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1. Introduction

The notion of Jacobi-Nijenhuis manifold was introduced in [12] by J. C. Marrero,
J. Monterde and E. Padrén as a generalization of the weak Poisson—Nijenhuis struc-
ture presented in [13]. In this work we introduce the notion of strict Jacobi—-Nijenhuis
manifold, which seems to be the natural generalization of the definition of Poisson—
Nijenhuis manifold initially given by F. Magri and C. Morosi in [11].

When a Poisson manifold (M, A) is equipped with a Nijenhuis tensor N, we can
associate with this manifold two Lie algebroid structures defined respectively on the
tangent and on the cotangent bundles of M. Using the notion of Lie bialgebroid,
which was introduced by K. Mackenzie and P. Xu in [10], Y. Kosmann-Schwarzbach
showed in [7] that (M, A, N) is a Poisson—Nijenhuis manifold if and only if these
two Lie algebroids constitute a Lie bialgebroid. Our aim is to show that a similar
relation can be obtained when a differentiable manifold is equipped with a Jacobi
structure and a Nijenhuis operator. For this purpose, we will use the notion of
generalized Lie bialgebroid, introduced by D. Iglesias and J. C. Marrero in [2]. This
notion is equivalent to the one introduced by J. Grabowski and G. Marmo in [1],
under the name of Jacobi bialgebroid. Generalized Lie bialgebroids are closely related
to Jacobi structures. In fact, it was proved in [2] that with each Jacobi manifold one
can associate, in a certain manner, a generalized Lie bialgebroid and that the base
manifold of a generalized Lie bialgebroid possesses a Jacobi structure.

Similar results to those found in this paper were obtained, independently, in [3].
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2. Lie bialgebroids and Poisson-Nijenhuis manifolds

A Lie algebroid (A, [,], p) over a manifold M is a vector bundle A over M
together with a bundle map p : A — TM and a Lie algebra structure [,] on the
space ['(A) of the global cross sections such that

(i) the map I"(p) : '(A) — X(M), induced by p, is a Lie algebra homomorphism;
(ii) for any f € C*®(M) and X, Y e I'(A),

X, fY] = fIX, Y]+ (T(p)(X).HY.

The map p is called the anchor map and usually I'(p) is denoted by p.

It is well known [8] that with each Lie algebroid (A, [,], p) a differential d on
the graded space of sections of AA* = @z A*¥A* is associated, where A* is the
dual vector bundle of A. More precisely, d is a derivation of degree 1 and of square
0 of the associative graded commutative algebra (I'(AA*), A). Also the Lie bracket
on I'(A) can be extended to the algebra of sections of AA, '(AA) = Bz (A*A).
The result is a graded Lie bracket [, ] which is called the Schouten bracket of the
Lie algebroid.

Suppose that the vector bundle (A, [, ], ) and its dual vector bundle (A*, [, 1., p.)
are both Lie algebroids over a manifold M. Let d (resp. d,) denote the differential
of A (resp. A*). The pair (A, A*) is a Lie bialgebroid [10] if for all X,Y € I'(A),

dl[X, Y] =[d.X, Y]+ [X, d.Y]. 1)

(Equivalently, (A, A*) is a Lie bialgebroid if d, is a derivation of (I"'(AA), [, 1), see
[6]).

This notion is self-dual, in the sense that if (A, A*) is a Lie bialgebroid so is
(A*, A), cf. [6, 10].

EXAMPLE 1. Let (M, A) be a Poisson manifold and A*: T*M — TM the vector
bundle morphism given by (B, A*(a)) = A(e, 8) for all 1-forms o and B in M.
Then the pair ((T*M, [, 1o, A¥), (TM,[,],1dry)) is a Lie bialgebroid over M, where
[,1a is the Lie bracket of 1-forms given, for all a, 8 € Q'(M), by

[, Bl = LasyB — Langa — d(Ale, B)). 2)

The differential of (T M, [, 1, Id7a) is the de Rham differential, while the differential
of (T*M, [, 1A, A% is the Lichnerowicz—Poisson differential d = [A, .]

The previous example shows a relation between Poisson manifolds and Lie bial-
gebroids. Another link relating these two structures is the following [10]: if (A, A*)
is a Lie bialgebroid over M, there exists on M an induced Poisson structure,

{f, h} = (df, d\h), f,h e C®°(M).

DEFINITION 1. [11] A Poisson—Nijenhuis manifold (M, A, N) is a Poisson mani-
fold (M, A) equipped with a tensor field N of type (1, 1) with vanishing Nijenhuis
torsion, i.e. a Nijenhuis tensor, satisfying the following compatibility conditions:
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(i) NA* = A*'N and
(ii) C(A, N) =0, where

C(A, N)(e, B) = [, Blva — ['Na, Bla — [, ‘NBIa + 'Nie, Bla, 3

for all a, 8 € Q1(M), 'N stands for the transpose of N and [,]x (resp. [,Ina) is
the bracket (2) associated with A (resp. NA).

We should remark that condition (ii) of Definition 1 can be weakened, as it
was done in [13], to obtain the so-called weak Poisson—Nijenhuis manifold.

It is well known [8] that when N is a Nijenhuis tensor on M, the triple
(TM,[,]n,N) is a Lie algebroid, where [, ]y is given by

[X,Y]ly =[NX,Y]+[X,NY] - N[X,Y], X, Y e X(M). @

The next theorem gives a characterization of Poisson—Nijenhuis manifolds using
the notion of Lie bialgebroid.

THEOREM 1. [7] Let (M, A) be a Poisson manifold and N a Nijenhuis tensor
on M. Then (M, A, N) is a Poisson—Nijenhuis manifold if and only if the pair

(TM, [, 1In, N), (T*M, [, 1a, A")
is a Lie bialgebroid.

3. Jacobi bialgebroids and Jacobi manifolds

We recall that a Jacobi structure on a manifold M is a pair (A, E), where A is
a bivector and E is a vector field such that [A, A]=—2EAA and [E,A]l=0.

Let (M, A, E) be a Jacobi manifold. Denote by (A, E)*: T*M xR — TM xR
the vector bundle morphism given by (A, EY(a, f) = (A*(@) + fE, —(a, E)), for
any section ¢ of T*M and f € C*(M). In opposition to the case of a Poisson
manifold, in general one cannot define a Lie algebroid structure on the cotangent
bundle of a Jacobi manifold. However, in [5] it was shown that if (M, A, E) is a
Jacobi manifold, then (T*M xR, [, l(a,g), ™ o (A, E)!) is a Lie algebroid over M,
where w : TM xR — TM is the projection over the first factor and [, J(a,g) is the
bracket given by

[(a’ f)’ (ﬂa h)](A,E) = ()’» r), (5)
with
Y = LaryB — Lasgya —d(A(e, B)) + fLeP — hLpa —ip(a A B),
r:=—A(e, B) + Ala, dh) — A(B,df) + (fdh — hdf, E).
The associated differential d, is given for all (P, Q) € V¥(M) & V¥"1(M) by [4]
dy(P, Q) =(A,PI+kEAP+AANQ,—[A, QI+ (U —-kEAQ+I[E, P, (6)
where VK(M) = I'(AX(T M)).
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On the other hand, if M is a differentiable manifold, then the triple (TM x
R,[,],m) is a Lie algebroid over M, where x is the projection over the first factor
and [,] is given by

(X, ) (Z, ) =UX,Z), X -h-Z-f), X, 1) (Z,h) € X(M) x C=(M). (7)

The associated differential is d = (d, —d), d being the de Rham differential.

When (M, A, E) is a Jacobi manifold, a natural question that arises is whether
the pair (T*M xR, TM xR) is a Lie bialgebroid. The answer is no! This situation
motivated the introduction, by D. Iglesias and J. C. Marrero [2], of the generalized
Lie bialgebroids. The definition of generalized Lie bialgebroid was recently recast
in simpler terms by J. Grabowski and G. Marmo in [1], under the name of Jacobi
bialgebroid.

Let (A,[,], p) be a Lie algebroid over M and 8 € I'(A*) a l-cocycle for the
Lie algebroid cohomology complex with trivial coefficients (see [9]), i.e. for all
X,Z eT(A),

81X, Z]) = p(X).(0(2)) — p(2).(6(X)). ®)

Using the 1l-cocycle 8, we can define a new representation p® of the Lie algebra
(T(A),[LD on C*(M), by setting

p? i T(A) x C¥(M) - C®*(M), X, ) o’ X, ) =pX).f +0X)f. )

Therefore, we obtain a new cohomology complex, whose differential cohomology
operator is given by

d’ i T(A*A®) —> T(AF1AY), B> d°(B)=dB+6AB. (10)
Also, for any X € I'(A), the Lie derivative operator with réspect to X is given by
L% i T(A*A*) — T(A*AY), B LS(B) = LxB +6(X)B. (11)

It is also possible to consider a §-Schouten bracket on the graded algebra I'(AA),
denoted by [,1°, which is defined as follows:

[,1P : T(APA) x T(AT4) — [(APH714)
(P,Q)— [P, 0¥ =[P, Q1+ (p— DP A (ipQ) + (=1)P(qg — 1)(isP) A Q. (12)

Suppose that (A, [, ], p) is a Lie algebroid over M such that in the dual bundle
A* of A there also exists a Lie algebroid structure over M, ([, ]., px). Let 8 € T'(A*)
(resp. W € T'(A)) be a l-cocycle in the Lie algebroid cohomology complex of
(A, [, ], p) (resp. (A, [, s, px))-

DEFINITION 2. [2] The pair ((A, 8), (A*, W)) is a generalized Lie bialgebroid if
for all X,Z € T"(A) and P € '(APA),



A CHARACTERIZATION OF STRICT JACOBI-NIJENHUIS MANIFOLD 343

1. d¥[X,Z)=1d¥ X, 2V +(X,d¥ z)°;
2. (LM (P) + (LYw(P) = 0.

DErFINITION 3. [1] The pair ((A, 8), (A*, W)) is a Jacobi bialgebroid if for all
P eI"'(APA) and Q € T'(AA),

d¥p, Q1 =d¥ P, oI + (—1)?*'[P,d¥ QF.

The equivalence of Definitions 2 and 3 was proved in [1]. Consequently, gener-
alized Lie bialgebroids and Jacobi bialgebroids designate exactly the same structure.
When # =0 and W =0, the Jacobi bialgebroid is a Lie bialgebroid.

Let (M, A, E) be a Jacobi manifold and let us consider the two Lie algebroids
(T*M xR, [, Jia,E), mo (A, E)) and (TM xR, [, ], 7) mentioned above. Then 6 =
(0,1) (resp. W = (—E,0)) is a l-cocycle of TM x R (resp. T*M x R) and the
pair ((TM x R,8),(T*M x R, W)) is a Jacobi bialgebroid.

Similary to the relation between Lie bialgebroids and Poisson manifolds, when-
ever ((A, 8), (A*, W)) is a Jacobi bialgebroid over M, there exists on M an induced
Jacobi structure given by [2]:

(f,Ry=(d°f, d¥h),  fiheC®M). (13)

4. Jacobi bialgebroids and strict Jacobi-Nijenhuis manifolds

Let M be a C*-differentiable manifold and N : X(M) x C®(M) - X(M) x
C®(M) a C®(M)-linear map defined, for all (X, f) € X(M) x C*(M), by

NX, f)=(NX+ fY, (v, X) + gf), (14)
where N is a tensor field of type (1,1) on M, Y € X(M), y € QM) and g €
C®M). N = (N,Y,y,g) can be considered as a vector bundle map,

N :TM xR - TM x R. We may define the Nijenhuis torsion T(N) of N
with respect to the Lie bracket (7). When 7(N) vanishes identically, we say that
N is a Nijenhuis operator on M.

Suppose now that M is equipped with a Jacobi structure (A, E) and a Nijenhuis
operator A and consider a tensor field A; of type (2,0) and a vector field E, on
M, defined by

(A1, EDf =No (A, E)*. (15)

DEFINITION 4. A strict Jacobi—Nijenhuis manifold (M, (A, E),N) is a Jacobi
manifold (M, A, E) with a Nijenhuis operator N satisfying the following compati-
bility conditions: (i) M o (A, E)* = (A, E)* o ' and (ii) C((A, E), N) =0, where

C((Aa E)’ N)((a’ f)a (ﬂa h)) = [(a’ f), (ﬂv h)](A],E]) - [W(a’ f)’ (ﬂ’ h)](A,E)
- [(av f)s W(ﬁs h)](A,E) + W[(as f)v (ﬁv h)](A,E)’ (16)

for all (o, f),(B,h) € QM) x C®(M), ‘N is the transpose of N and [, s, k)
(resp. [, Ja,.E)) is the bracket (5) associated with (A, E) (resp. (Ag, Ev)).
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For more details on (strict) Jacobi—Nijenhuis manifolds, see [12] and [14].
There exists a close relation between Poisson—Nijenhuis and strict Jacobi—Nijen-
huis manifolds, as the next Proposition illustrates.

PROPOSITION 2. [14] With each strict Jacobi-Nijenhuis manifold (M, (A, E), N),
N = (N,Y.y,g8), a Poisson-Nijenhuis manifold (M ,A,N) can be associated,
where (M, ]\) is the Poissonization of (M, A, E), ie. M=MxR and A =
e "(A + % A E), and N is the Nijenhuis tensor field on M, given by N =
N+Y®dt+ a%‘ Ry + gga; ® dt, and conversely (t is the usual coordinate on R).

Let us now consider a differentiable manifold equipped with a Nijenhuis operator
N := (N,Y,y,g), given by (14). Using the operator N, we may define a new
bracket on X(M) x C®°(M), which is a deformation of the bracket (7), by setting,
for all (X, f),(Z,h) € X(M) x C*(M),

(X, ), (Z, WIv = INKX, /), (Z, D]+ (X, /) N(Z, W] -NIX, [),(Z, ). (1T)

Since the Nijenhuis torsion 7(N) of A vanishes, the bracket [, ], is a Lie bracket
on X(M)x C®(M) and (TM xR, [,]n, moN) is a Lie algebroid over M, where
7:TM xR — TM is the projection over the first factor.

The differential of the Lie algebroid (TM x R, [, ]n, T o N) is dy = [in,dl],
where [,] is the graded commutator, d = (d, —d) with d the de Rham differential
and iy is the derivation of degree zero defined, for all (8, @) € Q¥(M)® Q1 (M),
by

iN(ﬂ!a)((Xh fl)!"'s(Xk’ fk)) (18)
k
= Z(ﬂ’ a)((le fl)’ e ,N(Xi, fl)v Tty (XIU fk))a
i=1

X1, f1), -+ Xk, fi) € X(M) x CZ(M).
PROPOSITION 3. The pair (y,g) € QUM) x C®(M) is a 1-cocycle of the Lie
algebroid (TM X R, [, ]n, T o N).

Proof: Let (X, f) and (Z,h) be any sections of X(M) x C®(M). A straight-
forward computation, using the fact that the Nijenhuis torsion of A is zero, leads
to

. OUX, N AZ, IV =WNX+ fY).((y, Z) + gh) —(NZ + hY).({y, X) + fg)
= o M(X, ).U(y, &), (Z, h)))
=T o NN(Z, b).({(y, &), (X, /).

Note that (y, g) = ‘N(0, 1). a

Before giving our main theorem, we need to review some results from [2]. Given
a Lie algebroid (A, [, 1, p) over M, let us consider the vector bundle A = A XR —
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M xR over M x R. The sections of A can be identified with the t-dependent
sections of A, t being the canonical coordinate on R, i.e. for any Xe I'(A) and
(x,t) € M xR, X(x,1) = X,(x), where X, € '(A). This identification induces, in
a natural way, a Lie bracket on I'(A), also denoted by [, }:

(X, Zl(x, 1) = [X;, Z:](x), X,Z eT(A), (x,1) e M xR,

and a bund~le map, also denoted by p, p: A—> TIMxR)=TM®TR, in such a
way that (A, [,], p) becomes a Lie algebroid over M x R.

Now, take a 1-cocycle # € I'(A*) and consider the following new brackets on
'(A):

[X, Z1*® = exp(—1) ([5(, Z]+ 9(2)(% - 2) - 9(2)(% - X)) (19)
and - -
X,Z1°=[X,Z]1+ 9(5{)%?— - 9(2)‘%, (20)

)~(,2~€ F(Ag. Also consider the maps p*%, p~? : I'(A) > V(M x R) given, for
any X € I'(A), respectively by

- - ~ 0
p*?(X) = exp(—t)(p(X) +9(X)5;) 21

and 3
p~9(X) = p(X) + 9(505. (22)

LEMMA 4. [2] Let A > M be a vector bundle over M, [,]: '(A) x '(A) —>
I'(A) a bracket on T'(A), p: T(A) > X(M) a homomorphism of C®(M)-modules
and 0 a section of the dual bundle A*. Then the following conditions are equivalent:
) (A,[,1, p) is a Lie algebroid over M and 6 is a 1-cocycle,

(i) (A, [, 1*% p*®) is a Lie algebroid over M x R,
i) (A, 17, p~%) is a Lie algebroid over M x R.

LemMa 5. [2] If (AxR, |, 172, 07%), (A* xR, [, 12%, 0:")) is a Lie bialgebroid

(over M = M x R), then ((A,0), (A*, W)) is a Jacobi bialgebroid (over M), and
conversely.

THEOREM 6. Let (M, A, E) be a Jacobi manifold and N =: (N,Y,v,8) a
Nijenhuis operator on M. Then (M, (A, E), N) is a strict Jacobi—Nijenhuis manifold
if and only if the pair

(((TM X R, [’ ]N9 ¥4 ON), ()’, g))’ ((T*M X Rv [7 ](A,E)s T o (Av E)ﬁ)v (—E, O)))
(23)
is a Jacobi bialgebroid.
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Proof: From Proposition 2, (M, (A, E), N) is a strict Jacobi~Nijenhuis manifold
if and only if (M, A, N) is a Poisson-Nijenhuis manifold, which is equivalent to
the fact that the pair ((TM,[, 15, N), (T*M,[,1;, A%) is a Lie bialgebroid over
M =M xR (cf. Theorem 1).

Now, using Lemma 4 and taking into account that the map

¥ (TM, [ 15, N) = (TM xR) xR, [, ]/, (m o N)~"®),

vX + f&) = (X, f), and its adjoint,

Y ((T*M xR) xR, [T 5%, (T o (A, EYYTED) o (T*M, [, 15, AY),
Y*(@, f) = @ + fdt, are Lie algebroid isomorphisms, we may conclude that
((TMxR)XR, [ 1579, (o)~ "8, (T"MxR)XR, [, It 57, (mo(A, EY)E0y)

is a Lie bialgebroid over M =M xR if and only if (M, (A, E),N) is a strict
Jacobi~Nijenhuis manifold. Finally, from Lemma 5, we get the desired result. [

PROPOSITION 7. The Jacobi structure induced on M by the Jacobi bialgebroid
(TM xR, (v, g)), (T*M xR, (—E, 0))) coincides with the one defined by (A, E;)*
= No (A, E)*.

Proof: Taking into account (6) and (13), and also the equality (y, E) =0 [14]
we have, for all f,h € C*(M),

{f, by =(dy® £, dSEOh)
= (df, (~NA"+Y ® E)dh) — h{df, NE) + f(dh, A*(y) + gE).

Since NAF —YQE = AL} and A¥(y) + gE = NE = E, (see [14]), the proof is
complete. O

A natural question that arises is the following: can we also establish, for the
weak Poisson—Nijenhuis manifolds and for the Jacobi-Nijenhuis manifolds, a similar
characterization, using the Lie algebroids theory? We postpone the answer for a
subsequent paper.
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