the other hand, it is clear that the algebra defined by Table
I is commutative and the one defined by Table II is altercommutative. The
result for k Z is a special case of the next lemma.F 5

Ž . Ž .d x , yLEMMA 5.4. Let G be a finite Abelian group and F x, y s y1 for
x, y / e. If G has an element of order ) 3 then k G is a simple, commuta-F
tï e, nonassociatï e algebra.

Proof. These algebras are clearly commutative. If y g G is an element
3 Ž . 3 2 5 4 Ž 3 .of order ) 3 then y ? y ? y s yy ? y s yy s yy ? y s y y ? y ? y

so the algebra is nonassociative. Here y2, y3 are powers taken in the group
G. Also for such an element, consider an ideal I / k G and let a sF

Ž .Ý a x be an element of I. Then y ? asÝ a F y, x yxsÝ a yx yx g G x x x x / y x
a y2 is an element of I. Multiplying by y2 we obtain that the elementy

2 Ž 2 . 3 4y ? Ý a yx y a y s Ý a y x q a y is an element of I. Multi-x / y x y x / y x y
plying further by yy3 and assuming that y does not have order 7, we

y 3 Ž 3 4 .obtain that the element y ? Ý a y x q a y s a y qx / y x y y
Ý y6 a x y a y6 yy6 is an element of I. Thus a y6 yy6 g I andx / y, x / y x y y

Ž y6 .y6hence a s 0 otherwise y g I implies each element of G is in I . Ify
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y7 s e then we obtain instead that the element ya y q Ý a x is any x / y x
element of I and hence that a s 0. In either case, multiplying a by they
elements of G and reusing the result implies that I s 0.

Other natural classes of examples come from the theory of fields. Let p
be an odd prime and q s pr for integer r G 1. Let x be the character
defined in the finite field k of order q byq

1 if x / 0, x a square
x 0 s 0, x x sŽ . Ž . ½ y1 if x / 0, x not a square.

� 4 Ž .The multiplicative group G s k y 0 and the cochain F x, y sq
Ž . Ž .x x x y when x, y / e define a natural class of algebras k G which areF

commutative and nonassociative and admit the diagonal involution s s x .
Ž .Further classes of examples to be considered elsewhere include the

w xgeneralization of the octonions based on Galois sequences in 11, Chap. 2 .
For example, over C, one may take G s Z = Z and F of the form3 3
F s eŽ2p i r3. f, in contrast to the F 2 s 1 case considered above.

6. AUTOMORPHISM QUASI-HOPF ALGEBRAS

We return to the general setting of Section 2, where G is equipped with
a 3-cocycle f forming a dual quasi-Hopf algebra.

We let A be a finite-dimensional G-graded quasialgebra in the sense of
Definition 2.3 and introduce a general construction for its comeasuring or

� 4‘‘automorphism’’ dual quasi-Hopf algebra. We let e be a basis of A withi
< < < < khomogeneous degrees, denoted e s i g G. We let e ? e s Ý c ei i j k i j k

define the structure constants of A in this basis. Also, we consider the
group G = G with cocycle

f g , h , fŽ .
f a, g , b , h , c, f s .Ž . Ž . Ž .Ž .

f a, b , cŽ .

PROPOSITION 6.1. Associated to a G-graded quasialgebra A is a dual
Ž . Ž .quasibialgebra M A the comeasuring dual quasibialgebra defined as the1

� i4 < i < Ž < < < <. < <free G = G-quasialgebra generated by 1, t where t s i , j and 1 sj j
Ž .e, e , modulo the additional relations

ca t k s ck t a ? t b .Ý Ýi j a ab i j
a a, b
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We define D, e as

D t i s t i m t a , e t i s d iŽ .Ýj a j j j
a

Ž .m3extended multiplicatï ely, and extend f to a linear functional f: M A ª k1
by

f t i1 ??? t ia , t j1 ??? t jb , t k1 ??? t kgž /p p q q r r1 a 1 b 1 g

i1 ia j1 jb k1 ig < < < < < < < < < < < <s d ??? d d ??? d d ??? d f i ??? i , j ??? j , k ??? k .Ž .p p q q r p 1 a 1 b 1 g1 a 1 b 1 g

Proof. Since G = G-graded spaces form a monoidal category, we de-
� i4fine the free tensor algebra on the vector space spanned by basis t in thej

usual way in a monoidal category. This means iterated tensor products in
the generators, which we understand as nested to the right. The product is
the tensor product composed with the appropriate associativity morphism.
The G = G-degree is multiplicative. In our case the result is the algebra
generated by 1, t i and the associativity rulej

t i1 ??? t ia ? t j1 ??? t jb ? t k1 ??? t kgŽ . ž / ž /p p q q r rž /1 a 1 b 1 g

s t i1 ??? t ia ? t j1 ??? t jb ? t k1 ??? t kgŽ . ž / ž /p p q q r rž /1 a 1 b 1 g

< < < < < < < < < < < <f p ??? p , q ??? q , r ??? rŽ .1 a 1 b 1 g
=

< < < < < < < < < < < <f i ??? i , j ??? j , k ??? kŽ .1 a 1 b 1 g

< i1 ia < Ž < < < < < < < <.where the degree t ??? t s i ??? i , p ??? p does not depend onp p 1 a 1 a1 a

the nesting of the products in the expression.
On this free quasiassociative algebra we define D, e as shown. They are

extended to products as algebra maps for the nonassociative product. It is
easy to see that D, e are compatible with the quasiassociativity, and that
the extended f as shown makes the free quasiassociative algebra into a

˜dual quasibialgebra M in the sense of Section 2. That the extended f is1
a cocycle reduces to f a group cocycle. The quasiassociativity axiom for
a dual quasibialgebra reduces to the G = G-quasiassociativity.

Next, it is easy to verify that the quotient by the relations shown is
consistent with the G-quasiassociativity of our algebra A. In terms of its
structure constants, the latter is

a b a b < < < < < <c c s c c f i , j , k .Ž .Ý Ýi j ak jk ia
a a
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Then,

i j k < < < < < < a bt ? t ? t f i , j , k c cŽ .Ž .p q r jk ia

s t i ? t j ? t kca cbŽ .p q r i j ak

s cc t a ? t kcb s cc cd t b
p q c r ak p q cr d

c d b < < < < < < c i a b < < < < < <s c c t f p , q , r s c t ? t c f p , q , rŽ . Ž .qr pc d qr p c ia

i j k < < < < < < a bs t ? t ? t f p , q , r c cŽ .Ž .p q r jk ia

as required. We use the summation convention for upper-lower indices.
Finally, we verify that these relations are compatible with D. Thus,

D ck t a ? t b s ck t a ? t b m t p ? t p s cb t k m t p ? t q s ca t k m t b s ca D t kŽ .ab i j ab p q i j p q b i j i j b a i j a

as required. Compatibility with e is trivial. It is also clear that f restricts
to the quotient by virtue of the G-grading of the algebra A. For example,
Ž i a b k r . i r Ž < < < < < < < <. k Ž i a k r .f t , t t c , t s d d f i , p q , r c while f t , c t , t sj p q a b s j s p q j p q a s
i r Ž < < < < < <. k k < < < < < <d d f i , k , r c , but c s 0 unless p q s r . Thus, the quotient ofj s p q p q

M̃ by the relations shown defines a dual quasibialgebra M .1 1

Ž Ž .If G is in addition equipped with a quasibicharacter RR making kG, f
.into a dual quasitriangular quasi-Hopf algebra then there is a natural

braiding in the category of G-graded spaces as explained in Section 2. In
our case, we extend RR to a quasibicharacter on G = G by

RR g , hŽ .
RR a, g , b , h s .Ž . Ž .Ž .

RR a, bŽ .

PROPOSITION 6.2. If RR is a quasibicharacter on G, the comeasuring dual
Ž . Ž .quasibialgebra M A has a natural quotient M RR, A with the additional1 1

Ž .relation of braided-commutatï ity as a G = G-quasialgebra. Then M RR, A1
is a dual quasitriangular dual quasibalgebra with RR extended as a linear

Ž .m2functional on M RR, A by1

i1 ia j1 jb i1 ia j1 jb < < < < < < < <RR t ??? t , t ??? t s d ??? d d ??? d RR i ??? i , j ??? j .Ž .ž /p p q q p p q q 1 a 1 b1 a 1 b 1 a 1 b

Proof. Explicitly, braided-commutativity as a G = G-graded algebra is

j1 jb i1 ia < < < < < < < <t ??? t ? t ??? t RR p ??? p , q ??? qŽ .Ž .ž /q q p p 1 a 1 b1 b 1 a

< < < < < < < < i1 ia j1 jbs RR i ??? i , j ??? j t ??? t ? t ??? tŽ . Ž . ž /1 a 1 b p p q q1 a 1 b
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for the braiding C determined by RR on G = G as shown. This is the
braided-commutativity property of a dual quasitriangular dual quasibialge-
bra in the sense of Section 2, with RR defined as stated. That this RR is

˜well-defined on the free quasiassociative algebra M is clear. That it1
descends to the quotient by the relations of M follows by the G-grading1
of our algebra A as for f in the preceding proof. That it is well-defined on

Ž .M RR, A itself requires repeated use of the quasibicharacter property and1
is omitted.

Ž . Ž .Moreover, both M A and hence M RR, A coact on A:1 1

PROPOSITION 6.3. M coacts on A by b : e ¬ e m t a and b is an1 i a i
algebra map.

Proof. The definition of the coaction is consistent with the relations
of A

b e ? e s b e b e s e ? e m t a ? t b s ck e m t a ? t bŽ . Ž . Ž .i j i j a b i j ab k i j

s ca e m t k s b ca eŽ .i j k a i j a

by virtue of the relations of M .1

In fact, it should be clear from the proof that the relations of M are the
minimum relations such that a coaction of this form extends as an algebra

Žmap. In the case where f is trivial we recover in fact the dual arrows-re-
. Ž . w xversed version of the measuring bialgebra M A, A in 7 , and this is the

motivation behind our construction. Some further recent applications of
Žthis comeasuring bialgebra construction in the associative not quasiasso-

. w xciative case appear in 12 .
Ž . Ž .Before turning to examples, we note that M A and M RR, A have1 1

natural further quotients. Thus,

Ž . Ž .PROPOSITION 6.4. The diagonal quotient M A of M A by the rela-D 1
tions t i s 0 when i / j is an associatï e bialgebra with generators t andj i
relations

ck t y t t s 0, D t s t m t , e t s 1.Ž . Ž .Ž .i j k i j i i i i

It can also be ¨iewed as a dual quasibialgebra with

< < < < < < < < < < < <f t ??? t , t ??? t , t ??? t s f i ??? i , j ??? j , k ??? k .Ž .Ž .i i j j k k 1 a 1 b 1 g1 a 1 b 1 g

Ž . Ž .The diagonal quotient M RR, A of M RR, A is the commutatï e quotient ofD 1
Ž .M A and can be ¨iewed as a dual quasitriangular dual quasibialgebra withD

< < < < < < < <RR t ??? t , t ??? t s RR i ??? i , j ??? j .Ž .Ž .i i j j 1 a 1 b1 a 1 b
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Proof. This is elementary. The quasiassociativity and braided-com-
Ž . Ž .mutativity of M A , M RR, A clearly reduce in the diagonal case to usual1 1

associativity and commutativity. The coproduct becomes group-like.

Finally, we have not required yet that A is unital. When it is, we choose
� 4our basis so that e s 1. In this case we let e denote the remaining basis0 i

elements.

Ž .PROPOSITION 6.5. When e s 1, the unit of A, we define M A as the0 0
Ž . 0 i 0quotient of M A by t s 1 and t s t s 0. This forms a dual quasibialge-1 0 0 i

bra with relations and coproduct

ca t k s ck t at b , c0 s c0 t at b , D t i s t i m t a .i j a ab i j i j ab i j j a j

Ž .Similarly, M RR, A remains dual quasitriangular and preser̈ es this form.0

Proof. We set t i s 0 s t 0 and denote t 0 s c. Note that c j s c j s d j
0 i 0 i0 0 i i

0 Ž . Žand c s 1. Therefore, the relations of M A become for all labels not00 1
.0 the relations as stated and the additional relations

t ic s t i s ct i , c2 s c.j j j

In view of these latter relations, it is natural to set c s 1. Moreover, the
matrix coproduct and counit are clearly compatible with the quotient. One
has Dc s c m c, so this is consistent with c s 1 as well. Moreover, since
< <e s e, the identity in G, it is clear that setting c s 1 is consistent with0
the definition of f, RR on M . Likewise, their delta-function form is1

i 0 Ž . Ž .consistent with t s 0 s t . Hence M A and M RR, A inherit these0 i 0 0
structures and are dual quasibialgebras.

Ž . Ž .Note also that the coaction of M becomes b e s e m 1 and b e s1 0 0 i
e m t a. The relations of M are such that the bilinear form on the span ofa i 0

0� 4e defined by c is preserved.i i j

� 4Given our basis, we can identify Ark1 with the span of e for i / 0,i
Ž . 0and B e , e s c is a natural bilinear form on it. We see that ouri j i j

Ž . Ž .reduced comeasuring dual quasi-quantum groups M A , M RR, A pre-0 0
serve this. Also, the two relations for the t i imply thatj

cd c0 t a ? t b ? t c s c0 ca t d ? t c s ca c0Ž .ab dc i j k dc i j a k i j ak

so that the trilinear form ca c0 is also preserved in a certain sense.i j ak
Ž . Ž .Finally, we have the further diagonal quotients of M A and M RR, A .0 0

COROLLARY 6.6. For F a cochain on G and basis G of A s k G, theF
Ž .diagonal quotient M s kG, f as a dual quasi-Hopf algebra.D 0
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Proof. In this basis ck s 1 iff ij s k in G and zero otherwise. Hencei j
the relations of M are t t s t for k s ij and empty for k / ij. For MD i j k D 0

< <we further identify t s 1 as in the group algebra. Finally, t s i so wee i
obtain kG, f as a dual quasi-Hopf algebra. When G is commutative we

Ž .obtain a commutative algebra and M s M RR, k G .D0 D0 F

We now compute these constructions for the complex numbers and for
the quaternions, as real 2- and 4-dimensional algebras. More generally, we
work over a general ground field of characteristic not 2.

w x Ž 2 .EXAMPLE 6.7. When A s k i where i s y1 , the comeasuring bial-
a bŽ w x. Ž .gebra M k i is generated by 1 and a matrix of generators , with the1 c d

relations

a2 y c2 s a s d2 y b2 , ac q ca s c, yc s bd q db,
ab y cd s b s ba y dc, ad q cb s d s bc q da.

c sŽ .This has a natural bialgebra quotient of the form withys c

Dc s c m c y s m s, D s s s m c q c m s,

c2 y s2 s c, sc q cs s s.

Ž . Ž .The quotient M s M RR s M is kZ as generated by d , and its0 0 D0 2
Ž . Ž .coaction is b 1 s 1 m 1, b i s i m d.

Proof. We write out the eight relations for M using the structure0
w xconstants of k i . The quotient M is already diagonal and commutative.0

w xHence by the preceding corollary, it gives kG s kZ . Its coaction on k i2
is the canonical nontrivial one corresponding to the G-grading. Note that
evaluating with the nontrivial character of Z gives the canonical automor-2
phism i ª yi.

The intermediate quotient here is the ‘‘trigonometric bialgebra’’: the
coproduct has the same form as the addition rules for the sine and cosine

w xfunction. Whereas it is usually considered as a coalgebra 7 , we obtain
w xhere a natural algebra structure forming a bialgebra. It too coacts on k i

by our constructions as the push out of the universal coaction of M .1
Ž .We also note that when A s kZ , the comeasuring bialgebra M kZ2 1 2

has the same form as in the preceding example but with all minus signs
a bw x Ž .replaced by q, see 12 . The quotient of the form can then beb a

diagonalized as g "s a " b and becomes the bialgebra

g "g "s g ", D g "s g "m g ", e g "s 1

of two mutually noncommuting projectors g ". This is an infinite-dimen-
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sional algebra with every element of the form either gqgygq ??? or
y q y Ž . "g g g ??? alternating . One may make a similar diagonalization g s

'c " is for the trigonometric bialgebra in the case when i s y 1 g k.

PROPOSITION 6.8. When A s H the quaternion algebra o¨er k, the comea-
Ž .suring bialgebra M H has generators 1 and three ¨ectors of generators0ª iŽ .t s t , i s 1, 2, 3 and relationsj j

ª ª ª ª ª ª ªt = t s t , t = t s 0, qcyclic, t ? t s d .1 2 3 1 1 i j i j

Here = is the ¨ector cross product and ? is the ¨ector dot product. For RR

Ž .trï ial, the quotient M RR is defined by the additional relations that the0
generators commute.

ŽProof. We choose the standard basis where e s 1 and e , i s 1, 2, 30 i
2 .have the relations e e s e and e s y1 and their cyclic permutations .1 2 3 1

In this case the structure constants are ck s e , the totally antisymmetrici j i jk
tensor with e s 1, and c0 s yd , the standard Euclidean metric. The123 i j i j
relations of M then become0

d t at b s d , t at be s t ce .ab i j i j i j abc a i ja

Ž . Ž < < < <.For M RR it is enough to note that we can choose RR i , j s 1 and0
i Ž .hence that the t mutually commute. In this case we have det t s 1; i.e.,j

Ž . w xM RR is a quotient of k SL .0 3

The relations in M here are asymmetric, a reflection of their role as0
coacting from the right on H. If we consider also the left-handed versions
of our constructions, we have a joint quotient where

t i t j d ab s d i j
a b

is added. In this case we have a Hopf algebra with St i s t j and thej i
Ž . w xcorresponding M RR is the group coordinate ring k SO . Since the0 3

Ž .above M RR is universal among commutative bialgebras coacting on H, it0
must project onto the group coordinate ring of the classical automorphism
group.

The corresponding computation for the octonions yields for M a dual0
quasi-Hopf algebra with nontrivial f. Its detailed form is somewhat more
complex than the quaternion case and will be considered elsewhere;
however, on general grounds we know that it projects, for example, on to

w x Žthe group coordinate ring k G the classical automorphism group of the2
.octonions .
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7. QUASIASSOCIATIVE LINEAR ALGEBRA

In this section we use our categorical approach to octonions to provide
the natural ‘‘quasiassociative’’ setting for the basic linear algebra associ-
ated to them. We define the natural notion of ‘‘representation.’’ We also
provide the definition of V * for any finite-dimensional G-graded vector
space, and the associated endomorphism quasialgebra V m V *. These
constructions are the specialization to the G-graded quasialgebra setting
of standard constructions for braided categories.

Thus, the notion of representations, indeed of all linear algebra and
Žquantum group constructions, makes sense in any braided category see

w x.13 . One writes all constructions as compositions of morphisms, inserting
the associator F as necessary. For example, in the case of the category of
Ž .kG, f -comodules, we clearly have:

DEFINITION 7.1. A representation or ‘‘action’’ of a G-graded quasi-
algebra A is a G-graded vector space V and a degree-preserving map
d: A m V ª V such that

< < < < < <ab dy s f a , b , y ad bdy , 1dy s yŽ . Ž . Ž .

< < < < < <on elements of homogeneous degree. Here ady s a y .

This is the obvious polarization of the quasiassociativity of the product
Žof A. Clearly, a quasialgebra acts on itself by the product map the regular

.representation .
Next, we recall that an object V in a braided category is called ‘‘rigid’’ if

there is an object V * and morphisms

ev: V * m V ª 1, coev: 1 ª V m V *

such that

id m ev F coev m id s id,Ž . Ž .V , V *, V

ev m id Fy1 id m coev s idŽ . Ž .V *, V , V *

holds. In the case of the comodule category of a dual quasi-Hopf algebra,
Ž w xthese maps exist whenever V is finite-dimensional see 5 for the explicit

w x.formulae; cf. 1 . For the dual quasi-Hopf algebra kG, f, i.e., for the
category of G-graded vector spaces, these maps are given by

i i i y1 < < < <y1 < <ev f m e s d , coev 1 s e m f f i , i , iŽ . Ž .Ž . Ýj j i
i

< < < <in terms of a basis of V with degree e ' i g G and its usual dual; i.e.,i
ev can be taken as the usual evaluation, V * as the usual dual, but coev is
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< i < < <y1modified by the group 3-cocycle. Here f s i so that ev, coev are
degree preserving.

Ž .PROPOSITION 7.2. If V is rigid then End V s V m V * becomes a G-
graded quasialgebra. The product map is

< < < < < < < <f y , f , w hŽ .
² :y m f w m h s y m h f , w .Ž . Ž .

< < < < < <f f , w , hŽ .

Moreo¨er, finite-dimensional representations V of a quasialgebra A are in
Ž .1 y 1 correspondence with quasialgebra maps A ª End V .

Proof. This is proven by commuting diagrams exactly as one would
prove these statements in linear algebra, only inserting the associator F

Ž .whenever needed to change bracketing. Thus in any monoidal category
one finds

id m ev m id ( id m Fy1 (F : V m V * m V m V *Ž . Ž . Ž .Ž . Ž .V *, V , V * V , V *, VmV *

ª V m V *

Ž .as the natural product on End V s V m V *. Its action on V is the map

id m ev (F : V m V * m V ª V .Ž . Ž .V , V *, V

Ž .This pulls back under a G-graded algebra map r : A ª End V to an
action of A. Conversely, if A acts on V then

r s d m id (Fy1 ( id m coev .Ž . Ž .A , V , V *

We then specialize to the case of G-graded quasialgebras using the form
of F in terms of the 3-cocycle f.

In lieu of all the commutative diagrams here, we will prove this more
explicitly in a concrete form for our particular setting. First, we identify
V m V * with matrices in the usual way relative to our basis, i.e.,

a s a iE j, E j s e m f jÝ j i i i

as a definition of the components of a g V m V *. Then the preceding
Ž .proposition translates into the following proposition. We write n s dim V

< <and i g G as the further data provided by V, which we also use.

< <PROPOSITION 7.3. Let i g G for i s 1, . . . , n be a choice of grading
function. Then the usual n = n matrices M with the new productn

< < < <y1 < < < <y1f i , k , k jŽ .i i ka ? b s a b , ;a , b g MŽ . j Ý k j ny1 y1< < < < < <f k , k , jŽ .k
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< j < < < < <y1form a G-graded quasialgebra M , where E s i j g G is the degreen, f i
of the usual basis element of M . An action of a G-graded quasialgebra in then

< <n-dimensional ¨ector space with grading i is equï alent to an algebra map r :
A ª M .n, f

Proof. The product suggested by the preceding proposition is

< < < <y1 < < < <y1f i , j , j lŽ .j l j lE ? E s d E ,i k k i y1 y1< < < < < <f j , j , lŽ .

which yields the formula shown for a s Ýa iE j, etc. This product isj i
quasiassociative since

< < < <y1 < < < <y1 < < < <y1 < < < <y1f i , m , m n f i , k , k lŽ . Ž .
j l n j l nE ? E ? E s d d EŽ .i k m k m i y1 y1 y1 y1< < < < < < < < < < < <f m , m , n f k , k , lŽ . Ž .

j l n < j < < l < < n <E ? E ? E f E , E , EŽ . Ž .i k m i k m

< < < <y1 < < < <y1 < < < <y1 < < < <y1 < < < <y1 < < < <y1 < < < <y1f i j , k l , m n f k , m , m n f i , k , k nŽ . Ž .Ž .l js d dm k y1 y1 y1 y1< < < < < < < < < < < <f m , m , n f k , k , nŽ . Ž .

which are equal since

< < < <y1 < < < <y1 < < < <y1f i k , k m , m nŽ .
< <y1 < < < <y 1 < < < <y1 < < < <y1 < < < <y1 < < < <y1f k , k , n f i , k , k m f i , m , m nŽ . Ž . Ž .

s y1 y1 y1 y1 y1 y1< < < < < < < < < < < < < < < < < < < < < <f k , k , m f k , m , m n f i , k , k nŽ . Ž . Ž .

by repeated use of the cocycle property of f.
< <Note also that the grading function i is equivalent to specifying a

� 4 < < < <G-graded vector space V s e with grading e s i . An action of ai i
G-graded quasialgebra G is equivalent to structure constants y j such thata i

g j k j < < < < < < j jc y s y y f a , b , i , y s dŽ .ab g i b i a k 0 i i

� 4 Ž . jwhere x say is a basis of A with x s 1 and x d e s y e . Thea 0 a i a i j
corresponding map A ª M isn, f

y i
a ji

r x s .Ž . ja y1 y1 y1< < < < < < < < < < < < < <f j , j , j f i j , j , jŽ . Ž .
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Ž .That r is an algebra map from the definition stated is

1
g ic yab g j y1 y1 y1< < < < < < < < < < < < < <f j , j , j f i j , j , jŽ . Ž .

< < < <y1 < < < <y1f i , a , a jŽ .i as y y .a a b j y1 y1 y1 y1 y1< < < < < < < < < < < < < < < < < < < <f a , a , j f a , a , a f i a , a , aŽ . Ž .Ž .
y1 y1 y1< < < < < < < < < < < < < <=f j , j , j f a j , j , jŽ . Ž .

< <Since the structure maps are degree preserving, we know that a s
< < < < < < < < < <b j , i s a a for nonzero terms on the right-hand side. That r is an
algebra map is then equivalent to y j , an action in view of the identitya i

< < < < < < < <y1 < < < < < < < <y1 < <y1 < <f a b , j , j f a b j , j b , bŽ . Ž .
< < < < < <y1 < < < < < <y1 < <y1 < < < <s f b , j , j f b j , b j , b jŽ . Ž .

< < < < < < < <y1 < <y1 < <y1 < <y1 < < < < < <y1= f a , b j , b j f b j , b j , jŽ . Ž .
< < < < < <= f a , b , jŽ .

which holds by repeated use of the 3-cocycle property.

For example, the left regular representation of a quasialgebra on itself
Ž .provides a representation r : A ª M , where n s dim A . For then, f

octonions, for example, we have a representation in 8 = 8 quasimatrices.
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