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Abstract

In this paper we propose a numerical scheme for wave type equations with damping and
space variable coefficients. Relevant equations of this kind arise for instance in the context of
Maxwell’s equations, namely, the electric potential equation and the electric field equation.
The main motivation to study such class of equations is the crucial role played by the electric
potential or the electric field in enhanced drug delivery applications. Our numerical method
is based on piecewise linear finite element approximation and it can be regarded as a finite
difference method based on non-uniform partitions of the spatial domain. We show that the
proposed method leads to second order convergence, in time and space, for the kinetic and
potential energies with respect to a discrete L?-norm.

keywords: enhanced drug delivery, Maxwell’s equations, finite element method, finite
difference method, supercloseness, supraconvergence.

1 Introduction

We study in what follows a discretization in time and space of the following wave equation

d%u ou .
aw+ba—v-(DVu)+f in Q x (0,71, (1)
with the initial conditions
ou
E(wv Y, 0) = ¢1((I), y)
(2)

U(IE,y,O) = ¢O(x)y)a (:Cay) S Q)
and homogeneous Dirichlet boundary condition
u=01in 9Q x (0,T]. (3)

By simplicity we assume that Q = (0,1) x (0,1) and v : Q x [0,7] — R. In equation (1),
the coefficient functions are z and y dependent and a > ag > 0 and b > by > 0 in Q, and D
represents a diagonal matrix with positive diagonal entries d;, i = 1,2, that have in Q a positive
lower bound dj.



Equation (1), a wave equation with a damping factor, has as a particular case the potential
equation that arises from the following wave equation
0*V 50V dp

— =V (cVV) - —, 4

where V' denotes the scalar potential, € the electric permittivity, i the magnetic permeability, o

the conductivity of the medium, and p the charge density of the current (see for instance [25]).

We remark that the results that we present in this paper can be easily extended to the initial

boundary value problem (IBVP) (1)-(3) when u : Q x [0,7] — IR™. In this case, for n = 3,
equation (1) has as a particular case the electric field equation
0’E ) ( ,o)

€ )

uew—i—ua—:AE—V
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where F represents the electric field, AF the vector with components AFE; and V (’—g) the gradient
of 2 (see for instance [25]).
€

Our main motivation for this paper is the coupling between drug transport and electric
current, which is used in several medical applications like transdermal drug delivery ([21, 22,
28, 35]), cancer treatment ([10, 38]) or ophthalmic applications ([32]). In all these applications,
the drug transport is enhanced by the applied electric current. The drug mass flux is described
by the Nernst-Planck equation and it is given by three main contributions: passive transport
due to drug diffusion, electric enhanced drug transport that depends on the electric potential
gradient or electric field, and electroosmotic transport due to fluid flow ([21, 33, 35]).

In the mathematical description of the drug time-space evolution, the authors usually assume
that the potential is described by a Poisson equation when iontophoretic or electroporation
protocols are applied. Without being exhaustive we refer to [6, 14, 20]. However, to obtain an
accurate description of the drug evolution in a more general setting, it is necessary to construct
an accurate approximation for the electric potential V' defined by (4) or electric field defined by
(5). It is desirable to compute a second order approximation for the gradient of the potential
with respect to a discrete L?-norm, that is, a second order approximation for the potential with
respect to a discrete H'-norm. In what concerns the electric field, the corresponding scheme
leads to a second order approximation with respect to a [H']*-discrete norm.

The method that we propose is obtained considering the well known MOL approach ([36]): a
spatial discretization that leads to a semi-discrete approximation (continuous in time) followed
by a time integration. The spatial discretization is defined considering a piecewise linear finite
element method combined with particular integration rules that lead to a fully discrete in space
scheme. It should be remarked that the constructed fully discrete scheme can be seen as a finite
difference method.

The classical convergence analysis of the semi-discrete approximation using the finite dif-
ference language is based on the concept of truncation error. Although the truncation error is
only of first order with respect to the norm ||.||~, when general non-uniform grids are consid-
ered, using our approach we prove that the finite difference approximation for the solution of
the IBVP (1)-(3) is second order convergent with respect to a discrete H'-norm provided that
u/'(t), u(t) € CHQ), t € (0,7]. This means that the corresponding numerical gradient is second
order convergent with respect to a discrete L?-norm.

Furthermore, to reduce the smoothness assumptions on the solution of the IBVP (1)-(3), we
consider the approach introduced in [4] for one dimensional problems and in [16] for two dimen-
sional elliptic equations and consider later in different contexts: in [5, 17, 19] for non-Fickian



diffusion problems, and in [18] for diffusion problems in porous media. Avoiding the analytical
difficulties that arise from the application of this technique we prove the same convergence result
provided that u/(t), u(t) € H3(2), t € (0, 7).

As observed before, the semi-discrete finite difference approximation is also a fully discrete
in space piecewise linear finite element approximation. In this context the obtained result is
unexpected and is usually referred as a superclose result ([37]). There exist many papers about
numerical methods for wave type equations, including finite differences ([1, 12]), finite elements
([3, 15]), mixed finite elements ([11, 13, 23]), and discontinuous Galerkin ([24, 30, 34]). On the
other hand, only a few works have been dedicated to superclose (or superconvergent) estimates,
some examples are [2, 9, 26, 27, 29, 31].

The paper is organized as follows. In Section 2 we introduce the definitions and notations
used in this work and formulate our fully discrete in space method. The convergence analysis
of the semi-discrete approximation for the solution of the IBVP (1)-(3) when the solution u
is smooth, that is, u'(t), u(t) € C*(Q), is presented in Section 3. Section 4 is focused on the
extension of this analysis to the non-smooth case, that is, when u'(t), u(t) € H3(Q). The fully
discrete in time and space method is studied in Section 5 and numerical results illustrating the
theoretical results established in the previous sections are presented in Section 6. Finally, in
Section 7, we draw some conclusions and future work directions.

2 Fully discrete approximation in space

By L%(Q), H(Q) we denote the usual Sobolev spaces equipped with the norms ||.||o, |-|1
induced by the corresponding inner products (.,.) and (.,.);. The usual inner product in (L*(12))?
is represented by ((.,.)). If v : Q x [0,T] — R, then v(t) : @ — IR with v(¢)(x) = v(z,t), z € Q.

Let us consider the following variational problem: find u(t) € H}(2) such that

(au”(t), w) + (bu'(t), w) = = ((DVu, Vw)) + (f(t),w), t € (0, T,

for w € H}(2), and
{ u'(0) = ¢

u(0) = ¢o.
In Q we introduce a non-uniform rectangular grid defined by H = (h, k) with h = (hq,...,hy),
N M
hi>0,i=1,...,N,> hi=1andk=(ky,....ky) k; >0,j=1,...,M, Y kj =1 Let {x;}
i=1 j=1

and {y;} be the non-uniform grids induced by h and k in [0, 1] with z; —x;—1 = h;, yj—y;—1 = k;.
By Qg we represent the rectangular grid introduced in Q that depends on H and let Qp and
0Qp be defined by Qg = QN Qy, 005 = 00N Qp.

Let Hypqp = max{h;, kj;i=1,---N;j=1,--- ,M}. By A we denote a sequence of vectors
H = (h,k) such that H,,. — 0. Let Wy be the space of grid functions defined in Qy and by
W0 we denote the subspace of W of grid functions null on 0Qp. Let Ty be a triangulation
of Q using the set Qp as vertices. We denote by diamA the diameter of the triangle A € Tz.
By Pyvg we denote the continuous piecewise linear interpolant of vy with respect to Tg.

We consider now the following piecewise linear finite element problem: find ug(t) € W
such that

(aPuf(t), Ppwy) + (bPpuy(t), Puwy) = —((DV Pgug(t), VPywn)) + (f(t), Puwr), (6)



for t € (0,7] and
{ (Pru’y(0), Ppwy) = (PgRu¢1, PHwh) (7)

(Prup(0), Pgwy) = (PuyRugo, Puwn),

for wy € Wgo. In (7), Ry : C(Q) — Wy denotes the restriction operator, where C()
represents the space of continuous functions in Q.

A fully discrete in space approximation is introduced now. In Wgo we define the inner
product

(v, wr)e =Y |Diglve (@, y)wn (@i,y;), wa,ve € W,
(%i,y;)€QH

where O; j = (2;_1/2, Tit1/2) X (Yj—1/2,Yj41/2) N2, [Ts 5| denotes the area of O; j, and x4 /9 =
z;+ %, Ti_1/2 = Ti— 31, hiy1/2 = Tip1/2—Ti_1/2 being y;41 /o and k; /o defined analogously.
Let ||.|[z be the corresponding norm.

For vy = (vi,m,v2,0), wg = (wi,H, w2 ), and ve g, we g € Wy, for £ = 1,2, we use the
notation

((ve,wr))a = (1,7, Wi,H)Hz + (V2,H, W2, H ) H,y>

where
N M-1

(v1,H, W1 H) Bz = Z Z hik j+1/2V1,H (i, yj)w1,m (T, Y5),
i=1 j=1
being (vo i, w2 1) m,y defined analogously.

Let D_, and D_, be the first order backward finite difference operators with respect to the
variables « and y, respectively, and let V be the discrete version of the gradient operator V
defined by Vyuy = (D_yup, D_yug). By Dy we denote the diagonal matrix with dy g (x;,y;) =
di(zi—1/2,y5) and do, g (@i, y;) = d2(xi, yj_1/2), for (@i, y;) € Qm.

The initial value problem (6), (7) is replaced by the following fully discrete in space finite
element problem: find ug(t) € Wy such that

(aguf(t),wr)m + (bauy(t), wn)y = —(DuVaun(t), Vewn))s + (fu(t),ws)m, (8)

for t € (0,T], wg € Wp, and

uy(0) = Rg¢r
{ ui(o) = Ry ¢o. ©)
In (8), ag = Rya, by = Ryb, and
() = | fewvdsay (10)
2y 1,7

We observe that the fully discrete in space finite element problem can be rewritten as a
finite difference problem. In order to define such finite difference problem, we introduce the
finite difference operator Vi; = (Dy, D;) where

UH(-%'i-i-layj) - UH(UCi’yj)

D;UH(xhyj) =

hit1/2 ’
and Dy is defined analogously.
Then, from (8) we obtain
aHu}’{(t) + bHu}{(t) = V}kq . (DHVHUH(t)) + fH(t) in Qg, te (O,T], (11)



which is coupled with the boundary condition
up(t) =0 on 00y, (12)

and the initial conditions (9).

In the next section we study the convergence properties of the fully discrete approximation
ug(t) defined by (11), (9), and (12) or equivalently by (8), (9), and (12). The analysis technique
depends on the smoothness of the solution u of the corresponding IBVP (1)-(3).

3 Convergence analysis: smooth case

Traditionally, the convergence analysis of a semi-discrete approximation ug(t) is based on
the truncation error T (t) associated with the spatial discretization. Assume for simplicity, but
without loss of generality, that d; = 1, ¢ = 1,2. Under this assumption, we have

3U
Ti(t) = —(hesr — 1) (3 R 0 (6) + TR o2 (1))

3u
= (ka1 = k) (5Ru G5 () + TRIZL®) + OH2,),

provided that u(t) € C*(Q), f € C?(Q). In Ty(t), the term O(
that there exists a positive constant C'r satisfying

|O( maz)| <Cr maz(”u(t)HC4 + ||f(t)HCQ)’

where ||.||cm denotes the usual norm in C™(€2), m € IN,.
Let ef(t) = Ryu(t) — ug(t) be the spatial discretization error induced by the numerical
scheme. The spatial and the correspondent truncation errors satisfy the following equation

H?2,..) represents a term such

(agef(t),wr)m + (buey ), wy)g = —(DuVuen(t),Vawn))y + (Tu(t),wn)m, (13)
for t € (O,T], WH € WHy(), and

¢y (0) =0
ey (0) =0.
In the next result we establish an upper bound for the kinetic and potential energies of e (t)
where the potential energy is defined by considering the semi-norm

1/2
I\Vawg||g = (((VHU/H,VHU/H))H) , wyg € Wh.

Here, we denote by ||.||cm(cry the usual norm in C™(0,T,C?(2)), m,p € INg. We observe that
this result is established under too restrictive smoothness assumptions that will be weakened

later. We also remark that weaker conditions were considered for first order hyperbolic problems
in [39].

Theorem 1. If the solution u of the IBVP (1)-(3) is in C1(0,T,C*(2)) N C?(0,T,C(Y)) and
f€CY0,T,0%(Q)), then there exist positive constants Cy, Co, independent of u, f, H, and T,
such that for H € A with H,,qe small enough

t
e (617 +/0 e ($)l7rds + ller (017 + IV e ()|

< CrHpaee® (ulls ooy + 1/ a2y ) £ € [0, (14)

5



Proof: From (13) we get

(amef(t), €y () + bolley ()7 < —(DaVaen(t), Vaey ) u + (Tu(t), ey (), t € (0,T)
that leads to

G (a1 + 20 [ i (6) s+ 1V D Vien (1)) < 2ATa(0) ), (15

for ¢ € (0,7]. In (15), /Dy is the diagonal matrix whose entries are given by /d;, i =
1,2. The main difficulty in the construction of a convenient upper bound for ||\/age’y (t)||% +

/ € ()|13ds + |/ D Ve (t)]? is related with the term (T (t), €4 (t)) . We observe
that

(T(t), o 0)) 1 = 5 (Ta®)en(®)n — (T (0)en®)n (16)
where
) O u Rf
Tl (1) = = (s — ) (3 R s (0) + 1 Rrr (1))

84u 1 82]0 2
= (ko1 k)3 Rit gy O + 330 (0) + O )

With [O(H2,0,)| < CrH2 g (Il @)l + 172 ).
From (15) and (16) we get

IVazme()H + 250/0 e (s)l[3ds + I/ DV ren (t)l3 < 2(Tu(t), en(t)n
9 / (Tl (s),en(s)mds, t € (0,T).  (17)
0

To obtain upper bounds for the terms (Tw(t),en(t))m, (T (s),em(s))n we consider the
generic term

N-1M-1
Toa(t) =" % hisajoksiaja(hies = hov(as, vy en (i, 5. 0).
=1 j=1
We have successively
1N 1M—-1
2
Tea(t) = 5 oD kya(hin — b )(v(xiaijt)eH(xivijt))
=1 _]:
LN M-t
:_52 Z k]+1/2h ( (xlvij )eH(xlvij ) v(Ti— 15 Y5, )eH(xz 15 Y5, )>
i=1 j=1
| M .
- _52 Z k]+1/2h?/ a_(xvijt)der(xuijt)
— < v . 0T
=1 j:1 i—1
| Ml
- 52 kgﬂ/zhg’v(wz 1’y_]’t)D :z@H(l“z,y],t)
i=1 j=1



From this, we can establish the following upper bounds
1)
@) < —HﬁmHv(t)H%l + i llen ()1

and

(2 1
TG0 = 3 sl v OlE0 + 181 D-ser (Bl
2

where 7, 1 = 1,2, are non-zero constants, and consequently

1 1
T (t)] < Wﬂﬁm\lv(t)llél + gt llerr ()1 + Wﬂﬁlazllv(t)\léo + 13| D—verr (t)|I7,a-
1 2
For the correspondent y term
N—1M-1
Tay(t) =D Y hipkjirje(kisr — k)v(wi,ys, them (i, y5,t)
=1 j=1

it can be shown that holds the following

1
Hapae [0 ()0 + 0| D—yer ()17,

1
T Hau [0 IEr + n3llen (0)[17 + yo
4

Ta,@)] <
ey (0] < 3

where 7;, 1 = 3,4, are non-zero constants.
Taking n; = n3 and 1y = n4, we deduce

To,2()] + 1T (0)] < (55 T +2—172)Hfmuv<t>uél + 2 llen ()% + IV ren Ol (18)

From (18) we conclude for (T (t), e (t)) the upper bound

(T (®), el < (55 + Q;)Hsm(éuu<t>uc4 117 =) + el (1)1
+ IV en®Il + 4§ch 1 (Il + 17 W) . (19)
where &,i = 1,2, are non-zero constants, and for (7% (s), e;(s)) we get the upper bound
(i (s)exn ()l < (555 + 252)H$ax(§\|u’<s>\|c4 F21F 6o + 3eBllen ()
+ &I en )+ 3O (W @lo+ 17 Wlex) (0

where &;, i = 3,4, are non-zero constants.
Considering (19) and (20) in (17) and using the Poincaré-Friedrichs’s inequality

lwll < —HVHwHHm wir € Wirp,

we obtain

t d d
aolles (1) 13 + 2bo /0 b () s + (5 — 668 lew @3 + (5 — 263) IV aren (1)

t t
< /0 2(EIVmen ()} + 363 llen ()l ) ds + CHp, (R(E) + /0 R(s)ds), t € (0,T],



where C' depends on the previous constants &,i = 1,2,3,4, and Cp and R(p) = [lu(p)||Z. +
[/ (s + 1 ) IE2 + L ()1 e

d d,
Fixing & and & such that EO — 6{% > 0, ?0 — 65% > 0, it follows that there exist positive
constants C;, i = 1,2, such that

t
e (N7 + /0 e (3)1[7rds + ller (N + IV ren ()17

gclﬂgm(R(tH/otR(s)ds) +Cy /Ot (HvHeH(s)H%+HeH(s)yﬁ,)ds,te (0,7]. (21)

Applying Gronwall’s Lemma to (21) we arrive at (14).

Theorem 1 enables us to conclude that
t
el (8) 137 +/O e () Eds + llen (D17 + IVaen(OEH < CHpps

and consequently
lea N7 + IVaen®)IE < CHpgy

We conclude that the IBVP defined by (11), (9), and (12) or equivalently by (8), (9), and (12)
leads to a semi-discrete approximation wug(t) whose kinetic and potential energy are second

order approximations for the correspondent quantities of the solution of the IBVP (1)-(3). We
remark that the proof of Theorem 1 requires that u(t),u'(t) € C*(Q) and f(t), f'(t) € C%(Q).

4 Convergence analysis: non-smooth case

In this section we establish an upper bound analogous to (14) but under weaker assumptions
than those used in the proof of Theorem 1, namely v € C1(0,7,C*(Q)) N C%(0,T,C(2)) and
f € CY0,T,C?(Q)). The main ingredient in the proof of the next result is the Bramble-Hilbert
Lemma ([7]). Let us assume that

ueVy={veH*0,T,H*(Q)NH(0,T,H*(Q)) : v =0 on 0N}.

We remark that if u € H™(0,T, HP(2)) then u € C™1(0,T, HP(2)), m € IN, p € Ng. In the
following we denote by ||.|| grm (ge) the usual norm in H™ (0,7, HP(S2)), m, p € No.

Theorem 2. If the solution w of the IBVP (1)-(3) is in Vy then there exist positive constants
Ci,i = 1,2, independent of w, H, and T such that for H € A with H,,q. small enough
2 ! 2 2
/ /
e ()17 +/0 ek ($)ads + IVaen®)lE

< e 3 (diamA) (Il + ez + Nl sy + oy ) ¢ € 0.7,
AETH

Proof: It can be shown that the semi-discrete error ey (t) satisfies

(amel(t), wr)m + (buey(t),wn)n = —(DuVuen(t), Vawn))n
+ Tl(u(t),wH) + Tz(u(t),wH), t e (O,T], Ywy € WH,O, (22)



where
Ty(u(t),wn) = (PaVa(Ruu(t), Vawn))a — (=(V - (DVu(l)))b, wh) H
and
To(u(t),wy) = ((au”(t) + bu'(t)) g — Ry (au” (t) +bu' (), wy)n.
In the definitions of T (wg) and Ta(wr), (9)m is given by (10) with f replaced by g = au”(t) +
bu/'(t) or g = V- (DVu(t)).
Lemma 5.1 of [16] allows us to conclude the following estimate

1/2
| Ta(u(t), wr)| < C( > (diamA)“Hu(t)H?{s(A)) IVawa e, wa € Who. (23)
AETH
Moreover, Lemma 5.7 leads to
. 1/2
(To(u(),wa)| < O3 (diamA) (I (1) oy + I Oz a)) ) IVawla, — (24)
AETH

for wg € Wg o, and where C' denotes a positive constant which is not necessarily the same one
in each appearance.
If we take in (22) wy = €/, (t) then we obtain

(amef(t), ey (t)m + (buey(t), ey (t)n = —(DuVaen(t), Vuey ()
+ Ty (u(t), €y () + To(u(t), €y (t)). (25)

As we have
Ti(u(t) € (1)) = S Ti(u(t) ex (1)) — T (1) en (1), i = 1,2,

from (25) we deduce

t
IVazmel ()1 + 2bo/ ek ()1 ds + dol|V mrer ()| < 2T1(u(t), en (1))
0

+ 2T5(u(t),eq(t)) — 2/0 (Tl(u’(s), er(8)) + To(u/'(s), eH(s)))ds. (26)

Taking in (26) the upper bounds (23) and (24) we get

t
ao e (1)[12 + 2bo / ey ()[12ds + (do — 42V en (D)%

< 2510 Z (diamA)* (Hu( )35 (A) +2Hu )72 A)>

AETH

t
2520 S (diamA) /0 (1)) +ZHu“ i) ) ds

AETy
t

42 / IV en(s)|Zds,
0

where &;,i = 1,2, are non-zero constants. We finish the proof fixing & such that dy — 4¢3 > 0,
and applying Gronwall’s Lemma.
=
Theorem 2 allows us to conclude that

lebt (O3 + 1V men @l < O s (lelms) + 2 + 14l o) + Nl gan) ) £ € 0,7

under weaker conditions than those imposed in Theorem 1.



5 Fully discrete approximation in time and space

Let us introduce in [0, 7] the time grid {¢, = nAt,n =0,..., M;} with ¢tp;, = T and where
At is the uniform time step. Let also Dy be the second order centered finite difference operator
in time and let D_; be the first order backward finite difference operator in time. The fully
discrete in time and space approximation for the solution of the IBVP (1)-(3) is defined by

(agDoguy, wi)mg + (b Dy wm)w = —(DuVuuyt, Vawn))

+(fH(tn+1))wH)Ha n=1,...,M; — 1, (27)

for wg € Wg o, with the initial conditions

D_jut; = Rg¢y
28
{ u(]]{ = RH¢07 ( )

and the boundary condition
uf =0o0n 00y, n=0,..., M.

Equivalently, equation (27) can be written as

apDaguly + by D™ = Vi - (DuyVpul™) + fu(tps1) in Qu,n=1,...,M; — 1. (29)

The main theorem of this section is stated next.
Theorem 3. If the solution of the IBVP (1)-(3) is in

HY0,T, H*(Q) N H(Q)) N H3(0,T, H*(Q)) N C3(0,T,C(Q)) N C%(0, T, C1(Q)),

then, for H € A with H,q, small enough, there exists a positive constant C, independent of u

and H, such that for the error €}y = Ryu(t,) —u},n=1,..., M, holds the following

n
1Dy |F + At Y ID—seqlfy + IV el i
j=1

< C(A (ulZs o + APl ony + Haolulfn oz )

+ Z (diamA)4<HuH%(H3) + HUH%Q(HQ)>
A€Ty

+ At S (diamA) (Il gy + ul3gae)) ) (30)
AETH

Proof: It can be shown that the error e'; satisfies the following equation

(ap Daely, Dol + (bu D™, Dyl = —(Du Vel , Vu Do) u
3
+ ZTE(U(th), D_sel™,
/=1
where
Ty (u(tns1),wn) = —((DuVu(Ryu(tnii)), Vewn)g + (=(V - (DVu(tn1))) g, wn)u

10



Ty (ultasr)s wir) = ((@u” (bn1) + b (i) — Rer(au (busr) + b (busn)) wm ),

and
Ts(u(tni1), wr) = (ag (Dot Ryu(tns1)—Rpu” (th1))+ba (D_tRyu(ty,+1)—Ruu (thi1)), wn ) m,

for wy € WH’O.
As we have

1
(anDzecly, D-efi™a > 5= (IVanD-eely I} = IVanD-eillh)

1
(DuVaes ™ VaD-ci a2 5o (IVDaVaey™ i — VD Vach|)

(see [8]), and
Tg(u(tn-i-l)’D—teTIE[Jrl) - D—tTe( ( n+1) ) TZ(D (tn—l—l)’eTIl{)v 0=1,2,

we get

IVam D€} 3 + 2Atbo || D_el |7 — QZTE (tnt1), €5 + IV DV aey [

< VarD-sely|lf + |V DuVuek i — QZTE(U(%% €fr)

(=1
- 2AtZT€ tu n+1) GH) + 2AtT3( ( nJrl)’Dite?;rl)’ (31)
forn=1,...,M — 1.
Inequality (31) leads to
n+1
IVarD_sel ™ | F + 24t Y [|D- tgHHH_QZTE fs1), €5Y) 4 VDRV e 2
j=1 (=1

2
< |VamnDeel |3 + 284 D—sely |7 + IV DV ek i =2 Teu(tr), ely)

/=1
n 2 )
=28t (DO TD-sulty 1), ely) + Ta(ultyen, Dsel ™)),
=1 (=1
forn=1,...,M; — 1. The terms Ty(u(tps1), €% ), € = 1,2, satisfy (23) and (24), respectively,
with wy = e’}fl and for Ty(D_u(tn41),€}), £ = 1,2, we have
1/2 N
T (D—tu(tn+1), €fr ( Z diamA)*|ul| tn,tn+1,H3(A))> IVaey||u (32)
A€TH
and
n 1 , 49,112 1/2 n
1D u(tni). )] < O (37 (iam) fulfyng o) IVl (33
AeTH
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For the term T3(u(tn41), D—_sel;) it is easy to show the following
T3 (u(tns1), D_ieli™)| < CAtul| ooy | D—rel | - (34)

Considering in (31) the upper bounds (23), (24) for |Tp(u(tp+1), "H)| ¢=1,2, and (32), (33)
for |Ty(D—yu(tni1), €|, € = 1,2, and (34) for |T3(u(tni1), D—e’i)], we find

n+1
ag| D—sely™ |17 + 2A¢(bo — €3) Y 1D |7 + (do — 4) IV el 13
j=1
n
< |VauD—seyy |3 + 2Atho || D—refy |} + IV DV aeq I3 + Taga (u) + At 483V ey, |3

J=1

forn=1,...,M; — 1, and where

2
1 .
Tnsa(u) = C(@ Z (dwmﬁ)4(HU(th)H%{S(A) + Z [ (thrl)H}%{?(A))
L AeTy /=1
+ CNZ ( > (iamA) ([l . msay + e, o0 a))
j 2 AT
2 2
o ”“”O?’(tj,tm,O(ﬁ)))

with &;,7 = 1,2, 3, non-zero constants.
Fixing &; and &3 such that dy — 467 > 0, by — &3 > 0, and considering the discrete Gronwall’s
Lemma we conclude that there exist positive constant C4,Cy such that

n+1
ID—sef M 1F + At | D—velyllFr + Vel I
j=1
< Co (Dl ly + 1V melilfy + _max 7)) (1+T7e4), (35)
forn=1,...,M;—1. To obtain the final error estimate we need to compute an upper bound for

|D_iel||3 and ||V el ||%. From the first relation of (28) and as the initial velocity is defined
by ¢1, we have
D_sel; = D_yRyu(t) — Ry (to)

and then

[a—

ID—se i < 5 A8 |ulle (36)

[\)

We also have
VuD_iel; = VgD_;Ryu(t;) — RgVu/(t) + O(Hpas),

where |O(Hpaz)| < CHpagllullcr(c2). Since VaD_tRyu(t;) — RgVu'(t) = O(At + Hpaa),
where [O(At + Hyay)| < C’(HmaxHuH@(Cz) + AtHuHCz(Cl)), then

(VuD—iey, Viey))n = (T(u(t1)), Vuey))n, (37)
with

T (u(t1))] < C<At\|U||cz(ol) + HmazHuHCI(CQ))-

12



From (37) we obtain

At?
(1—28)Vaeyllr < IVaeylli + 267 1T (w(t:)) |17,

where £ # 0. As e% = 0, then, there exists a positive constant C such that
IVneh By < CAR (AP ullczeny + Haaallulloren)). (39)

To conclude (30) we observe that combining (36), (38) with (35) we obtain

n+1
1 j 1 1
ID—eef IF + 288 Y I D-vepy |3 + [V me ™ I3 + lleg ™ I
j=1
< (a2 (lullBaey + AlullBaeny + Huaallulz o) + ,_masx  T(w),
forn=1,..., M; — 1, and some positive constant C.

[
Theorem 3 allows us to conclude that the numerical scheme defined by (27) or (29), together
with the initial conditions (28) and homogeneous Dirichlet boundary conditions, satisfies

ID_iefr|l7r + IV ueh |7 < C(A + Hyypy )

The first order term in the previous upper bound is due to the discretization of the first order
time derivatives in the wave equation and in the initial condition using a first order operator.
To increase the time convergence order we should increase the order of the time discretization.
We rewrite the IBVP (1), (2) and (3) with f = 0 in the equivalent form

ou
GE =w—bu
) (39)
a—f —V.(DVu)  inQx (0,7
with the initial conditions
’lU(SC, Y, 0) = a¢1(x’ y) + b¢0(‘r’ y)
(40)
U(x,?/,o) :¢O(x)y)a (:Cay) S Q)
and the boundary conditions
w(z,y,t) =0
(41)

u(z,y,t) =0 (x,t) € 0Q x (0,T].

To get a second order approximation for u and w we use a standard procedure used in first order
time derivative problems: we consider the Crank-Nicolson approach. Let v’ and w?% be the

corresponding approximations defined by the finite difference scheme: for n =0,..., M; — 1,
n+1 n+1
+ w?, + u”
agD_ tuTIfIH fH beH
(42)
w4
D! = V.(DuVa (1)) in Qp,

13



Wl = agRyd1 + by Rudo

(43)
and
wy =0
(44)
upy =0 on 09 x {1,..., M}.
We observe that the previous solutions u% and w; satisfy
wn+1 +wn un—f—l +un
(ag Dyl o) = (H#HJ)H)H - (bHHfH,UH)H 5)
45
w4y
(D_ywi™ o)y = —((DHVH<%>,VHUH))H Yog € Wi .
We remark that we also have
w4+ wh
((apg DV gu'it Vo)) :((VH((H7H>7VHUH))H
2 (46)
w4
—((buVu (7H 2 H)7VHUH))H,

for all vy € WH,O-
By e;, and ey, we represent the global errors in u% and w;, respectively. It can be shown
that o
en + en

(D—teTuL,JrlaUh)H = —((DaVu (%

for all vy € Wy o, where

) Vavn)a + (). on)a,  (47)

. 1/2
IT g W)lla <C (At ulleaey + (Y (diamA)* (Jfultnr)lFsay + () 15 a))
AET; (
ISUHZ

. 19} ow 1/2
#( 2 tiama)! (15 el + 157 () )
€T

' 1/2
<C (At4||uHC4(C) + ( Z (dzamA)4||uH%~(H3))
ATy

+( Y iamA) fulle ey 1/2)'

A€Ty
(48)
Taking vy = el + e we obtain

en+1 +en
e 13 = eili3r— AH(DR Vi (= ), Tl )+ AT (W), €l €5 (49)

From (46) we can deduce the following

n+1 n
w T ey n n n n n
((DHVH<%) y VH (equl + eu)))H = ((aHDHD_tVHeuH, VH (equl + eu)))H
en-l—l +en
+((br DVt (), V(€™ + i)

(T35 (), Vi (€7 + ) D
(50)
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where

N M-1

1Tl < oaee((0Y

=1 j=1

tnt1 pos o*u 2 1/2
k. — L)) dadt
+1/2 /tn /Ii1 (8t38$(9€7%7 )) €L )
N-1 M

1 v 9ty 9 1/2 51
+< DD hivipe /tn /y]-_l (M(wi,y,t)) dydt> ) (51)

i=1 j=

—_

< CAL|ullcs (o)
Inserting (50) in (49) we get
lewt 17 + IV an DaVuey i = llenlli + IV au D Ve
AT g (u), ep™ + el u (52)
—AH((T3 (u), Vi (e ™ + en))

Equality (52) leads to

1+ 2e2At
et 1% + IVanDuVaer I} < 7oy (el + IVanDuVaeil )

/-1
At n 2 Dy n 2
s —gang (Thal + 1Y =Tl
(53)

where € # 0, and provided that 1 — 2e2At > 0.
As e = el =0, from (53) we finally obtain

1462 nAt . .
I s + 1 VanDa Vel Iy < Cer st max (1T} ()l + 170 (0l% ). (54)

where C' > 0 denotes a constant independent of At and H.
Finally, using the Poincaré-Friedrichs’s inequality we conclude that

e 1 + 19 mel 1 + e 13 < O (A + Hiy,), (53)
provided that

ue CH0,T,C(Q) NC30,T,CH Q) NC?*0,T, H*(Q)) N C(0, T, H*(Q) N H(Q)).

6 Numerical results

In the following we present some numerical tests that illustrate the theoretical results ob-
tained in previous sections. In accordance with the discussion in Sections 4 and 5 we consider
two problems of type (1)-(3), one with a smooth solution (Example 1) and the other with a
non-smooth solution (Example 2). In both cases we take 7" = 0.05 and use the uniform time
step At = 107°. Moreover, the coefficient functions of the wave equation (1) are given by:
a(z,y) = 22, b(z,y) = 1+x+y, di(z,y) = 2+ 5> and da(z,y) = 1 + 2. These functions satisfy
the restrictions formerly imposed.
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Example 1 To illustrate the smooth case convergence rate we define the initial conditions
(2) and the function f in (1), such that, the exact solution of problem (1)-(3) is given by

u(z,y,t) = e'(1 — x)(1 — cos(4ny)) sin(zy).

Note that u fulfills the assumptions of Theorem 1, namely, u € CH0,T,C*(Q)) N C?%(0,T,C(Q)).
It can also be verified that f € C1(0,7T,C?(%)).

Example 2 For the non-smooth case we consider the exact solution of problem (1)-(3) given
by
u(z,y,t) = e’ sin(zy)(2z — 2)(y — )2y — 1/'**, a€R.

The initial conditions and the function f are defined in accordance with (2) and (1), respectively.
In this example, u is under the conditions of Theorem 2, when o > 2. On the other hand, e.g.,
for & = 1.1, we have that u(t) € H?(f2) and those conditions are not meet.

The two previous examples are successively solved on grids Hy (k = 1,...,6) of increasing
size. We start with an initial random mesh H; and the grid Hy; is obtained from the grid Hy,
by inserting new grid points at the midpoints of the grid Hy. To calculate the numerical rate of
convergence we define the error

Ey = max ||D_ellf + [IVrek |k

=1, 0ME

and use the relation
log Epy, —log Em, .,

rate = )

log 2

where Ep, denotes the error Fy on the grid Hy,.
The results obtained for Example 1 are shown in Table 1 and they confirm the theoretical
O(H?2,,,) convergence rate of Theorem 1. The data in Table 1 for Example 2 with a = 2.1
also verifies the second order convergence rate of the non-smooth case, as proven in Theorem 2.
Again in Table 1, we display the results obtained for Example 2, but now using « = 1.1, that is,

when the solution u(t) belongs to H2(£2). The numerical rate of convergence of order O(H qz)

Example 1 Example 2 (a = 2.1) Example 2 (o = 1.1)

Hopon Eg rate Hopon Ey rate Hon Ey rate
1.301le-1 4.578e-1 - 1.577e-1  3.272e-2 - 1.713e-1  4.228e-2 -
6.505e-2 1.182e-1 1.953 7.88be-2 8.697e-3 1.912 8.566e-2 2.005e-2 1.076
3.252e-2  2.973e-2 1.991 3.943e-2 2.200e-3 1.983 4.283e-2 9.440e-3 1.087
1.626e-2 7.441e-3 1.998 1.971e-2 5.513e-4 1.997 2.141e-2 4.466e-3 1.080
8.131e-3  1.860e-3 2.000 9.857e-3 1.378e-4 2.001 1.071le-2 1.978e-3 1.175
4.065e-3  4.649e-4 2.001 4.928e-3 3.443e-5 2.000 5.354e-3 9.152e-4 1.112

Table 1: Results of the numerical convergence tests.

suggests that at least the restriction u(t) € H3(Q) of Theorem 2 is optimal, in the sense that
cannot be weakness without losing the second order rate. We remark that, using the results
established in [16] and following the steps of Theorem 2, it can be proved that the rate of
convergence is in fact O(Hyqe,) when u(t) € H?(S2). For illustration, we present in Figure 1 the
numerical solution and square of the error e%; for each of the examples considered.

In the next experiment we examine the rate of convergence in time. For that we solve Exam-
ple 3 for successively smaller time steps At and using a fixed spatial grid with H,,,, = 3.913e-3.
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Figure 1: From left to right: numerical solution u%, (first row) and square of the error €7, (second
row) on the grid Hg at T' = 0.05; for Example 1 and Example 2 with @ = 2.1 and o = 1.1.

In this example we use a larger value of T, namely, T' = 3. The results of our simulation are
presented in Table 2 and they confirm the theoretical O(At) convergence rate of Theorem 3
as well as the O(At?) convergence rate of the second order in time scheme (42)—(44). Some
representative figures are shown in Figure 2. Note that in accordance with estimate (55) we
define the following error expression for the second order scheme

Epz= max |egllf +[Vaerlh + el
n=1,..., Mt
Example 3 Let us consider problem (1)-(3) with coefficient functions a(x,y) = 5(1 + z),
b(x,y) = xy, di(x,y) = 1+ z, and da(z,y) = y, exact solution given by

u(z,y,t) = e'(x — 1) sin(rx)(y — 1) sin(ry),
and properly defined initial conditions and function f.

Example 3 (2nd order scheme) Example 3 (1st order scheme)

At Eno rate At Ey rate
5.000e-1  3.950e-1 - 5.000e-1  24.89e-1 -
2.500e-1  9.949e-2 1.989 2.500e-1  13.78e-1 0.853
1.250e-1  2.486e-2 2.001 1.250e-1  7.285e-1 0.920
6.250e-2  6.151e-3 2.015 6.250e-2  3.754e-1 0.956
3.125e-2  1.478e-3 2.057 3.125e¢-2  1.907e-1 0.977

Table 2: Numerical convergence rate in time.
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T8 0.2

Figure 2: From left to right: numerical solution u% obtained with the second order in time
scheme and square of the error e} for the second order in time scheme and the first order in
time scheme; results for Example 3 using At = 0.0625.

7 Conclusions

In this work a numerical scheme for the discretization of a wave type equation was proposed
and studied. The main goal was to establish conditions that allow to obtain second order
approximations, in space and time, for the kinetic and potential energies with respect to a
discrete L?-norm.

The main results of this paper are Theorem 1 and Theorem 2. In these theorems convergence
properties of the semi-discrete solution defined by the fully discrete in space piecewise linear finite
element method (8), (9), and (12), which is equivalent to the finite difference method (11), (9),
and (12), were analyzed. Two cases corresponding to smooth and non-smooth assumptions
for the solution of the correspondent continuous IBVP were considered. For each case, two
complete different techniques of analysis were followed to derive second order approximations
for the kinetic and potential energies. Theorem 1 establishes the second order convergence for
the smooth case, while Theorem 2 deals with the non-smooth case. The discrete in time version
of Theorem 2 was studied in Section 5.

Numerical experiments illustrating the obtained theoretical results were also included. In
particular, Example 2 with o = 1.1, illustrates that the convergence rate established in Theo-
rem 2 is optimal in the sense that if u(t) € H?(£2) then the rate of convergence is only O(H,,az ).
The proof of this fact can be done following the proof of Theorem 2 and the results presented
in [16].

The main motivation for this work is the coupling between the electric potential, or electric
field, and diffusion of a drug in a target tissue. In fact, in iontophoresis or electroporation
applications, electric fields are used to enhance drug diffusion and absorption by the target
tissue. The wave equations governing the electric potential and the electric field, equations (4)
and (5), respectively, are particular cases of the general equation (1). In future work we intent
to address this more complex problem which is obtained coupling a equation of type (1) with a
properly defined parabolic equation for the drug concentration.
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