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Abstract

In-medium sum rules following from the chiral charge algebra of QCD are reviewed, and new
sum rules are derived. The new sum rules relate the J(J™) = 17(07F) excitations (quantum
numbers of ao(980)) to the scalar and isovector densities, and are non-trivial for the isospin-
asymmetric medium. We present an extensive illustration of the sum rules with the help of quark
matter in the Nambu-Jona-Lasinio model. Collective excitations different from the usual meson
branches (spin-isospin sound modes) are shown to contribute significantly to the sum rules and
to play a crucial role in the limit of vanishing current quark masses. € 1998 Elsevier Science
B.V.
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1. Introduction

Over the past years intense efforts have been made to better understand the properties
of nuclear systems under extreme conditions [1,2]. It is commonly accepted that basic
properties of hadrons undergo severe modifications in nuclear medium [3-10]. We
expect that at sufficiently large densities chiral symmetry is restored. Moreover, we
know that already at nuclear saturation density we should find strong medium effects.

* Research supported by PRAXIS XXI/BCC/429/94, PRAXIS/PCEX/P/FIS/13/96, the Polish State Com-
mittee for Scientific Research grant 2P03B-080-12, PCERN/FIS/1162/97 and PESO/1057/95.

! E-mail: broniows @solaris.ifj.edu.pl

2 E-mail: brigitte@hydra.ci.uc.pt

0375-9474/98/$ - see front matter (©) 1998 Elsevier Science B.V. All rights reserved.
PII S0375-9474(98)00544-2



162 W. Broniowski, B. Hiller/Nuclear Physics A 643 (1998) 161-188

For instance the quark condensate {gg) is estimated to drop to about 70% of its vacuum
value at the nuclear saturation density, as follows from the model-independent prediction
of Refs. [11,12]. The change in this basic scale of strong interactions, as well as other
matter-induced effects, undoubtedly lead to severe modifications of in-medium hadron
properties, whose excitation energies, widths, coupling constants, size parameters, etc.
undergo changes. The experimental evidence for these effects can be found in studies
of mesonic atoms, or in the measurements of dilepton spectra in heavy-ion collisions
in the CERES [13] and HELIOS [14] experiments at CERN. Much more accurate
data on hot and dense matter will be provided by the Hades experiment, and by RHIC
in the near future. It is therefore an important task to better understand and describe
theoretically mesonic excitations in dense and hot systems.

Recent years have brought new interesting ideas and developments in this field. The
incomplete list, relevant for the subject of this paper, contains the possibility of S-wave
kaon condensation in nuclear matter [15-18], and the application of chiral effective
Lagrangians and models [18-27] to nuclear systems. General model-independent pre-
dictions for excitations with quantum numbers of the pion, based on chiral charge
algebra, were made in Refs. [18,28-31]. Our present work summarizes and further
extends the results presented there.

The purpose of this paper is twofold. In the first part we review the previously derived
current-algebraic sum rules for pionic excitations in nuclear medium (the generalization
of the Gell-Mann-QOakes—Renner relation [18,28], the sum rule of Ref. [29]), as well
as derive new sum rules concerning the excitations with quantum numbers of the aq
meson ([¢(JP) = 17(07")) (Section 2). We discuss formal predictions following
from these sum rules (Section 3). Particular attention is drawn to nuclear matter with
isospin asymmetry, since this is the case where non-trivial conclusions can be drawn for
the behavior of mesonic excitations in the limit of vanishing current quark masses. We
discuss the appearance of very soft modes in this limit. In the pion channel there exists a
positive-charge mode (for medium of negative isospin density) whose excitation energy
scales in the chiral limit as the current quark mass itself, and the square root of it, as
is the case of the vacuum. In the ay channel there exists a positive-charge mode (for
medium of negative isospin density) whose excitation energy scales as the difference
of the current masses of the # and d quarks. These modes are shown to completely
saturate the sum rules in the limit of vanishing current quark masses.

In the second part of the paper (Sections 4-8) we present an extensive illustration of
the general results with help of quark matter in the Nambu-Jona-Lasinio model [32].
Although quark matter is not a realistic approximation to nuclear matter (except, perhaps,
at very large densities), the model is good for the present purpose. The reason is that
the Nambu-Jona-Lasinio model is consistent with chiral symmetry and complies to
chiral charge algebra relations leading to the sum rules. We show that the results of
the model are highly non-trivial: collective states appear in isospin-asymmetric medium
(spin—-isospin sound modes) and these states are necessary to saturate the sum rules.
For certain choice of model parameters, these sound modes become the very soft modes
in the limit of vanishing current quark masses, and they completely saturate the sum
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rules. Finally, we remark that the Nambu-Jona-Lasinio model is interesting in its own,
and that much of the expectations concerning the behavior of mesons in medium have
been based on calculations carried out in this model [18-27,33].

2. Current-algebraic sum rules

In this section we present a set of sum rules that are going to be explored in this
paper. The method follows Refs. [29,31]. The sum rules follow from the SU(2) @ SU(2)
chiral charge algebra [34,35] of QCD and involve no extra assumptions, therefore are
very general. In the context of effective chiral models such relations were derived in
Ref. [18]. In this section we also derive the corresponding relations involving the
vector current, i.e. involving the excitations with quantum numbers of the ay(975)
meson, with 7¢(JC) = 17 (0**). For the simplicity of notation the derivation is made
for two flavors, generically denoted by u and d. The cases involving strangeness ( K and
K} excitations) can be obtained from the results below by replacing u or d by s.

2.1. Operator identities

Consider the charges corresponding to vector and axial vector rotations, defined in the
usual way as Q¢ = [d’xJ§ and Q¢ = [ d’xJ¢,, with the appropriate currents defined
as Jg = T[y#%zp and J§ = Jy#w %1//. The charges satisfy the SU(2) ® SU(2) chiral
charge algebra

[04.0%] =ie™Q°,  [Q5.051=ieQ". (D)

The density of the QCD Hamiltonian is denoted as Hgep. We need explicitly the
mass term, Humass = ¥ My, where the current mass matrix is M = diag(m,,mg).
The canonical anticommutation rules for the quark operators, {wa(x,t),z,b;( »n} =
8 (x—y) Sap, and the explicit form of Hpyss result in the following operator identities:

[Q% 107, Hocn ()11 =% (0) [7/2, [7°/2, M1 14 (0), (2)
[0, [Q%, Hacn(0) 11 = ¢ (0){7°/2, {7 /2, M} }1(0). (3)

Rewriting these relations for the neutral and charged channels (with 7+ = (7! %
i)/ v/2), we obtain the following operator identities:

(09,02, Hoep(0)1] = m,u(0) + mydd(0), 4)
107,07, Haep(0) 11 =1 (my, + my) (@u(0) + dd(0)) , (5
[0°19°% Hacp(0)11=0, (6)
[0, [QF . Hacn(0)11= L (my — my) (Au(0) — dd(0)) . (7)

Relation (6) is trivial, since the third component of isospin is a good symmetry even
when m, # my. Relation (7) is non-trivial only if m, # my.
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We should remark that in this work we neglect electromagnetic interactions. Inclusion
of these leads to isospin-symmetry breaking and introduces extra terms into the r.h.s. of
Egs. (5) and (7). As a result, mass spectra, matrix elements, etc. are split electromag-
netically. However, the role of electromagnetic effects is not interesting for our analysis,
which focuses on finite-density effects.

2.2. Gell-Mann—Oakes~Renner relations in medium

In Appendix A we present a detailed derivation of sum rules from the above operator
identities, and the reader is referred there for the details. The sum rules are obtained by
the usual technique: identities (4), (5), (7) are sandwiched by a state |C}), given below.
Then, a complete set of intermediate states is inserted in the l.h.s. of the identities.

The state |C) is chosen to be a uniform, translationally invariant state describing
the medium. It has fixed baryon number density, pp, and isospin density, p;-).> We
choose to work in the rest frame of nuclear matter. Let us explain the notation used
below: states |j*), where a labels isospin, denote all states that can be reached from
the state |{C) by the action of the appropriate current. For instance, in the case of the
J¢, operator, the states |;°) have quantum numbers of the neutral pion, and include all
possible modes excited “on top” of nuclear matter: the vacuum pion branch, collective
modes, 1p—1h, 2p-2h, etc., excitations of the Fermi sea, etc. As shown in Appendix A,
the sum rules involve intermediate states with momentum 0 in the nuclear matter rest
frame. The quantity E;. denotes the excitation energy of the state |j) (in the rest frame
of nuclear matter). The symbol ;o includes the sum over discrete states, as well as
the integration over continuum states.

Relations (4), (5) result in sum rules which are in-medium generalizations of the
Gell-Mann-Oakes~Renner (GMOR) relations [36]:

—my(@u)e — ma(@d)e =3 |09 (0)[C) (8)

g

—(my + my) (@ + ddye = sgn(E;-) (5715 (0)|C)]
'

+3 sgn(E) |15, 00" 9)

j t

Indeed, in the case of the vacuum, |C) = |vac), we can single out the one-pion contribu-
tion in the r.h.s. of Egs. (8), (9). Let us denote this state (with three-momentum 0) as
|7r%). For example, in the case of (8) we then find |(7°J9,(0)|vac)| = moF,0, where
mno and F,o are the neutral pion mass and decay constant. Therefore, we can write

* Note that isospin asymmetry of the medium, i.e. non-zero p;-;, may be due to an excess of neutrons over
protons, as in a neutron star, but also for example by an excess of 7~ over 7" in a pionic gas. Our general
results are insensitive to the issue of what particles carry the isospin asymmetry.
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— -7 . 2
=My (Tvae — Ma(dd)vac =m7270F§0 + Z |<JO|J§),0(O)!C>;

O+

=m2oF2 + O(m?). (10)

The symbol ng + denotes the sum over all contributions other than the one-pion
state, e.g. three pions, p + , etc. As is well known, such contributions are chirally
suppressed [37]. They are also infinite, hence require renormalization. Note, however,
that since no extra divergencies are introduced by nuclear matter, the vacuum-subtracted
sum rules (8), (9) are well defined:

—my (@) e — ()vac) — my ((dd)c — (dd)yac)
=Y G018 010)] ~ D 14771980 (0)vac)

jO

2

, (11)

and similarly for the sum rule (9).

2.3. Additional sum rules

Repeating the steps of the previous section on Eq. (7) we arrive at the sum rule
— 5 ) 2
—(my — my) (T — dd)c ~ vac= _ sgn(E;-) |(j~ /5 (0)[C)]
Jj~

+3 " sen(E) [0 |C)F = vae,  (12)

l‘l

where vac means the vacuum subtraction as in Eq. (11). Here the intermediate states
have quantum numbers of the ag meson, (I°(JF¢) = 1 (0+1)).

Subsequent sum rules are obtained from Eqs. (1). The derivation repeats the steps of
Appendix A. We obtain two sum rules involving the isovector density, pj=; = %(uTu —
d'd)c,

2

1 1
(hu = d'd)e =3 = VWS OIC) = 30 = (0T @I0)f, (13)
- T

o Ej]

1 1
Wl = d'd)e =3 = |71 @IC)] =37 ElVE @O a9
Jj= 7o gt it

Sum rules (13) and (14) involve excitations with the quantum numbers of 7 and
ap, respectively. These sum rules require no vacuum subtraction, since the left-hand
sides involve the matrix element of the conserved vector-isovector current (p;=; =
(C]J3(0)|C)). If the state |C) is isosymmetric, i.e. p-; = 0, then the above relations
are trivial and just reflect the isospin symmetry of the excitation spectrum.
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3. Formal results from the sum rules

For the discussion of this section it is convenient to rewrite the sum rules using the
identities

Eju{j*|J¢0(0)|C) = {j| [Hoep, J40(0) ] [C) = (4[¢h (0)iys {4/2, M} ¥ (0)|C),
Ej«(j*176(0)|C) = (j| [Hacp, J§ (O] |C) = (j*[¢ (0) [7*/2, M] ¢ (0)[C). (15)
Then Eq. (8) becomes

_ — 1. . . 2
—my (uu)c — my{dd)c — vac = Z 7 |(j°] (mutiysu — madiysd) |C)|” — vac,
o e

(16)
where jO labels all excitations with the quantum numbers of 7%, Egs. (9), (13) give

—(au + dd)¢c — vac

Z 2712 + my J~ |diysulC) | + Z 2"|’£+|Zd | [iysdIC)[? — vac,
(17)

2t = Z (n;]; ) i diysulC) [ ~ Z ('"z"E n|1§1) (™ mivsd|C)|?,
(18)

where j* label all excitations with the quantum numbers of 7+, and finally Eqgs. (12,14)
give

—(fiu — dd)¢ — vac

_Z2IE J |du|C’ +22|E |E+ +Iﬂd|C>|2—vac, (19)

211 = Z( 2/E,- md) i ldu|c)[* Z( 2|En|1§j) (GHEdc)’, (20)

where j* label all excitations with the quantum numbers of aoi.

We stress that the above sum rules are valid for all values of current quark masses,
i.e. not necessarily in the chiral (m, +my — 0) or isovector (m, — my — 0) limits,
and hold for all densities pp and pj-;.

3.1. Chiral limit at finite density in isospin-symmetric medium
Now we are going to explore several formal predictions following from Egs. (16),

(17), (19). The method has been discussed in detail in Refs. [29,31]. First, we analyze
the case when the state |C) carries no isovector density, such as the vacuum or symmetric
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nuclear matter. To simplify notation we take the strict isovector limit m, = my = 7. In
this case of exact isospin symmetry of the Hamiltonian, as well as of the state |C), the
excitation spectrum is invariant under isospin rotations, and clearly Ejo = Ej» = E;-.
Also, (@u)¢ = {dd)¢ = (Gq)c. Sum rule (16) becomes

” - vac. (21)

~2(G@q)c = vac =Y = (/"] (Fiysu = diysd) C)

o R

As long as the chiral symmetry is broken, (Gg)c is non-zero in the chiral limit 71 — O.
As already mentioned, the vacuum subtraction terms are of order m, thus are chirally
small. Therefore, to match the chiral dimensions on both sides of Eq. (21), there must
exist a state, denoted as 7°, for which (m/E%,) |(n°| (uiysu — diysd) |C)|2 ~ 1. Since
the matrix element (7| (Ziysu — diysd) |C) is finite in the chiral limit, it follows that
Eo ~ /7. Thus, we obtain the same chiral scaling as in the vacuum, where in the
chiral limit we have m, = \/2m(gGq)o/F, ~ v/7. By isospin symmetry we have

Epo=E,_ =E., ~m. (22)

Note that this result is true for finite (not necessarily small) baryon densities as long as
(gq) remains non-zero.

In principle, in the dense medium there could be more than one state contributing to
the sum rule (21) in the chiral limit. It is known that many-body effects of the Fermi sea
can induce additional branches of excitations, and we could have several states scaling
as (22). Whether or not this occurs is a complicated dynamical issue. The formal result
states that there exists at least one state scaling as (22) in the chiral limit.

3.2. Chiral limit at finite density in isospin-asymmetric medium

As shown in Ref. [29], in medium with finite isovector density, p;=; # 0, the behavior
of charged excitations in the chiral limit is radically different from the isosymmetric
case (22). First, an obvious remark is that since the medium state |C) breaks the isospin
invariance, the isospin symmetry of excitations is broken. In fact, at low densities [ 18]
one can relate the splitting of E,. and E,_ to the Weinberg-Tomosawa term in the
77—N scattering, and obtain

Ep. —E,_= fﬁ’z—‘ (23)
o
In this approach one takes the low-density limit prior to the chiral limit. Eq. (23) shows
that for negative p;=; at small densities we have E,_ > E,,. However, Eq. (23) cannot
be used at large densities.

Now, following Ref. [29], we assume that the isospin density is fixed, and employ
sum rules (17), (18). Without loss of generality we can assume that p;-; < 0, as in the
case of neutron stars or large nuclei. Since pj=; is an external property of the system,
i.e. independent of the chiral parameter, it is treated as large (finite) in the chiral limit.
Then, also the isovector chemical potential, -y, defined as the minimum energy needed
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to lower the isospin by one unit, is finite in the chiral limit.* The excitation energies of
positive (negative) isospin can now be written as E;= = p;=) £6E,=, with E;= > 0 by
definition of the chemical potential. Hence, for the medium with p;=; < 0, or u;=; < 0,
only the positive-isospin excitation energies can vanish. The negative-isospin excitation
energies cannot vanish, including the case of the chiral limit. Hence we arrive at the
result that for p;=; < O the negative-charge excitations are chirally large,

E,_~1 (24)

Since the matrix elements (j¢[wiysd|C) are non-singular in the chiral limit, the sum
over negative-isospin excitations, j—, in Egs. (17), (18) does not contribute as m,+
my — 0. Therefore in the chiral limit the negative-charge states do not contribute at all
to the sum rules (17). (18). For the sum rules to hold, there must exist positive-charge
states scaling appropriately in the chiral limit [29]. Assuming there is only one such
state, labeled v, we find that in the chiral limit

(i + dd)c = ﬁ'—”— |7 fwiysd|C)] (25)

(m +m) 2
—2p1=1=—7’m—|<7 miysd|C)| (26)

Egs. (25), (26) immediately give
4 my) (T + dd
- (ny + my) (T + dd)¢ ~ O(m, +my). (27)
2p1=)

- 3

2 ) [+ dd) e
(* faiysdiC) = O M el oy, (28)

207,
This is totally different from the “usual” behavior in the chiral limit, Eq. (22): the
excitation energy of the 7~ mode scales as the current quark mass itself, m, + m,. and
not \/my, -+ ny.

The tormal case where more than one state contributes to the sum rules (17). (18)
in the chiral limit has been analyzed in Ref. [29] in the following way: Assume
-that the excitation energies of one of these modes scales as E,. ~ (nm, —m)*. and
the corresponding matrix element scales as | {7~ [Tiysd|C)| ~ (m, +my)P. Since the
matrix element is not singular in the chiral limit, one has 8 2 0. The rh.s. of the sum
rule (18) contains, in the chiral limit. only the positive-charge contributions. which are

+ Although we have not been able to prove this statement from first principles. one can present a number
of physical arguments in its favor. In the p-exchange model discussed in Ref. [29]), when an object of
isospin [y is placed in the isospin-asymmetric mediem, the energy gain is equal to gf,/mf, pr=113. and the
corresponding chemical potential is p/=f = gf,/mf, Pr=1 >~ p,=|/(2F72,). where the last equality follows from
the KSFR relation. This shows that finite p;-; in the chiral limit implies finite x;=,. Note that in this argument
it does not matter what particles are carriers of the isospin. It remains true also e.g. tor an isospin-asymmetric
gas of pions. or other charged particles. Another example is provided by the Fermi-gas model discussed in
this paper. The expression for the chemical potential is (see Section 4 for notation) pi=1 = p— \, Wi M-

v &3 + M7, and it is finite when k, # kg ie. when pyo is finite.
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negative definite. Therefore no cancellations between contributions of various modes can
occur in the chiral limit. The requirement of matching chiral powers on both sides of
Eq. (18) gives 3a = 2+ 24, from which we conclude that @ > 2/3. The positive-charge
contributions to the r.h.s. of the sum rule (17) may contain both positive and negative
terms, since the sign of E;+ is not constrained. This means that there can be cancellations
of the leading chiral powers of the positive-charge modes contributing to the sum rule in
the chiral limit. Matching of the chiral powers on both sides of Eq. (17) yields therefore
the inequality 0 > 1 — 2a + 28. To this inequality we add side-by-side the previously
derived equality 0 = 3a — 2 — 28, and obtain a < 1. In case of no cancellations « = 1.
Combining the above results one gets [29]

2/3<a< . (29)

Note that these inequalities are non-trivial, since in the vacuum the corresponding power
is @ = 1/2, which is less than 2/3. For more details the reader is referred to Ref. [29].

Carrying a similar analysis for the neutral pionic excitation in isospin-asymmetric
medium we find that in the chiral limit it scales the usual way according to Eq. (22),
i.e. as in the isosymmetric case. This is clear since the medium does not break the third
component of isospin.

We conclude this section with several comments. Firstly, the behavior of charged
pionic modes in the chiral limit is radically different when the medium breaks the
isospin symmetry. For p;=; < O the negative-charge excitation has finite energy in
the chiral limit, Eq. (24), and the positive-charge excitation becomes very soft, with
excitation energy scaling as Eq. (27) (if there is a single mode contributing in the chiral
limit) or according to Eq. (29) (if there are more modes). Furthermore, as we will
show in the model calculation in the following sections, the nature of this soft mode
can be quite complicated: it need not be the excitation branch connected to the pion in
the vacuum, but the spin-isospin sound mode, resulting from collective effects in the
Fermi sea.

3.3. Isovector limit at finite density

Now we pass on to the analysis of Eq. (19), (20) in the isovector limit m, —mg — 0.
To our knowledge, results of this section are novel. The method is the same as in the
previous sections, with the obvious difference that now we compare the powers of
m, — my rather than m, + my on both sides of the sum rules (19), (20).

In isosymmetric medium (@iu — dd)c ~ m, —my.> Thus, the powers of m, — my in
Eq. (19) are matched with

En ~ O(1), a=0,+,—. (30)
5In the vacuum we have (W — dddac ~ mylogmy/m — mglogmy/u + ..., where w4 is a scale.
Writing m,;y = m £ 8m/2 we can expand this quantity for small ém (and finite m) to obtain

(it — dd)yae ~ (1 — my) logm/u + O(6m?) ~ dm.
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This result is not surprising: since aq is not a Goldstone boson, there is no reason for
its mass to vanish in the vacuum, or in isosymmetric medium.

In asymmetric medium the situation is different. Since pj-; = (ufu — d'd)c is large
in the isovector limit, i.e. does not vanish when m, —m, — 0, also (Gu —3d>c is large.
This is a direct effect of the asymmetry of the Fermi sea, since the Fermi momenta of
u and d quarks (or protons and neutrons) are not equal. As a result, the Fermi seas
of particles with opposite isospin contribute differently to (#u)c and (dd)c. An explicit
example is provided later on in Eq. (35).

Repeating the steps of Section 3.2 we now find that for p;-; < O there must exist at
least one state aj whose excitation energy scales as m, — my in the isovector limit. If
there i1s only one such state, then we find

(my — my){uu — dd)c

E; = ~ O(my, —my), (31)
0 2p1=1
— -— 3
(et taaicyff = Sz ma) [ = ddie] oy, (32)

2p7.,

Eq. (31) shows that there is an exact zero mode in the case of the strict isovector limit
my, = myg. Such collective modes have been known to occur in many-body physics [38-
40]. If more such states exist, then, in analogy to the case of pionic excitations (cf. the
discussion above Eq. (29)), we find that the excitation energies of these states scale
as (my, — my)®, with 2/3 < a < 1. This result is non-trivial, since in the vacuum the
corresponding power is @ = 0 < 2/3.

3.4. Comments

We end the formal part of this paper with several comments. We stress again that
the sum rules of Section 3 are valid for arbitrary values of the current quark masses,
not necessarily in the chiral or isovector limit, and for arbitrary densities. All kinds of
intermediate states contribute to the sum rules: quasiparticles (poles), which can come
in multiple branches, 2p-2h continuum, etc.

Another remark concerns the sign of the excitation energy of a mode. As already
noticed in Refs. [29,31], the charged excitation may have negative excitation energy.
Note, however, that this does not mean that the system is unstable. This is because
charged excitations change the isospin of the system. Suppose we request the state |C)
to be the ground state of matter with isospin constrained to the value I5. A charged
excitation in the sum rules involves isospin /3 & 1. Thus, its isospin is outside the
constrained value, and even if the energy of the mode is lower than the energy of |C),
it does not mean instability of |C). As a corollary, we notice that states of negative
excitation energy cannot be the soft modes of Eq. (27) in the chiral limit. We conclude
this from Eq. (27). Since the quark condensate is negative, we get (for media with
negative isospin density) that E,+ > 0.
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4. The Nambu-Jona-Lasinio model

In the remaining parts of this paper we are going to illustrate in detail the general
results discussed above by a model calculation. We will consider quark matter in the
Nambu-Jona-Lasinio model [32]. This model acquired great popularity in recent years
as a framework for calculations of meson and baryon properties, also in the nuclear
medium [18-27] described as a Fermi gas of quarks. Although the description of the
nuclear medium by a Fermi gas of quarks is certainly not realistic (unless, perhaps,
at very high densities where nucleons deconfine), the model is well suited for our
theoretical purpose: it is consistent with the constraints of chiral symmetry. Therefore it
complies to the current-algebra relations, and the sum rules of Section 3 hold.

The Lagrangian of the SU(2) @ SU(2) Nambu-Jona-Lasinio model is

. Gy, _ _ G _ _
L=g(if — M)g+ > ((g)* + (GivsT@)?) + =* ((a7'9)* + (Givsq)?)
_& Gy ¢ 2 = 7 2y @ =~ 2
5 ((Gyurq)® + (Gysyum9)?) > (@D’ (33)
where g is the quark field, M is the quark mass matrix, and the G’s denote the coupling
constants in the various channels. Using the usual technique of the Hartree approximation
one arrives at self-consistency equations for the values of the scalar-isoscalar field S,

the neutral component of the scalar-isovector field , the time component of the neutral
vector—-isovector field p, and the time component of the vector-isoscalar field w:

S= m—izrﬂ ~ G, (au+dd), &= @’%ﬂ — Gy, (iiu — dd),
p=2G,(uTu—d*d), w=G,uu+d"d). (34)

For the numerical study in the examples below we use the following two parameter
sets, fixed by meson properties in the vacuum:

() Gy=7.55GeV~2, G, =541 GeV2, G,=7.09 GeV~?,
A=750 MeV, m, =2.52 MeV, my; =4.52 MeV,

() G,=4.35GeV™?%, G, =3.34 GeV™2, G, =124 GeV~?,
A=954 MeV, m, = 1.03 MeV, my = 3.03 MeV.

The value of G, and the w field are not relevant, since we will look for excitations
carrying no baryon number. Parameter set (I) has been used in Ref. [41] to fit the
mesonic properties: m,, F,, m, = 765 MeV,® and m, = 519 MeV. This fits four
parameters out of original six. The remaining two parameters are chosen in such a way
that S = 361 MeV, and the current quark masses my and m, are arbitrarily split by
2 MeV. Parameter set (II) also fits m,, Fy, ny, and S =361 MeV, but not m,. It uses

6 Note that in this fit the p meson lies just above the ¢ production threshold, hence the fit is somewhat
problematic. However, this issue is not of much relevance for our illustrative application of the model.
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a much larger value for G,. Such larger values are needed if one wishes to fit the a;;

-7 scattering length [42]. Following Ref. [41], we regularize the model using the

sharp three-momentum cut-off. Our results do not qualitatively depend on the choice of

the regulator, since the constraints of current algebra are satisfied. The three-momentum

cut-off obeys these requirements, in particular it leads to correct Ward identities [18].
The scalar and vector densities of the u and d quarks are equal to

L Ik M,
(uu) =2N, Gy e (OCky — |k]) — O(A— |K])),
— Pk My
(dd)=2N, (O(kg — |k|) — O(A - [K])),
@m? e+ m? )
d’k &k
+oN _ + 0y — —
(u*u)=2N, ——(27)3@(1@, k]), (d*d) = 2N, (27)3@(&, k), (35)

where A is the sharp three-momentum cut-off, and %k, and k4 are the u and d quark
Fermi momenta, and @ is the step function. We have introduced scalar self-energies of
u and d quarks, given by

M,=S+8, Myg=S-3. (36)

Self-consistency requires that the quark propagators be evaluated with mean-fields (34):
- p )
Su/iﬁp — 7Y (*—”5 +w) — Myq + iesgn(pyja — Po), (37)

where w, and py are the chemical potentials of the # and 4 quarks.

5. Mean fields in medium

We introduce the x and y variables,

zﬂ?-zpu‘*‘l)d’ y= Pd , (38)
Po Ncpo Pu+ pd

where pg = 0.17 fm ™2 is the nuclear saturation density, pp is the baryon number density,
and p, ;4 are the quark densities. The variable y measures the isospin asymmetry of the
medium. In symmetric medium y = 1, and in pure neutron matter pg = 2p, and y = 3.
The isospin density of the system can be written as p;=; = %(pu —pa) = Ncpox(% - y).
In our study we fix the x and y variables, hence we examine properties of quark matter
at a given baryon density and isospin asymmetry.

The first task is to find the mean fields by solving Eqs. (34). For the field p, which
couples to the isospin current, we get immediately p = 4G,p1=1 = 4G,,Ncpox(% - ).
The values of S and & are determined by solving numerically the first two of Egs. (34).
Results for M,, M, and —%p are displayed in Fig. 1. For isosymmetric matter (top
row) M, is practically equal to My, and the small splitting is caused by the current
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Fig. 1. The quark scalar self-energies, M, (solid line) and M, (dashed line), and the vector self-energy of
the d quark, —% p (dotted line) plotted as functions of x = pg/pg for several values of y. The top plots are
for y = 1/2 (isosymmetric matter), the middle plots are for ¥ = 2/3 (pure neutron matter), and the bottom
plots are for y = | (pure d-quark matter). The plots on the left (right) are for parameter set 1 (II).

quark mass difference, my — m, =2 MeV. For y = % (middle row) and x in the range
1 to 4 we find that M, is greater than My by 10-20 MeV. At maximum asymmetry
(bottom row) the u quark is heavier than the d quark by 100-200 MeV. There is a
simple physical argument why M, > M, at y above %: the d quarks are more abundant,
and it is energetically preferable for the system to make them lighter.”

We note that the field S has a large value of the order O(1) if the chiral symmetry
is broken. Otherwise it is of the order O(m, + my). The field & is large only if
(u — dd) ~ O(1), which occurs in isospin-asymmetric medium. In isosymmetric
medium (u — dd) ~ O(m, — my), and 8 is small, of the order O(m, — my).

6. Meson propagators in medium

As explained in Appendix A, only excitations “at rest” enter the sum rules. Further-
more, we shall only consider the charged meson propagators, since the interesting effects
take place for that case.

In the case of no vector-isovector interactions (i.e. G, = 0), the one-quark-loop
inverse pion propagator acquires a simple form 1 — G, J;,, where

7 Note that although the values of constituent quark masses in the two lower rows of Fig. 1 decrease with
density, in the strict sense it does not mean chiral restoration. This is because chiral symmetry cannot be
restored when isospin is broken. Indeed, if Q3|C) # 0, then by charge algebra [Q;r Q5 | IC) # 0, hence we
cannot restore chiral symmetry, in which case we would have leC y=0,a=1,2,3.
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. d*k
Inn (@) = =115 [ 2 LysSutkot b yssatk = . (39)

In the presence of vector—isovector interactions there is a complication due to the well-
known mechanism of mixing of 7 and the longitudinal component of the A; meson. In
that case 1n order to find excitation energies one has to find zeros of the determinant of
the inverse m-A; propagator matrix, D (see, e.g., Ref. [ 18] for details concerning this
problem). The explicit form of the determinant is given in Eq. (B.4).

It is worthwhile to look at the analytic structure of D, or equivalently, J,,, in the
variable go. The matter state |C) consists of the Fermi seas of & and u quarks, with
kg > ky,, as well as of the Dirac sea occupied down to the cut-off A. A positive-charge
Fermi sea excitation moves a quark from the occupied d level to an unoccupied u level.
Pauli blocking allows this when

p+\/k§+M3—\/;3+Mfl<qo<p+\/k5+M5—\/kﬁ—i—Mfl. (40)

Thus, within these boundaries D, (go) possesses a cut. The cuts associated with the
Dirac sea are within the boundaries

PR+ M2 [t ME < g0 < p— K+ M2\ [+,
p+\/k3+M3+\/k3+M§<qo<p+\/A2+M3+\/A2+M5. (41)

In the ap channel we proceed analogously. We define

) d*k
v (@) = ~1Tr [ 538,00+ b Stk da. (42)

For the case G, = 0 the inverse charged ap-meson propagator is 1 — G, Jayq,- For finite
G, there occurs mixing between the agp meson and the longitudinal component of the p
meson. This mixing is proportional to the mean field 8, hence it is small, of the order
of O(m, — my) in isosymmetric medium. The stated behavior can be promptly seen
from Eq. (B.8). If the medium is asymmetric, then the mean field & is large, and such
is the ag—p mixing. The explicit form of the appropriate determinant, D,,, is given in
Eq. (B.9). The location of the cuts of D, is of course the same as in the pion case.

7. Mesons in symmetric matter

Fig. 1 shows the results of the numerical calculation of the charged pion excitation in
symmetric matter. In Fig. 2a we show the position of the charged pion excitation at rest
(usually called the in-medium pion mass) as a function of baryon density. The behavior
is the expected one [22], with the pion mass increasing slowly with the baryon density
up to about x >~ 2. Above this point chiral symmetry is restored, i.e. S ~ O(m, + my),
(cf. the upper left Fig. 1) and the pion mass grows more rapidly.

Fig. 2b shows the anatomy of the in-medium GMOR sum rule (9). We note that up
to x = 2 practically all of the sum rule is saturated by the charged pion poles. At larger
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Fig. 2. Charged pion in isosymmetric matter (y = 1/2), parameter set I. (a) Charged pion excitation energy
plotted as function of x. (b) The contribution of the pion poles to sum rule (9): the solid line shows the
contribution of 7+ (which equals to the contribution of 7~ ), the dash-dotted line shows the combined
contribution of the two poles.

x some small (a few per cent) strength is carried by the cuts (cf. Eqs. (40), (41)).
We have verified for all other cases shown in this paper that the sum of all pole and cut
contributions to the sum rules adds up to 100%. This serves as a check of the numerical
calculations.

The case of the charged ay excitation is displayed in Fig. 3. This excitation emerges
as a bound state from the ¢4 continuum at x ~~ 0.6. Its mass decreases with the baryon
density up to x =~ 2.5, and then starts growing (Fig. 3a). The contributions to the sum
rule (19) are shown in Fig. 3b. We can see, especially at lower values of x, that the
pole contribution fall short of saturating the sum rule. Continuum contributions carry
about 50% at x = 1 and about 15% at x > 3.

8. Mesons in asymmetric matter

In this section we come to the central part of our paper. We will show that in our
model the sum rules from Section 3 are, for the case of isospin asymmetric medium,
satisfied in a non-trivial way. This involves a collective state, specific for asymmetric
medium. As explained in e.g. Refs. [43,44] in the framework of conventional nuclear
physics, it is possible for the pion propagator in neutron matter to have an additional
pole at very low excitation energies. Such an excitation is known as the spin-isospin
sound. We will show that this phenomenon occurs in our model.

The existence of collective modes in our model is related to the presence of the Fermi
sea cut (40). Fig. 4 shows the real part of the determinant D, for y = % (pure neutron
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Fig. 3. Charged ag meson in isosymmetric matter (y = 1/2). (a) The excitation energy plotted as function of
x. (b) The contribution of the ¢y poles to sum rule (12): the solid line shows the contribution of (16r (which

equals to the contribution of q, , the dash-dotted line shows the combined contribution of the two poles.

matter) and two sample parameter choices, plotted as a function of the energy variable
q° in the region of the Fermi sea cut. Let us first look at the solid line, corresponding to
parameters with a large coupling constant G,,. The presence of the cut manifests itself
by the two cusps. The imaginary part of D, is non-zero in the region between the two
cusps, and vanishes outside. We notice that a zero of D, exists in the vicinity of the
cut, indicated in the figure by a blob. This zero, at ¢° = 23 MeV, corresponds to the
energy of the spin-isospin sound mode. The dashed line, corresponding to lower G,
also has cusps, but no zero of D, exists. This can be understood as follows: the cut
region is wider and the function at the cusps acquires higher and lower values as the

0.06

A

0.02 ﬁ— -

0.005 0.01 0.015 0.0219.025 0.03

-0.02

-0.04 9, [GeV]

Fig. 4. The real part of the pion determinant for G, = 4.7 GeV~2 (dashed line) and Ggy =94 GeV~—2
(solid line}), plotted as a function of q“ for y = % Other parameters are Gy = 11.7 GeV—2, A =619 MeV,
and my, = my = 5.7 MeV. For large values of Gao a zero of the inverse pion propagator is induced in the
vicinity of the du, denoted by a blob. This indicates the presence of the “spin—isospin sound”.
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splitting of the scalar self-energies M, and My is larger (cf. Eq. (40)). This splitting is
proportional to the mean field &, which increases with G,,, and with asymmetry y. Thus
we have a critical behavior: above some critical values of asymmetry y and coupling G,
the spin-isospin mode emerges. We denote it by 7s. In the example shown in Fig. 4 the
excitation energy of 75 is lower than the left boundary of the cut. We find that this is the
case for small values of the vector-isovector coupling constant G,,. At sufficiently large
values of G, the collective mode emerges at energies larger than the right boundary of
the Fermi cut. In any case, the collective state lies very close to the Fermi sea cut, with
excitation energy of the order of 10 MeV.

In addition to the collective mode 75, there exist the usual two charged pion branches,
7" and 7™, with excitation energies of the order of m,. These branches connect to the
vacuum pion as the baryon density is lowered. Thus, depending on parameters and the
value of y, we have, in our model, two or three branches of the charged pion excitations.

For the charged ag channel the situation is similar: for appropriate parameters and
y > %, a collective mode ag appears in addition to the usual aj and a; modes.

9. Sum rules in asymmetric medium

In this section we show the results of our numerical study. For the case of pionic
excitations these results have been already reported in Ref. [31] (for the slightly dif-
ferent parameter cases with m, = my). Fig. 5 shows the results for the 7 channel for
the parameter set (I). Fig. 5a shows the excitation energies of the usual branches,
7t and 77, and Fig. 5b shows the excitation energy of the collective 75 mode. The
dashed-dotted lines show the boundaries of the Fermi-sea cut, (40). The collective mode
emerges from the cut at a low value of the baryon density. Its excitation energy is posi-
tive for x between 0.6 and 3.4, and negative otherwise. In Fig. 5¢c we show the relative
contributions from the poles to the in-medium GMOR sum rule, Eq. (9), and the total
contribution from the three poles, indicated by the dash-dotted line. The poles practically
saturate the sum rule, leaving 1-2% for the cuts at large values of x. The contribution
of 7g to the sum rule (9) is of the order of a few per cent. Its sign follows the sign of
the excitation energy in Fig. 5c, as is apparent from Eq. (9). Fig. 5d shows the relative
contribution of the poles to the sum rule (13), and the total pole contribution, indicated
by the dash-dotted line. We note that this sum rule is saturated by the pole at the 99.9%
level - the cut contributions turn out to be very small. At larger value of x the collective
s mode dominates over the other modes, and for x > 3 it practically saturates the
sum rule. We note that the sign of the contributions is associated with the charge of the
excitation, as is clear from Eq. (13).

Fig. 6 shows the result of a formal study of the chiral limit, m, + m; — 0. For fixed
values of y = 2 and x =2 we lower the value of

o= Mutmd (43)

- hys hys °
mi™* + mb"”
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Fig. 5. Properties of charged pion excitations for y = % and parameter set (I), plotted as a function of baryon

density. (a) Excitation energies of 7 and 7. (b) Excitation energy of 7 (dotted line) and the boundaries

of the Fermi sea cut (dot-dashed line). (c) The relative contribution of 7+, #~ and g to the in-medium
GMOR sum rule (9), and the total contribution from the three poles (dot-dashed line). (d) The relative
contribution of 7%, 7~ and 75 to the sum rule (13). The total contribution from the three poles (dot-dashed
line) practically saturates the sum rule.

where here the superscript “phys” denotes the values from the parameter set (I). Fig. 6a
shows that as the value of « is decreased, the excitation of the modes go down. The
excitation energies of 77 and 7~ modes go to finite values at @ — 0, and the excitation
energy of g goes to 0. Hence 7y is the chiral soft mode of Eq. (27). Figs. 6b,c show
that in the chiral limit of @« — O the g saturates the sum rules (9), (13). However,
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Fig. 6. Study of the chiral limit for x=2 and y = % Convention for line the same as in Fig. 5. (a) Excitation
energies, (b) relative contributions to the sum rule (9), and (c) relative contributions to the sum rule (13),
plotted functions of a, Eq. (43). The spin-isospin sound mode 7y is the chiral soft mode of Eq. (27).

this happens at very low values of @, around Ina = —4 or —5. Such values of « would
correspond to the vacuum value of the pion mass of the order of 15 MeV. This indicates
that from the point of view of the sum rules we are quite far away from the chiral limit
with the physical values of current quark masses, i.e. with a = 1.

In order to better illustrate this point we show in Fig. 7 how the excitation ener-
gies of various modes approach the chiral limit. Following Ref. [29] let us introduce
dim(X) = limz_o(log X/ logm), which we call the chiral dimension of quantity X. In
the chiral limit a quantity X has some scaling with a power of m = m, + m,. The
function dim(X) extracts this power (for instance in the vacuum dim(m,) = 1/2). The
dotted line in Fig. 7 shows the chiral dimension of the excitation energy of 7rg, which
tends to 1 in the chiral limit, according to Eq. (27). The chiral dimensions of «+ and
77~ go to 0 in the chiral limit. The solid line in the middle of the plot is for 7% or 7~
in symmetric matter, y = % In that case, according to Eq. (22), the chiral dimension
goes to 1 in the chiral limit.
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Fig. 7. Chiral dimensions of pionic modes plotted as functions of logea, cf. Eq. (43). For the symmetric
matter (middle solid line, labeled y = %, the chiral dimension of the pionic excitations tends to % in the chiral
limit (loga — —oo). For asymmetric matter (y = %) the chiral dimension of srg tends to 1, and the chiral
dimensions of 7% and 7~ tend to 0 in the chiral limit.

Figs. 8 and 9 show the results for the parameter set (II), also for y = % as in the case
discussed above. The qualitative difference between the present and the former case is
that now the spin-isospin sound mode 7rg has negative excitation energy for all values
of x. Therefore, in the chiral limit, it is the 7+ mode, not 7g, which becomes the chiral
soft mode of Eq. (27) (see Fig. 9).

Now we pass to the discussion of the ap channel, which is done for the parameter
set (1) only, and for y = % Fig. 10a shows the excitation energies of the af and ay
branches. After emerging from the gg continuum their energies first decrease until
x ~ 3, and then start increasing. The collective mode ag emerges from the cut at
x ~ 0.75 (Fig. 11b). Its excitation energy is negative and small, less than 3 MeV.
Figs. 10c,d show the relative contributions to the sum rules (12) and (14). We note
that the ag mode plays a major role in sum rule (12), and completely dominates sum
rule (14).

Fig. 11 shows the isovector limit for the gy channel. In this case

my, — my
@= phyz phys * (44)
my”® — mi)

We can see that the ag mode is the isovector soft mode of Eq. (31). Its excitation energy
drops linearly to O as « is decreased (Fig. 11a), and the sum rules are completely
saturated by the ag mode in the isovector limit of & — 0.

10. Concluding remarks

There are several messages which follow from our calculation. Firstly, we note that
in order to satisfy the current-algebraic sum rules it is necessary to include all modes,
in particular the spin-isospin sounds. Certainly, a nuclear system is a very complicated
object, and even our simple model, treated at the Ip-1lh level, has revealed a rich
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Fig. 8. Same as Fig. 5 for parameter set (II).

structure of the excitation spectrum. The power of the current-algebraic sum rules relies
in the fact that they relate in a non-trivial way the properties of these excitations to the
quark condensate and the isospin density.

One may ask the following general questions: How far are we in a nuclear system
from the strict chiral limit (m, + my; — 0) and the strict isovector limit (m, —my — 0)
in the real world, i.e. in a dense nuclear system, and with the physical values of
my, and my. The results shown in Figs. 7 and 11 indicate, that in moderately dense
isospin-asymmetric systems we are far away from the chiral limit, and very close to the
isovector limit. From Fig. 7 we find that the 75 mode excitation energy scales linearly
with m, + my starting from m, ~ Ve=6139 MeV ~ 7 MeV, much lower than the
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Fig. 9. Same as Fig. 6 for parameter set (II). The 77+ mode is the chiral soft mode of Eq. (27).

physical value. On the other hand, Fig. 10a shows that the excitation energy of the a;
mode scales linearly with m, — m, already at physical value, corresponding to & = 0.

Another comment is relevant for application of effective chiral Lagrangians to nuclear
systems. In this approach one basically assumes that there is one pion quasiparticle in a
nuclear medium, albeit with modified properties compared to the vacuum. In our model
we find additional branches. Since they contribute largely to the sum rules, they cannot
be neglected. In an effective model they should be included as additional degrees of
freedom.

The final remark concerns strangeness. Although in this paper we have worked for
simplicity with two flavors, extension to three flavors is straightforward. In fact, one
can make a simple “translation” of the sum rules of Section 3 to the case of any flavor.
For example, changing the d (or u) quark to s we obtain the case of charged (neutral)
kaons. This is simply the replacement of I-spin by U or V spins. Note that nuclear
matter is asymmetric with respect to U and V spins, therefore kaonic excitations on
top of nuclear matter are parallel to the case of charged pionic excitation on top of
isospin-asymmetric matter. We note that recently the authors of Ref. [45] discussed the
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Fig. 10. Properties of charged ag excitations for y = 2 and parameter set (I), plotted as a function of baryon

density. (a) Excitation energies of a(“; and ao_ . (b) Excitation energy of ag (dotted line) and the boundaries
of the Fermi sea cut (dot-dashed line). (c) The relative contribution of af, a; and af to the sum rule (12),
and the total contribution from the three poles (dot-dashed line). (d) The relative contribution of aar > ay

(indistinguishable from 0) and a(s) to the sum rule (14). The contribution of a(s) saturates the sum rule.

kaonic excitations in the Fermi gas of quarks in the Nambu-Jona-Lasinio model.

Appendix A, Derivation of sum rules in medium

In this appendix we explain the derivation of sum rules (8)-(14). Although the
technique is very well known, we believe it 1s worthwhile to remind it in some greater
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Fig. 11. Study of the strict isovector limit for x =2 and y = % Convention for lines is the same as in Fig. 10.
(a) Excitation energies, (b) relative contributions to the sum rule (12), and (c) relative contributions to the
sum rule (14), plotted as functions of «, Eq. (44). The spin-isospin sound mode ag is the isovector soft
mode of Eq. (31). It completely satisfies the sum rules in the strict isovector limit.

detail in order to point out the differences between the derivation in the vacuum and in a
medium. The first step in deriving the sum rules is to sandwich both sides of Eqs. (4)-
(7) by the medium state |{C). On the r.h.s. this leads to a “known” quantity involving
in-medium condensates (C|uu(0)|C) = (iiu)¢c and (dd)c. Next, one inserts a complete
set of intermediate states |k, j) between the current operators on the Lh.s. These states
are eigenstates of the momentum operator, P , and of the Hamiltonian H = f dPxH(x).
They can be labeled by additional quantum numbers, e.g. isospin. The medium state is
also an eigenstate of P and H:

PIC)=pc|C),  H|C)=Eclk, j). (A1)

For matter of a large volume V the quantities p. and & are proportional to V. It is
convenient to measure the momentum and the energy of intermediate states relative to

the state |C), i.e.

Plk,j)=(k+pc)lk,j),  Hlk,j)=(E;(k) + Ec) |k, ). (A2)
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Quantities k and E;(k) form a Lorentz four-vector. Thus the Lorentz-invariant mea-
sure of integration is dk/|2E;(k)|, and the unit operator can be decomposed as fol-
lows: [29]8

- Z/ (2m)? 2|E (k)|

We illustrate the method on Eq. (7). We rewrite the Lh.s., insert the unit operator (A.3),
express the charges by time components of currents, shift the coordinates of the currents
with the translation operator, and use Eq. (A.2):

k,j) (k. jl- (A.3)

d*k
-, +,H 0 = /—
[07. 197 Haco (0)]] ; (2m)* 2| E; (k)|
x ((C1Q* k. J) (k. J1LQ™ H(O)IC) = (CI1Q™ HO) 11k, ) (k. jIIC))

3
:Z/——3dk————/d3y/d3x
) Q2m) 2|E; (k)|

x ((ClI5 |k, j) k. jITIy (x), H(0)]|C)
—(C| [y (9), H(O) 1|k, j) (K, j| T (x)]C))

3
=Z/——fL—/d3y/d3x
=] emT2E )|

x ((Clee g5 (0)e (k2 vk, j)(k, jle (<120 * L7 (0), H(0) Je~7|C)

—(ClePe 15 (0), H(0) e E PV )k, jle(HPe) = g (0)e 7| C))

_ 3
Z/zw x=0y° ®

X (<C|JJ<0)|k =0,j){k=0,j|[J5 (0)(0), /d3xH<0>]1C>
— (C|[J5 (0) (0),/d3xH(0)1|k =0,j)(k= 0,j|Jo+(0>|C>>

_ 1 o + a A -
= Zm (E;(k =0)(C|J5 (0) k=0, j)(k =0, 1] (0)[C)

+ Ej(k=0)(C|Jy (0)|k=0,,)(k=0,jlJf(0)[C))

1 1
= > 3senE; [T 1g (OIC)* + 3 ZsenE [ 15 )0
,"r

/’ |

In the last line we have decomposed the sum over indices j into the sum over positive
and negative isospin excitations. We have introduced the short-hand notation |j*) and

& The measure of integration is the same as for example in the case of phonon excitations on top of a solid.
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|/~ for such excitations with relative momentum k = 0, and denoted their excitation
energies by E;+ and E;-. This completes the derivation of the sum rule (12). With all
other sum rules the steps are exactly the same as described above.

Appendix B. Charged meson propagators in medium

The quark bubble for a meson channel is defined as

] d*k —

Jrr (q) = —zTr/ @—Wrsu(k"l” %Q)rlsd(k - 1q), (B.1)
where T = yoIyg [41]. We use I" = 5 in the pion vertex, which allows to get rid of
factors of i in Ward identities below. For the considered case of g = 0 the 7—A| mixing
involves the time components of the axial propagator, Jg(l’ 4, and the mixed propagator,
J?T 4, The determinant of the inverse 77-A,; propagator is equal to

D7 (4°) = (1 = GoJun(@®) (1 + GoIL 4 (")) + GoG,(J2 (a° )2 (B.2)

The signs follow the convention for signs of the coupling constants in Eq. (33). The
following Ward identities hold among the bubble functions [41]:

(go — P) I 4 (8" =28724, () +2(u'u — d'd),
(qo — p)Jon, (¢°) =287,..(¢°) + 2(iau + dd), (B.3)

where p and § are defined in Eq. (34). These identities follow from the general
requirements of chiral symmetry [41]. They can be explicitly verified to hold with
our choice of the three-momentum regulator. Using Eqs. (B.3), (34) we can rewrite
Eq. (B.2) as

—1
Do(go) = g0 {mu +my N <2(mu +may)SG;'G, 1)
Go—p 28 qo(qo — p)

28 — (m,
x [G,,Jm<qo> - —%ﬂ] } (B.4)

This form is convenient, since it involves only one bubble function, J,,, which has the
explicit form

a3k (p—qo) +26M,/\/k* + M2
2m)? (p— q0)2 +2(p — qo) /K% + MZ + 4S5

+(u—d, p—>—p, > -6, go— —qo). (B.5)

A
J'n"rr(q0) =4Nc/ (
ky

The zeros of D,(qg) correspond to poles of the mixed charged 7—A; propagator. The
pole contributions to sum rules (9), (13) are explicitly given by the expression
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my +my [Ser(CIo) - GEI(S— (mu + md)/z)]

. 2
sgn(Ejx) |(GEIC)] = -

Qo—p dD~(qo)/dqo N
SF
(B.6)
In the ap—p channel we obtain, if full analogy to Egs. (B.2)-(B.6),
Dy (%) = (1 = GayJagay (6°)) (1 + GpJ20(4°)) + Gy G (3, ,(4°))2. (B.7)
Through the use of Ward identities
(g0 = p)I0(q°) =287 ,(¢°) + 2(ulu — d'a),
(g0 = P) IS, ,(q%) =284, (q%) + 2(itu — dd), (B.8)
where p and ag are defined in Eq. (34), we can rewrite Eq. (B.7) as
q0 my, — my 2(m, — md)5Ga_Ole )
D = + -1
(@) qO—p{ 26 ( q0(go — p)
26 — (my —m
% | Gapanas (q0) — L)} L (B9)
28
where J,.4, 1s explicitly given by
A
Jo (d0) = 4N / d’k (p—qo) +25M,/+/K* + M2
oo 0 SO (o= o) +2(p - q0) /R + M} + 4S5
+(u—d, p— —p, § = =6, g0 — —qo). (B.10)

The zeros of Dg,(go) correspond to poles of the mixed charged ag-p propagator. The
pole contributions to the sum rules (14) are explicitly obtained from the expression
. 2
sgn(E;+) |(j*1751C)]

__ My —ma [6Jaoao(q0) _G;O](é_(mu‘md)/z)] (B.11)

qo~ p dDgy(q0) /dqo N
Q=E;
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