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Abstract

We study continuity envelopes in spaces of generalized smoothness BZ,’;V (R™) and F g”,jv (R™). The
results are applied in proving sharp embedding assertions in some limiting situations.
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1. Introduction

This paper continues the study of sharp embeddings and continuity envelopes in spaces of
generalized smoothness begun in [17] and [6]. Moreover, as we shall immediately explain, there

also appear close connections to [5] and [7] dealing with growth envelopes in such spaces, also

related to certain ‘limiting’ situations. In [17] and [6] we considered spaces of type B;,sq’w)(R”),

Fl(,‘;’w)(R"), with 0 < p, g < oo (p < oo for F-spaces), % <s<1+ %, where ¥ is a so-called

admissible function, typically of log-type near 0. Our present paper covers these results essen-
tially.
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The study of spaces of generalized smoothness has a long history, resulting on one hand from
the interpolation side (with a function parameter), see [21] and [9], whereas the rather abstract
approach (approximation by series of entire analytic functions and coverings) was independently
developed by Gol’dman and Kalyabin in the late 1970s and early 1980s of the last century; we
refer to the survey [19] and the appendix [20] which cover the extensive (Russian) literature at
that time. We rely on the Fourier-analytical approach as presented in [13] recently. There one can
also find a reason for the revived interest in the study of such spaces: its connection with appli-
cations for pseudo-differential operators (as generators of sub-Markovian semi-groups). Plainly
these latter applications and also the topic in its full generality are out of the scope of the present
paper. Likewise we only want to mention that the increased interest in function spaces of gener-
alized smoothness is also connected with the study of trace spaces on fractals, that is, so-called
h-sets I".

Roughly speaking, spaces of generalized smoothness extend ‘classical’ spaces of Besov or
Triebel-Lizorkin type in the sense that the partition of R" is not necessarily based on annuli, and,
accordingly, the weight factor connected with the assumed smoothness of the distribution, can
vary in a wider sense, that is, the ‘classical’ smoothness s € R is replaced by a certain sequence
0 = (0;) jen,- In the special case of sequences o = (2/%) jen,, s € R and N = (2/) jen, we have
the coincidence Bg”;v (R") = By, ,(R"), but the new setting is by no means restricted to this
case. We benefit in this paper from a result in [24] saying that under certain assumptions on the
involved sequences,

oo 1/q
[ 71BN =1 71Lp 1+ (Zo—;f o, le);1))
j=0

(with the usual modification if ¢ = 00) is an equivalent quasi-norm in BZ;,;V , where k € N must
be sufficiently large.

In contrast to the notion of spaces of generalized smoothness, the study of continuity en-
velopes has a rather short history; this new tool was developed only recently in [15,16,27],
initially intended for a more precise characterization of function spaces. It turned out, however,
that it leads not only to surprisingly sharp results based on classical concepts, but allows a lot of
applications, too, e.g. to the study of compact embeddings. We return to this point later. Roughly
speaking, a continuity envelope €c(X) of a function space X consists of a so-called continuity
envelope function

@)~ sup w(f,t)’ t>0, )]

Irxi<t t

together with some ‘fine index’ uy; here w(f,t) stands for the modulus of continuity, as usual.
Forerunners of continuity envelopes in a wider sense are well known for decades, we refer to [27]
and [16] for further details and historical comments. In the context of spaces of generalized
smoothness see also [18] (in addition to the very recent contributions mentioned above).

Denoting by A either B or F, the main objective is to characterize the above continuity
envelopes (1) of spaces AZ:,IIV (R™) when these spaces are not continuously embedded into the
Lipschitz space Lip! (R"); for that reason we shall first prove a criterion for this embedding to
hold.
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Moreover, when o = (275 (277)) jeNg» § € R, ¥ an admissible function (that is, essentially

of log-type, including, in particular, ¥ = 1), and N = (2/) jen,, then A%’ ) (R”) = A(S . (R™)
and we proved in [17] and [6] that

A?ff) n 1
(t) ~ D M/A(t), O<t<5,

-5

With0<8=s—% 1 and ugs =g when A= B and ugy = p when A=F, 0 <uy < o0

ui =max(l — 7, 0). The auxiliary function @, :(0,27"] - R, 0 < r, u < oo, introduced first

n [8], is defined by

1

1/u
2y —udy
Dru(t) :=( /y T (y) 7)

t/n

(suitably modified if u = 00). In this paper we extend this result as follows. For 0 < p, ¢ < 00, o
and N admissible sequences satisfying some further additional conditions, and a certain function
A with A(z) ~0j,z€ [N}, Nji1], j € Ng, then

}J_l

go N ; o an\
£ (r>~< f A(y™!) e %) o)

t

if 1 < g < o0, otherwise, for 0 < ¢ < 1, appropriately modified by

BU,N Cn—1 (24
E Ty~ sup Ay HTyTGHY, 3)
yelr,Ng 1)

There is a parallel result for F-spaces. In fact, we can give even more precise characterizations
leading to the concept of so-called continuity envelopes, where the continuity envelope func-
tion Eé( is complemented by the fine index ux. Moreover, we obtain sharp embedding results,
namely—as already announced above—that

A% Y (R") < Lip'(R") if, and only if, o~ 'N"/"*l e, @)

using the above abbreviation for u4 again, and assuming for the lower Boyd index
s(6 N7"/P) > (0. We also prove criteria for the embedding
N N
Apig (R") = AL, (RY) )
in the limiting case s(0 N ~"/P1) = §(t N~"/P2), complementing earlier outcomes in [5,7], and
extending [6].
Having in mind [17] and [6] one can expect that our envelope results can also be applied to

get (sharp) estimates for approximation numbers of embeddings of type Ag:f]v ) — A;g{voo ),
where U stands for the unit ball in R”, but this will be out of consideration in this paper.
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The paper is organized as follows. We collect the necessary background material in Section 2.
In Section 3 we obtain criteria for sharp embeddings of type (4). This is not only needed after-
wards, but also of some interest of its own. Our main result on continuity envelopes in spaces
A‘,’,jév (R™) can be found in Section 4, whereas Section 5 contains some applications: Hardy-type
inequalities, and our main sharp embedding result (5).

2. Preliminaries
2.1. General notation

We shall adopt the following general notation: N denotes the set of all natural numbers, Ny =
N U {0}, R*, n € N, denotes the n-dimensional real Euclidean space and R = R!. We use the
equivalence “~” in

ag~br or @r)~y(r)
always to mean that there are two positive numbers c¢; and ¢, such that
crag <bhy<coar or ci¢(x) <Y (x) <cr¢(x)

for all admitted values of the discrete variable k or the continuous variable x, where (ax)r, (br)k
are non-negative sequences and ¢, Y are non-negative functions. If a € R then a4 := max(a, 0).
If 0 < u < 00, the number u’ is given by 1/u’ := (1 — 1/u).

Given two quasi-Banach spaces X and Y, we write X — Y if X C Y and the natural embed-
ding of X in Y is continuous.

All unimportant positive constants will be denoted by ¢, occasionally with additional sub-
scripts within the same formula. If not otherwise indicated, log is always taken with respect to
base 2.

We consider here only function spaces defined on R”; so for convenience we shall usually
omit the “R"™” from their notation.

2.2. Sequences

In this subsection we explain the class of sequences we shall be interested in and some related
basic results.

A sequence Y = () jeN, of positive real numbers is said to be admissible if there exist two
positive constants dy and d; such that

doyj <vj+1 <diyj, JjeN. (6)

Clearly, for admissible sequences y and 7, y7 := (¥;7;) jeN, and y" := (¥]) jeNy. r € R, are
admissible, too.

For an admissible sequence y = (¥;) jeN. let
Yitk

. Vitk _ .
y =inf =—— and y,;:=sup——, jeNp. @)
= k=20 pk ! k>0 Yk
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Then clearly Y v < Yj+k <YV, forany j, k € Ny. In particular, v, and ¥ are the best possi-

ble constants dy and d; in (6), respectively. The lower and upper Boyd indices of the sequence y
are defined, respectively, by

logy . log 7 :
s(y):= lim — and §(y):= lim Ogyj.

jooo ] T |

®)

The above definition is well posed: the sequence (log¥ ;) jen is sub-additive and hence the right-
hand side limit in (8) exists, it is finite (since y is an admissible sequence) and it coincides with
inf;~ology;/j. The corresponding assertions for the lower counterpart s(y) can be read off

observing that long =— 10g(F)j.

Remark 2.1. The Boyd index 5(y) of an admissible sequence y describes the asymptotic behav-
iour of the ¥ ;’s and provides more information than simply ¥ and, what is more, is stable under
the equivalence of sequences: if y ~ t, then 5(y) = 5(7) as one readily verifies. In general, we
have for admissible sequences y, T that

s()=rs(y), r=0, 5(yv)<5@)+5); )

similarly for the lower counterpart. Observe that, given ¢ > 0, there are two positive constants
c1 =c1(e) and ¢z = c(¢g) such that

Clz(i()’)—s)/ < Z/' <Y< C22(‘§(}')+8)j, Jj € Np. (10)

From (10) it follows that for s(y) > 0, then y~! € ¢, for arbitrary u € (0, co]. Conversely,
5(y) < 0 implies y‘l ¢ {~, that is, y‘l does not belong to any £, 0 < u < co.

Examples 2.2. We consider some examples of admissible sequences.

(i) The sequence y = (¥;) jeN,»
yi =21+ HP(1+log(1 + )

with arbitrary fixed real numbers s, b and c is a standard example of an admissible sequence
with s(y) =5(y) =s.

(i) Let @:(0, 1] — R be a slowly varying function (or equivalent to a slowly varying one)
in the sense of [2]. Then, for s € R the sequence y = (2‘”@(27/))]-61\;0 is an admissible
sequence. Also here we have s(y) =5(y) =s.

(iii) In view of [3, Proposition 1.9.7], the case y = (257 lI/(Z_j))jeNo, where now ¥ is an admis-
sible function in the sense of [11] (i.e., a positive monotone function defined on (0, 1] such
that ¥ (272/) ~ W (277), j € Ny), can be regarded as a special case of (ii).

Remark 2.3. The examples above have in common the fact that their upper and lower Boyd
indices coincide. However, this is not in general the case. In [13] one can find examples, due to
Kalyabin, showing that an admissible sequence has not necessarily a fixed main order. But one
can even say more than this. As a consequence of [4, Proposition 7.3], for any 0 < a < b < oo,



1492 D.D. Haroske, S.D. Moura / Journal of Functional Analysis 254 (2008) 1487-1521

there is an admissible sequence y with s(y) = a and 5(y) = b, that is, with prescribed upper and
lower Boyd indices.

2.3. Function spaces of generalized smoothness

Let N = (N;) jen, be an admissible sequence with N | > 1 (recall (7)). In particular N is a
so-called strongly increasing sequence (cf. [13, Definition 2.2.1]) which guarantees the existence
of a number [y € Ny such that

Ny >2N; forany k, j such that k > j + [o. (11

It should be noted that the sequence N = (N;) jeN, plays the same r0le as the sequence 29 jeNg
in the classical construction of the spaces B;,q and F ;q. This will be clear from the following
considerations.

For a fixed sequence N as above we define the associated covering N = (.Qj.V )jen, of R"
by

QN ={8eR" |E|<Njip}, j=0.....10—1,
and

QN ={£ eR" Nj_iy <IEI < Njyi}. = lo,
with [y according to (11).

Definition 2.4. For a fixed admissible sequence N with N, > 1, and for the associated covering
N = (.ij )jeN, of R, a system oN = ((pj.v )jeN, Will be called a (generalized) partition of
unity subordinate to 2% if:

@) gajV € C§° and <p;"(s) > 0if £ e R” for any j € Np;
(i1) suppgz)j.V C .QJN for any j € Np;
(iii) for any o € Njj there exists a constant ¢, > 0 such that for any j € Ny

DN )] < ca(1+1612) 72 forany & e R™;

(iv) there exists a constant ¢, > 0 such that

o
0<Z<pﬁ~v($)=c(p <oo foranyé& eR".
j=0

Before turning to the definition of the spaces of generalized smoothness let us recall that
S denotes the Schwartz space of all complex-valued rapidly decreasing infinitely differentiable
functions on R” equipped with the usual topology and by S’ we denote its topological dual,
the space of all tempered distributions on R”. For ¢ € S and f € &’ we will use the notation
¢(D) f =[F~ Y @F f)], where F and F~! stand, respectively, for the Fourier and inverse Fourier
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transform. Furthermore, if 0 < p < 0o and 0 < ¢ < oo then L, and £, have the standard meaning
and, if (f})jen, is a sequence of complex-valued Lebesgue measurable functions on R”, then

o9 1/q
| () iemol g (Lp) | == (Z ||fj|Lp||4)

j=0
and

o0 1/q
(Z’fj(')’q> ‘Lp

|CF)jemo | Lp(eg) | == ‘
j=0

with the appropriate modification if g = oco.

Definition 2.5. Let N = (N;) jen, be an admissible sequence with N > 1 and o™ be a system
of functions as in Definition 2.4. Let 0 < ¢ < 00 and 0 = (o) jeN, be an admissible sequence.

(i) Let 0 < p < oo. The Besov space of generalized smoothness Bg,’év is the set of all tempered
distributions f such that the quasi-norm

[ 1850 | = (o0 D)) e [a )]

is finite.
(i) Let 0 < p < oo. The Triebel-Lizorkin space of generalized smoothness F’ ;,T”qN is the set of
all tempered distributions f such that the quasi-norm

|1 = (o0 DV O) ey [ Lp o) |
is finite.

Remark 2.6. Note that if 1 < p < 0o one can consider a weaker assumption on the sequence N
in the above definition. We refer to [13] for a discussion on this, as well as for some historical
references to the subject and a systematic study of these spaces, including a characterization by
local means and atomic decomposition.

Remark 2.7. If 0 = (2%) jen,, with s a real number, and N = (2/) e, then the spaces B;jév
and F ;,’,}IN coincide with the usual Besov or Triebel-Lizorkin spaces By, , and F), /., respectively.
If we let 0 = (2YW¥(277)) jeN,,» Where ¥ is an admissible function in the sense of [11,12] (see
Example 2.2(iii)), the corresponding Besov space coincides with the space B;,S,’qw) introduced
by Edmunds and Triebel in [11,12] and also considered by Moura in [22,23]. Similarly for the
F-counterpart.

Next we recall the definition of differences of functions. If f is an arbitrary function on R”,
h eR" and k € N, then

k

k .
GRIGEDS <j>(—1)"‘ff(x +jh), xeR".

j=0
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Note that Aﬁ can also be defined iteratively via

(AL F)@) = fx+h) — f(x) and (AFTF)(x) = AL(AF F)(0), keN.

For convenience we may write A, instead of A}l. Furthermore, the kth modulus of smoothness
of a function f € L, 1 < p < o0, k €N, is defined by

wr(f,0)p = sup | AN F|Ly|. > 0. (12)
Ihi<t

We shall simply write w(f, t), instead of w1 (f, 1), and w(f,t) instead of w(f, t)oo.
We recall Marchaud’s inequality: let f € L, 1 < p < 00, and k,r € N with k > r; then, for
allt >0,

o0

wr(fvt)p <Ctr/

t

o (f, 1) du

u” u

13)

where c is a positive constant which depends only on k and r, see [1, Chapter 5, Eq. (4.7)].
The following result gives a characterization of the Besov spaces of generalized smoothness
by means of the modulus of smoothness. We refer to [24].

Theorem 2.8. Let 0 < p, g < 00, 0 = (0}) jeN, and N = (N;) jeN, be admissible sequences, the
latter satisfying N | > 1, such that s(¢)5(N) ™' > n(1/p —1)4. Let k e N with k > 5(o)s(N) .
Then

00 1/q
71851 =1 71Lp 1+ (Zajwk(f, le)z)

Jj=0
(with the usual modification if ¢ = 00) is an equivalent quasi-norm in Bg,’,ﬁv .

Remark 2.9. For any a € (0, 00),

a

ar\"
|18 1 ~ 1 A1L 0 + ( / (A ")ex(s, r>p)q7>

0

where A: (0, 00) — (0, 00) is an admissible function—according to [5, Definition 2.2]—such
that A(z) ~ A(Nj) =0j,2€ [Nj, Nj+1], j € Np.

2.4. Continuity envelopes

The concept of continuity envelopes has been introduced by Haroske in [15] and Triebel
in [27]. Here we quote the basic definitions and results concerning continuity envelopes. How-
ever, we shall be rather concise and we mainly refer to [16,27] for heuristics, motivations and
details on this subject.
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Let C be the space of all complex-valued bounded uniformly continuous functions on R”,
equipped with the sup-norm as usual. Recall that the classical Lipschitz space Lip! is defined as
the space of all functions f € C such that

If|Lip!| == I 71CT + sup 2420 (14)
te

on !

is finite.
Definition 2.10. Let X — C be some function space on R".
(1) The continuity envelope function 55( :(0, 00) — [0, o0) is defined by

@)= sup a)(f,t)’ t>0.

Irxist 1t

(i) Assume X &> Lipl. Lete € (0,1), H(t) := —logé’é((t), t € (0,¢], and let uy be the as-
sociated Borel measure. The number uyx, 0 < ux < 00, is defined as the infimum of all
numbers v, 0 < v < 00, such that

& 1/v
o(f, )\’
(!(tgg(t) MH(dl)> <cllf1XI (15)

(with the usual modification if v = 0co) holds for some ¢ > 0 and all f € X. The couple

Ec(X) = (8 (), ux)

is called continuity envelope for the function space X.

As it will be useful in the sequel, we recall some properties of the continuity envelopes.
In view of (i) we obtain—strictly speaking—equivalence classes of continuity envelope func-
tions when working with equivalent quasi-norms in X as we shall do in the sequel. However,
for convenience we do not want to distinguish between representative and equivalence class in
what follows and thus stick at the notation introduced in (i). Note that Eé( is equivalent to some
monotonically decreasing function; for a proof and further properties we refer to [16]. Concern-
ing (ii) we shall assume that we can choose a continuous representative in the equivalence class
[Eé( ], for convenience (but in a slight abuse of notation) denoted by 55( again. It is obvious that
(15) holds for v = oo and any X. Moreover, one verifies that

g 1/v e 13
8() /( g(1) >U1 /( g(®) )Uo
< dr S X dr 16
oilzlgs X Cl( ) 240! et (d1) ¢ J £X() pr (dr) (16)

for 0 < vg < v; < 0o and all non-negative monotonically decreasing functions g on (0, €]; cf.
[27, Proposition 12.2]. So—passing to a monotonically decreasing function equivalent to M,
see [10, Chapter 2, Lemma 6.1]—we observe that the left-hand sides in (15) are monotonically
ordered in v and it is natural to look for the smallest possible one.
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Proposition 2.11.

(1) Let X; — C, i = 1,2, be some function spaces on R". Then X| — X, implies that there is
some positive constant ¢ such that for all t > 0,

Eé“ ) < cé‘é‘z ().

(ii) We have X < Lip' if. and only if. Eé( is bounded.
(iii) Let X; — C, i = 1,2, be some function spaces on R" with X| — X,. Assume for their
continuity envelope functions

iy~ w), 1e,e),
for some & > 0. Then we get for the corresponding indices uy,;, i = 1,2, that
uyx, <ux,.
3. Embeddings

In what follows we present some embedding results which will be useful when discussing
continuity envelopes for spaces of generalized smoothness.
We refer to [7, Lemma 4.1] for the following.

Proposition 3.1. Let 0 < p; < p < pa <00, 0 < g < 00, 0 and N be admissible sequences, the
latter satisfying N, > 1. Let ¢’ and " be the (clearly admissible) sequences defined, respec-
tively, by

1 _1 1 _1
o =N""""Pe and o":=N""n"7e.

Then

o/, o,N o N
Bpou = Fply = By,

if, and only if, 0 <u < p < v < o0.
Remark 3.2. In case of B-spaces only, one finds in [5, Theorem 3.7] the sharper assertion that

for 0 < p; < p2 <00, 0 < q1, g2 < 00, admissible sequences o, T and NV, the latter satisfying
N, > 1, then

BN — BN, (17)
if
(a?lth’.l(”_I‘_é)). €l,«, with L = (i - i) ) (18)
i jeNo =74 e \@ aqi)y

‘We return to this observation in Section 5.
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For the embedding of the spaces under consideration into C, the space of complex-valued,
bounded and uniformly continuous functions on R” endowed with the sup-norm, it is known the
following.

Proposition 3.3. Let 0 < p,q < 0o, 0 and N be admissible sequences, the latter satisfying
N> 1

(1) Then

o,N . : —Lan/p ,
B, ) — C ifandonlyif, o= N"'Fely.

(ii) If p < 00, then
FZ,},N < C i andonlyif, o 'N"P¢ Cy.
One can replace C by L in the assertions above.

We refer to [5, Corollary 3.10 & Remark 3.11] and to [7, Proposition 4.4] concerning parts (i)
and (ii), respectively, of the proposition above.
Regarding the embeddings into the classical Lipschitz space we have the following.

Proposition 3.4. Let 0 < p,q < 0o, 0 and N be admissible sequences, the latter satisfying
N, > 1. We assume that

s(eN""P) > 0. (19)
(i) Then
BO:N — Lip' if,andonlyif, o 'N""T e,
(i) If p < oo, then
FoN < Lip' ifandonlyif, o 'N"P*et,.

Proof. We just prove here the sufficiency, as the necessity follows from our later results—cf.
Remark 4.2, and we start with the proof of (i). Let

T:=a NP, (20)

Then, Bg,’év — B;;Z, as a consequence of Proposition 3.1 and Remark 3.2. By (19), s(t) > 0,
so that Theorem 2.8 gives a characterization of B&;Z by means of differences of order k € N for
k>35(t)s(N)~ L.

Letfirst 1 <g < oo.Forany f € B;‘,,‘év and0 <t < N, ! we conclude, using also Marchaud’s
inequality (13), and Holder’s inequality that
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Ny
s cu)d
@scl f @fﬂzuﬂcu
t
Ny d 1/q
<c1( / (T(u‘)wuf,u))q;“)
t

-1
Ny

x ( /(T(u—l)u)‘q%")l/q,+cz||f|C||

t

gC3HJ,}BTNH(< ?l( T(u —1)u)—q’d7u>l/q/+1>

—1
NO

<mww°w((/<<ww¢%QU¢+Q, e

where 7 is an admissible function with Y'(z) ~ Y (N;) = 7; = aij‘”/”, z € [Nj, Njt1l,
J € Np. Since

Ny Ny
0 _du e g
[ =3 [ e S
0 =0yl o=
j+

under the assumption o ' N"/P+1 ¢ £y, (14) and (21) imply f € Lip' with

| FLip"| <l B (22)

for 1 < g < oo. The case g = 00 (therefore q' = 1) can be dealt analogously, with the obvious
modifications. When 0 < g < 1, so ¢’ = 0o, we have

Ny!
-1 1
YD <o [ et TS e
t
Ny
_ d
<o swp (Y(u ) 1fT(u—l)cok(f,u);“+cz||f|cn

—1
ue[t,NO 1 t

<alrBENI( s (r@ T +1)

uetNol]
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<es|7[BENN( swp (Y@ )uw) T +1)
uelt,Ny ']

<es| #1BgYI( swp (P )T 1), (23)

uelt,Ny'1

for any f € BZ:;V and t € (0, N(;l), leading, under the assumption o ~! N"/P*+! ¢ ¢, (which is

equivalent to SUP, (o ]\/71)('{“(14_1)14)_l being bounded), to (22) also in this case, which com-
»No

pletes the proof of the sufficiency (i).

The sufficiency of (ii) immediately follows by the embedding

o,N ,N
Fplq = B ps

with T as in (20)—which is a consequence of Proposition 3.1,—and what has been proved above
regarding part (). O

Remark 3.5. In the particular cases of N = (Zj)jeNO ando = (ZSj)jeNo oro =29y (2_j))jeN0,
according to Remark 2.7, the proposition above is covered by [6, Proposition 2.2, Remark 1.5].

Remark 3.6. Note that

5(@)F(N) ™ > % (24)

is a sufficient condition for s(e N~"/?) > 0. Moreover, as N = (Nj)jeN, is increasing,
o IN/PHL ¢ £, implies o IN"/P ¢ £, and thus, by Proposition 3.3, Bg”év < C, as it should
be. Similarly for the F'-case.

. s o,N
4. Continuity envelopes for A},’,

Regarding the study of continuity envelopes in the context of the spaces of generalized
smoothness AZ:,IIV , of interest are those spaces with

AN < C but AN o> Lip.

Taking into consideration Propositions 3.3 and 3.4 we shall be concerned with the investigation
of the continuity envelopes of the spaces A‘;,;év with

g(aNf”/p)>0 and oilN"/p+l¢€u/, (25)

where u = ¢ if A= B and u = p if A= F. By Remark 2.1, s(6 N™"/?) > 0 implies

o~ 'N"P e ¢, for any v € (0, 00], leading to A'[’,jév < C by Proposition 3.3.

Proposition 4.1. Let 0 < p,g < 00, 0 and N be admissible sequences, the latter satisfying
N, > 1. Assume further that (25) holds. Let A be any admissible function such that A(z) ~ o,
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z€[Nj,Njy1l, j € No, with equivalence constants independent of j, and let ¢ be defined in
(0, Ng "1 by

1

Ny q 1/u
¢3(l)1=<fA —(p+hu y) if 0 <u < oo, (26)
y
and
(1) := sup A(y_l)_ly_(%ﬂ) if u=o0. 27
yelt, Ny
(i) Then
Bcr N

)~ ¢n), e (0N,

(i) If p < oo, then

Fgqu o —1
E ()~ o), 1€ (0N ]
Proof.
Step 1. From (21) and (23) we get, for any ¢ € (0, NO_I),
Ny ! 1/¢’
By —1y, \—q du !
EM () <c (T (u )u) (28)

u
t

(with the usual modification if ¢’ = 00, i.e., if 0 < ¢ < 1), with T an admissible function sat-
isfying T'(z) ~ ojN NP e [N, Njt1], j € No. Here we used the first assumption in (25).
Clearly, any admissible function A with A(z) ~oj,z €[N, Nj11], j € Ny, verifies

T (2) Noij_”/p ~AQ)z"P, ze [Nj,Njt1], jeNp

(with constants independent of j) which, in (28), immediately leads to

o,N

7" (1) < gl (), 1€ (0N

Step 2. In this step we shall prove that, for some positive constant c,

” o (1) > cog (), 1€(0, N (29)

We take advantage of what has been done in [5], where the so-called local growth en-
velope for Bg,’év has been studied. In the considerations below we will follow the proof of
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Lemma 4.6 and Proposition 4.7 of [5] with the appropriate modifications to our purpose; see
also [27, pp. 220-221].
Consider

h(y):=e 0 if |y <1 and h(y):=0 if|y|>1.
Given L € Ny and § € (0, 1], define
L
hs.L () :=h(y) =D ps.eh® (571 —1-9)),
=0

where the coefficients ps ¢ are uniquely determined by imposing that /5 ;. shall obey the follow-
ing set of conditions:

/ykha,L(y)dy=0, k=0,...,L.

R
Let now
¥
h*E(y) = / hs,p(z)dz
0
and
n
¢> L) =0 [ [ hGem),  x=(x)))_; €R". (30)
m=2
For a fixed L € Ny with
L>_1+n<log21v1 ' 1 _l>_log2g1’
log, Ny min(1, p) log, N4

and b = (b;) jen a sequence of non-negative numbers in £, let f b be given by
(0.¢]
) ::ijaj_lN;L/pr‘s’L(ij), x e R, 31)
j=1
Since the functions
aj(x) = oj_lN;’/quS’L(ij), xeR", jeN,

are (up to constants, independently of j) (o, p)pm, . — N-atoms, for some fixed M € N with
M > log, 51/log, N, the atomic decomposition theorem for BZ:;V (cf. [13, Theorem 4.4.3])
yields that f? € B3N and

| £21BgN | < cliblegll, (32)
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for some positive constant ¢ (independent of b). Moreover, for a fixed n € (0, 1) and k € Ny, we
have

7%0,0,...,00 — fE(—nN;",0,...,0)

oo
=c1 Y bjos NP (E©O) — hE (—gNNT))
j=l1

0
— 1,,—
=CZijO'j 1N7/p+ Nk lhg’L(Zj’k)
j=1

o
_ 1.
=2 bjoy NN 0
j=1

k
>0y bioy 'NYPTINT (0.
j=1

for some z; i € (—anNk_l, 0). For j <k, zjk € [—n,0), and hence h(z; ) = ¢ > 0 for some ¢
which is independent of j and k, leading to

k
— — 1,,—
£200.0,....0) = fP=aNTL 0.0 > e Y bjo NP ING
j=1

Therefore,

b N k
o N Z oINPT ke 33)
k j=1

We now take advantage of some choices made in the proof of [5, Proposition 4.8]. Let
1 < g < oo. For each J € N denote by f; the function b in (31) with b = (b)) jen being
the sequence defined by

1-¢ ,—(5+DU=4) —q' GO\ —1/4 .
bj:ziaj N (Zkl"k N,” ) forj=1,...,J,

0 otherwise.

Notice that b; > 0, j € N, b € £, and, moreover, ||b|{;]| =1, so that (32) and (33) allow us to
write, with constants independent of J,

_ 1/q
o.N w(er fr, N7 L g
J
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Now let, for each given ¢ € (0, Nl_l], J > 1 be such that NJ_41-1 <t< Nj_l. Using the properties
of Eé( , (34) and the hypotheses on o, N and A, we can derive that

o,N

J 1/q’
BgN BY; 1 —¢' D
& (1) =& (N )2c2<Zoj N, )
j=1

’

/ du 1/q'
264( / A(u_l)_q u—(;+l)q _) ,
u
that is (29) for ¢ > 1.

If 0 < g < 1, for each J € N denote by f; the function fb in (31) with b = (b;) jen being the
sequence defined by

b~'={1 for j =J,
7710 otherwise.

Once again we have b; > 0, j € N, b € £, and, moreover, ||b|{,] = 1. By (33),

w ,Nﬁl
@lfs: Ny ) 1]‘ )>c0]1N;/p+l, forany k > J,
N
k
and hence
o, (B0
&7 (N ze sup o 'N;7TL kel (35)
j=1,.., k

So we finally have, for ¢ € (0, N]_I], by means of choosing J € N such that NJ_+11 <t < NJ_1
and with the help of (35), the properties of 5(’;( and the hypotheses on o, N and A,

Byy B (-1 —1 Gt
E (1) =& (N; )>czj_s]upjoj N;
_1.. 54D
>c3  sup ; 1ij
j=1,d 1

thus completing the proof of part (i).
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Step 3. In this step we shall prove (ii). Let pj, p» be suchthat 0 < p; < p < pp <occand o', 0”
be the admissible sequences defined, respectively, by

1 _1 1 _1
o =N"51"7e and o”:=N""n"7g.

By Proposition 3.1,
o' ,N o.N o”.N
By = Fp = By oy (36)

Let A be an admissible function with A(z) ~ o,z €[N, Njt1], j € No, and let A" and A” be
defined by

/ n(=—1) " n(=—1)
A(): =A@z 1 P and A"(z):=A()z 2 7P, z€(0,00).
Those functions are also admissible and, moreover,
A@)~o; and  A"(2)~o0], z€[Nj, Njy1l, j €No,

in both cases with equivalence constants independent of j, we refer to [7, Lemma 4.9]. Then, by
Proposition 2.11(i), (36) and the previous steps, we obtain, for any ¢ € (0, N, 1],

N "N N(;l d l/p/
F‘;" Ba s v p (L rdu
gclvq (l) gclgCPZvP (I) <C2< / A//(u 1) Pu (1’2+1)p 7)
t
Ny q 1/p
_y _(n rdu
:C2< / A(M_l) P u (p'H)P _) :C2¢a/(t)»
u P
t
and, on the other hand,
Ny ! 1/p
’ P
Fa.N BU N ) /du
&M = ag"” (t)262( / N T 7)
t
Ny q 1/p
—p _(n rau
:c2< f A@w™) P —) = e2¢,(0)
U )4

(with the appropriate modification if p’ = oo, i.e., if 0 < p < 1), which finishes the proof
of (il). O
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Remark 4.2. The necessity of the conditions of Proposition 3.4 are a consequence of the preced-
ing proposition, due to Proposition 2.11(ii) and

N(;l ’ nq /dy 0 LSS
— —Uu —(—= z : —_ u
0 j=

(with the usual modification if 1’ = 00).

Theorem 4.3. Let 0 < p,q < 00, 0 and N be admissible sequences, the latter satisfying
N, > 1. Assume further that (25) holds. Let A be any admissible function such that A(z) ~ o,
z€[Nj, Njt1l, j € No, with equivalence constants independent of j, and let ¢7 be defined by
(26) and (27).

(i) Then

Ec(ByN) = (2.1, q).
(i) If p < oo, then

Ec(FyY) = (¢35, p).

Proof. Due to Proposition 4.1 it remains to prove that u yo.v =g and u zo.n = p.
q

o,
p p.q

Step 1. We want to show that u g~ < g, in case this index exists. The case ¢ = oo follows
p.q

immediately from Proposition 4.1, as for some chosen ¢ € (0, N N l]
B(I.N
E”Cp‘q (I)Nd)g/(t)s te(os 8]7

which implies, for some ¢ > 0,

o(f.0)

sup
0<r<e t¢;/ ()

<c|flBpal feBy

Consider now 0 < g < oo. It is enough to prove that for some ¢ € (0, N Nande>o0,

; o(fin\? . 1/q oy
/ (,¢a,(,)> pp@n ) <c|flBy,
0 q

where % stands for the Borel measure associated with —log ¢?, in (0, €].
Consider first the case 1 < g < 0o. Note that, there are positive constants dj, d» such that, for
any j e N,

,N
. feBsl, (37)

J 1 (Z41)q’ v / 1 (Z41)q’ v
() o< TN
o=1

=1
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Using the properties of the measure [LZ, (¢‘q’, is continuously differentiable in this case, see
[5, Lemma 2.5] for a similar assertion), Marchaud’s inequality (13) (with k € N as in the proof
of Proposition 3.4), a generalized Hardy’s inequality (cf. [14, p. 247]) as well as the properties

of A,0 and N, we get for any f € Bg,’év,
Ny
o(f.0\*
f LON o an
1p?,(1) a4
0 q

1

© 1ol v
_ 1 o o
@(,Zl v o)
=/

Jj+1

oowk(fu)du q ST 1/q
<o A uw _u ) AT BV gy
2 ) A0
j+1

1/q

N
N, wr(fiu) du 0 a)k(fll) du 1
[e%e] N—l u +f u q . (i+1)q, /q
o2 oo
o ¢(I(N )q’ J J
(fow) du
00 ( I ||f|C||+Zg szzl PELEEL g\ V4
C4 Zof _q ( J,-])q
j=1 Zz 100 Ng"
o (f,N, ) h
o Sy (L e )q)w
o .
J — % +1)q
j=l S0 TN,
( 1 41)g 0k (f, Ny hya
q M R
(IIfICII +Z —
j

-1

1/q
) )

o— =

e

<cs|f|ByY

with 7 as in the proof of Proposition 3.4. We remark that the last inequality follows as in the
proof of Proposition 3.4, i.e., by means of Proposition 3.1 and Theorem 2.8.
We assume now that 0 < g < 1 and we will prove (37). Note that, by (27), there are positive

constants C1 and C» such that

)

Crsupo N7 T < g2 (N7 7 jen 39
1supo, N/ < ¢ (N]) Czsupol Nl , jeN. (39)

(e9]

I<j <J
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Due to the hypothesis (25), 0 ~'N pT ¢ €, which enables us to construct a strictly increasing
sequence (7;) jeN, of natural numbers in the following way:

@ =1
(ii) tj41, j € Np, is the smallest integer satisfying

—1ppt!
SUP <9 ) >2Cz

£+1 = ’ (40)
—1yp Ci
Suplgtjal !
with Cy, C; as in (39). Notice that then
—1 ot —1ppt!
sup<;, 01 N SUp;<r;,,-19; N 26, .
~ n <—= .] € NO (41)
15! 1, pt] Ci
Sup;<s; 9 N[ Sup;<; al N

Recalling the definition of the measure g, using Marchaud’s inequality (13) (with k € N as
in the proof of Proposition 3.4), (39)—(41), we obtain, for any f € B;jév ,

Nt

1 1/q
o(f,1)\?
/( - )ugo(dt)
193, (1)
0
N
00 yl foo o (fun) du N ¢ 1/q
gcl [ <¢) MO’ (dt)
(2_:0 Z30) >
J=0y%
fj+1
Ntal (f )d g 1/q
wi(f,u) du 1ol
( (IIfICII+ / T?) uE N N ])
N’;Jlrl
0 fjig1—
241 a)k(f u) du
(Z sup o, 'Ni ) (I|f|C||+ 3 /
m<tj u
j=0 X =1 N-
l+|
00 Jj the1—1 l/q
m(Zz ”IIfICII‘“rZ( swp o' N )Y Y (N )
j=0 j=0 MSij h=0 =t
241
%) J sup —INP q
(HfICH“ZZ( et )
J=0 h=0 *sup,, <, O’mlN
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th+1—1 541N —g 1/q
X Z (suponle,Z ) wk(f,Nl_l)quq)
m<ty
a1 — *IN_H q iy 1/q
(||f|cn‘1+22 2~Ua %" ( ’ m) o (f. N ) o/ N, 7 )
=0 h=0 1=t \SUP,<, Om Nt
00 00 g 1/q
c6(||f|cn+(22 9N wr(f, N 6N, 7 ) )
r=0 =1
e’} —ﬂq 1/q
(I|f|C||+(Zwk NG o' N, 7 ) )
=0

1

1/q
(u Nor(f.w)? ) )

O"\CZ‘

<68(||f|C|| +<

<ol fIB

’

with T as before.

Step 2. Assume that for some v € (0, co) there is a positive constant c¢(v) such that

e v 1/v
([(290) ) " <cotsiogs) wanres. o
0

1¢5/(1)

where 1% is the Borel measure associated with — log ¢q in (0, ¢] for some ¢ € (0, N ]
Let first 1 < g < co. Due to the hypothesis (25), we can construct a strictly increasing se-
quence (;) jeN, of natural numbers in the following way:

(i) tg is such that N,El <&
(ii) tj41, j € Np, is the smallest integer satisfying

st ﬂN<Hm 2\
o (G+Dg’ 2(7) ’ )
1 fq 1
=10 N
with dy, d; as in (38). Notice that then
tit1 7(1 N( +1q’ tjiv1—1 7(1 N +1q’ 2d2 q
=1 % =1 L =) ., jeN. (44)
( +1)q’ 17 —g' A, (5D’ d;
Zz o ! =19 N

Given such a sequence (t;)jen,, for each J € N denote by f; the function f? in (31) with
b = (b;) jen being the sequence defined by
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1—g ,,—(5+DU=g) p —¢' GV —1/4 .
. ; Nj / (Zl:to-HGI Nlp ) forj=ti1+1,..., 1%,
bj:= k=1,...,J,
0 otherwise.

Note that b; > 0, j € N, b € £, and, moreover, [|b|¢, || < J'/9, so that (32), (42), (33), (38), (43)
and (44), allow us to write, with constants independent of J,

Tz el 151873

(o0
o [ ( / )w’,(dn)
<0 190 ) e
N

) R
o5 [ (i) e

-1
N’_/+1

_ 1
VI A
e v ) MV
R AL/

Jj+l1

VY v/t —v/q’ o (N~ y\ Y
(Z+1) g . (B4l @7 (N;. )
> C4<Z< bmo,, N, ) < o, IN," q) log 7‘10 t’j]l
=0 \m=1 l by (N )

1/v

WV

~
Il
(=)

m=

tj (1)’ v/q" stin (a1 —v/q’\ 1/v
ot N ) (Zo,w,p ) )

=1

This being true for all J € N implies v > q.

Now let 0 < ¢ < 1. We modify the preceding proof in an appropriate way. The sequence
(t) jeN, should satisfy (i), but instead of (43) we shall assume that it satisfies the inequality (40).
The sequence b = (b;) je shall be defined by

b e 1, forj=ux, ke{l,...,J},
7710, otherwise.

Clearly, b; > 0, j € N, b € £, and, moreover, [|b|{,] = J14 | 5o that (32), (42), (33) and the
properties of the sequence (7;) jen,, allow us to write,

TV =i fa]B77' |

& 1/v
o(fr, 0D\ 4
>CZ(/( t¢>go<r>> “m(dt)>
0
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with constants independent of J. This being true for all J € N, implies v >

; N G\ 1/v
w(fy, -
>cz(z / (—t ¢go(r>> uoo(dt))
.I=0N—|
j+1

J —1 1/v
o(fr, N ) \V 1 1
3 Z<_1—1_) 1[N N
(j:O Nlj ¢go(thil) Jj+1 J

S NN
¢>OO<N,—1)

WV

shown that u yo.v 2> g, completing the proof of (i).
p.q

q. Then we have

Step 3. Part (ii) is a direct consequence of part (i), taking into account the embeddings in (36)
and Proposition 2.11(31ii). O

Remark 4.4. Theorem 4.3 generalizes the results previously obtained by Caetano and Haroske
[6, Theorem 3.1], which already extend the ones obtained by Haroske and Moura [17, Theo-
rem 3.1], both for the spaces of generalized smoothness Ag,}w) (see Remark 2.7). The latter cover
also the results obtained by Haroske and Triebel for the classical Besov and Triebel-Lizorkin

spaces A’ P’

5. Applications

f. [16,27].

As a first application of Theorem 4.3 and (16) we obtain some Hardy type inequalities.

Corollary 5.1. Consider the same hypotheses as in Theorem 4.3 and let ¢ € (0, N

(i) Let k be a positive monotonically decreasing function on (0, €] and let 0 < u

& 1/u
a)(fv t) “ o g,
(0/ <K(t) z¢;’,(r)> ”"'(dt)> <elsiedl

for some ¢ > 0 and all f € Bp q U and only if, « is bounded and q < u <

modification

w(f,
t¢>"()

sup k(1) <c[r1B57

te(0,¢)

< 00. Then

(45)

00, with the

(40)
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if u = oo. In particular, if k is an arbitrary non-negative function on (0, €], then (46) holds
if, and only if, k is bounded.
(ii) Let k be a positive monotonically decreasing function on (0, €] and let 0 < u < 0o. Then

€ 1/u
o(f.0)\"
/(K(t) f ) 11, (dr) <c||l FIFSN (47)
199,0)
0
for some ¢ > 0 and all f € F lf and only if, k is bounded and p < u < oo, with the
modification
w(
sup « () f.1) ||f| || (48)

1€(0,¢) f¢>” )

if u = oo. In particular, if k is an arbitrary non-negative function on (0, €], then (48) holds
if, and only if, k is bounded.

Remark 5.2. Observe that, when 1 < g < oo, the measure Mg/ (d?¢) in (45) can be replaced by

dt
97 (71T A

An analogous replacement can be done for the measure ,u;, (dr) in (47),if 1 < p < o0.
Another application concerns embedding assertions of the type

AL = A (49)
with 0 < p; < p2 < 00,0 < g1, g2 <00, and o, T admissible.

We shall be mainly concerned with ‘limiting’ situations and want to explain first what we shall
understand by this. Recall that in case of embeddings of spaces A‘;y q Or Aﬁquw ), respectively, the
counterpart of (49) is always true for s; — % > 85y — % (where 51 > 52, 0 < p; < p2 < 00), irre-
spective of the parameters ¢g; (and ¥;), whereas they influence the ‘limiting’ situation s; — ﬁ =
§2 — %. In view of Remark 2.7 our notion of ‘limiting’ situation should naturally include this
case (i.e., when o = (27¢ )jeNy» N = 29) jeNy)- Following that idea, it seems reasonable to con-
sider the corresponding indices of the sequences o N /P! and TN ~"/P2 but one immediately
faces the difficulty to decide which to choose: Assume that s(@ N~"/P1) > §(t N ~"/P2), then

Q(O’T—lN_pn_l‘f‘;_z) EQ(UN_"/M) _E(TN—n/pz) >0,

such that 6~ 't N 7?1~ 72 € ¢, for any v € (0, o], see Remark 2.1. Then due to the result of
Caetano and Farkas in [5, Theorem 3.7], B;;Z] s B;ﬁ;z for any choice of g1, g2 € (0, 00,
see Remark 3.2. Consequently, s(o N ~"/P1) = §(z N~"/P2) appears as obvious limiting case to
study.
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On the other hand, due to the standardization result [7, Theorem 1] one can identify spaces of
type A';,jév with some suitable space Ag,q (neglecting technical details), and for embeddings of
such spaces one immediately has a necessary criterion, too. Note that

5(B)+e B s(B)—e
Apq = Apg = Ay s

for arbitrary ¢ > 0, see (10). Thus A;;,ql — A;;’qz implies 5(o") > s(z’). Returning to our
problem, also §(a N ™"/P1) = s(t N ~"/P2) is entitled to be called a ‘limiting’ case.
Here we consider the limiting case s(o N ~"/P1) = §(x N~"/P2) and refine the result of Cae-

tano and Farkas in [5, Theorem 3.7], see Remark 3.2, as follows.

Theorem 5.3. Let 0 < q1, g2 < 00, and o, T be admissible sequences, N = (N ) jeN, admissible

(1) Let 0 < p1 < p2 < 00, and assume that

s(oNT"/P) =5(x NP2, (50)
and
0<5(oN~"/P) —s(zN~"/P2) < 5(N). (51)
Then
N N
Byiar = B (52)
if, and only if,
—1_ G 7)
o TN P nt el (53)
where g* is given by
1 1 1
— = (— — —) . (54)
q q2 q1 /) +

(i) Let 0 < p1 < p2 < oo, and assume (50) and (51). Then

o,N ,N
FPIa‘Il - FPZ»CIZ (55)

if, and only if,

1 1
o tN"P T cp. (56)

(iii) Let 0 < p < 00, and assume that (50) and (51) are satisfied with py = pa = p. Then

N N
Fpar = Fplap 57
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if, and only if,
-1
0T €Ly, (58)
where q* is given by (54).
Proof.

Step 1. The sufficiency in (i) is covered by [5, Theorem 3.7], it remains to prove the neces-
sity of (53). First we use some lift argument: let v be an admissible sequence, ¢ a system of
functions as in Definition 2.4, and the operator I, be given by

qu=<2v,-so§vf), fes. (59)
=0

—1
then I, maps AijIV isomorphically onto A%, N ¢f. [13, Theorem 3.1.9, Definition 3.2.3].
We claim that we can choose v appropriately to obtain

GINTT ge,, and s(ENTPY) > s(FNTVP) >0, (60)

where & = ov~!, T = tv—!. This can be seen as follows. By our assumption (51), S(eN~/Pry—

s(N) <s(tN —n/ P2) and we can choose some admissible sequence v such that

S(ONTP) = 5(N) <s(v) <5(v) <s(xN 7). 61)

The left-hand inequality of (61) leads to
S o NPT ) < —s(v) —s(N) +5(a N 71) <0,

and Remark 2.1 implies ¢ ! N"/P1+1 = pg—IN"/P1+1 ¢ ¢ Likewise the right-hand side of
(61) implies s(TN~"/P2) = s(v~ 't N~"/P2) > 0 and (50) guarantees s (G N "/P1) > s(TN~"/P2),
Moreover, by the properties of I,,, embedding (52) exists if, and only if]

G,N TN
Bl’l,l]l = sz»qz' (62)

Without loss of generality we shall thus assume that (60) holds with & and T replaced by o
and 7, respectively. Consequently, an application of Proposition 3.4 gives T~ N"/P2+1 ¢ Ly in

view of (52) and (60). Hence both involved spaces B;',]’Z,, B;&Zz possess non-trivial continuity
envelope functions, and (52) implies the existence of some ¢ > 0 such that forall0 <7 < 1,

BU.N B'l;,N
SCPI-‘II (l) < 650121‘12 (l) (63)
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by Proposition 2.11(i). We apply Proposition 4.1(i),

5 (1) g0 (1) [ 3oty GV " N 64
C (lvj ) (ﬁqi(lvj ) :E::(Tk Ivk ) JEN, ( )
k_

and
1/q;
BN, S, ("+) ,
£ (N71) ~ 85, (V] (Z N ) . JjeN. (65)

see also (38).

Step 2. We prove that (52) necessarily implies o~z N"(1/P1=1/P2) ¢ ¢ For that reason we
construct a special sequence v = (vg)keN, and use (62), (64) and (65). Choose ¢ such that

S(@N"Pr) —s(TNTP2) < < s(N).
This is possible due to (51). We claim that v, given by

—(+D
we=2gN, " keNp, (66)

satisfies (60). In order to show the right-hand side of (60) it is sufficient to note that
1 a— L
g(rv N PZ)};(N)—S>O.
Concerning the left-hand assertion in (60) it follows from
_n _ 1 1
S(ov !N 1)< 5(oT “IN" G ))—e
<S(@NTPY) —s(xNTP2) — e <.

We use (64), (65) for the lifted embedding (62) with the special setting & =ov™!, T =7v ™!,
and v given by (66) now. Consequently,

J n A\ /g1 j 1/¢;
1 g (E+1g L +1)g
<Z”Z]Uk qlNkp' 1) C<Z qu " 2)

k=1

1/‘12
C<Z 2"€qz> Pk
k=1

for some ¢’ > 0 and all j € N (appropriately modified for ¢, = 0o). The left-hand side can be
further estimated from below by

-1 r1 __nje —1 r1 .
vjo; N, =2/¢ ¢ er , JjeEN,
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leading to

(L—L>
a._lerj n <c, jeN,
that is, o "1z N*(/P1=1/P2) ¢ ¢ completing the proof of (53) in case of g1 < ¢».

Step 3. Let now g1 > ¢2, then =L _ L Agsume first g» > 1, and putr: q2 > 1, then (63),

@ q
(64) and (65) can be rewritten as

J n ’ l/ql J l/rqi
g (g L (EtD)g
(o) e ) @
k=1 k=1

for some ¢ > 0 and all j € N. Let

_ L4 1yg!
. -4 ‘11 (!’1 /72) 1 o (/’2+ 9
ap:=o0, T N, Br=1, "N, , keN,

then (67) gives

j j 1r
> o< d(Zﬁ,ﬁ) (68)
k=1 k=1

for all j € N. By the above lifting argument this is obviously true for all &y, Ek (in adapted
notation). We apply an inequality of Landau, see [14, Theorem 161, p. 120], stating that whenever
> @k Br is convergent for all sequences (Bx)ken, for which ), By, is convergent, then also

>k (x,ﬁ/ is convergent, assuming r € (1, 0o0) and ok, Br = 0. Consequently, (ox)ren € £, that is

i 1/r i 1/r
j I 7o 7o (Lii) /s
r’ _ - _qr 1’0"
< E ()lk) = ( E o T, N,
k=1

k=1
PR 4,/9*
P12

E ak rk N <c

for some ¢ > 0 and all j € N. We thus arrive at (53) with (54).
Let 0 < g2 < 1. In view of (51) we can choose some ¢ with

S(ONTP) —s(tN 7)< (1—£)s(N) < s(N).
Then v = TN~ 72 satisfies (60), since s(zv !N ~"/P2) = gs(N) > 0, and

S(ov ' N T <5(oN ) —s(zN ) — (1 — £)s(N) <O0.
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Letd =ov—!, 7=1tv!;then N, > 1 implies

1yt 1-¢ I
supT; N, 2 =supN;"" =N, keN,
j<k Jj<k

and, by (39), Proposition 4.1(i1) and 0 < g2 < 1,

B?.N

(NI ~ oL (NT) ~ N8, kel (69)
We use the example f? given by (an adapted version of) (31) with
0.¢]
ooy = ija'jle;’/”l¢5~L(zvjx), x e R,
j=I

where b = (b;) jen is a sequence of non-negative numbers in £, , and ¢5*L as in (30). According
to (32) and (33) we have

| 21855, < clbleg, I, (70)
and
w(f, N )>ch:b<571N{'/pl+l keN. 1)
Nl:] - A ’

Note that (52) implies (62). We apply Theorem 4.3(i) to B;Zz and can thus estimate (in a similar
way to Step 2 in the proof of Theorem 4.3),

1B1eg, Il > c1 | £2[BS Y, |

>cz||fb|B;2Af]12 H

A (fb’l) 2
>C3(/|:w?7:| u&(dl))
J 195, (1)
EoUhNDTR 2 e )
264(2[ N,lk } ¢go(Nk_l) q2>
k=J k

7 1/q2
(Z<ij~—1N;1/m+l> Nk<18)qz) ’

k=J

1/92

where we used (69)—(71), and J € N is chosen such that N;l < ¢. Consequently, the special
choice of v leads to

00 n_n 1/q2
1B1¢g, | >c<2[bko;1rkzvk“ ”2]”) : (72)
k=J
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When g1 =o0,putb; =0, j=1,...,J —1,bj:=1, j > J. Then (72) gives
1 - /
o= eV o] <

coinciding with g~ lgN/P1—n/p2 ¢ L4+ in that case. Assume g < oo now and recall that r :=

q—; > 1. Then we can reformulate (72) as

q

ad n_n 00 1/r
ZbZZ[O,I;lTkam 172]6]2 <C<Z(bzz)r> ’ (73)
k=J

k=J

that is, (68) with

no_n
ﬂk = bzz, O = [Uk_lkakpl r2 ]qz, k e N,

where we may assume, for convenience, that oy = By = 0 when k < J. We apply the above-
mentioned inequality of Landau again, and obtain that

o0 0 n_n 0 no_on

r_ -1 rr 2192 __ —1 P pr214q
oo =) [og aN "I =) o un ]
k=J k=J k=J

converges, i.e., (53). This completes the proof of (i).

Step 4. We turn to the F'-case in (ii) and begin with the sufficiency. Let (56) be satisfied. Due to
p1 < p2 we can choose r1 and rp with p; <ry <r2 < pp and put

1_1 11
Yy = aNn("l 71 ), 0= rN"(rz ) (74)
such that (36) gives
N N
Fgl’s]gl — Bryl,pl’ Brgz,m — F;21:1,2 (75)

Clearly, (50) and (74) then lead to
£(),.N—"/Vl) — £(O-N—"/PI) — E(rN_”/”?) — E(QN_"/Q), (76)
similarly for (51), such that (i) and (75) yield F’ ;,’1’2’1 — F ;2’2’2 under the assumption

11 1_1 1 1 1
o leN" T =y TIoN" "Z)GEP* with — = (———> : (77)
P P2 Pl +

in view of pj < p» this coincides with (56). Conversely, let (55) be true, then in a similar way as
above we choose r1 < p1 < pa <r2, y and g as in (74), such that (36) gives

y.N o,N T,N o.N
Brl’l’l = FPIJ]I - sz,qz = BrZ»PZ‘ (78)

Together with (76) and (77), part (i) thus completes the proof of (ii).
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Step 5. Note that the necessity in case of ¢; < g2 is already covered by the end of Step 4. Hence
it remains to verify the sufficiency of (58) for (57) as well as the necessity in case of g; > ¢». For
the sufficiency we proceed in a similar way as in [23, Theorem 1.1.13(vi)]. Let f € F}, [;Y , then

by Definition 2.5(ii),

1/q>
uf|F;;zu=H(m <>|qz) L

< ||a_lt|€ *

1/q1
(Za‘“l <>|q‘) 2

=[o = zleg |1 117720

that is, (58) implies (57); here we used Holder’s inequality for g1 > g2 and the embedding £, <~
£y, when g1 < q2. We are left to prove that (57) leads to (58) for g; > g». Here we adapt an
example presented by Sickel and Triebel in [25, Section 5.1]. Let ¥ € S with

7
supp Fy C {EI & <0, gNzo < & <N10},

recall our notation (11). Leta; € Cand e = (1,0, ..., 0) be given and put
[ = Za, ey (x). (79)
j=lo

We use a special partition of unity subordinate to £2%V (in the sense of Definition 2.4) based on
one monotonically decreasing function ¢ € C5°(R) with

5
e)=1, [tI<1, o) =0, |r|> .

Then ((pj.v)jeNO, given by

o(N; D, J=0,....l—1,

a _ (80)
o(NT'IE) —o (N ED, j =10,

oY (&) =

for £ € R", is a partition of unity in the sense of Definition 2.4, see also [13, Example 2.3.1]. We
choose A; = N; — Ny, j =lo, ..., then in a similar way to [25, Section 5.1] we obtain

F N F ) ~ajei ¥y (x). (81)
Consequently, Definition 2.5(ii) leads to

00 1/q1 0 1/q2
||f|F;;.V||~(Zofwa,-|ql) , ||f|F;g||~(Zr72|aj|qz) |

Jj=lb j=l
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But now we are in the same situation as in Step 3, since (57) implies for suitably chosen numbers
bj = |aj|0j,j=l(),...,

00 - @ 1/q2 00 /g2
a2 “J _ 192 92

Jj=lb Jj=ly
00 1/q1
<C<Z |“f|‘”"71)
Jj=lb
=cllblég, |l
(usual modification if g; = 00), that is, (68) with
o \ 92
r-:q_1>]’ akz(—k> N ﬂk:bzz, kGN

q2 Ok

Repeating the argument of Step 3 gives (58) and finishes the whole proof. O

Remark 5.4.' We bri_eﬂy return to our examples mentioned in Remark 2.7. Let N = (27) jeNy>
ando = 2°V ¥ (277)) jen,, T = 22/ W (277)) jeN,, Wwhere ¥y, ¥, are admissible functions, in-
cluding the ‘classical’ situation ¥| = ¥, = 1, in particular. Then (50) corresponds to the limiting
situation

s|l——=8——,
P P2

0 < p1 < p2 < oo. Furthermore,

—1 "(,,L*pi) l1/2(271') .
Gj TJN/ ! 2 :W, ]ENO,
and Theorem 5.3 coincides with [6, Proposition 4.3] in this special setting. In the ‘classical’
case, i.e., with ¥ = ¥, = 1, (54) reduces to ¢* = o0, i.e., g1 < ¢2; this coincides with [26,
Theorem 2.7.1] and [25, Theorem 3.2.1]. Lizorkin proved part (i) for p> > p; > 1 in [20, Theo-
rem D.4.1.7].

In case of the F-spaces the assumption p; < p3 in (ii) is essentially used in our argument.

Unlike in the B-case there is no interplay between the sequences o, 7, and N and the fine in-
dices g;, i = 1, 2; for ¥ = ¥, = 1 this was already known [26, Theorem 2.7.1(ii)]. The situation
changes essentially when approaching the case p; = p» in (iii); this was already studied in [6,
Proposition 4.3(iii)] in the context of spaces F l(,‘f;;p)
Concerning the additional assumption (51), it obviously disappears whenever we are in ‘clas-
sical’ situations, that is, when the upper and lower Boyd indices of the admissible sequences
coincide. Then (50) implies that (51) is always true with the difference in (51) being zero. How-
ever, in view of the parallel results [7, Lemma 4.1] and [5, Theorem 3.7], see Proposition 3.1 and
Remark 3.2, the embedding result may be true in more general situations. But this will be proved
elsewhere.
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Corollary 5.5. Let 0 < p1 < p2 < 00, 0 < g1, 92 < 00, and o, T be admissible sequences, N =
(N})jeN, admissible with N > 1. Let q* be given by (54). We assume that

g(aNf"/pl)ZE(tN*”/pz), (82)

with the additional assumption (51) in case of equality in (82).

(i) Then
By = Boin (83)
if, and only if,
oLz N"Gr ) €y (84)
(i) Let p1 < py < 00, then
Fo o g, ®

if, and only if,

1 _ 1
O'_ITNn(Pl 1’2)

€ loo. (86)
(iii) Let 0 < p; = pr = p < o0, then
FoN e FIN (87)
if, and only if,
o't el (88)

Proof. Theorem 5.3 covers the case of equality in (82), so we are left to show the result for
s(@N7"/Pry > 5(x N™"/P2). As mentioned before, this implies s (o7~ N~"*/P1+1/P2) 5 0, such
that ¢ 1t N/P1=1/P2 ¢ ¢ for any v € (0, oo], see Remark 2.1. As for the sufficiency of condi-
tions (84), (86), (88) for the corresponding embeddings, this follows from [5, Theorem 3.7], see
also Remark 3.2, for the B-case, and from our above proof for the F-spaces. O

Remark 5.6. To finish we would like to point out that our envelope results can also be applied to
the study of approximation numbers. This is based on the inequality:

awi (id: X(U) > C(U)) < ck n X (k™n), keN,

which holds for a Banach space X defined on the unit ball U in R" with X (U) — C(U)—
cf. [16, Corollary 11.18]. In view of our results obtained in [17] one can even expect that the
upper estimates obtained in that way can lead to sharp estimates for the approximation numbers
of embeddings like A‘;,jf]V(U) — C(U) or Af,jflv(U) — AL (U), where the spaces A}',j,liv(U)
are defined in the usual way by restriction, see also [19, §7]. But this will be studied elsewhere.
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