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Abstract

In this paper we study the convergence properties of a cell-centered finite difference scheme for second order elliptic equations
with variable coefficients subject to Dirichlet boundary conditions. We prove that the finite difference scheme on nonuniform
meshes although not even being consistent are nevertheless second order convergent. More precisely, second order convergence
with respect to a discrete version of L? (£2)-norm is shown provided that the exact solution is in H 4([2). Estimates for the difference
between the pointwise restriction of the exact solution on the discretization nodes and the finite difference solution are proved. The
convergence is studied with the aid of an appropriate negative norm. A numerical example support the convergence result.
© 2007 Published by Elsevier B.V. on behalf of IMACS.
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1. Introduction

In the last decades there has been a strong mathematical interest in numerical discretization methods that have
higher convergence order than expected by analyzing the truncation error in a standard way. In the context of finite
difference schemes on nonequidistant grids this behavior is called supraconvergence. Different methods of proving
supraconvergence of finite difference schemes for ordinary differential equations have been used by the various authors
(seee.g.[3,6,12,15,18,19,24] and [27]). The phenomenon of supraconvergence in more than one space dimension has
also been studied in the literature (see e.g. [7,10,11] and [21]). The topic in the context of finite element methods has
been treated in the papers [3,4,10,13,16,17,20,22,23,25,33].

We are interested in studying this phenomenon in a variant of finite differences, the so called cell-centered schemes,
which are used in many codes. In fact, these schemes are not even consistent but nevertheless second order convergent.
This fact is noticed by Tikhonov and Samarskii in [31]. Russell and Wheeler [26] use the equivalence of a cell-
centered finite difference method and a mixed finite element method with a special quadrature formula for proving
first order convergence of the solution and its gradient. Manteuffel and White [24] show second order convergence
in both vertex-centered finite difference schemes and cell-centered finite difference schemes for scalar problems, on
nonuniform meshes. Supraconvergence results for a two-dimensional cell-centered scheme are presented by Forsyth
and Sammon [11] and also by Weiser and Wheeler [32], among others.
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Our main purpose is to analyze how supraconvergence come out for more general problems than considered so
far. The analysis of the present paper is based on using negative norms. The analysis of supraconvergence with one
additional order of convergence in [3] and [7] is more or less explicitly based on the concept of negative norms. In
these two papers discrete analogues of the H ~!-norm were considered. The concept of negative norms in the analysis
of supraconvergence was also used in [4,7-10,15] and [17]. The idea in the present paper is to work instead with a
discrete version of the H~2-norm. The convergence result relies on a stability inequality with respect to this norm.
We consider the error as the difference between the pointwise restriction of the solution on the discretization nodes
and the finite difference solution. Error estimates of order 2, in a discrete version of the L?(£§2)-norm, are proved if
the exact solution is in the Sobolev space H 4(£2).

The analysis of supraconvergence with two additional orders of convergence for the one-dimensional case is con-
sidered in [2], with the aid of so-called Spijker norms [28] which are defined using certain summation operators.
These operators are applied twice corresponding to the two gained additional orders of convergence. The use of
Spijker norms is restricted to one dimension but they give the idea for a generalization to higher dimensions because
they are related to the negative norms (for more details see [2]). In the present paper we use this kind of analysis for
two dimensional problems.

We consider the discretization of the following elliptic differential equation

Au = —(auy)y — (cuy)y +duy +euy, + fu=g ong2, (D)
subject to the Dirichlet boundary condition
u=1vy indsf. 2)

The coefficients of A are assumed to satisfy a, ¢ € W3°(2), d, e, fe W2°(2) and a(x, y)y=a>0,cx,y >
c>0,V(x,y) € £2. We also assume { € HY%(32). The domain £2 is a union of rectangles.

In order to prepare the definition of the cell-centered finite difference approximation of (1)—(2) let us first introduce
the nonuniform grid Gg. Let x_1, xy+1, y—1 and yps41 be the vertices of a rectangle R = (x_1, xy+1) X (=1, YM+1)
which contains 2. We define the grid Gy := R X Ry, where

Ry:={x_1<xo<-<xy <xy+1}, Ry:={y-1<yo<-+<ym<ym+i}

The grid Gy is assumed to satisfy the following condition: the vertices of §2 are centers of the rectangles formed
by Gp. Let

S ={(xj—1/2,ye-12): j=0,...,N+1,£=0,....M+1},

where x; 1,2 := (xj—1+x;)/2, ye—1/2 := (ye—1 + y¢) /2. Our aim is to obtain numerical solutions in g := Sy N 2.
We define also 02y := Sy N 052 and Ly := 2y U0R2y.

Fig. 1 illustrates the cell-centered grid in the domain.

In the case of a rectangular domain £2 = (xg, xy) X (Yo, Ya), we allow both R = £2 and R D £2, i.e. we consider
X1 < X0, XN S XN41, Y1 < Yo and yy < yum41-

For the formulation of the difference problem we use the centered divided difference in x-direction

o o o o o o .
o o o . . . . ° E SH\QH
- €Qy

Fig. 1. Domain and grid points.
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Vjt1/2,6+1/2 — Vj—1/2,0+1/2
hj-172
W 41/2 = Wj—1,0+41/2
hj_
where hj_1/2 :==xj41/2 — Xj—1/2, hj—1 := xj — xj_1. Correspondingly, the divided difference with respect to the y
variable are defined, with the mesh-size vector k in place of 4. The difference problem is to find the solution u g such
that

3

(OxVH) je+1/2 =

OxwH) j—1/2,641/2 =

)

Agyug =MyRG,g 1n 2y, 3)

MHZRHW Ol’la.QH, (4)
where the difference operator Ay is given by

Apgupy = —6x(adyup) — 8y(cdyupy) + My (déyug) + My(edyup) + fupm, 5)
and

Wji—1-1/2 +Wje—1/2
. j—1 J,
(Mxwg)j-172,0-172 = ,

2
Wji—1/2,4—1 T Wj—1/2.¢
. J s J s
Mywg)j-172,0-1/2 = 5 ,
Wi—1e—1+Wj—1¢e+wje—1+wje

Mpwpg)j-1/2,0-1/2 = ) ,

for (xj_1/2, ye—1/2) € 2. These last three quantities are zero on 0§2y. Ry and R, are the operators that define
pointwise restrictions to 2y and Gy N 2, respectively.

In the sequel we need norms for grid functions. To this end we introduce in the next section discrete versions of the
Sobolev spaces L2(2), W(}’Z(Q) and W22(2)nN WOI‘Z(Q).

2. Discrete W™:2(£2) spaces

For grid functions defined on Sy we define

N M

2 . 2

walg =Y > hj—tke-ilwj12.0-1/1%
j=1t=1

N M N M
|wH|%)H = Zzhj—l/zkz—l |(8wa)j,Z—l/2|2 + ZZhj—1kz—1/2|(5ywH)j—1/2,e
j=0¢=1 j=1¢=0

N M
|wH|%,H = ZZh,/—lke—l(|(3§wH),/—1/2,13—1/2|2 + |(5§U)H)j—l/2,l—l/2|2)
j=11t=1
N M

+ ZZ Zhj_l/zke—1/2|(3xywﬂ)j,e

j=0¢=0

2

)

2

s

with 8,y given by (Sxywp) ¢ := ((6xwhH)je4+1/2 — BxWHh)je—1/2)/ke—1/2. Let us now introduce discrete counter-
parts of L2(£2), Wy > (£2) and W22(2) N Wy (£2).

We are going to consider the extension on S\ 2y by zero for grid functions defined on £2. When it is clear from
the context that we use the extended function we use the same notation as for the function on 2.

We denote by Z%,(.Q), vf/}_}z(.Q) and lei’z(s?) N vcl’/;f(.{?), respectively, the space of functions defined on Q2

which are zero on 3§2y equipped with the norm || - [lo. ¢, || - 11,7 and || - ||2. 1+
m 1/2
2
v llm. 1 == (Z |vH|,,H) . m=0,1,2.
r=0
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The symbol || - |0,z does not always represent a norm in spaces of grid functions. In order to overcome this fact we

restrict the definition to spaces of grid functions which are zero in 92y . The space Ii%_] (£2) is endowed with the inner
product

N M

(v, wp)y = Z Z hjtke—1(e)j—1/2,0-12(WH) j—1/2,6~1/2,
i=1¢=1

which is a discrete version of the usual LZ(£2)-inner product, (-, -)o. The spaces Ii%[(.Q) and v(fllf}z(.Q) form discrete

approximations of L*(§2) and W(}’z(.Q), respectively, in the sense explained in what follows [29,30].
Let A be a sequence of positive vectors of step-sizes, H = (h, k), such that the maximum step-size, Hpyax, cOn-

verges to zero. A sequence (Vy)4 € 17[3,([2) converges discretely to v, vg — v, in (L2(.Q), HZ%,(Q)) (H e A),
if for each € > 0 there exists ¢ € C°°(§2) such that

v =9l <e, lim sup{llug = Rugllon} <e.

max >

A sequence (vy)a € HV{IL}Z(Q) converges discretely to v € W(}’z(.Q), vy — v,In (W(}’z(.Q), HVEIL’Z(.Q)) (H e A),
if for each € > 0 there exists ¢ € C°°(§2) such that

lv—ellwizge) <E, Hlim OSUP{HUH —Rpollia} <e.

A sequence (vy) 4 converges weakly to v, vg — v, in (L*(£2), 172%1(!2)) (H e A), if
(wg,vg)g — (w,v)o (H € A)

for all w € L2(£2) and (wy) € 1'[[0,%1(9) such that (wy)a converges weakly to w in (L%(2), HZ%I(Q)). The
following lemma [1] is an important technical tool in the stability analysis which uses the concept of discrete com-
pactness [30].

Lemma 1. Let (vyg)p € IT vovhz(s?) be a bounded sequence. Then there exists a subsequence A’ C A such that
(wg)a € HZ%_I(.Q) converges discretely in (L*(£2), 17[0,%1 (£2)) (H € A'). Moreover; if
vg —v in (L2(2), TL%(22)) (H e A)

then v € Wé’z(.Q).

The proof in [1] is specific for the normed spaces of cell-centered grid functions which we consider in this paper.
For general results of discrete compactness in spaces of vertex-centered grid functions we cite [14]. The proof of
Lemma 2 can be found in [29].

Lemma 2. Let (vyg)a €11 L%I (£2) be a bounded sequence. Then there exists a subsequence A’ C A and an element
v e L2(£2) such that

vg —v in(L*(2),[1L%(2)) (HeA).
3. Stability

Our aim in this section is to show an inverse stability condition for Ay .
We first define the operator A% : WI21’2(.Q) N ﬁ’/}f(sz) — Z%_I(.Q), A%y = Ag)* + Ag)*, with Ag)*vy =
A(z)* —
g VH :=0o0n 391-1,
2 .
AD* vy i= =8, (adyvy) — 8y (cSyvy) in Qu,

Ay v = =8 (dM}vy) — 8y(@MFvy) + fun  in 24,

Please cite this article in press as: S. Barbeiro, Supraconvergent cell-centered scheme for two dimensional elliptic problems, Applied Numerical
Mathematics (2007), doi:10.1016/j.apnum.2007.11.021




S. Barbeiro / Applied Numerical Mathematics eee (eeee) eee—esee 5

where

Vi—1/2,6—172hj—1 + Vjt1/2,6-1/2h;

(Mivg)je—1/2:=

2hj_12 '
Vi—1/2,0—1/2ke—1 +Vj—1/2,041/2ke
(M3vn)j-1/2,0 = 1=l / o2 /RRE (6)
2ke_1/2

Before we prove the desired stability inequality we present the proof of the following result: there exists C > 0
such that

loallu < CllALvullon Yom € Wi(2) N W (2).

This will be made with the aid of Lemmas 3—6. The first result is obvious using the definitions.

Lemma 3. If (vyg)a € HV;/};Z(.Q) is a bounded sequence and o € C(Q) then (M (adyvy))a and (My(adyvy))a
are bounded on 17[04%1 (£2).

Lemma 4. Let H € A. Then there exists positive constants C1, Cy and C3 not depending on H such that

(=8 (@dyvp) — 8y(cdyvm).vi) , = Cillvnl y  You € Wi (£2), 0

and

(Anvi,vidm = Callva 3 5 — Calve I3y Yom € Wi (). ®)

Proof. Since a has a lower bound «,

N M
QZ Zhj—l/Zke—l |(5va)j,e—1/2|2

j=0¢=1

N M
< Zzhjfl/Zkﬁfla(xj» }’Zf]/2)|(5xUH)j,Z71/2‘2

j=0t=1
N-1 M
= Z Zké—la(xja Ye—1/2)xvh) je—1/2(Vj+1/2,6-1/2 = Vj—1/2,6—1/2)
j=1 =1
M M
+ Zszla(X(), Ye—172)(0xVH)0,6—1/2V1/2,6-1/2 — Zkefla(XN, Ye—1/2)OxVH)IN,0—1/2UN—1/2,0-1/2,
=1 =1

and then

(=8« (@dyvm), v) = — ke—1((adxvi)je—1/2 — (@dxvy) j—1,0-1/2)Vj—1/2,01/2

M=
IMs

~.
I
-

2
hj_1poke—1]|(xvr)je—1/2] -

M=
M=

za
0

~
Il

1

J

In the same way we can prove a correspondent estimate for (—3y(cdyvy), vy)g. Then (7) follows. From Lemma 3
and using a discrete version of the Poincaré—Friedrichs inequality which is simple to prove, there exists C4 > 0 such
that

|(My(d8cvr) + My(edyvr) + fom.vir) ;| < Callvallnmllvalo.s-
We conclude (8) using the fact that there exists C3 > 0 such that

Ci 2 2
Callvallrallvallo.n < TIIUHH],H + C3llva g, g - O
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Lemma 5. Let (vy) 4 € [TW 7 (2) and v € Wy () such that
vg = v in (Wy2(2), IW 7 (2)) (H € A)
and let o € C($2). Then
My (adxvy) — avy and My(adyvy) — avy in (Lz(.Q), Hi%,(!?)) (H € A).

Proof. Let C satisfy ||| L) < C. For any positive real number € there exists ¢ € C %(£2) such that

1
— < li —R < —e.
lv—llwizg) <€ Hmixniosup{llvﬂ Helia) < e
Since
| M (dcvi) — My (a8 Rg) ”O,H L2|lellLe@)llve — Ruelliu
and for Hp,x small enough

[ M (@8 Rirg) = Ry < 5.

there exists a final section A’ C A such that, for H € A’,
|Mx(@8rvm) — Ru(ags) |y <€ O

Lemma 6. Let (vy) 4 be a bounded sequence in I1 Vi)/}f(.Q) and a € C(2). Then there exists a subsequence A’ C A
and an element v € W(}’Z(Q) such that

vy — v in (L2(2), TL}(2)) (H € A)
and the following weak convergence hold

My(advg) —avy and My(adyvy) — avy in (LZ(Q), HZ%(.Q)) (HeA).

Proof. It follows from Lemma 3 that (M, (ad,vg)) 4 is bounded on [O,%I (£2). Taking Lemma 2 into account we have
(My(@8vp)) . — w in (L3(2), [IL3(2)) (H € A"),
for a subsequence A” € A and w € L?(£2). Then for any ¢ € C3(£2)
(Rug, My (adxvn))y — (9, w)o (H € A”). )
From Lemma 1, there exists v € W(}’Z(Q) and A’ C A”, such that
v — v in (L2(2), TL%(2)) (H € A").
Let us prove that
Sc(aMyRug) = (ap); in (L*(2), TL;(2)) (He A), (10)
with (MY Rp¢)j e—1/2 given by (6). Let ¢ € Cgo(Q). From Lemma 5
(=8:(@M;Ru@), RuY)y = (Rue, Mx(ad: Ruv)) ,

g ((/)7 a‘ﬂx)o,

or equivalently,
(=8x @My RuQ), Ruy) y — (—(@p)x, V), (11)

From Lemma 2, there exists z € L%(§2) such that
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8 (@MiRpp) =z in (L*(2),[TL%(2)) (H € A)
and consequently

(=8 (@MiRH@). Ryr),; — (=2, ¥)o. (12)
From (11) and (12) we obtain (10). Since

(R @, My (@b,vm))y = (—8x(a@M;Ru9), vu)y,
- (_(a(p)xs U)O = (§07 CYUX)(),

using (9) we conclude that

My (adyvp) —av, in (L*(2),[1L3(2)) (He A)). 0O

Theorem 1. There exists a final sequence A’ C A and a constant C > 0 not depending on H such that
lvall, o < ClAfvallon You € Wpl(@2)NWL2(82), He A (13)
Proof. Assuming (13) not to hold we can find a subsequence A” C A and elements vy, H € A”, such that
lvalliz=1 and [Afvgllos =0 (HeA”). (14)

Lemma 1 allow the sequence A” and v € W(;’z(.Q) to be chosen such that (vy)s» converges discretely to v in
(L2(£2), [TL3(£2)). Let w € W, (£2) be the solution of

(@wx, z:)o + (cwy, zy)0 = ((dv)x + (ev)y + fv.2), Vze Wy (82) (15)
and (wg)a € HVE/L’Z(.Q) such that wy — w in (WOI’Z(Q), HVEIL}Z(.Q)) (H € A). Let us prove the convergence

|zl g — 0, (16)

for zy = vy — wy. Lemma 4 gives the existence of C > 0 such that

lzu1t y < C((Afvm.zm)n +a(wn. zr) + c(wp, zr) + (. A(I})ZH)H), (17)
where
N M
a(Wy,zpg) = Z Zhj—l/ZkE—la(xj’ Ye—172)Oxwr) je—1/2(8xZH) j.e—1/2,
j=0¢=1
N M
c(wy,zH) := Zzhj—lkz—l/zc(xj'—l/z, o) Gywr)j—1/2,6(8yZH) j—1/2,¢5
j=1£=0

Az = Mo (dSczy) + My(edyzp) + fzp.
Since ||A%vpllo,n — 0, it follows that (A}, vy, zy)y — 0. Let z = v — w. Our aim is to prove that
a(wy,zg) = (@wy, 2x)o,  c(Wh.zm) = (cwy, zy)0 (H € A”). (18)
Lemma 5 yields
My (Sywy) — wy  in (L2(2), TLY(2)) (H € A).
Since (zg)a, H € A”, is bounded on va/;f(.Q), Lemma 6 allows a subsequence A’ C A” to be chosen such that
(My(adezm)) , — azx,  (My(cdyzm)) , — czy in (L*(2), 1LY (2)) (H € A,
and consequently (18) holds. For the last term of (17) we have
u. Az — . AV (H e A").
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Since w is the solution of (15), it follows that

awi, zn) + cwn, 1) + (0u, Az — 0 (H e A”)
and (16) follows. Then

v =z +wy — w in (L2(2), IL%(2)) (H € A),
and

(Aw,2)0=0 Vze W, (£2).

For A being injective ||vg |1, 7 = | is not possible. O

Let us now prove a stability result for Ag)*.

Lemma 7. There exists C not depending on H such that, for H € A,

lorllo,n < CIAS vallom + vl n)  You € WE(2) N W (R2). (19)

Proof. Let vy € W22(2)n W L2(82). We define

N M
_ a(xj—1/2, ye—12) —a(xj—1, ye—1,2)
BMvy 1=ZZhj—lke—1(5§UH)j—1/2,e—1/2|: el / ¢ / (OxvH) j—1,6-1)2

j=1e=1 hj—1
a(xj,ye—12) —a(xj_1/2, ye—1/2)
+— / =l / OxvH)je—1/2
i
L c(xj, ye) = e(xj—12. ye)
+Zzhj—lk£—1/2 L . el (ByvH)j—1/2,¢(8xyVH) j e
=0 =0 j-l
L (4172, y0) = c(xj, ye)
+Zzhjk£—1/2 AalEL - L= (8yva) j172,6 BayVH) j 0
j=0¢=0 J

N M
2
BPvy = Z Zhjflkifla(xjfl/b yefl/z)‘(5)261111);71/2171/2}
j=1¢=1

N M
+ Z Zhj—l/zkz—l/zc(xj, ¥O)| By va) jie |2,
j=0£=0

Bﬁl) and B)(,Z) similar to B;l) and B)Ez), respectively, replacing a with ¢, x with y and the indexes in a obvious way.
We have
2 1 2
(A v, 82v + 82vi)n = — By v — By v, (20)
@1 ._ pM O] @ ._ p®@ &) s : ;
where By," := B,’ + By and Bj;” := B,” + By . The conditions assumed for a and ¢ give the existence of Cg > 0

and Cy > 0 such that

2
Celvnl} y < BY

vy and qul)vH < Crlvali,HIVHI2,H,
which together with (20) yield
Celval3 y < [(A vy, 82y + 82| + 1By vir|
< ||Ag)*UH||o,H|UH|2,H +CrlvylLHlVE2,H.
Then (19) follows with C = max{1/Cg,Cr/Cg}. O

The main result of this section is the following stability theorem.
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Theorem 2. There exists C > 0 and a final section A’ C A such that
|(AHVH, WH)H]
lvello.n <C sup lenlbha (21)
0wy eWH (NW 2 (2) Hl2.H

Yoy e WA () NWEH(2), He A'.

Proof. Let vy € lei’z(.s?)ﬂ v;/};z(.{?). Since A(I;)*: V{f/;f(.Q) — 10,%1(52) is bounded, there exists C; > 0 such that

2)% 1)%
1A vg o, < 1A% vEllo.m + IAY  vallo.n < 1A% vEllo.m + Crllva i a-

Lemma 7 gives the existence of C’ > 0 such that
lrlle.n < C (1A v llo.n + lvalm)
< C'AGvallor + (C'+C'C)llva g
The existence of C > 0 such that
lrlo.n < ClAGvrllon You € Wi ()N W (82) (22)
follows from Theorem 1. Then (AZ)_I :]i%{(.Q) — WIZJ’Z(Q) N vf/}q’z(.Q) exists and (22) is equivalent to

A3 0|,y < Clignlon VYou € L3($2).

Combining this last inequality with

sup [(Anve, wi)n| _ l(Arve. (A5 or)Hl
orumewii@nitpey  NUHIE o 1AW el
Oonel, @) (AT L on 2. n

results (21). O

The estimate (21) can be given in an alternative form which uses a negative norm. We introduce the discrete Laplace
operator

Apvn = 87vn + 8. v € Wi (@) VW A(€)
and the norm

|V, wy)H|

A , (23)
@ IArwwllo,H

lvall-ay == sup
2,2 °1,2
0w eW (2)NW 5 (

where the extension by zero on SH\S_ZH of vy and wy is considered.
Some trivial algebraic manipulations lead to the next result [2]: the norms || - |2,z and |Ag.|lo, 7 are equivalent in

WZf(.Q) N VOV}QZ(.Q). With the definition (23) the estimate (21) is equivalent to
lrllo.n < CllAuvall-a, Yvu € Wi (2) N Wi ().
4. Convergence

The main result of this paper in Theorem 3 relies on the stability result of Theorem 2. An estimate for
|IRgu — ugllo, z will be obtained with the aid of (21) replacing vy by Rgu — ug and bounding

(A (Ryu) — My (RG,8). i) -
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The bounds in Lemmas 8—10 are for that purpose. The Bramble—Hilbert Lemma (see e.g. [5]) and Schwarz’s inequality
ol <Rl g, Yo e L),

being h x k the dimension of the rectangle 0, for estimating the local contributions measured in the L'-norm in terms
of L%-norm, are the main technical tools to obtain the desired convergence order.
In what follows we use the notation ZQH for the sum over the set of indexes (j, £) such that (x;41/2, ye+1/2) € 24.

Lemma 8. Let u € H*(2). Then, forall vy € le{’z(.Q) N vf/gz(ﬂ) there holds

|(_8x(a8xu), UH)H - (MHRGH (auy)x, UH)H|

1/2

2 252 2

<C||a||ws,oo(m(2<hj+k¢) ||u||H4((x_/,xj+1)X(yl,yﬂl))) loalla, o, (24)
2

|(_5y(cay“)’ UH)H - (MHRGH(CM)’))” UH)H|

1/2
2 252 2
<C||c||wa,oo<g)(2(h,-+kg> ||u||H4((xj,xj+])x(w+l))> e ll2, - (25)
2y

Proof. Let vy € WI%I’Z(.Q) N W}f(f)). We consider, in first place, only the terms in

(Sradyu,vg)y  and  (MpRg, (auy)., ve)

which have the factor v;1/2,¢+1,2, for some j, with £ given. Let us suppose, without loss of generality, that the set of
the points in the form (-, y¢41/2) belonging to £2 is

{Gpet1/2: Yer172)s (Kpea3s2 Yer172)s -« oy (XppaNg—1/20 Yer1/2) -
Let
pe+Ne—1
S1 = Z hjke(8xadxtt) j+1/2,641/2Vj+1/2,6+1/2
j=pe
and
petNg g Yer1Yitl2
sVi=m Y (f / a(xj,y)ux(x,y)dxdy)(axﬁm,-,wz.
J=pe Nyy x;lip
We have
pe+Ne—1
S1= Z ke((@dxu) j+1,041/2 — (@8x1) jo41/2)Vjt1/2,041/2
j=pe

petNe It
=- Z ke a(xj, ye+1/2)x (X, Ye+1/2) dx(8xVH) j o+1/2-

J=PC xitipn

The functional A(g) := g(%) — fol g(&) dé& is bounded on Wz*l(O, 1) and vanishes for g = 1 and &. Thus the Bramble—
Hilbert Lemma gives the existence of a positive constant C such that
()| <Clig" 10,1y
From the last estimate applied to g = w, where
Xj+1/2
w(§) :=a(x;j, y¢ + ko) f uc(x, ye +5ke)dx, §€l0,1],

Xj=1/2
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follows
pet+Ng Yer1Xitl2
1 -
S1 = Sf ) _ Z E; ¢(0xVH)j ev1/2s

J=pe y xjp

with
Xj4+1/2
|Ejel < Chgla(xj,) | ux(x,)dx
Xj—1/2 Wz"((yz,yul))
Let
pe+Ne—1
S = Z hij(MHRGH(aux)x)j+1/2y(+1/21_)j+1/2,l+1/2’
J=p¢

which can be written in the form

pe+Ne—1
Sy = Sél) + Z Fjevjt172,041/2
Jj=pt
where
pe+Ne—1 Yer1 X+l
Sél) = Z (auy)x(x,y)dxdyvjt1/2,0+1/2,
j=pe 3 %
Vo1 Xj+1
Fj¢:=(MuRg, (aux)x)jﬂ/z,@rl/z - / / (aux)x(x,y)dxdy.
Ye oXj
F; ¢ can be bounded with the aid of the Bramble—-Hilbert Lemma. Let the function w be defined by
w(&,n) = (aux)y(x; +&hj, ye +nke), (§,17)€(0,1)x(0,1).
Then

11
F =hjk€(w(o, 0) + w(1,0) + w®. D +w(, 1) //w(g,n)dg dn>.
00

4

The functional

11
0,0 1,0 0,1 1,1
)»(g):=g( ) +5(1,0) +g(0,1) + g( )—//g(é;‘,n)dédn,
00

4

g € W22((0, 1) x (0, 1)), is bounded and vanishes for g = 1, £ and 7. Again, by Bramble—Hilbert Lemma the estimate
11(&)] < Clglw210,1yx0.1))
holds and we obtain the bound
2
[Fjel < C(h] “ (aux)xxx ”Ll((x]-

+ k7 [ @)y HLI(

+kehj ” (@ux)xxy ||Ll((xj,xj+l)><(y/és)’5+l))

X j+1) X (Ve Yet1))
(Xjaxj+l)><(y{‘y4+l)))'

Let us finally consider the difference S {1) — Sél). For Sél) we have
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pe+Ne—1 Vet
551) = Z ((aux)(xjr1,y) — (aux) (xj, ¥)) dyVj12,e412
j=pe 5,
pe+Ng Y1 Xitl/2
=-— (aux)(xj, y)dx dy(8xvH)jev1/2

J=pe oy x;lip

and then

SO S = (T + T2+ T3 + T,

with
PNy W+1—h' xj
Ty :=— Z 12_1 (ux(xj—1,y) +ur(xj, ) — / Mx(x,)’)dx}
Jj=petly, L Xj_i
X (a(xj—1, Y)xUn) j-1.e4+172 +a(xj, ) (SxVm) jeq1/2) dy,
. Peifj‘/e Yz+1—hj1( ( | ( ))
2= Ux(xj, y) —ux(xj—1,
j=petly, L 2 " ! ’
xXj-1/2 xj
+ / ux(x,y)dx — f ux(x,y)dX}(a(Xj, YV Ox0H) jer12 —a(xj—1, Y)(Sx V) j—1,641/2) dy,
Xj—1 Xj-1/2
y£+|—h Xpg
T3 :=— pg Uy (Xp,, y) — / uy(x,y) dx:|a(xp1{a V) Ay(8x V) py e+1/2s
ye = Xpy—1/2
Yo+ Xpg+Ne+1/2
thHVe —
Ty:=— Tux(xpﬁ—Np y) — / uy(x,y) dx:|a(xp@+1vpy) dy(8xVH) py+Ny,t4+1/2-
Ye - xPI{+N(

The sum in 7} contains the errors of the trapezoidal rule that can be bounded with the aid of the Bramble—Hilbert
Lemma by

pe+Ne

2
ITH<C D Bl (o x ey 11 L% 0 < Geves i)
Jj=pe+l

x (| 0r) j—1,e12| + | GxVr) jev1/2])-

For T, we have only the first order bound but the factor

a(xj,y)(0xvg)jer1/2 —a(xj—1,Y)(6xVH)j—1,041/2

allows to estimate 7> with the same order as 77. We have

a(xj, y)(OxVH)jer12 —alxj—1,¥Y)(xVH)j—1,0+1/2
=a(xj—1/2, Y)(GxVm)je4172 — (xVm) j—1,e41/2) + (a(xj—1/2, ¥) — a(xj—1, ¥))Bx V) j-1,041/2
+ (a(xj,y) —a(xj=1/2,9)) (6xVr) j,e+12

i
2

for some 1 € [xj_1,x;-1/2], n2 € [xj—1/2, x], and then

=hj_1a(xj_12, y)(a)%l_)H)j—l/Z,E-&-lﬁ + (ax(m1, Y)BxVn) j—1,041/2 + ax(m2, V) (6x V) je+1/2),
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pe+Ne

2
ITI<C D el o, s xeve 18w () x5 % Geyess)
J=petl

X (\(5331711);71/2,”1/2\ + |Gx V) jo1,e+172] + |5 V) je41/2]).-

For T3 and T4 we have

Yet1
pe—1 _
T3] < f 3 ”Mxx('vy)||L1((xp£_1/2’xp())|(1(nga y)|dy|(8xUH)p(4,f+l/2 s
ye
y/é+lh
pe+Ng ~
|T4] < / THuxx(~, y) ||Ll((xpﬁw’xpﬁw“/z))|a(xm+Np M| dy|SxVH) ppt-Ne.e+1/2]-
ye

Considering the equality

J
(OxVH) py,t+1/2 = — Z hi (G201 i1 /2,041/2 + Bx V) j4+1,041/25
i=pe

j=pe, ..., e+ N¢— 1, follows

petNe—1 1 pe+Ne—1
|(8x V) py.t41/2] < Z hj|(8)2573H)j+1/2,£+1/2 + Z hi|(8xVm) j41,e41/2]-
J=pe¢ Yot Ne = Xpe J=pe
For T3 we have
pe—1
T3] < 3 ””XX“L‘((xprl/z,xpg)X(ye,yul)) ”a(xm, ')“LOC(()’M'M))
pe+Ne—1 1 pe+Ne—1
X Z hi|G30m) j41/2,041 2] + ————— Z hi|(BxVm) j+1,e41/2] ).
— Xpe+Ne —Xpe [ Z
Jj=pe j=pe
and in the same way for 74 we obtain
h
pet+Ne
T4l < ] l[t4x ”Ll((xpg+Ngsxpg+Ng+l/2)X(y&yZ+l)) H“(XPHNW ) ||L°°((yl,yg+1))
pe+Ne—1 1 pe+Ne—1
X Z hj|(8;%1_)H)j+1/2,€+1/2| +— Z hjl(8x0m) 41,6412 |-
— Xpe+Ne —Xpe i Z
J=pe J=pe
Using the Schwarz’s inequality we obtain (24). O
Lemma 9. Let u € H3(82). Then the following estimates hold
|(Mx(d8xu)7 vH)H - (MHRGH (dux)7 vH)H|
1/2
2, 1232 2
< Clld w2 (QDh FHED ||um||Lz((xj,wmw)) lvr I, (26)
H
|(My (edyu), vir)y — (MuRGy (euy), vH)H|
1/2
2 1232 2
< Cllelly2oo() (QZ(h KD ||uyyy||Lz((xj,xj+l)xm,w)) lor I, @7)
H

forall vy € Vi/}_}z(.Q).
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Proof. Let us consider the terms in (M (déyu), vy)y and (Mg R, (duy), vy) g which have the factor vj11/2 ¢41/2,
for some j, with £ given. We obtain for (M, (ddyu), vy)p and (My RG,, (duy), vy) u, respectively,

pet+Ne—1
Z k(ihj(Mx(d(sx“))j+1/2)[+1/25j+1/2,€+1/2
J=p¢
pe+Ng j—1
== Y kehjmip ) hi(Me(d8a), gy pGoOm) e
J=pe i=p¢
and

pe+Ne—1

Z kéhj(MHRGH(dux))j+1/2’g+1/2{}j+1/2,l+1/2

J=Pe
Pe+Ng Jj—1

=— Z kﬁhj—1/2Zhi(Mx(d“x))i_i_l/z’“_l/z@x77H)j,€+1/2
j=p i=py
pe+Ne—1

+ Z Tjki((Ey)j,Z+l/2+(Ey)j+1,€+1/2)ﬁj+1/2,(+1/2v
J=De
where

(duy) e+ (duy)j ot
(Ey)jog1y2 = — 5 it R — (duy)je+1/2-

Let w(§) := (duy)(xj, ye +&kg), & €[0, 1]. Then

0 1 1
(Ey)je+r12= w - w< )

2

The functional A(g) := M — g(%) is bounded on Wz*l(O, 1) and vanishes for g = 1 and &. Again by the
Bramble-Hilbert Lemma the estimate

M| <Clg" o1 &€ W0, 1),

holds and we obtain the bound

petNe—1
Z 7]k8|(Ey)j,Z+l/2 + (Ey) j+1e+172| V412,641
J=p¢
pe+Ng—1 I
< 2 SR NE@w) 05y + 1 (@) G ) i DIvssiyze 2l (28)
J=De
We have
j—1
Z hi[(Mx(d‘qu))iH/z,ul/z — (M (d“x))i+1/2,e+1/2]
i=p¢
j_l h]_]
= Z hi—1j2di o172 (Bxt)i 12 — ux (i, yer172)) + de,£+1/2((5xu),/,e+1/2 —ux (X}, Yet1/2))
i=pe+l

hp,
+ > Ay 04172 ((Bxtt) py.e172 — tx (X Yet1/2)).-

Using (28) we obtain the bound (26). O
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Lemma 10. Let w € H2(R2). Then, for all vy € L%(£2),

1/2
|(Rew, vin) i — (M Rg w, v | < c(Zmi +k§>2||w||§,2((xj,xj+l)X(y[,yﬂl))) lvrllo.r- (29)
2y

Proof. We can write

(MERGyw)jt1/2,04172 =Wjt1/2,0+1/2 + (Ex) j+1/2,¢ + (Ex) j+1/2,041 + (Ey) j+1/2,041/2

where
(Ex)ja1jpg = 2 T witie  Wit1/2e
x)j s 4 ) s
() W12, Wig1/2,641 o
y)j+1/2,041/2 1= ) Wj1/2,641/2-

Using the Bramble—Hilbert Lemma as before we obtain (29). O

Let us consider in (29) w = fu. For all vy € [O,%I(.Q) we obtain

|(fu’ UH)H - (MHRGH(fu)v UH)H‘
1/2
< C||f||Wz.oo(mH§m<Z ||u||i,z((x,,x,.+1>x<w,w))> ozt llo, - (30)
2u ’
The next result follows from Theorem 2 and from the bounds (24)—(27) and (30).

Theorem 3. Let 2 be a union of rectangles. Assume that the solution u of (1)-(2) lies in H*(£2). Then for H € A,
with Hmax small enough, the discrete problem (3)—(4) has a unique solution u i which satisfies

HA((xj.xj41) X Ve, Yet1))

1/2
IRHu —upllo.n < C(Z“I? + k)l )
2y
< CHp o llull o y-
5. Numerical results

We present numerical results for the problem

—Au=f on$2=(0,1)x(0,1),
u=0 onos2,

with f(x,y) = —((x(x — Dy(y — 1))?)xx — ((x(x — 1)y(y — 1))?)y,. Fig. 2 shows the numerical solution on 500
random meshes (N — 1 x M — 1 points placed in §2 at random), where N and M ranges from 10 to 110. The logarithm
of the norm of the error, log(||Rgu — unllo, 1), is plotted versus the logarithm of the maximum step-size. The straight
line is the least-squares fit to the points and has the slope 2.1721, which confirms the estimates given in Theorem 3.
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4+

5

Fig. 2. log(|Rgu — upg llo, ) versus log(hmax)-
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