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Abstract

Characterizations are given for existence of the Drazin inverse of a matrix over an arbitrary
ring. Moreover, the Drazin inverse of a product P A Q for which there exist a P’ and Q’ such
that P’ PA = A = AQ Q' can be characterized and computed. This generalizes recent results
obtained for the group inverse of such products.

The results also apply to morphisms in (additive) categories.

As an application we characterize Drazin invertibility of companion matrices over general
rings.
© 2003 Elsevier Inc. All rights reserved.

AMS classification: 15A09

Keywords: Rings; Drazin invertibility; Group invertibility; Companion matrix

1. Introduction

Let R be an arbitrary ring with unity 1 and Mat, (R) the ring of square matrices
over R. Ann x n matrix A over the ring R is called (von Neumann) regular if there
exists a (von Neumann) regular inverse A~ i.e. AA~ A = A. A{1} denotes the set of
all regular inverses of A.
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An n x n matrix T over the ring R is said to have Drazin index k if k is the
smallest natural number such that there exists a (unique) solution 7% of the system
of equations

TFXT = T*, (1.a)
XTX =X, (1.b)
TX = XT. (1.c)

If k equals 1 then TP1 is denoted by T# and is called the group inverse of 7.
Then, T2 and T3 are also regular, T = MT? = T2N for some M, N and
T# = (T*>"T(T>"T
=T(T>H°T
=MTN
=TN?
= M°T.
Recently (see [10]) the group inverse 7% of a regular matrix T over an arbitrary
ring with unity 1 has been characterized by the invertibility of the matrix
2T~ + 1, —TT~
or equivalently of the matrix
T°T?>+1,-TT.
Then,
T#* = (T?’T~ + 1, —TT )T
=TT T>+1,-T"T)?
=(T’T 4+ 1,-TTH) 'T (T 1T>+1,-T"1T)"!,
which shows that 7% is always equivalent with 7.

Moreover, if A is regular and P and Q are such that P A and A generate the same
left ideal and AQ and A generate the same right ideal then (P A Q) exists iff

U=AQPAA” +1, — AA™
is invertible or iff
V=A"TAQPA+1,—A"A
is invertible. Then,
(PAQ) = PUT'AVT'Q = PUT2AQ = PAV2Q.

In this paper we want to extend these Drazin index 1 results to an arbitrary Drazin
index.
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As mentioned in the recent book [11, p. 124], many statements on Drazin in-
vertibility for matrices over fields and integral domains, scattered in the literature,
are not true for matrices over commutative rings. However, we show here that even
for matrices over general rings there is a nice generalization of the recent index 1
results (see [10]) to an arbitrary index. Indeed, it turns out that also the existence
of the Drazin inverse of a matrix T of index k is completely characterized by the
(classical) invertibility of T2kTk= 41, — TKT*= and that T is equivalent with its
Drazin inverse. Also the Drazin inverse of products PAQ, with P and Q such that
there exists P’and Q' for which P’"PA = A = AQQ’, can be handled as in the index
1 case. Moreover, it must be emphasized that the von Neumann regularity of A,
which is of course needed in the index 1 case, is not postulated. However, if A is
von Neumann regular we can present a slightly different result. Remark also that the
results apply to operators and morphisms in (additive) categories.

Finally we apply the statements to companion matrices over general rings. Also
here we obtain a nice generalization of the recently obtained index 1 case (see
[10,11]). It turns out that one of the conditions for a companion matrix to have Drazin
index k is the von Neumann regularity of a triangular Toeplitz matrix of order k. This
application also shows that, for matrices over general rings, the Drazin index can be
greater than the order of the matrix.

2. Results

We first collect and extend some known facts (see [1,3,5,8]) for the Drazin in-
verse of matrices over fields and other particular rings to arbitrary rings. We com-
plete it with some new expressions, using recent results obtained in [10], in the
following.

Lemma. Let T be ann x n matrix over R. The following conditions are equivalent:

(1) T has Drazin index k.
(2) There exists a matrix L and k is the smallest natural number such that

(3) There exist matrices M and N and k is the smallest natural number such that

(4) k is the smallest natural number such that T* has a group inverse (T*)* and,
independent of the choice of T*~, also equivalent with.

(5) k is the smallest natural number such that T* is regular and T*T1Tk= 41, —
TKTk= is invertible.

(6) k is the smallest natural number such that Tk is regular and TF=T% +1, —
Tk=Tk is invertible.
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In this case, T**" is regular for all natural numbers n with M"*+D =Dk
belonging to T**"{1} and
TPk = Th(T2ky =721 (T2k) =Tk
= Th(p2+1)-Tk
— Tk—l (Mk+1 Tk+2Nk+1)
= T2k k= | Tkpk=ym ko2 4y Tk Tkl
= Tkl k= 4| _ pkpk—27k
= T[T T2 41, — TFTH2,
which shows that TP* is always equivalent with T.
Moreover, (T P& exists and equals T*T P

Proof. (1) = (2) = (3): clear.
(3) = (1): suppose TX = MT*k+! = TK+IN then
Tk — htGtD) pkt1
_ Tk(TkH NNk
— TR TR N

— TR+ Ty TH

and
Tkl _ Tk“(MkH)Tk“,

Tk+2 — Th+2(+1D)+2 p2(k+1)
_ Tk+2(T2(k+1)N2(k+1))
— Tk+2(M2(k+l)T2(k+l))
= Th2 (20t D)y k42

more generally,
Tk-‘rn — Tk+n(Mﬂ(k+l)T(n_l)k)Tk+n n=172,...

It follows that (72%)~ and (T2F*1)~ exist.
Now, we prove by straightforward computation that

Tk(TZk)f T2k71 (T2k)f Tk — Tk(T2k+1 )7 Tk
is the Drazin inverse of T of index k.

V)
TPk — h(p2ky=p2%=1 2=k
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It follows from (3) that:
T8 = DT+ with D = M**!
=T7?*1C  with ¢ = NFF
Then,
Th(T2K) =71 (72~ Tk — pT2+1 (72— 2+ ch=1 T2k~ Tk
— DT*HITh=1 (72— Tk
= DT (T2*)- T2+ C
— pr+ic
=T*C.

We verify now the three definition equations:

(1.c)
T(TkC) — Tk+1Nk+l
— MLkt
= (T*O)T,
(1.a)
T r*ke)yr = T (T C)
= Tk
(1.b)

(Tko)r(T*c)=1*'cTrC
=T1(T*cT)T*'C
=T(TTFO)TF'C
— Tk+2CTk—lC
— T2k+1CC
=TkC.

(I

TDk — Tk(T2k+l)_Tk.

We verify the three definition equations:

(1.c)

TTk(T2k+1)—Tk — TDT2k+1(T2k+1)—T2k+lC
— Tk+1c

109
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Tk(T2k+l)—TkT — DT2k+l(T2k+l)—TT2k+1C

— DTZk-HTC
_ Tk,
(1.2)
TR Tk p2ktly= 7k _ 2kl 2kt ly =2kt o
=T,
(1.b)

[Tk(T2k+1)—Tk]2T — Tk(T2k+l)—Tk[Tk(T2k+l)—Tk+1]
— Tk(T2k+l)—Tka+lC
— Tk(T2k+1)_Tk.

(3) & (4): it follows from (3) that:

which implies the existence of (Tk)#. Conversely, if (Tk)# exists, for smallest k,
then 71 (Tk)# is the Drazin inverse of T since there exists a matrix G such that
Tk = GT* = T2KG, from which follows that:

=Tk

and
Moreover,
implies

TDk — Tk71 (Mk+1 TTkTNk+1)
= Tkl (g1 Th2 ph2)
4) & (5) < (6): follows from [10], Theorem 1. Moreover,

i.e., TPk is always equivalent with 7.
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Finally, it follows from (2) that:
Tk — TZkLk — LkT2k
and therefore that (7 P¢)* always exists, if 7P exists. Since
TP TTPr = TPk = T(TP*)2 = (TPr)T
we have

(TPy* =127 O

Remark. Statement (4) in the lemma shows that for rings R for which its free
module R" has finite length, the Drazin inverse of a matrix 7 over such rings always
exists. Indeed, by Fitting’s lemma (see [2, p. 355]) there exists a natural number
k such that R" = Im T* P ker T*, which is known to be equivalent with T* has a
group inverse.

Recent developments in the theory of generalized invertibility (see [4,7,9,10])
show that the generalized inverses of products 7 = P AQ such that A is von Neu-
mann regular and for which there exist P’ and Q' such that PP/PA=A = AQQ’
can be characterized. Such nontrivial factorizations of 7" always exist if 7 is von
Neumann regular because, in that case, there exist T12D __inverses satisfying T =
TTGDT and TP 7702 = 752 This means that a von Neumann regular 7,
having a TU+? of a simple form, has an interesting factorization T = TT? T and
the following corollary of the next theorem shows how to compute the Drazin inverse
of such a von Neumann regular 7. But, it must be clear that the following theorem
also handles matrices which are not von Neumann regular.

Theorem. Let A be an n x n matrix over an arbitrary ring R and P, Q matrices
over R for which there exist matrices P', Q' such that PPPA = A = AQQ’. Let
A1 := A and for all natural numbers i > 1, let

A; = AQ(PAQ)'2PA.

Then, the following are equivalent:

(1) T = PAQ has Drazin index k.

(2) k is the smallest natural number such that Ay is regular and Ay QP A A, +
1, — AxAy is invertible.

(3) k is the smallest natural number such that Ay is regular and A, Ay QP Ay +
1, — A Ay is invertible and independent of the choice of A .

In that case, with Uy :== ArQPAr A, + 1, — ArA, and Vi := A Ay QP Ay +
1y — A Ay, we have
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TP = 1Y (PU AV 0)
=TY(PU AL Q)
=T PAV?0).
Proof. T has Drazin index k iff k is the smallest natural number such that 7% has

Drazin index 1.
But,

T8 = P(AQT*2PA)Q
= PALQ
and AQT*2PA is von Neumann regular iff T¥ is von Neumann regular, because
there exist P’ and Q' such that P’PA = A = AQQ’. Indeed,
AQTF2PA[Q(TH ™ PIAQT*2PA = AQT*2PA
is equivalent to
7Tk~ Tk = T*.
Moreover, since P’PA=A = AQQ/,

P'[P(AQT*2PA)|=A0T"2PA
=[(AQT*?PA)Q10Q,

which means that P’PAy = Ay = Ay QQ'.

We therefore can apply Corollary 1 of Theorem 1 in [10], with p = P,a =
AQT*2PA and g = Q, which implies T* has Drazin index 1 iff T* is von Neu-
mann regular and Uy := Ay QPAr A, + 1, — Ap A, is invertible iff T* is von Neu-
mann regular and Vi := A, ArQP Ay + 1, — A, Ay is invertible. [J

Corollary. If T is n x n and von Neumann regular with T = TT VDT then the
following are equivalent:

(1) T has Drazin index k.
(2) k is the smallest natural number such that Ty := TAD TR D) 5 von Neumann
regular and
nrnr? + 1, - Y
is invertible.
(3) k is the smallest natural number such that Ty, := TAD TR D) 5 von Neumann
regular and
TP 0T+ 1, - TP T
is invertible and independent of the choice of the reflexive von Neumann inverse
(1,2)
T, .
k
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In that case, and with

Uy = LT 0 + 1, - 72,

Vi .= 10?1 + 1, - 1T,
we obtain
TP =Tfu v
_ TkUk—2T(1,2)Tk
kp(1,2)12y,—2
= [TFT12712 v, ?T.

Indeed, apply the theorem to the factorization 7 =TT T with A = 712,
P=Q=TandP' =Q =702,

Remark. The Drazin index 1 case, i.e. the group inverse of a n x n von Neumann
regular T follows now easily from the corollary with k = 1 (see also [10]):
T has a group inverse iff TV T? + 1, — TYDT is invertible iff T>T 1?2 +
1, — TT"? is invertible, for any T2,
In that case, we obtain
™ =1a@"?1*+1, - 7"271)72
= (17" 1, -1
=(T*7YY 41, — 777272 41, — T~

Indeed, use the facts that
T3 T commutes with 742712 4+ 1, — T2 T,

TT1? commutes with 72712 + 1, — T2
and

7272 41, - 731~ = (210D 1, — 7T,

(T 102 41, — 7Ty — (7D T2 4, — TADT) L

3. Drazin inverses of companion matrices over general rings

In [10], the Drazin index 1 case of a companion matrix L, = ( | 0 Z) with
n—1

BT = [aias - - -a,—1] over a general ring was characterized by the von Neumann
regularity of the element a together with the invertibility of a — (1 — aa™)a; (or
equivalently, the invertibility of a — a1 (1 — a™a)).



114 R. Puystjens, M.C. Gouveia / Linear Algebra and its Applications 385 (2004) 105-116

For Drazin indices greater than 1 of the companion matrices L,, we can apply the
lemma or the theorem, because L, has a diagonal reduction 1,_; € a, by invertible
matrices. Remark that we only can apply the corollary of the theorem in case a is von
Neumann regular. It follows that one of the conditions for L, to have Drazin index
k is that L% is von Neumann regular, which can depend on the exponent k. This can
be illustrated by the following example.

0 0
1 2
regular for k = 2, and for all other exponents it is von Neumann regular. Therefore,
the Drazin index of L, must be greater than 2 if it exists, which is the case since
the module Z %2 has finite length. Moreover, it follows from the theorem that L, has
Drazin index 3 since

k
Over the ring Z|, of integers modulo 12, L% = ( ) is not von Neumann

e the index is not 1, because 2 is not invertible in Z,

e the index is not 2, because L% is not von Neumann regular
and,

° L% is von Neumann regular and

4.0\ -_ (40 5 0. .
A3_<0 0>’A3_<0 0> andU3_V3_<0 1>1smvert1ble_

Clearly, L§3 = <g 2)

However, for Drazin indices k£ < n we have, besides the lemma and the theorem,
also the following characterization.

0 a
l,-.1 B
ion matrix over a general ring then the following are equivalent:

Proposition. IfL, = with BY = [ajay - - -ap_1]isann x n compan-

1. L, has Drazin index k < n.
2. k < n is the smallest natural number such that the lower triangular Toeplitz
matrix

a 0 0 -0 0
ap a 0 ... 0 0

Ty =
k-1 Qk—2 Q-3 -+ a4y a

is von Neumann regular in Maty(R) and U = L%k(Lﬁ)_ +1, — Lﬁ(Ll,j)_ is
invertible.

3. k < n is the smallest natural number such that the lower triangular Toeplitz ma-
trix Ty is von Neumann regular in Mati (R) and Vi = (Lﬁ)*Lﬁk +1, — (Lﬁ)*Lﬁ
is invertible.
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Proof. If k < n then L% is equivalent with the matrix (Ok x(n—k) T ) in
Lick Om—kyxk
which Ty is the lower triangular Toeplitz matrix
a 0 o -~ 0 O
aj a 0 -« 0 0
T = . . . .
ag—1 ag—2 ag-3 -+ dap a

Clearly, Lﬁ is von Neumann regular iff 7j is von Neumann regular. The remaining
part follows directly from the theorem. [J

0 a\ . . . .
Corollary. IfL, = ( | B ) is an n X n companion matrix over a general ring
n—1
such that a and
a 0
aj a
Ti—1 =
ag—2 a3 -+ a4y a

are von Neumann regular then the following are equivalent:

1. L, has Drazin index k < n.
2. k < n is the smallest natural number such that the 1 x (k — 1) matrix

(I —aa)lag—1---arl(lg—1 — T,_ Ti—1)
is von Neumann regular and
_ y2k gy ky\— korky—
Uc=L,(L,)” +1,—L,(L,)
is invertible.
3. k < n is the smallest natural number such that the 1 x (k — 1) matrix
(I —aa)lag—1---arl(lg—1 — T,_ Ti—1)
is von Neumann regular and
_ ky— 1 2k kn—1k
Vi = (L L 41, — (b Lh

is invertible.

Indeed, Theorem 1 in [6] proves that, if U and W are von Neumann regular ma-

trices then (l‘i V?/ is von Neumann regular iff (1 — WW™)V (1 — U~ U) is von

Neumann regular. Therefore, if Ty and a are von Neumann regular,

T, — Ti—1 Ok—1)x1
k ak—1 - a1 a

is von Neumann regular iff (1 —aa™)[ax—1 ---a11(1x—1 — T;,_;Tx—1) is von Neu-
mann regular.
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We therefore obtain the following examples:

1. If a is von Neumann regular, then L,, has Drazin index 2.
< L, does not have Drazin index 1, (1 —aa™)a;(1 —a~a) is von Neumann
regular and Li (L%)* +1, — L%(L%)’ is invertible.
< L, does not have Drazin index 1, (1 —aa~)a;(1 — a~a) is von Neumann
regular and (L,%)‘Lﬁ +1, — (L%)_ L%l is invertible.
2. If a and (1 —aa™)ai;(1 — a~a) are von Neumann regular and 75 := (;1 2),
then L,,, n > 2 has Drazin index 3.
4 Ly does not have Drazin index 1 or 2, (1 —aa™)[ajaz](12 — T, 1) is von
Neumann regular and L8 (L)~ + 1, — L3(L3)~ is invertible.
< L, does not have Drazin index 1 or 2, (1 —aa™)[ajaz](12 — T, T») is von
Neumann regular and (Lﬁ)‘Lf’l +1, — (L?l)_Lz is invertible.
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