NIJENHUIS FORMS ON L. -ALGEBRAS AND POISSON
GEOMETRY

M. J. AZIMI, C. LAURENT-GENGOUX, AND J. M. NUNES DA COSTA

ABSTRACT. We investigate Nijenhuis deformations of Lso-algebras, a notion
that unifies several Nijenhuis deformations, namely those of Lie algebras, Lie
algebroids, Poisson structures and Courant structures. Additional examples,
linked to Lie n-algebras and n-plectic manifolds, are included.
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INTRODUCTION

Loo-algebras, introduced by Lada and Stasheff [16], who called them strongly
homotopy Lie algebras, are collections of n-ary operations, assumed to satisfy some
homogeneous relations that reduce to the Jacobi identity when only the binary
operation is not trivial. These structures gained notoriety when Kontsevitch used
L -morphisms to prove the existence of star-products on Poisson manifolds [11].
derived an Ly.-algebra from a Poisson element and an abelian subalgebra of a differ-
ential graded Lie algebra. For instance, an L,-algebra encodes a Poisson structure
in a neighborhood of a coisotropic submanifold, provided that a linear transversal is
given, see [7] and [6]. This makes L.-algebras a central tool for studying Poisson
brackets, but there are more occurences. Roytenberg and Weinstein [24] gave a
description of the so-called Courant algebroids in terms of Lie 2-algebras. In the
same vein, Rogers [21] encodes n-plectic manifolds by Lie n-algebras and Frégier,
Rogers and Zambon [8] used this formalism to construct moment maps of those.

In this paper we develop a theory of Nijenhuis forms on L..-algebras. Here, by
Nijenhuis forms, we mean a generalization of the notion of Nijenhuis (1, 1)-tensors
on manifolds, i.e., (1,1)-tensors whose Nijenhuis torsion vanishes. On manifolds,
Nijenhuis tensors are unary operations on the Lie algebra of vector fields. Since,
when dealing with L.-algebras, one has to replace Lie algebra brackets by collec-
tions of n-ary brackets for all integers n > 1, we also want to define Nijenhuis forms
that are collections of m-ary operations for all integers n > 1. Our main idea is
based on the fact that, given a Lie algebra (g, [.,.]) and a linear endomorphism N
of g, N is Nijenhuis if deforming twice by N the original bracket yields the original
bracket deformed by N2. We translate this idea to L..-algebras, where the brackets
to be deformed are their n-ary brackets.

We present several examples of Nijenhuis forms on L,-algebras. The first exam-
ple is universal, in the sense that every Lo.-structure admits it: the Euler map S,
that multiplies an element by its degree. Nijenhuis operators on ordinary graded
Lie algebras are among the most trivial examples. Poisson elements, and more
generally, Maurer-Cartan elements of differential graded Lie algebras are also ex-
amples, which are not purely made of vector valued 1-forms, but which are the sum
of a vector valued 1-form with a vector valued O-form. Less trivial examples are
given on Lie n-algebras. On those, we have Nijenhuis forms which are the sum of
a family of vector valued k-forms. An interesting case is when the Lie n-algebra is
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associated to an n-plectic manifold [21]. The case of Lie 2-algebras is treated sep-
arately, and we have Nijenhuis forms which are the sum of a vector valued 1-form
with a vector valued 2-form.

We discuss how Nijenhuis tensors on Courant algebroids [5, 13, 2, 3] fit in our
defintion of Nijenhuis forms on some L.-algebras. In order to include Lie algebroids
in our examples, we recall the concept of multiplicative L.-algebras (related to Pao-
algebras in [0]). In the last part of the paper, our examples come from well-known
structures on Lie algebroids, defined by pairs of compatible tensors [15, 1, 3], such
as QQN-, Poisson-Nijenhuis [14] and PQ-structures.

Very recently, while we were about to finish this paper, a notion of Nijenhuis
operator on Lie 2-algebras was introduced in [19], using a different perspective.
That definition is a particular case of ours, as we explain in Remark 4.14.

The paper is organized in seven sections. In Section 1 we introduce a bracket
of graded symmetric vector valued forms on a graded vector space that we call
Richardson-Nijenhuis bracket, because it reduces to the usual Richardson-Nijenhuis
bracket of vector valued forms on a (non-graded) vector space. With this graded
bracket, we characterize Loo-structures as Poisson elements on the graded Lie al-
gebra of graded symmetric vector valued forms. In Section 2, we present our main
definition of Nijenhuis vector valued form with respect to an L.,-algebra, or more
generally, with respect to a vector valued form of degree 1. Relaxing a bit the
definition of Nijenhuis vector valued form, yields the notions of weak Nijenhuis and
co-boundary Nijenhuis forms, which provide interesting examples to be discussed in
the next sections. Section 2 also contains the first examples of Nijenhuis forms on
symmetric graded Lie algebras and symmetric differential graded Lie algebras: the
Euler map, Poisson and Maurer-Cartan elements. Section 3 is devoted to Nijenhuis
forms on Lie n-algebras. We construct examples of Nijenhuis forms on general Lie
n-algebras, in particular on those defined by m-plectic manifolds. The case n = 2
is treated separately, in Section 4. There, we find necessary and sufficient condi-
tions to have a Nijenhuis form which is the sum of a vector valued 1-form with a
vector valued 2-form which is, in fact, the most general case. The importance of
Lie 2-algebras appears in Section 5, where we focus on Courant algebroids. Using
a construction established in [24], we associate a Lie 2-algebra to each Courant al-
gebroid and we relate (1, 1)-tensors with vanishing Nijenhuis torsion on a Courant
algebroid, with Nijenhuis forms on the corresponding associated Lie 2-algebra. In
Section 6, we study multiplicative L.-algebras and its relation with pre-Lie and
Lie algebroids. We introduce the notions of extension by derivation of (1, 1)-tensors
and of k-forms on a Lie algebroid, needed to construct examples of Nijenhuis forms
on Lie algebroids in the last section. In Section 7, the last one, we obtain, out of
QN-, Poisson-Nijenhuis and P{)-structures on a Lie algebroid, examples of weak
Nijenhuis and co-boundary Nijenhuis vector valued forms.

1. RICHARDSON-NIJENHUIS BRACKET AND L, -ALGEBRAS

In this section we extend the usual Richardson-Nijenhuis bracket of vector valued
forms on vector spaces [10] to graded symmetric vector valued forms on graded
vector spaces. Then, we use it to characterize L..-structures on graded vector
spaces. We start by fixing some notations on graded vector spaces.

Let F be a graded vector space over a field K = R or C, that is, a vector
space of the form @;czFE;. For a given ¢ € Z, the vector space FE; is called the
component of degree i, elements of E; are called homogeneous elements of degree i,
and elements in the union U;cz F; are called the homogeneous elements. We denote
by |X| the degree of a non-zero homogeneous element X. Given a graded vector
space E = @®;czE; and an integer p, one may shift all the degrees by p to get a new
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grading on the vector space E. We use the notation E[p] for the graded vector space
E after shifting the degrees by p, that is, the graded vector space whose component
of degree i is F;4p.

We denote by S(F) the symmetric space of E which is, by definition, the quotient
space of the tensor algebra @ E by the two-sided ideal I C ®F generated by elements
of the type X®@Y —(—1)XIVlY ® X with X and Y arbitrary homogeneous elements
in E. For a given k > 0, S¥(E) is the image of ®"E through the quotient map
®E +— £E = S(E) and one has the following decomposition

S(E) = ®r>05"(E),

where SO(E) is simply the field K. Moreover, when all the components in the
graded space E are of finite dimension, the dual of S*(E) is isomorphic to S*(E*),
for all £ > 0. In this case, there is a one to one correspondence between

(i) graded symmetric k-linear maps on the graded vector space E,
(i) linear maps from the space S*(F) to E,

(iii) S*(E*)® E.

Elements of the space Sk(E*) ® FE are called symmetric vector valued k-forms.
Notice that S°(E*) ® E, the space of vector valued zero-forms, is isomorphic to the
space E.

Having the decomposition S(E) = @;>0S*(E), every element in S(E) is the
sum of finitely many elements in S*(E), k& > 0. We absolutely need to consider
also infinite sums, which is often referred in the literature as taking the completion
of S(E). By a formal sum, we mean a sequence ¢ : N J{0} — S(F) mapping an
integer k to an element aj, € S¥(E): we shall, by a slight abuse of notation, denote
by Yo, ax such an element. We denote the set of all formal sums by S (E). The
algebra structure on S(E) extends in an unique manner to S(E). For two formal
sums a = Y ;- ar and b = Y ;2 by we define a + b to be Y 7o (ax + by), while
the product of a and b is the infinite sum Z;OZO ¢, with ¢, = Zf:o a; - bg—; (with -
being the product of S(E)).

When all the components in the graded space E are of finite dimension, there is
a one to one correspondence between

(i) collections indexed by k > 0 of graded symmetric k-linear maps on the
graded vector space F,
(ii) collections indexed by k > 0 of linear maps from S*(E) to E,

(iii) S(E*)® E.
Elements of the space S (E*) ® E are called symmetric vector valued forms and
shall be written as infinite sums > K; with K; € SY(E*) @ E.

Let F be a graded vector space, F = @®;czF;. The insertion operator of a
symmetric vector valued k-form K is an operator

ik :S(E")®FE = S(E*)® FE
defined by
(1) ek DXy, Xipio1) = > (@) LK (Xo(1)s s Xo(k)s ooos Xe(hi—1))s
o€Sh(k,l—1)

forall L € SYE*)® E,1>0and Xy,---,Xpy_1 € E, where Sh(i,j — 1) stands
for the set of (i,j — 1)-unshuffles and ¢(o) is the Koszul sign which is defined as
follows

Xa(l) K- ® Xo’(n) = 6(0-))(1 K- ® X’ru
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for all X1,---,X, € E. If L is an element in S°(E*) ® E ~ E, then (1) should be
understood as meaning that tx L = 0, for all vector valued forms K and

LLK(Xl, ~~~>Xk71) = K(L,Xl, ~~7Xk71)7

for all vector valued k-form K.

Allowing L and K to be symmetric vector valued forms, that is, L = >".o, L;
and K = )",., K;, with L; and K; vector valued i-forms, the previous definition
of insertion operator extends in the obvious way.

If K is an element in S?(E*), i.e. alinear form on S¢(E), i > 0, one may define ¢
by a formula similar to (1). Moreover, tx : S(E*) — S(E*), with K € S(E*) ® E,
is the zero map if and only if K = 0.

Now, we define a bracket on the space S (E*) ® E as follows. Given a symmetric
vector valued k-form K € S¥(E*) ® E and a symmetric vector valued I-form L €
SYE*) ® E, the Richardson-Nijenhuis bracket of K and L is the symmetric vector
valued (k + 1 — 1)-form [K, L], , given by

(2) (K, L], =txL— (-1)XFu K,
where K is the degree of K as a graded map, that is K (X1, -, Xx) € By, ... 1 pt i

for all X; € E;. For an element X € E, X = |X|, that is, the degree of a vector
valued 0-form, as a graded map, is just its degree as an element of F.

Proposition 1.1. The space S(E*) ® E, equipped with the Richardson-Nijenhuis
bracket, is a graded (skew-symmetric) Lie algebra.

If K € S¥(E*) ® E is a vector valued k-form, an easy computation gives
(3) K(X1, s ,Xk) = [an Ty [X27 [XhK]RN]RN o .}RN7
for all Xy,---, X, € E.

In [17], the authors defined a multi-graded Richardson-Nijenhuis bracket, in a
graded vector space, but their approach is different from ours.

Next, we recall the notion of L..-algebra, following [9].

Definition 1.2. An L., -algebrais a graded vector space £ = @,z F; together with
a family of symmetric vector valued forms (I;);>1 of degree 1, with [; : ®'E — FE
satisfying the following relation:

(4) > Yo Ui Xoqys s X))y s Xo(m) =0,

i+j=n+1oeSh(i,j—1)

for all n > 1 and all homogeneous X1, -+, X,, € E, where ¢(0) is the Koszul sign.
The family of symmetric vector valued forms (I;);>1 is called an Lo, -structure on
the graded vector space E. Usually, we denote this Loo-structure by p:=>",o,1;
and we say, by an abuse of language, that p has degree 1. B

A slight generalization of an L..-algebra is the so-called curved L..-algebra. In
this case, the family of symmetric vector valued forms is (/;);>0 that is, there is
an extra symmetric vector valued O-form [y € E7, called the curvature, such that
l1(Ilp) = 0 and Equation (4) is replaced by

l?L+1(107X17"' 7Xn)+ Z Z E(U)ZJ(Z’L(XU(I)7 aXO'(i))a"' 7X0'(n)) = 0.
i+j=n+1oceSh(i,j—1)

There is an equivalent definition of L..-algebra in terms of graded skew-symmetric
vector valued forms [} of degree i — 2. This was, in fact, the original definition in-
troduced in [16]. The equivalence of both definitions is established by the so-called
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décalage isomorphism
li(X1> o aXZ) — (_1)(i_1)|X1|+(i_2)‘X2|+m+|Xi71|l7/ﬁ(X17 e >Xi)a

X1, -+ ,X; € E. The family of graded skew-symmetric brackets (});>1 defines an
L o-structure on the graded vector space E[—1] if each I} has degree i — 2 and

> > (=)' Ve(o) sign(o)(1i(Xoys -+ Xog@)s s Xomy) =0,
i+j=n+1oeSh(i,j—1)

forallm > landall X5,---,X,, € E, with sign(c) being the sign of the permutation
o.

Next, we see that some well-known structures on (graded) vector spaces are
examples of L.,-algebras.

We start with a symmetric graded Lie algebra, which is a graded vector space

E = ®,czE; endowed with a binary graded symmetric bracket [.,.] = p of degree
1, satisfying the graded Jacobi identity i.e.
() (X, [, Z]) = (=) IX, Y], 2] + (=) XDV, [ 7],

for all homogeneous elements X,Y, Z € E. Note that when the graded vector space
is concentrated on degree —1, that is, all the vector spaces F; are zero, except
E_1, then (5) is the usual Jacobi identity and we get a Lie algebra with symmetric
bracket. We would like to remark that (5) can be written as

(6) p(p(X,Y),2) + ()" u(u(X, 2),Y) + (1) X2 (u(y, 2), X) = 0,

for all homogeneous elements X,Y,Z € E. This means that a symmetric graded
Lie algebra is simply an L..-algebra such that all the multi-brackets are zero except
the binary one. From this, we also conclude that a Lie algebra is an L,-algebra
on a graded vector space concentrated on degree —1, for which all the brackets are
zero except the binary bracket.

Another special case of an L..-algebra is a symmetric differential graded Lie
algebra. It is an L-structure on F = @;czF;, with all the brackets, except [y
and [o, being zero. In other words, a symmetric differential graded Lie algebra
is a symmetric graded Lie algebra (D;ezE;, [.,.] = l2) endowed with a differential
d =1y, that is, a linear map d : ®;czFE; — Dz F; of degree 1 and squaring to zero,
satisfying the compatibility condition

dlX, Y]+ [d(X), Y]+ ()X, d(Y)] =0,

for all homogeneous elements X,Y € E. We shall denote a symmetric differential
graded Lie algebra by (E,d,[.,.]) or by (F,l; +l2).

We may also consider two particular cases of a curved L.-algebra, that is to say,
a curved symmetric graded Lie algebra and a curved symmetric differential graded
Lie algebra. More precisely, a curved symmetric differential graded Lie algebra on
a graded vector space F = ®;czF; is a symmetric differential graded Lie algebra
(E,d,[.,.]) together with an element € € E; such that:

d(€)=0 and [¢ X]+d*X =0, forall X € E.

We shall denote the curved symmetric differential graded Lie algebra by (E, €, d, [.,.])
or by (E,€+1; +13). When d = 0, the curved symmetric differential graded Lie
algebra is simply a curved symmetric graded Lie algebra.

The Richardson-Nijenhuis bracket on graded vector spaces, introduced previ-
ously, is intimately related to L..-algebras. In the next theorem, that appears in
an implicit form in [23], we use the Richardson-Nijenhuis bracket to characterize a

(curved) Loo-structure on a graded vector space E as a homological vector field on
E.
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Theorem 1.3. Let E = ®,czE; be a graded vector space, (1;)i>1 : @'E — E
be a family of symmetric vector valued forms on E of degree 1 and ly € Fy be a
symmetric vector valued O-form. Set =7, 1l and p/ =" ,~,l;. Then,

i) pis an Loo-structure on E if and only if [u, 1] oy = 0;

ii) u' is a curved Loo-structure on E if and only if [, p'] zx = 0.

Proof. (i) Tt is a direct consequence of the following equalities that can be obtained
from (1) and (2):

[,Unu]RN = Z( Z [li7lj]RN) :22( Z Llilj)'
n>1 i+j=n+1 n>1 i+j=n+1
The proof of (ii) is easy. O

Notice that for the case of symmetric graded Lie algebras, the statement of
Theorem 1.3 appears in a natural way, since equation (6) is equivalent to

(vutt + 1) (X, Y, Z) = [, p] oy (XY, Z) = 0.
2. NIJENHUIS FORMS ON LOO—ALGEBRASZ DEFINITION AND FIRST EXAMPLES

In this section we define a Nijenhuis vector valued form with respect to a given
vector valued form p and deformation of 1 by a Nijenhuis vector valued form. We
show that deforming an L..-structure by a Nijenhuis vector valued form, one gets
an L..-structure. Then, we present the first examples of Nijenhuis vector valued
forms on some L,-algebras.

Definition 2.1. Let E be a graded vector space and p be a symmetric vector
valued form on E of degree 1. A vector valued form N of degree zero is called

o weak Nijenhuis with respect to p if
[ [V Y, u]RN]RNLN =0,

o co-boundary Nijenhuis with respect to pu if there exists a vector valued form
IC of degree zero, such that

[N’ [N7M]RN}RN = []C”LL]RN’

e Nijenhuis with respect to u if there exists a vector valued form K of degree
zero, such that

VIV al,, ], = (Ko, and VK], =0,

Such a K is called a square of N. If A contains an element of the underlying
graded vector space, that is, A" has a component which is a vector valued
zero form, then N is called Nijenhuis (respectively, co-boundary Nijenhuis)
vector valued form with curvature.

It is obvious that the following implications hold:
N Nijenhuis = N co-boundary Nijenhuis = A weak Nijenhuis

Remark 2.2. Tt would be of course tempting to choose I = tor A in Defintion 2.1,
having in mind what happens for manifolds, and the fact that corA” = N2 for vector
valued 1-forms. However, it is not what examples show to be a reasonable definition.
Also, for N a vector valued 2-form we do not have, in general, [ty N,N],, = 0,
which says ta NV is not a good candidate for the square, except maybe for vector
valued 1-forms.

Proposition 2.3. Let (FE,p) be a (curved) Loo-algebra and N be a symmetric
vector valued form on E of degree zero. Then N is weak Nijenhuis with respect to
w if and only if [N, ) ,n 18 a (curved) Lo -algebra.
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Proof. Using the Jacobi identity, we get

[, WS IV il e lewlew = [ N aws [0 N e lew + WV [, IV il en ]l
[k N enes [ M e L
= [V, tlans IV, anlaw
which concludes the proof. O

Given an L..-structure p and a symmetric vector valued form of degree zero N
on a graded vector space, we call [N, u],, the deformation of u by N and denote
the deformed structure by pY. When p is deformed k times by N, the deformed
structure is denoted by ,uN KN or simply py, if there is no danger of confusion.

Weak Nijenhuis forms do not, in general, give hierarchies in any sense. However,
Nijenhuis forms do.

Theorem 2.4. Let N be a Nijenhuis vector valued form with respect to a (curved)
Lo -structure p with square IC, on a graded vector space E. Then,

(i) for all integers k > 1, uy is a (curved) Loo-structure on E and N is Nijen-
huis with square IC, with respect to pg;
(ii) for all integers k,1 > 1, [pg, 1] py = 0.

Proof. (i) For the case k = 1, Proposition 2.3 together with the observation
that if A/ is Nijenhuis then it is also weak Nijenhuis with respect to u, yields
that g1 = [N, p],y is a (curved) Loo-algebra. Since N is Nijenhuis with
respect to u with square X, we have

(7) [Na [N’ [N7/‘L]RN]RN]RN = [Nv [’C’ILL]RN]RN‘

Applying the Jacobi identity on the right hand side of (7) and using the as-
sumption that A" and K commute with respect to the Richardson-Nijenhuis
bracket, we get

[Na [N’:ul]RN]RN = [’C’Iul}RN'

Thus, N is Nijenhuis with respect to p1, with square K.
Assume, by induction, that A is Nijenhuis with respect to uy with square
KC. Then, we have

[N7 [Nv [N’ :u‘k]RN]RN]RN = [N’ [ICHU”C}RN]RN7

or, equivalently,

[Nu [N7 Nk+1]RN]RN = [IC7/'L]€+1]RN

which shows that N is Nijenhuis with respect to py11, with square .
Assuming, by induction, that uy is a (curved) Loo-structure, i.e. [ug, i) pn =

0, we get
[V, ] s IV k] e Lo = 0
by using the Jacobi identity, which means that pr41 is a (curved) Loo-
structure. Thus, u is a (curved) Loo-structure, for all k£ > 1.
(ii) Let k and I be two positive integers with k > I. The case k = [ was proved
in i). For the case k > [, assume by induction that [ug, tn],y = 0 for all
integers k > n > [. Then, the Jacobi identity gives

[:Uk-‘rla lu’l]RN = [[Nv Mk]RNHUl]RN

(8) = [Na [/’Lk7ul]RN]RN - [:u’k’ [N7 :U’Z]RN]RN

and by the induction assumption, both terms in (8) vanish. So, we get
[k+1, 141]) ny = 0. This completes the induction and shows that [pg, (] pn =
0, for all k,1 > 1.
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Remark 2.5. Theorem 2.4 implies that:
0 ) = 3 e
with ¢ a formal parameter, satisfies the relation:
d* d
1 —(t), == pu(t =
(10) ) )] =0

for all pair of positive integers k, . Let us prove this point: (9) implies that

dk x4
a0 = 2 gy

Hence,

ﬁu(t), @M(t) [Hrotis gl -

dk dl e it
[ LN B ilj!

i,j=0

Thus, (10) holds for all pair of positive integers k, [ if item (ii) in Theorem 2.4 holds.
Now, recall from [20] that a symmetric vector valued form v extends in a unique
manner to a coderivation 7 of the symmetric algebra S(F). The Richardson-
Nijenhuis bracket can be seen as bein&\t_h/e graded commutator of coderivations

of S(E): said otherwise, the relation [, v],, = [, 7] holds. In particular, for 4 a
Lo-structure, the coderivation o squares to zero.

Recall also that given two L,-structures p and v, a coalgebra endomorphism ®
of S(F) that satisfies ® o i = Do ® is called an Lo,-morphisms from p to v. When
® is invertible, we speak of L..-isomorphism. These facts extend to the algebra
S(E) @ K[[t]], with K being the base field and ¢ a formal parameter.

By definition of py, ((t) can be expressed as

plt) = e (),
where e stands for the exponential (which makes sense since ¢ is a formal parameter)

and ad refers to the adjoint action with respect to the Richardson-Nijenhuis bracket.
By usual abstract non-sense, the previous relation implies:

I&Tt/):etﬁoﬁoeftfv

where [t is the coderivation of the symmetric algebra S(F) associated to p. Since
etN' is an invertible coalgebra morphism, the L.o-structures pu(t) and pu are Loo-
isomorphic. This point should be interpreted as meaning that pq, = % ’t:O p(t) is a
trivial deformation of the L.-structure u. As usual in deformation theory, trivial
deformations are defined as being those which are the first derivatives at t = 0
of a parameter depending deformation p(t) of a Loo-structure p such that p(t) is
L.-isomorphic to p. This is parallel to what happens for Nijenhuis deformations of
Poisson structures. Notice, however, that us is not, a priori, a trivial deformation
of u.

Recall from [14] that a Nijenhuis operator on a graded Lie algebra (E,u = |.,.])
is a linear map N : E — F such that its Nijenhuis torsion with respect to p, defined
by

(1) T,N(X.Y) = p(NX,NY) = N(u(NX,Y) + (X, NY) = N(u(X,Y)),

for all X, Y € E, is identically zero. For a binary bracket p = [.,.], the deformed
bracket by N is denoted by [.,.]5 and is given by [X, Y]y = [NX,Y]+ [X,NY] —
N[X,Y]. It has been shown in [14] that if N is Nijenhuis on a Lie algebra (E, [, .]),
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then (E, [.,.]y) is also a Lie algebra and N is a morphism of Lie algebras. Also, it has
been shown that N is Nijenhuis if and only if deforming the original bracket of the
Lie algebra twice by N is equivalent to deform it once by N2, that is ([X,Y]ny)n =
[X,Y]n2. This can be stated using the notion of Richardson-Nijenhuis bracket on
the space of vector valued forms on a graded vector space F, as follows:

[Nv [Na :LL]RN]RN = [szp*]RN'

So, we conclude that Nijenhuis operators in the usual and traditional sense are, of
course, Nijenhuis in our sense also.

Next, we present the first examples of Nijenhuis vector valued forms on L..-
algebras. We start by introducing the Euler map S, the map that simply counts
the degree of homogeneous elements in a graded vector space. More precisely, given
a graded vector space F = @®;czE;, S : E — E is defined by S(X) = —|X|X, for
all homogeneous elements X € E of degree | X|.

Notice that S, as a graded map, has degree zero, S = 0. By a simple computa-
tion, using the definition of S, we get the following result.

Lemma 2.6. Let E = ®;czFE; be a graded vector space. Then,
[S,al,y = aa,
for every symmetric vector valued form o« on E of degree &.

Proposition 2.7. Let pu be a vector valued form of degree 1 on a graded vector
space E = @;czpE;. The Euler map S is a Nijenhuis vector valued form with respect
to pu with square S.

Proof. Let =5, ;. Applying Lemma 2.6 to each [;,1 < i < oo, and taking the

sum we get:
oo

[S, W pn = 2[87 lilaw = Zli = H.
i=1 i=1
Therefore

[S, 1S, H’]RN}RN =[S, :U']RN'
Since S = 0, Lemma 2.6 implies that [S,5],., = 0 and this completes the proof. [

Of course, the result can be enlarged for every p-cocycle, that is, a vector valued
form « such that [u, o],y = 0.

Proposition 2.8. Let p be a vector valued form of degree 1 on a graded vector
space E. Then, for every element a of degree 0 in S(E*) ® E with [u,a],, = 0,
S + « is Nijenhuis with respect to p, with square S.

Next, we give some examples of Nijenhuis forms on symmetric graded and sym-
metric differential graded Lie algebras. For that, we need to introduce the notions
of Maurer-Cartan and Poisson elements.

A Maurer-Cartan element in a symmetric differential graded Lie algebra (F, d, ., .])
is an element e € Ej such that

1
d(e) — 5[6,6] = 0.
A Maurer-Cartan element in a symmetric curved differential graded Lie algebra
(E, ¢,d,[.,.]) is an element e € Ey such that

(d(e) — €) — %[e,e] =0.

A Poisson element in a curved Loc-algebra (E,p =3 ,5l;) is an element 7 €
Ey, such that ly(m,7) = 0.
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The next proposition provides an example of a Nijenhuis vector valued form on
a symmetric differential graded Lie algebra.

Proposition 2.9. Let u = €+ 1y + I be a curved symmetric differential graded
Lie algebra structure on a graded vector space E = @iezF; and w € Ey. Then,
N =7+ S is a Nijenhuis vector valued form (with curvature 7) with respect to u
and with square 2w + S if, and only if, ™ is a Poisson element.

In this case, the deformed structure is the curved symmetric differential graded
Lie algebra (E, (€ + 11 () + (I1 + l2(7, ) + 12).

Proof. The proof of the equivalence follows from:

(12) [7T+S,Q:+ll +12]RN = €+l1(7r)+ (ZQ(TF,.) +ll) +l2,

[+ S, [m+S, €+l +b]uylain = [T+SC+U+1la+11(m)+la(m, )]y
Q:-‘rll+12+211(7T)+212(7T,.)+l2(71’771')
274+ S, €+ 11 + o] ,n + la(m,7)

and
[W + Sa 27 + S]RN = 2[71—77T]RN + [ﬂ, S]RN + 2[57 7T]RN + [Sa S]RN =0.
The last statement follows directly from (12) and Theorem 2.4. O

Notice that, in Proposition 2.9, if we start with a symmetric differential graded
Lie algebra without curvature, that is, if € = 0, then, the deformed structure is a
curved symmetric differential graded Lie algebra with curvature 1 (7). Moreover,
if Iy = 0, Proposition 2.9 provides an example of Nijenhuis vector valued form on a
symmetric graded Lie algebra.

Proposition 2.10. Let u = €+ 1y + Iy be a curved symmetric differential graded
Lie algebra structure on a graded vector space E = @iezF; and m € Ey. Then,
N = Idg + 7 is a Nijenhuis vector valued form (with curvature w) with respect to
w and with square Idg + m if, and only if, ™ is a Maurer-Cartan element.

In this case, the deformed structure is the curved symmetric differential graded
Lie algebra (E, (li(m) — €) 4+ la(mr,.) + l2).

Proof. First notice that
(13) [7T+IdE,€+ll +12}RN:(Z1(7T)7Q:)+12(’/T,)+l2
and

[7T+IdE,[7T+IdE7¢+l1 +l2}RN]RN = l2(7T,7T) —l—lg(ﬂ',.) —ll(w)+(€+l2
1
= =€ =2((la(m) = €) = Sla(m,m)) + L (m) + la(7, ) + I

= (1) ~ ©) ~ Lha(m, ) + [+ I, €+ 11 + Dl

This, together with the fact that [7 + Idg, 7+ Idg|,, = 0, imply that Idg + 7 is a
Nijenhuis vector valued form with respect to p if, and only if, 7 is a Maurer-Cartan
element of the curved symmetric differential graded Lie algebra (E, ). The last
statement follows from (13) and Theorem 2.4. O

3. NIJENHUIS FORMS ON LIE n-ALGEBRAS

Lie n-algebras are particular cases of L..-algebras for which only n 4 1 brackets
may be non-zero. We define Nijenhuis forms for this special case and we analyze,
in particular, the Lie n-algebra defined by an n-plectic manifold.

A graded vector space E = @,z F; is said to be concentrated in degrees py, - - - pg,
with p1,--- ,px € Z, if E,,,--- , Ep, are the only non-zero components of E.
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Definition 3.1. A symmetric Lie n-algebra is a symmetric Lyo-algebra whose
underlying graded vector space is concentrated on degrees —n,--- , —1.

Remark 3.2. Note that, by degree reasons, any vector valued k-form of degree 1
has to vanish for £ > n + 2. So, the only non-zero symmetric vector valued forms
(multi-brackets) on a symmetric Lie n-algebra are {1, -, l41.

Proposition 3.3. Let (E=FE_,® - - ®E_1,u=11+--+1,+1) be a Lie n-algebra.
Let Ny, .-+, N; be a family of symmetric vector valued k1, - - - , k;-forms, respectively,
of degree zero on E, with "T*?’ <k <-- <k <n+1. Then, N = S+Z§:1 N; 1s
a Nijenhuis vector valued form with respect to wu, with square S + 22221 N;. The
deformed Lie n-algebra structure is

S+ T Nep] = ud [ Nob] e [T Nl

RN RN
+ |:Zi7él Nia ln—kl+3:| + ce + |:Zi;£l Ni) ln—k}z,1+2:|
RN. R
+ {Zi;ﬁl,lq Nialn—k1+3}
+ e _|_
+ [Nty ln—kotal 0+ [N k2] L

Proof. Let 1 < 4,5 <l. By Remark 3.2, any vector valued (m + k; — 1)-form of
degree 1, with m > n — k; 4+ 3, is identically zero; hence,

N

4+ .4 [Zlil,lfl Ni,ln—k171+2:|

RN RN

(14) [Ni,lm] . =0,

for all m > n —k; + 3. Also, any vector valued (k; + k; +m — 2)-form, with m > 1
is identically zero, because out of the conditions "T'H)’ <k < ---<k<n+1and
m > 1 we get k; +k; +m — 2> n+ 2. Thus,

(15) [Ni, N, lm]m} =0

for all m > 1. From Equations (14) and (15), we get
[5 + 30 N, M] = p+ [Zizl Ni, ll} +o {22:1 N, ln—kl+2]
RN RN RN
+ |:Zz7él Nia l’n—kl-‘r3:| + - + |:Zi7§[ N’i) l7b—k[,1+2:|
RN. R

+ {Zi;ﬁl,lq Nialn—kz+3}
e
+ [N17 ln—kg—i-ii]RN +- [N17ln—k1+2]RN

N

4+t [Zi#hl*l Ni,ln—szl"rQ]

RN RN

and

l
S+ ZNi,
=1 RN

It follows from the conditions ”7”’ <k <--- <k <n+1that, for 1 <i,j <I,
we have k; + k; —1 > n+ 2. By degree reasons, any vector valued k-form of degree
zero has to vanish for k& > n + 1. Hence, [N, Nj]RN =0 for all 1 <4,5 <, which

implies that

l

i=1

l
> x| -
RN

i=1

l
S+2ZNZ',,LL‘| .
RN

RN i=1

l l
S+ZNi,S+2ZNi] = 0.
=1 =1

RN

O

Remark 3.4. In Proposition 3.3 one may replace each vector valued k;-form N; by a
family of symmetric vector valued k;-forms. Also, we should stress that Proposition
3.3 is not a generalization of Proposition 2.9. Looking at m € Ej in Proposition 2.9
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as a vector valued O-form of degree zero, the assumptions of Proposition 3.3 do not
apply to m because they are not satisfied forn = 1, [ = 1 and k; = 0. Besides, notice
that in Proposition 2.9 F = ®;czF;, while in Proposition 3.3 F=FE_,, ®---®FE_1,
i.e., the degrees are concentrated in —n,--- ,—1.

Next, we consider a particular class of Lie n-algebras, those associated to n-
plectic manifolds. Let us recall some definitions from [21].

Definition 3.5. An n-plectic manifold is a manifold M equipped with a non-
degenerate and closed (n + 1)-form w. It is denoted by (M,w).

An (n — 1)-form « on an n-plectic manifold (M, w) is said to be a Hamiltonian
form if there exists a smooth vector field x, on M such that daw = —¢, w. The
vector field y, is called the Hamiltonian vector field associated to a. The space of
all Hamiltonian forms on an n-plectic manifold (M,w) is denoted by Q1 (M).

Given two Hamiltonian forms «, 8 on an n-plectic manifold (M,w), with Hamil-
tonian vector fields x, and xg, respectively, one may define a bracket {.,.} by
setting

{0, B} =ty by sw-
It turns out that {a, 8} is a Hamiltonian form with associated Hamiltonian vector
field [xa, xg], see [21].

Following [21], we may associate to an n-plectic manifold (M,w) a symmetric

Lie n-algebra.

Theorem 3.6. Let (M,w) be an n-plectic manifold. Set
(M), if =1,
lQrti(M),  if —n<i< =2

and E = @i_:l_nEi. Let the collection I}, : E x .5. x E — E, k > 1, of symmetric

multi-linear maps be defined as

—Dlelda.  if _1,
ll(a){( Dllda, if ag B

0, if acE_,
0, if ; & E_1 for some 1 <1i<k,
le(ag, - ,a5) = (—l)nglLXa1 iy, ws fop € By forall  1<i<k and k is even,

k—1

(=172 iy, ixa,ws fo €Eq forall 1<i<k and k is odd,
for k > 2, where x,, 1s the Hamiltonian vector field associated to «y. Then,
(E, (Ik)k>1) is a symmetric Lie n-algebra.

In the next proposition we give an example of a Nijenhuis vector valued form,
with respect to the Lo.-algebra (Lie n-algebra) structure associated to a given n-
plectic manifold, which is the sum of a symmetric vector valued 1-form with a
symmetric vector valued i-form, with ¢ =2,--- /n.

Proposition 3.7. Let (M,w) be an n-plectic manifold with the associated symmet-
ric Lie n-algebra structure p =13 + - - + lp41. For any n-form n on the manifold

M, and any i = 2,...,n, define 1; to be the symmetric vector valued i-form of
degree zero given by
~ byg, " lyg M, if Bi € E_q
(16) 0i(Bry-- Bi) = q T L
0, otherwise,
where xg,, -+ ,Xs, ore the Hamiltonian vector fields of B1,--- ,Bn, respectively.

Then, S+1; is a Nijenhuis vector valued form with respect to u, with square S+27;.
The deformed structure is

[S—i_ﬁ;?l‘l’]RN =pu+ [ﬁivll]RN + [ﬁ;?l?]m\r'
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The proof of Proposition 3.7 is based on the following lemma.

Lemma 3.8. For all 2 <1i <mn, and all homogeneous elements a1, -+ ,a; € E, we
have:

(1) ni(li(0n), a2, ,a;) =0,

0, m >3
(2) [,’%7Zm}RN = _leﬁia m =2
dom;,, m=1

(3) [ﬁla [ﬁvialm]RN}RN = 0, m Z 1.

Proof. We start by noticing that from its definition, 7); vanishes on @;ﬁ_nEi and
Im7; C E_;, i > 2. So, to prove item (1), the only case we have to investigate is
when oy € E_5 and l1(a1), @z, - -+, a; are all Hamiltonian forms. Let x;, (q,) be the

Hamiltonian vector field associated to Iy («y). Then, we have
by oW = —d(li(an)) = —d%a; =0,
thus X7, (a,) = 0, by the non-degeneracy of w. This proves item (1).

Let us now compute [7;, lym] 5. When m > 3, from the definitions of I,,, and 7;,
we get

lm(ﬁi(ala Ce 7041')7 - ;am+i—1) =0
and

@(lm(al; e ,Oém)7 e 705m+1'—1) = ()7
for all a1, -+, ym—1 € E, i > 2, so that [7;,l;n],y = 0. Since 7; takes value in
E_;, we have 151y = 0, hence [1;,l2],,y = —t1,7. From item (1) and definition of

i we get [1, 1],y =don;.
Last, we prove item (3). For m > 3, [, [y lm] ay | sy = 0 18 a direct consequence
of item (2). The case m = 2 follows from the fact that 7; does not take value in

E_q,s0 lo(ni(a, -+ ,@4),a41) = 0, for all oy, , ;41 € E. Hence, using item
(2) we get

biy; [77;712]RN =0 and L[ﬁi,lz]RNﬁi =0,
which gives [7;, [i, l2] sy | i = 0. Similar arguments as those used above prove that
[ﬁia[mvll]mv]mv =0. 0

Proof. (of Proposition 3.7) From Lemma 3.8 we have
(17) (S + iy ] e = 1+ [T L oy + [755 L2]
and applying [S + 7;, .| ., to both sides of Equation (17), we get
[S 476, [S + 1 M lon = 142000 Ll + 20, l2]
(S + 21, 1] -

Now, the equation
[S + 1, S + il ey =0,
holds, for all ¢ > 2, as a consequence of vg,7; = 0. (]

From Proposition 3.7 we get the following result.

Theorem 3.9. Let (17);>1 be a family of n-forms on an n-plectic manifold (M, w).
Let (E=E_,® - ®E_1,u=11+---+1lu4+1) be the Lie n-algebra associated to
(M,w). For each 2 < i < n, define the vector valued i-forms (n); as

— L - nj, Zf BkEE,1 foralllﬁkﬁl,
VAW e i — XB1 XB;
()i(Bry - Bi) {O7 otherwise
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where xg,, -+ ,Xxg; ore the Hamiltonian vector fields associated to the Hamiltonian

forms B1,---, Bi, respectively. Then, N := S+ 37,5, 370, (/77\1_)/1 is a Nijenhuis
vector valued form with respect to the Lie n-algebra structure p.

4. THE CASE OF LIE 2-ALGEBRAS

In this section we treat the case of Lie 2-algebras. We show how to construct
Nijenhuis forms with respect to Lie 2-algebras, which are the sum of a vector valued
1-form with a vector valued 2-form.

We start by recalling that a Lie 2-algebra is a pair (E, ), where E is a graded
vector space with degrees concentrated in —2 and —1, that is E =F_o® E_1, and
=1y +lo + I3 with 1, Io and I3 being symmetric vector valued 1-form, 2-form
and 3-form, respectively, all of them of degree 1. For degree reasons, the brackets
l1 and I3 are not identically zero in the following cases:

l1: F_ 53— Efl, l3:F 1 xFEF_ {1 xFE_1— E,Q,
while the binary bracket l5 has two parts
ZQ‘E71XE72 : E_1 X E_Q — E_Q, l2|E,1><E,1 : E_1 X E_1 — E_l.

The equation [u, ], = 0 gives the following relations (by degree reasons, all the
missing cases are identically zero):

(18) [ll’l2]RN (fa g) =0,
(19) [l1712]RN(X7 f) =0,
(20) (2[ll7l3]RN + [Z27l2]RN)(X7 Y, f) =0,
(21) (2[ll7l3]RN + [l27l2]RN)(X7 Y, Z) =0,
(22) [127l3}RN(XaY’aZa W) = Oa
with X,Y,Z,W € E_; and f, g € E_o.
Let us set
(23) ll = 87 13 = w

and, for all X, Y € E_; and f € E_o,
(24) 12‘E71><E71(Xay) = [X7Y]2 and ZZ‘E,le,Q(Xa f) :X(X)fa
with x : E_1 — End(E_3). Then, we have:

Lemma 4.1. A wvector valued form p = Iy + lo + I3, with associated quadruple
(0, %, [, ]2, w) given by (23) and (24), is a Lie 2-algebra structure on E = E_o@®E_
if and only if

(25) x(0f)g = —x(99) f,

(26) [X,0f]2 = 0(x(X)f),

(27) X([X, Y2) f+ x(YV)x(X)f = x(X)x(Y)f + w(X,Y,0f) =0,
(28) [[X,Y]2, Z]2 + c.p. = O(w(X, Y, Z)),

XW)w(X,Y,Z) = x(Z)w(X, Y, W) + x(Y)w(X, Z,W) = x(X)w(Y, Z, W) =
—w([X,Y]2, ZW) + w([X, Z]2, Y, W) — w([X,W]5,Y, Z)
(29) —w([Y, Z]2, X, W) + w([Y, W]z, X, Z) — w([Z, W]2, X, Y),
forall XY, Z W €€ E_1 and f € E_5.
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Proof. We have the following equivalences, by applying the definition of Richardson-
Nijenhuis bracket: (18) < (25), (19) < (26), (20) & (27), (21) < (28) and
(22) & (29). d

The quadruple (9, x, [.,.]J2,w) of Lemma 4.1 is the quadruple associated to the
Lie 2-algebra structure pp =1y + lo + l3.

There is an associated Chevalley-Eilenberg differential to each Lie 2-algebra.
Before giving its definition, we need the next lemma.

Lemma 4.2. Let (E = E_ o ® E_1, u = l1 + 1y +13) be a Lie 2-algebra with
corresponding quadruple (9,x,|.,.J2,w) and n € S¥(E*) @ E be a vector valued
k-form of degree k — 2. Then,

k
[7]’ ZQ]RN (XO’ s vXk) = Z(—l)iX(Xi)U(Xm e Xy 7Xk)
=0
(30) + Z (_1)7/+J77([X’“XJ}27X07 7—3(\757"' 75(;7"' 7Xk3)7
0<i<j<k

for all Xo,..., Xy € E_1 , where 5(\1 means the absence of X;.

Proof. By degree reasons, 1 has to be of the form n : E_; x . *. x E_; — E_,.
Using the Richardson-Nijenhuis bracket definition one gets Equation (30). O

Definition 4.3. Let F = E_5 ® E_; be a graded vector space concentrated on
degrees —2 and —1, S(F) C S¥(E*) ® E be the subspace of all symmetric vector
valued k-forms of degree k—2 and S*(E) := ®y>15:(E). Let x : E_1 — End(E_2)
be a representation of vector spaces and [.,.] : E_1xFE_; — E_; a graded symmetric

bilinear map. Then, the Chevalley-Eilenberg differential d°F is the map
d°F . S*(E) — S*(E)
such that, if n € Sy (E), then d°Fn € Siy1(F) is defined by
k . —
dPn(Xo, .., Xi) = D (“)'X(Xa)n(Xoy -+ Xiy- oo, Xp)
i=0
+ Z (71)Z+J7]([X17X]]7X07 75(\1'5"' 75(;7"' an)v
0<i<j<k
for all Xo,..., X, € E_1, where 5(: means for the absence of X;.

dCE

In general, the operator does not square to zero. However, according to

Lemma 4.2 it can be written as
(31) dCE = ['a 12]

and we get, from the graded Jacobi identity of the Richardson-Nijenhuis bracket,
that d“F squares to zero if and only if [lg, 2] ., = 0.

Next, we explain how a crossed module of Lie algebras can be seen as a Lie
2-algebra. Let us first recall the definition of a crossed module of Lie algebras [26]:

RN

Definition 4.4. A crossed module of Lie algebras (g, [.,.]¢) and (b, [.,.]%) is a
homomorphism 0 : g — b together with an action by derivation of § on g, that is,
a linear map x : h — Hom(g, g) such that

(32) d(x(h)g) = [h,0(g)]", forall geg, heh

and

(33) x(0(91))g2 = [91,92]°, forall g1,92 € g.
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Such a crossed module will be denoted by (g, b, 9, x).

From a Lie 2-algebra with vanishing vector valued 3-form, we may get a crossed
module of Lie algebras.

Proposition 4.5. [1] Let (E = E_o® E_1, p =11 + I3+ 13) be a Lie 2-algebra,
with corresponding quadruple (9, X, [., ]2, w) given by (23) and (24). If w = 0, then
(E_q,E_1,0,X) is a crossed module of Lie algebras.

Proposition 3.3 provides the construction of Nijenhuis forms on Lie n-algebras.
However, for the case n = 2, that proposition does not give the possibility of having
a Nijenhuis vector valued 2-form. We intend to give an example of Nijenhuis vector
valued form with respect to a Lie 2-algebra structure p on a graded vector space
E_5®E_1 which is not purely a 1-form, i.e. not just a collection of maps from E; to
E;,i=1,2. As we have mentioned before, elements of degree zero in g(E*) ®QF are
necessarily of the form N + « with N : E — FE a linear endomorphism preserving
the degree and a: £ x E — E a symmetric vector valued 2-form of degree zero.

Theorem 4.6. Let =11 + 1o + I3 be a Lie 2-algebra structure on a graded vector
space E = E_o®E_1 and a a symmetric vector valued 2-form of degree zero. Then,
S+ « is a Nijenhuis vector valued form with respect to p, with square of S + 2a, if
and only if

(34) Oé(ll(Oé(X, Y))> Z) +cp. =0,
forall XY, Z € E_;.

Proof. By degree reasons, the only case where the vector valued 3-form [ov, [a, 1] o ] o
is not identically zero is when it is evaluated on elements of E_;. In this case, we
get

[av [a’ll}RN]RN(X7 Y, Z) [a ! ] (a( ) )’Z) + c.p.

(35) a([a ,1]RN( YY), Z) + cp.
= —2a(11(a(X, Y),Z)+cp.,

for all X,Y,Z € E_;. Again by degree reasons, [o, [a, o], x]an and [, 3], are
identically zero. So, we have
S+o,[S+oli+lb+]y]aw =
= [St+alitl+z+ ol + [0l an]ay
= h+lb+iz+ 2[04, ll]RN + 2[@, l2]RN + [a’ [av ll]RN]RN
(36) = [SH4 20,0l +la+ 3]y + [0 U] an] -

On the other hand, Lemma 2.6 and Equation (2) imply that
(37) [S+ a, S +2a],, =0.

Equations (35), (36) and (37) show that S + « is a Nijenhuis vector valued form
with respect to p, with square S + 2a;, if and only if a(l1(«(X,Y)), Z) + c.p. = 0,
forall X,Y,Z € E_;. O

Corollary 4.7. Let =1y + 12+ 13 be a Lie 2-algebra structure on a graded vector
space E = E_o ® E_q1, with 1 = 0. Then, for every vector valued 2-form « of
degree zero, S + « is a Nijenhuis vector valued form with respect to p, with square
S+ 2a.

Combining Theorems 4.6 and 2.4 we get the following proposition.
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Proposition 4.8. Let p = I3 + ls + I3 be a Lie 2-algebra structure on a graded
vector space B = E_o ® E_1. Let a be a vector valued 2-form of degree zero such
that a(ly(a(X,Y)), Z)+cp. =0, for all X,Y,Z € E_y. Let py, stand for the vector
valued form defined by p, =[S+, [S+o, -, [S+a, ] any - |l an]ans With k copies
of S+a. Then, S+« is a Nijenhuis vector valued form with respect to all the terms
of the hierarchy of successive deformations iy, with square S + 2.

If u =10 +1s+13is a Lie 2-algebra on £ = E_o ® E_; with [; = 0, then
[.,.]2, given by (24), is a Lie bracket on E_;. Also, the condition [l3,13],, = 0
means that [3 is a Chevalley-Eilenberg-closed 3-form of this Lie algebra F_; valued
in F_5. This kind of Lie 2-algebras are usually called string Lie algebras. A Lie
2-algebra (F_o @ E_1,l1 + I3 + I3) with I = I3 = 0 and [y invertible, is called a
trivial Lie 2-algebra. The next example is an application of Theorem 4.6 to a trivial
Lie 2-algebra.

Example 4.9. Let g be a vector space and [., .]g be a skew-symmetric bilinear map
ong Let By :={-1} xg, E_5:={-2} xgandlet 0: E_3 — E_; be given by
(—=2,z) = (—1,z). Define a: E_1 x E_1 — E_5 to be vector valued 2-form on the
graded vector space E = E_o & E_q as ((—1,z),(—1,y)) — (=2, [z, y]g). Then, as
a direct consequence of Theorem 4.6, we have that S 4+ « is Nijenhuis with respect
to 0 if and only if [, ]y is a Lie bracket.

Let us now look at the deformation of a Lie 2-algebra structure.

Proposition 4.10. Let u =11 + ls + I3 be a Lie 2-algebra structure on a graded
vector space E = E_o ® E_y, with associated quadruple (0, [., ]2, x,w). Let a be
a symmetric vector valued 2-form of degree zero on E and set N = S + a. The

deformed structure pN is associated to the quadruple (&, [.,.]5, x',w'):
af = 9f,
(38) [(X,Y], = [X,Y]s+8(a(X,Y)),
X/(X)f = X(X)f_a(a.ﬂX)v
W(X,Y,Z) = w(X,Y,Z)+dPa(X,Y, 2),

for all X,Y,Z € E_y and f € E_. If a satisfies (34), iV is a Lie 2-algebra
structure on E.

Proof. The first part of the statement follows from the following easy relations:
[S + a?M]RN =h+ (l2 + [O[, ll]RN) + (ZS + [av lQ]RN);
[, 1] (X, Y) =1 (a(X,Y)), forall X, Y € E_q;
[a, 1] o (X, ) = —a(l1(f), X), forall X € E_;, f € E_o;
[, la] ny = d“Fa.

The second part is a direct consequence of Theorem 4.6. O

Notice that, in the case of Proposition 4.10, the vector valued form S — « has
the inverse effect of S + a, that is, [S — o, [S + &, ] un Jay = M-

As we have seen previously, string Lie algebras on E_s @& E_1 are in one to one
correspondence with Lie algebra structures on g := E_1 together with a represen-
tation of the Lie algebra g on the vector space V := E_5 and a Chevalley-Eilenberg
3-cocycle w for this representation. Hence, we denote string Lie algebras as triples
(g,V,w). According to Proposition 4.10, the deformation of a string Lie algebra
(g,V,w) by S + a, just amounts to change the 3-cocycle w into w + d“Fa. So
that, for string Lie algebras, adding up a coboundary, i.e., changing (g, V,w) into
(g, V,w+d®Fa) can be seen as a Nijenhuis transformation by S + a.
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A Lie 2-subalgebra of a Lie 2-algebra (E=E_o® E_1,u =11 + 12+ 13) is a Lie
2-algebra (F' = F' s ® E' , )/ =} + 1,4+ 1) with By C E_5 and E' | C E_,4
vector subspaces,

! ! I
L=Ulg, ly=llpxp and I5=13|pxp x5

Let us now investigate Lie 2-algebras structures for which x = 0. There may be
quite a few such Lie 2-algebras but we are going to show that, after a Nijenhuis
transformation of the form S+ «, such Lie 2-algebras will be decomposed as a direct
sum of a string Lie algebra with a trivial Lie 2-algebra.

Proposition 4.11. Given a Lie 2-algebra structure Iy + o + I3 on a graded vector
space E = E_o @ E_1 and corresponding quadruple (9,]., ]2, x,w), with x = 0,
there exists a Nijenhuis form S + «, with « a vector valued 2-form of degree zero,
such that the deformed bracket [S + «,ly + la + I3] is the direct sum of a string
Lie 2-algebra with a trivial Ly -algebra.

RN

Proof. We set E' | := Im(9), E*, := Ker(d) and we choose two subspaces E', C
E_5 and E* | C F_; such that the following are direct sums: E* ;@ E*, = E_5 and
E', @ E*, = E_;. Since x = 0, by (26), the bracket [.,.]> vanishes on E_; x E |;
so that, there exists a unique skew-symmetric bilinear map a: E_; x E_; — E*,
such that

(39) 0a(X,Y) = —prge ([X,Y]z), forall X,Y € E_y,

where Pret stands for the projection on E! | with respect to E* . Notice that « is
unique. In fact, if o/ : E_; x E_1 — Et_2 is another skew-symmetric bilinear map
satisfying (39), then (o — o/)(X,Y) € Ker(9) = E?,, for all X,Y € E_;. Since
(o — a/)(X,Y) is also an element of E*, and E_5 = E', @ E*, is a direct sum,
we have that (o — o/)(X,Y) =0, for all X,Y € E_;, and so @ = &’. Note that we
also have

(40) a(X,Y) =0 if X or Y belong to E*,

so that a(0a(X,Y),Z) =0, for all X,Y,Z € E_;. Hence, by Theorem 4.6, S+« is
a Nijenhuis form with square S+ 2« and, by Proposition 4.10, the deformed bracket
B+U+105:=[S+a,ly +la+13],, is a Lie 2-algebra structure on £ = E_s® E_;.
We claim that (E5, & E5,, 0% + 15 +15) and (EL, @ EL,, I}t + 11} +1¥) are Lie
2-subalgebras of (E_o® E_1,1} +1,+14), where I and [/' stand for the restrictions
of I to E* | ®F?%, and E' | ®E" ,, respectively. We also claim that (E%,®E*,, I+
I + 1) is a string Lie 2-algebra while (EY, @ E',,I{f + 1% + 1}) is a trivial Lie
2-algebra, and that their direct sum is isomorphic to (F_o @ E_1,1] + 15 +14).
Let (', [.,.]), x/,w’) stand for the quadruple associated to the deformed structure
I} + 1, +15. First, we prove that (E', & E',, I} + 14 +1%) is a Lie 2-subalgebra of
(E_o® E_y,l} + 15+ 1%) with I = 1§ = 0, hence it is a trivial Lie 2-subalgebra.
We use the explicit expressions given in Proposition 4.10 in the case x = 0. Let
f€E,and X,Y,Z € Et,. Then, l{{(f) = &' (f) = d(f); thus I}(E,) C Et;.
Moreover, using (40) and the fact that [.,.]2 vanishes on E_; x E*, we get

l/2t(X7 f) = X/(X)f = _a(8f7X) = 07
I5(X,Y) = [X, Y]y = [X, V] + 0((X,Y)) = 0,
so that If = 0. As for I}, we have

INX,Y,Z) = (X,Y,Z) =w(X,Y,Z) +d“Pa(X,Y, Z).
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Now, w(X,Y,Z) = 0 by (27) and d°Pa(X,Y,2) D) [a, 1], (X, Y, Z) = 0, by
(40) and because Iy vanishes on E'; x E',. We therefore obtain I§ = 0, which
completes the proof of the fact that (E* | & E',, I}t + 145 +1¥) is a Lie 2-subalgebra
of (E_o ® E_y1,1} + 14+ 14) with I =14 =0.

Next we prove that (E®, @ FE*,, I + 15 +15) is a Lie 2-subalgebra of (E_o @
E_1,l1 +1,+1%) with I{°(E?,) = 0 and hence it is a string Lie subalgebra. We use
again Proposition 4.10 with x = 0. By definition of E?,,

I°(E2,) = 0'(B2,) = 0(E2,) =0
holds. Let f € E*, = Ker(9) and X,Y,Z € E?,. Then, we have I5(X, f) =
Y(X)f = ~a(df, X) = 0 and
(41) I5(X, f) € E2,.
Also,
I5(X,Y) = [X,Y], = [X,Y]s + 0a(X,Y) = [X, Y]y — prg: ([X,Y]2),

which implies that

(42) I5(X,Y) e E*.
From (28), and taking into account that 0 = ', we get
(43) O (X, Y, 2)) = (X, Y), Z) + .

Using Relation (42), the right hand side of Equation (43) belongs to E*, while
according to the definition of E?, the left hand side of Equation (43) belongs to
E!, and since E_; = E' | ® E? | is a direct sum, both sides of Equation (43) should
be zero. This implies that

(44) IL(X,Y, Z) € E=,,.
Relations (41) and (42) together with Equation (44) show that (E*, & E,l} +
I5 4 1%) is a Lie 2-subalgebra. This completes the proof. O

Next, it is interesting to see that Lie algebras themselves can be seen as Nijenhuis
forms. We start by noticing that any vector valued 2-form of degree zero on a graded
vector space E_o @ E_1 is of the form

—a(Y, X if X)Y e E_
(45) O((X,Y): O(( ) )7 1 ) .6 1
0, otherwise.

This, together with the fact that o always takes value in E_5, imply that
(46) a(a(X,Y), Z)+cp. =0,

for all X,Y,Z € E_;. Equations (45) and (46) mean that any symmetric vector
valued 2-form « on an arbitrary graded vector space E_o @ E_1 is a Lie algebra
(not a graded Lie algebra). In the next proposition, we show that there is also a
way to get a Lie bracket on a graded vector space E = E_o@® E_; from a Nijenhuis

form with respect to a Lie 2-algebra structure pu =l + I3 + I3 on the vector space
E.

Proposition 4.12. Let (E=E_o® E_1, p =11 +1la+13) be a Lie 2-algebra, with
corresponding quadruple (9, ., .]2, x,w). Let a be a vector valued 2-form of degree
zero and define a bilinear map & by setting

(X,Y), for X, Y e E_,,

a(aX Y), forXeE_oYeFE_y,

a(X,0Y), forXeE_1,Y €FE 5,

(0X,0Y), for XY € E_,.

&(X,Y) =

(07
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Then, S+« is Nijenhuis vector valued 2-form with respect to u, with square S+ 2,
if and only if (E,&) is a Lie algebra.

Proof. By definition, & is a skew-symmetric bilinear map on the vector space E
and we have

&(a(X,Y), Z) + ep.
a(a(f,Y),Z) + cp.

for all X,Y,Z € E_; and f € E_5. Hence, Theorem 4.6 together with (47) imply
that & is a Lie bracket on the vector space F if, and only if, S 4+ « is a Nijenhuis
form with respect to u, with square S + 2a. O

a(0a(X,Y), Z) + c.p.,
a(0a(0f,Y), Z) + c.p.,

(47)

Last, we give a result involving weak Nijenhuis forms on a Lie 2-algebra.

Proposition 4.13. Let 0 : E_5 — FE_1 be a Lie 2-algebra structure on a graded
vector space E = E_o@® E_4, that is, a Lie 2-algebra structure p =11 +1ls+13 on E,|
with l1 = 0 and l; =13 = 0. Let a be a symmetric vector valued 2-form of degree
zero on the graded vector space E. If S+ a is a weak Nijenhuis vector valued form
with respect to 0, then E_q is a Lie algebra with a representation on FE_s.

Proof. According to Proposition 2.3, S + « is a weak Nijenhuis vector valued form
with respect to 0 if and only if [S+«, 9], is an Loo-structure on the graded vector
space E¥ which, in turn, is equivalent to

[[S+ a? a]RN’ [S + a7a]RN]RN - O

or to
Hav a]mv? [aa a]RN]RN =0.

Therefore, S 4+ « is a weak Nijenhuis vector valued form with respect to 0 if and
only if

(48) 0a(00(X,Y ), Z) + cp.(X,Y,Z) =0
and
(49) a(0a(X,Y),0f) + c.p.(X,Y,0f) = 0,

for all X,Y,Z € E_; and f € E_5. Equation (48) means that [X,Y] := da(X,Y)
defines a Lie bracket on E_; since clearly it is skew-symmetric. If we define a map
i E_1 X E_9 — E_5 by setting X - f := a(X,df), then (49) can be written as

X Y] f=X-(Y-f)=Y- (X)),

which means that - is a representation of £_; on F_,. O

Remark 4.14. A notion of Nijenhuis operator on a Lie 2-algebra independently
appeared in [19], while the present paper was about to be completed. This notion is
a particular case of ours, by the following reasons. First, in [19], a Nijenhuis operator
is necessarily a vector valued 1-form. Second, if N = (Np, N1) is a Nijenhuis
operator in the sense of Definition 3.2. in [19], with respect to a Lie 2-algebra
l1 + ls + I3, then

[Nv [N7 li]RN]RN = [NQ’li]RN

holds for i = 1,2 and 3, which means that A is a Nijenhuis vector valued form, in
our sense, with square A/2.
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5. NIJENHUIS FORMS ON COURANT ALGEBROIDS

We recall that one can associate a Lie 2-algebra to a Courant algebroid [24].
We use this construction to see how (1, 1)-tensors on a Courant algebroid, with
vanishing Nijenhuis torsion, are related with Nijenhuis forms with respect to the
associated Lie 2-algebra.

Definition 5.1. A Courant algebroid is a vector bundle £ — M together with a
non-degenerate inner product (.,.), a morphism of vector bundles p : E — TM and
a bilinear operator o : I'(E) x I'(E) — I'(E), such that the following axioms hold:
(i) (I'(E),0) is a Leibniz algebra, i.e., Xo(YoZ)=(XoY)oZ+Y o(XoZ2),
(i) p(X)(Y2) = (X oY, 2) + (Y, X 0 Z),
(i) p(X)(Y,Z) = (X, YoZ)+(X,ZoY),
for all X,Y,Z e T'(E).

When item (¢) in Definition 5.1 does not hold, the quadruple (E,o,p,{(.,.)) is
called a pre-Courant algebroid [2].

The next proposition is stated in [12], for Courant algebroids. Since the proof
does not use the fact of o being a Leibniz bracket, the result also holds for pre-
Courant algebroids.

Proposition 5.2. For every pre-Courant algebroid (E,o,p,(.,.)) we have
Xo(fY)=f(XoY)+ (p(X)))Y,

for all X, Y € T'(E) and f € C=°(M).

Corollary 5.3. Let (E,o0,p,(.,.)) and (E,o' 0, (.,.)) be two pre-Courant alge-

broids. If o = o', then p = p'.

Proof. Assume that (F,o,p,(.,.)) and (E,o0,p,{(.,.)) are both pre-Courant alge-
broids. By Proposition 5.2 we have

(P(X)N)Y = (o (X)))Y,
for all X,Y € T'(E) and f € C*°(M), which implies that p = p'. O

We intend to define Nijenhuis deformation of Courant structures. Let (E, o, p, (., .))
be a Courant algebroid. For a given endomorphism N : E — FE, the deformed
bracket by N is a bilinear operation oY, defined as:

XoNY :=NXoY+XoNY -N(XoY),

for all X,Y € I'(E). The deformation of p by N is the map p” given by p™¥(X) =
p(NX), X € T(E). The Nijenhuis torsion of N, with respect to the bracket o, is
defined as:

T.N(X,Y):=NXoNY — N(X"NY),
for all X,Y € T'(E). A direct computation shows that

ToN = 1(ON’N 70N2).
2

All maps N : I'(E) — I'(E) that will be considered here are C*°(M)-linear, that is
to say they are (1,1)-tensors, that is, smooth sections of endomorphisms of E. We
denote an endomorphism (vector bundle morphism) of E and the induced map on
I'(E) by the same letter.

According to [5], for every vector bundle E — M, if (I'(E),o) is a Leibniz
algebra and N : F — E is any endomorphism whose Nijenhuis torsion vanishes,
then the pair (I'(E), oY) is a Leibniz algebra. However, given a Courant algebroid
(E,o0,p,{.,.)) and a (1,1)-tensor N, (E,o™, p™ (.,.)) may fail to be a pre-Courant
algebroid, even if the Nijenhuis torsion of N vanishes. Indeed, from [5] we have the
following:
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Theorem 5.4. If N is an endomorphism on a pre-Courant algebroid (E, o, p,{.,.)),
then the quadruple (E,oN,pN,(.,.)) is a pre-Courant algebroid if and only if

Xo(N+NY =(N+N)XoY) and (N+N)(Y oY) =((N+N)Y)oY
for all XY € T'(E), where N* stands for the transpose of N, with respect to {.,.).
Remark 5.5. In fact, Theorem 5.4 is slightly different from Theorem 4 in [5], because

there, the authors start from a Courant algebroid. However, the same proof is valid
for the pre-Courant algebroid case.

A Casimir function or simply a Casimir on a Courant algebroid (E, o, p, {.,.)) is
a function f € C>°(M) such that p(X)f =0, for all X € T'(F). It is easy to check
that f is a Casimir if and only if Df = 0, where D : C>*(M) — I'(E) is given by

(50) (Df, X) = p(X)f.
Also, if f is a Casimir, then
(51) (fX)oY =f(XoY)=Xo(fY)

holds for all sections X,Y € I'(E).

The next lemma is a slight generalization of a result in [7].!

Lemma 5.6. Given a pre-Courant algebroid (E,o,p,(.,.)) and a map N : T'(E) —
I'(E), if N + N* = Mdpg, for some Casimir function X € C*(M), then
(E,oN,pN,(.,.) is a pre-Courant algebroid.

Proof. This lemma is a direct consequence of Theorem 5.4 together with (51). O

Theorem 5.7. Let (E,o0,p,(.,.)) be a Courant algebroid and N a (1,1)-tensor on
FE whose Nigenhuis torsion vanishes and such that

N + N* = Mdrg),
with \ being a Casimir function. Then, (E,o™, p™ (.,.)) is a Courant algebroid.
Proof. Note that (E, o) is a Leibniz algebra, so that (E, o) is also a Leibniz algebra

since the Nijenhuis torsion of N vanishes. This, together with Lemma 5.6, prove
the theorem. O

Remark 5.8. For a (pre-)Courant algebroid (E, o, p,{.,.)), and a (1, 1)-tensor N on
E with N + N* = Mdpg) and A a Casimir function, we have

PN (X)f = p(NX)f = (NX,Df) = (X,N*Df) = (X,(~=N + Mdr(g))Df),
for all X € T'(E), f € C°°(M). This means that the operator DY : C>(M) — T'(E)
associated with the (pre-)Courant algebroid (E, o™, p™V (.,.)), is given by
(52) DN = (=N + Mdr(g)) o D.

If we consider the skew-symmetrization of o, we obtain the bracket [.,.] used in
the original definition of Courant algebroid [18]:

(53) [X,Y]= (X oY — Y 0 X),

1
2
with X,Y € T'(E). The deformation of [.,.] by a (1, 1)-tensor N on E is the bracket
[.,.]x on T'(E), given by
1
[X,Y]y = [NX,Y]+[X,NY] - N[X,Y] = 5(X Ny —volN X).

The next lemma is an axiom included in the original definition of Courant alge-

broid [22].

n [5], A is a real number.
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Lemma 5.9. Let (E,o,p,{.,.})) be a Courant algebroid and D its associated opera-
tor, given by (50). Then,

X, £Y] = fIX Y]+ (p(X)N)Y — (X, Y)Df,
for all X, Y € T(E) and f € C*°(M), where [.,.] is the bracket given by (53).

Remark 5.10. From the proof of Proposition 2.6.5 in [22], we realize that Lemma
5.9 also holds in the case of a pre-Courant algebroid.

In [24], it was proved that to each Courant algebroid corresponds a Lie 2-algebra.
The result in [24] is established using the graded skew-symmetric version of a Lie
2-algebra and the definition of Courant algebroid with skew-symmetric bracket.
With our conventions it goes as follows.

Let (E,o,p,(.,.)) be a Courant algebroid over M, with associated operator D,
given by (50). Consider the graded vector space V = C>®(M) & I'(E), where the
elements of C>°(M) have degree —2 and the elements of I'(E') have degree —1, and
the following symmetric vector valued forms Iy, ls and I3 on V', defined by:

Lf = Df
(54) ZQ(X,Y) = %(XOY—YOX)
(X, f) = 3(X,Df),
3(X,Y,Z2) = #H5(XoY—-YoX,Z)+cp.,
for all X,Y,Z € T'(E) and f € C*°(M), with Iy, Iy and l3 being identically zero in
all the other cases. Notice that l2|r(g)xr(p) coincides with the bracket [.,.] given
by (53).

Proposition 5.11. If (E,o,p,{(.,.)) is Courant (respectively, pre-Courant) alge-
broid, then the pair (V)11 + Iy + l3), constructed in above, is a symmetric Lie (re-
spectively, pre-Lie*) 2-algebra.

We call this symmetric Lie 2-algebra the symmetric Lie 2-algebra associated to
the Courant algebroid (F, o, p, (.,.)).

Starting with a (1,1)-tensor on a Courant algebroid with vanishing Nijenhuis
torsion we construct, in the next proposition, a Nijenhuis form for the Lie 2-algebra
associated to that Courant structure. First, we need the following lemma.

Lemma 5.12. Let (FE,o,p,{(.,.)) be a pre-Courant algebroid with the associated
symmetric pre-Lie 2-algebra structure u = ly + lo + I3, on the graded vector space
V=C®(M)®T(E). Let N be a (1,1)-tensor on E such that

N+ N* = )\Idp(E),

with X a Casimir function. Then, the pre-Lie 2-algebra structure associated to the
pre-Courant algebroid (E,oN pN (.,.)) is [N,l1 + l2 + l3] 4y, with N defined as
follows:

(55) N‘F(E) =N and N|C°°(M) :AIdCoo(M).

Proof. Let us denote the pre-Lie 2-algebra associated to the pre-Courant algebroid
(B, 0N, pN () by IV + 15 +1%. Using (52) and (54) and taking into account the
fact that D is a derivation, we have, for all f € C>°(M) and for all X,Y, Z € ['(E),

(56) 1Y f=DVf=XDf - NDf = L(N'f) = NUu(f) = N, Uiy (),
2A pre-Lie 2-algebra is a pair (F = E_o@® E_1,l1 + 12 +13), where E is a graded vector space

concentrated in degrees —2 and —1, and [y, l2 and I3 are symmetric graded vector valued 1-form,
2-form and 3-form, respectively, of degree 1.
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N(X,Y) = ;XONY—YoNXﬁdﬂNXY%HﬂXNY}JWﬂXY)
(57) = [Nv ZQ}RN (Xa Y)a
W) = S0DNf) = SX (=N + Ades)D) = 5 (X, N°Df)
= SINX,Df) = BINX, )+ Ma(X, /) — Na(X, f)
= LWNX, )+ LXNf)-Ni(X,f)
(58) = Nl (X, f)
and
lﬁXKZﬁj%X&HKJ%MK@+aMXKZ)
= é(lé\’ (X,Y),Z) +cp(X,Y, Z)
_ %(az(zvx, Y) 4 1o(X, NY) + (N* — Mdpe)la(X,Y), Z)) + ep.(X, Y, Z)
_ é(ag(zvx, V), Z) + (s(X, NY), Z) + (s(X, V), NZ) — Mia(X, V), Z))
+ep.(X,Y, Z)

- é(az(zvx, V), Z) + ep(NX,Y, Z) + (I (X, NY), Z) + c.p.(X, NY, 2)
+(2(X,Y),NZ)+ c.p.(X,Y,NZ) = M2(X,Y), Z) + c.p.(X,Y, Z))
=lNX,Y,Z)+ I3(X,NY, Z)+ I3(X,Y,NZ) - NI3(X,Y, Z)
(59) =N, ls],y (XY, 2).
Equations (56), (57), (58) and (59) complete the proof. O
For the case of a Courant algebroid, we have the following result.

Corollary 5.13. Let (E,o,p,{.,.)) be a Courant algebroid with the associated
symmetric Lie-2 algebra structure p = 1y + lo + l3, on the graded vector space
V=C®(M)®T(E). Let N be a (1,1)-tensor on E such that

N+ N* = )\IdF(E)a

(T(E),o") is a Leibniz algebra,
with A a Casimir function. Then, the Lie 2-algebra structure associated to the
Courant algebroid (E,o™N, pN (.,.)) is [N, 11 + la + 13], with N given by (55).

Proposition 5.14. Let (E,o,p,{(.,.)) be a Courant algebroid with the associated
symmetric Lie 2-algebra structure p = ly + lo + l3, on the graded vector space
V =C>®(M)®T(E). Let N be a (1,1)-tensor on E whose Nijenhuis torsion with
respect to the bracket o vanishes and satisfies the following conditions

N? 4 (N?)* = y1dp(g),
with A and v Casimir functions. Define N and K as
N|F(E) =N and N|C°°(M) = )\IdC‘X’(M)v

vy — A2

]C|F(E) =N?2=)\N + IdF(E) and ]C|coo(M) = ’yldcoo(M).

Then, N is a Nijenhuis vector valued 1-form with respect to u, with square K.
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Proof. Since the Nijenhuis torsion of N vanishes, (E,o") and (E, oV 2) are Leibniz

algebras [5], [2]. Applying Corollary 5.13 for the Courant algebroid (E,o,p,(.,.}),
the (1,1)-tensor N and the vector valued 1-form N, twice, we get
(60) B4R+ 5 = IV IV o+ o+ D]y s

where liV’N + léV’N + lév’N stands for the Lie 2-algebra structure associated to the
Courant algebroid (E, o'V pN:N_ (")) Applying again Corollary 5.13 for the
Courant algebroid (E, o, p, {.,.)), the (1,1)-tensor N? and the vector valued 1-form
K, we get

(61) IV R Y = K+l + ),

where [V ’ +15 ’ +15 * stands for the Lie 2-algebra structure associated to the Courant
algebroid (E, oN2,pN2, (.,.)). On the other hand, since the Nijenhuis torsion of
N vanishes, the Courant algebroids (E, o™ pN:N (. )) and (B,oN*, pN*, ()
coincide. Therefore, (60) and (61) imply that

[N’ [N7l1 +12 + l3]RN]RN = [ICall +1l+ ZB}RN'

Finally, an easy computation shows that [V, K], vanishes both on functions and
on sections of E. O

Since there exists a Lie 2-algebra associated to each Courant algebroid, there
was a hope that we could, given a Courant structure, find a Nijenhuis deformation
by a Nijenhuis tensor, which is the sum of a vector valued 1-form and a vector
valued 2-form, of the corresponding Lie 2-algebra structure, and prove, eventually,
that the Lie 2-algebra structure obtained by this procedure comes from a Courant
structure. But this fails, at least when the anchor is not identically zero, as it is
shown in the next theorem. First, notice that every C°° (M )-linear vector valued
form of degree 0 on E_o @ E_;, where E_5 := C*°(M) and E_; := I'(E), is the
sum of a 2-form «, a (1, 1)-tensor N and an endomorphism of C*° (M) of the form
f — Af for some smooth function A\. Hence, we denote a C'°°(M)-linear vector
valued form of degree zeroon E_o @ E_1 as a sum, A+ N + a.

Theorem 5.15. Let (o, p,{.,.)) be a Courant structure on a vector bundle E — M
with the associated Lie 2-algebra structure ly 4+ lo + I3 on the graded vector space
V=FE ®E 1, where E_g :=C>®(M) and E_1 :=T(E). Let N =X+ N +a be
a C*°(M)-linear vector valued form of degree zero on V. Assume also that p is not
equal to zero on a dense subset of the base manifold. If [N',l1 +12+13],.y is the Lie
2-algebra associated to a Courant structure with the same scalar product (.,.), then

(1) X is a Casimir,

(2) a=0,

(8) N+ N*= )‘IdF(E)
In this case, the Courant structure that [N,li + lo + I3, is associated to, is
N, N, ().

Proof. Set i = l1+12+13 and denote the i-form component of [N, u] . by [NV, ]’y
1 =1,2. Then, for all X, Y € I'(E) and f € C*(M), we have

Woulmn () = (N hles + [N U] )(f)
= L(Af) = NUu(f)
= M (f)+ flu(N) = NI (f).

The first equation in (54) implies that, if [NV, u],., is a Lie 2-algebra associated to
a Courant algebroid, then [V, u]kL has to be a derivation, and this happens if and
only if I1(\) = 0. So, we get that A is a Casimir and

(62) W, 1k (f) = (Mdr(g) = N)L(f)-
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On the other hand,

[Nv M]iz\r (Xa f) = ([)" l2]RN + [N7 l2]RN + [a’ ll]RN)(X7 f)
= LXAS) = Mo(X, f) + L(NX, f) — (X, 11(f))
= ML) = GMXL) + SINX L)) — alX, h(f)
(63) = SINXL () - a(X0(),
and the same computations for (f, X) instead of (X, f) gives
(64) 12, (7 X) = SN X)) — alla(£), X).

Since [N, p]2 (X, f) = [N, p]2 , (f, X), from (63) and (64) we get a(X,11(f)) =0,
for all X € T'(E) and f € C*(M); so,

(65) W2 (X, 1) = SN X 1),
For any X,Y € I'(E), we have
(66) [N7M]QRN(X’ Y) i (P‘vl2]RN + [N’ l2]RN + [a’ll]RN)(X’ Y)

L(NX,Y) + (X, NY) = NIy(X,Y) + Lo(X,Y).

According to Lemma 5.9, if [NV, u],, is a Lie 2-algebra associated to a Courant
structure, then we must have:
(67)

N2 (X FY) = IV, () 4+ 2007 2, (X )Y = (06 Y) IV, b ().
Using (62), (65) and (66), we get
N, u]fw (X, fY)=0L(NX,fY)+L(X,NfY) - NL(X, fY) + LalX, fY)
= flo(NX,Y)+20(NX, )Y — %(NX, ) (f)

+la(X, NY) 4 21o(X, f)NY — %(X, NYYL(f)

—fNI(X,NY) —2l(X, f)NY + %(X,Y>Nl1(f)

+fha(X,)Y) + (X, YY) (f)
= fl(NX,Y) + (X, NY) = NL(X,Y) + Lha(X,Y)) + 2L(NX, [)Y

(68) X, (N + NI+ 5 (X, YVINL(F) +a(X, V()

and

FIN il (X, Y) 42UV, il (X )Y — %(K V)N, uln ()

= f(I5(NX,Y) + (X, NY) — Nio(X,NY) + ha(X,Y)) + 2(NX, f).Y
(69) 5 (X, V) (ATdrgs) — N)(f).

Now, Equations (67), (68) and (69) show that
1
2
forall X,Y € T'(E) and f € C*(M). Since « is skew-symmetric, (., (N+N*—XId).)
is symmetric on T'(E) x T'(F) and the anchor is not zero everywhere, which implies
that [1(f) is not always zero, we have o = 0 and N + N* — Aldp(g) = 0. O

(X, (N 4+ N = AMdrg)) V)l (f) = (X, V)L (),
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Corollary 5.16. Let (E,o0,p,(.,.)) be a Courant algebroid with anchor p being
different from zero on a dense subset of E and let v be the associated Lie 2-algebra
structure on the graded vector space C*°(M) @ I'(E). Then, there is a one to one
correspondence between:

(i) quadruples (N, K, \,v) with N, K being (1,1)-tensors on E and \,~ being
Casimir functions satisfying the following conditions:

NN — oK

NK - KN =0,

N+ N* = )\Idp(E)7

K+ K* =~l1dr@),

(D(E), o) and (T'(E),oX) are Leibniz algebras.

(i) Nijenhuis vector valued forms N with respect to i, with square K, such that
the deformed brackets [N, ),y and [K, u),y are Lie 2-algebras associated
to Courant structures with the same scalar product.

Proof. Given a quadruple (N, K, \,~) satisfying conditions in item (i), we define
vector valued 1-forms A and K on the graded vector space C>°(M) & I'(E) as
N(f) =M, K(f) =~f, N(X) = NX and K(X) = KX, for all X € I'(E) and
f € C>®(M). We prove that A is a Nijenhuis vector valued form with respect to u,
with square K. First, notice that using Corollary 5.3, the assumption o™V = of
implies that (E,o™N, pMN (1)) and (E,oX, pX, (.,.)) are the same pre-Courant
algebroid, hence, they have the same associated pre-Lie 2-algebras. On the other
hand, using Lemma 5.12, the pre-Lie 2-algebra associated to the pre-Courant alge-
broid (E,o™N pN:N (")) is [N, [N, ] nx]nx and the pre-Lie 2-algebra associated
to the pre-Courant algebroid (E,o® p% (...)) is [K, u],.,. Hence,

(70) WV IV il an]mn = I 1]y -
Also, using the assumption NK — KN = 0, we get
(71) V,K].x =0.

Equations (70) and (71) show that A is a Nijenhuis vector valued 1-form with re-
spect to u, with square K. By Corollary 5.13, [N, u ., is a Lie 2-algebra associated
to the Courant algebroid (E,o™, p, (.,.)) and [K, u],, is a Lie 2-algebra associated
to the Courant algebroid (E, % p,(.,.)).

Conversely, assume that A is a Nijenhuis vector valued form with respect to
u, with square IC, such that [NV, ], and [K, u],,, are Lie 2-algebras associated to
Courant algebroids. Then, by Theorem 5.15, A is of the form A+ N with N+ N* =
Aldp(g) and K is of the form v + K, with K + K* = «Idp(g). Moreover, the
Courant algebroid which is associated to the Lie 2-algebra [N, u|,, (respectively,
(K, 1] n ) is (B, 0N, pV (L)) (respectively, (E,of, pf (...)) ). From this, we get
that (['(E), oY) and (I'(E), o) are Leibniz algebras. Since N is a Nijenhuis vector
valued form with respect to u, with square IC, we have

(72) [N7 [Nv /’L]RN}RN = [Kvu]mv
and
(73) V,K].x =0.

Applying both sides of Equation (72) on a pair of sections X,Y € I'(E) we get
X oMNY = X of Y, which implies o'V = of. Lastly, Equation (73) implies
KN - NK =0. O
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Using Lemma 5.9 and Remark 5.10, and also taking into account the fact that
the operator D associated to a pre-Courant algebroid (F, o, p, (.,.)), given by (50),
is a derivation, we may restate Theorem 5.15.

Theorem 5.17. Let (o, p, (., .)) be a Courant structure on a vector bundle E — M,
with the associated symmetric Lie 2-algebra structure 1 +1s+13 on the graded vector
space V.=E_s®F_;, where E_g :=C®(M) and E_1 :=T(E). Let N = A+ N+«
be a C°(M)-linear vector valued form of degree zero on V. Assume also that p is
not equal to zero on a dense subset of the base manifold. If [IN,l1 + s + I3],y =
Iy 4+ 15415, where the vector valued forms Uy, 15,1 are obtained from a pre-Courant
algebroid, by the construction given in (54), with the same scalar product, then

(1) X is a Casimir,

(2) a=0,

(3) N+ N* = Adpg).
In this case, the Courant structure that [N,li + lo + I3, is associated to, is
N, N, ()

And this leads to the next result:

Corollary 5.18. Let (E,o,p,(.,.)) be a Courant algebroid with anchor p being dif-
ferent from zero on a dense subset of E, with the associated Lie 2-algebra structure
w=11+12+13 on the graded vector space C*°(M) @ T(E). Then, there is a one to
one correspondence between:

(i) quadruples (N, K, \,7) with N, K being (1,1)-tensors and X,y being Casimir
functions satisfying the following conditions:
oNN — oK
NK - KN =0,
N + N* = Adpg),
K+ K* = vIdpg).

(74)

(i1) C®°(M)-linear Nijenhuis vector valued forms N with respect to p, with
square K, such that the deformed bracket is of the form [N, u] , = U1 +15+15
and 14,15,15 are constructed by the procedure in (54) obtained from a pre-
Courant algebroid, with the same scalar product.

Proof. Let N be a C°°(M)-linear Nijenhuis vector valued form with respect to the
Lie 2-algebra structure p = I; + I3 + I3, with square K, and assume that [N, y]
is obtained from a pre-Courant algebroid. Let

RN

N|F(E) = N, N|coo(M) = /\Idcoo(M), IC‘F(E) =K and ’C|Coo(M) = ’)/Idcoo(M).

By Theorem 5.17, N + N* = Xdp(g) and (FE, oV pN (.,.)) is a pre-Courant alge-
broid (it is, in fact, the pre-Courant algebroid which [N, u] _ is obtained from).
Hence, by Lemma 5.6, (E,o™" pM:N (. )) is a pre-Courant algebroid. Now,

Lemma 5.12 implies that [KC,u] =~ = [N, [N, ,u]RN]RN is obtained from the pre-

Courant algebroid (E, o™ pN:N (")) by the construction given in (54). There-

fore, by Theorem 5.17, K + K* = vIdp(g). The assumption [V, K] = 0 implies
NN _ K

that NK — KN = 0, while [\, [V, H}RN}RN = oK.

Conversely, assume that we are given a quadruple (N, K, \,~) satisfying the
properties in (74). By Lemma 5.6, (E,o™,p" (.,.)) is a pre-Courant and by
Lemma 5.12, the pre-Lie 2-algebra structure associated to the pre-Courant alge-
broid (E,o™,pN, (.,.)) is [N, #l,,- Similar arguments prove that the pre-Lie 2-
algebra structure associated to the pre-Courant algebroid (E, o™ p™N:N (1)) is
NIV 1, ., and the pre-Lie 2-algebra structure associated to the pre-Courant

= [K, u,, implies that o
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algebroid (E,of pf () is [K,u], .- Now, the assumption oV = oK and
Lemma 5.3 imply that (E,o™N pNN (. )) and (E,o,pX, (.,.)) are the same
pre-Courant algebroid; therefore, we have [N, [N, ,u]RN]RN = [K,p], - Tt follows
from the assumption NK — KN = 0 that [V, K] = 0. Hence, N is a C°°(M)-linear
Nijenhuis vector valued form with respect to the Lie 2-algebra structure p, with
square KC. (]

Remark 5.19. The notion of weak Nijenhuis tensor on a Courant algebroid was in-
troduced in [5] (see also [13]). A (1,1)-tensor N on a Courant algebroid (E, o, p, (., .))
is a weak Nijenhuis tensor if its Nijenhuis torsion is a Leibniz 2-cocycle. We may
ask how weak Nijenhuis tensors on a Courant algebroid are related to weak Nijen-
huis vector valued forms, with respect to the Lie 2-algebra associate to the Courant
algebroid.

Let (E,o,p,(.,.)) be a Courant algebroid, with associated Lie 2-algebra u, and
N a (1,1)-tensor on E which is weak Nijenhuis (in the sense of [5]) and such that
N+N* = Xdp(g), with A a Casimir function. Then, (£, oV, p, (., .)) is a Courant
algebroid [5]; let us denote by 'V its associated Lie 2-algebra. By Corollary 5.13,
pN = [N,pl, » with N given by (55). But [N,pu] . being a Lie 2-algebra is
equivalent to A/ being weak Nijenhuis with respect to p (see Proposition 2.3).

Summarizing, if N is a weak Nijenhuis tensor on a Courant algebroid E and
N + N* = Mdp(g), with A a Casimir function, then, N given by

N|F(E) =N and N|Coo(M) = )\IdCoo(M)

is a weak Nijenhuis vector valued form with respect to the Lie 2-algebra associated
to the Courant algebroid.

6. MULTIPLICATIVE L,,-STRUCTURES

Adapting the notion of P.-structure on a graded vector space [6] to the symmet-
ric graded case, we define, in this section, multiplicative L.-structures. We classify
all multiplicative Loo-structures on I'(AA)[2], for A — M an arbitrary vector bun-
dle over a manifold M. When A — M is equipped with a Lie algebroid structure,
given a (1,1)-tensor N on A, we define the extension of N by derivation, which
is a symmetric vector valued 1-form on I'(AA)[2], of degree zero. For a k-form on
the Lie algebroid, we also define its extension by derivation, yielding a symmetric
vector valued form k-form of degree k — 2. These multi-derivations will be used in
the next section to construct examples of Nijenhuis forms.

There is an important graded Lie subalgebra of (S(E*)® E, [., ]z ), when there
exists a graded commutative associative algebra structure on E[2], denoted by A,
that is, a bilinear operation such that for all X € E;,Y € E;,Z € E},

e X NY € Ei+j+27
o (XAY)NZ=XNAN(YNZ),
e XAY = (-1)XIVly A X,

where | X| =i+ 2and [Y]|=j+2.
Definition 6.1. Let E be a graded vector space equipped with an associative

graded commutative algebra structure, that is a graded symmetric bilinear map
A of degree zero which is associative. An element D € S%(E*) ® E is called a
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multi-derivation vector valued d-form, if
(75) DXy, X; 1, YNZ, X149, , Xa)
— (_1)|Z|(\Xi+1|+~~+\Xd|)D(X1’ o X, Y X1, X)) NZ
+(_1)\Y|(IX1\+---+IX¢71\+D)Y AD(Xy, - Xic1, Z, Xig1, - Xa),
for all X1,---,X4,Y,Z € E, where D is the degree of D as a graded map.

Remark 6.2. The graded commutativity of the product A implies that Equation
(75) is equivalent to

D(X1, -, Xa_1,Y N Z)
=D(X1, -, Xa, Y)ANZ 4+ (-D)YWZID(X), - X4 1, Z)NY.

We denote the space of all multi-derivation vector valued forms by MultiDer(E).

Elements of S!(E*)®FE are simply called derivations. By definition, E C MultiDer(E)

and we have the following:

Proposition 6.3. MultiDer(E) is a graded Lie subalgebra of (S(E*)®FE, [., ]

RN)'

We shall use the following lemmas in the proof of Proposition 6.3.

Lemma 6.4. Let Dy and Dy be two derivations. Then, [D1, Ds], is also a deriva-

tion.

Proof. We have

RN

[Dl,DQ]RN = DQODli(fl)ﬁlﬁle ODQ
= —(=1)P*P2[Dy, Ds],
where [, .] is the graded commutator on the space of derivations of the graded asso-
ciative commutative algebra (E, A). Since [D1, Ds] is a derivation, so is [D1, D2, -

O

Lemma 6.5. For d > 2, an element D € SY(E*) ® E is a multi-derivation vector

valued d-form if and only if [X, D],y s a multi-derivation vector valued (d — 1)-
form, for all X € F.

Proof. 1t is a direct consequence of
[X7D}RN(X17 T 7Xd72aY/\ Z) = D(X7X17' o aXd72aY/\ Z)a

which holds for all elements Y, Z, X1, --- , X4y 0 € E. O
Proof. (of Proposition 6.3) Let D, D’ be two multi-derivation vector valued d-form
and d'-form, respectively. We show that [D, D], is a multi-derivation vector
valued (d + d' — 1)-form, using induction on the number n = d + d’ — 1. Lemmas
6.4 and 6.5 prove the case n = 1. Assume, by induction, that [D, D'}, is a multi-
derivation vector valued (d+d’ —1)-form and let Dy and D5 be two multi-derivation

vector valued d;- and do-forms respectively, such that dy +ds — 1 =n 4+ 1. From
(3) we have

[D1, D3] pn (X1, s Xdytdo—2, YAZ) = [YAZ, [Xdy4ds—25 " [ X1, [D1, D2) pn ] nn
or, using the graded Jacobi identity of [.,.],y,
[D1, Do (X1, -+, Xy ydy—2,Y N Z)
=Y AZ [Xar+do-2,- - [[X1, Dilnws Dolan -+ Innlan
+(=1)PY A Z, [Xayvdp—2, - [P [X1, Dol il

for all X1, , X4, 1dy—2,Y,Z € E. By Lemma 6.5, [ X1, Dq],,, and [X7, D2, are
multi-derivation vector valued (dy — 1)- and (dy — 1)-forms respectively, and hence

"]RN

]RN’
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using the assumption of induction, [[X1, D1],,, Do)
multi-derivation vector valued n-forms. Therefore,

[D1,Da) pn (X1, s Xdy+do—2, Y AN 2)
(X1, D1l x> Dol pn (Xos -+, Xy 1dy—2, Y A Z)
P XDy, (X1, Do) n i (X2 s Xdytdy—2, Y A Z)
(X1, D1]pns Dolan (X2, s Xdyrdy—2,Y) AN Z
DY WAIX, Dy, Doln (X2y -+, Xy ydy—2, Z) NY
12X Dy, X1, Dol Jn (X2, Xy a2, Y) A Z
+(=1) P X ()W Dy (X0, Do) on (X2 o+ Xy pda—2, Z) AY
= [D1, Do) (X1, , Xy 4dy—2,Y)NZ
(=) NZIDy, Dof (X1, -+ Xay 4ds—2. Z) N Y,

which completes the induction and also the proof (see Remark 6.2). O

and [D]_, [X]_, DQ] N] are

RN

+

++

=
(=
[
(=
(=
(=
[

Remark 6.6. The graded symmetric bilinear map A of degree zero on FE[2], con-
sidered in Definition 6.1, can be viewed as a vector valued 2-form of degree 2 on
E, and so we may compute [A, D], for any vector valued d-form D. An easy
computation shows that

(76) a vector valued 1-form D is a derivation if and only if [A, D], = 0.

Now, if D (resp. D’) is a multi-derivation vector valued d-form (resp. d’-form) and

X1, Xata—1 are elements of E then, by Lemma 6.5, D := [X4_1,- - , [ X2, [X1, D],

(resp. D' :=[Xg—1, -, [ X2, [X1, D an]lnn - |rn) i & derivation vector-valued 1-
form. Hence, by (76), we get [A, D],y = [A,D']n = 0 which implies [A, D1],,y =0,
with Dy = [Xgrar—2, -+, [ X2, [X1,[D, D] gnlan]lan - |an (notice that we made

use here of the Jacobi identity for the Richardson-Nijenhuis bracket). So, D; is a
derivation vector-valued 1-form. Thus, by Lemma 6.5, [D, D’] ., is multi-derivation
vector valued (d + d’ — 1)-form.

This observation gives an alternative proof of Proposition 6.3.

Let us now define multiplicative L..-algebra.

Definition 6.7. An L. -structure u = > o=, l; on a graded vector space E equipped
with a graded commutative product A : E; x E; — E;; is called multiplicative if
all the multi-linear brackets [; are multi-derivations.

Next, we discuss the relation between multiplicative L..-structures and Lie al-
gebroids.

A pre-Lie algebroid structure on a vector bundle A — M over a manifold M is
a pair (p,[.,.]), with p: A — T M a vector bundle morphism over the identity of
M, called anchor map, and |.,.] a skew-symmetric bilinear endomorphism of I'(A)
subject to the so-called Leibniz identity:

(X, Y] = FIX Y]+ (o(X) ) Y,

for all X, Y € T'(A) and all f € C*°(M). When, moreover, |[.,.] is a Lie algebra
bracket, the pair ([.,.], p) is called a Lie algebroid structure on A — M. We denote
by [., .]SN the Schouten-Nijenhuis bracket on the space of multivectors of the (pre-
)Lie algebroid A and by d* the (pre-)differential of A.

Let ([.,.], p) be a pre-Lie algebroid structure on a vector bundle A — M.
Set E1 = F(/\IJFIA) and F = @iZ—lEi , with E_1 = (/\OA) = COO(M) The
Schouten-Nijenhuis bracket is a graded skew-symmetric bracket of degree zero on
E = @;>_1E; and it is known that a pre-Lie algebroid structure (p, [.,.]) is a Lie
algebroid structure on the vector bundle A — M, if and only if [.,.]_ is a graded

N]RN
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Lie algebra bracket on E = I'(AA)[1]. It is also well known that the pre-differential
d4 is a derivation of T(AA*) and that d* squares to zero if and only if (A, [.,.], p)
is Lie algebroid.

The discussion above leads to the conclusion that there are two ways to see Lie
algebroids as Loo-structures: the first one will make it an Loo-structure on I'(AA),
and the second one will make it an Loo-structure on I'(AA*) [14]. More precisely:

Proposition 6.8. Let A — M be a vector bundle and A* — M its dual. There is
a one to one correspondence between:

(i) pre-Lie algebroid structures (p,][.,.]) on A — M,
(ii) binary multi-derivations of T'(AA)[2] of degree 1,
(11i) unary multi-derivations of T'(AA*)[2] of degree 1.
The one to one correspondence above restricts to a one to one correspondence be-
tween:

(i) Lie algebroid structures (p,|[.,.]) on A — M,
(i1’ ) multiplicative Lo -structures on T'(AA)[2] given by a binary bracket,
(iii’) multiplicative Lo -structures on T'(AA*)[2] given by a unary bracket.

Given a (1,1)-tensor N on a Lie algebroid (4, [.,.], p), we define a linear map N
on the graded vector space I'(AA)[2], by setting
N(f):=0,
for all f € C>(M), and
P
N(P):=) PiA--AP, i AN(P)AP1 A+ AP,
i=1

for all monomial multi-sections P = Py A --- A P, € I'(AA)[2]. The map N is
called the extension of N by derivation on the graded vector space I'(AA)[2]. It is
a multi-derivation on the graded vector space I'(AA)[2], hence a symmetric vector
valued 1-form on I'(AA)[2], and has degree zero.

For a k-form on a Lie algebroid, we also consider its extension by derivation.
More precisely, if © € T'(AFA*), the extension of x by derivation is a k-linear map,
denoted by k, given by

P1, Dk
KPP = > (D)*R(Priyy- s Poa) Pl A A Py,
i1y yig=1
for all homogeneous multi-sections P, = P;1 A--- A P;,, € T'(APiA), with i =
1,---,k, where 1 <i; <p; forall 1 <j <Kk,
Pji; = Pja Ao APji, 1 AP Ao APy, € D(APTHA)

and
A=2p +3po+ -+ (k+Dpyp+iy+- - +ip+ 1.
It follows from its definition that x is a multi-derivation on the graded vector
space I'(AA)[2] and that it is a symmetric vector valued k-form of degree k — 2 on

T(AA)[2].

Lemma 6.9. Let (A,[.,.],p) be a Lie algebroid, a € T(A*¥A*) be a k-form and
B € T(ALA*) be an I-form. Then,

2.8, =0

RN

Proof. The fact that o (respectively j3) is a vector valued k-form (respectively -
form) of degree k — 2 (respectively | — 2), imply that [g, Q] is a vector valued

RN

(k+1—1)-form of degree k+1—4 on the graded vector space I'(AA) = @;>o['(ATA).
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Therefore, for all I, k > 0 the restriction of [g,@}m to the space of sections is zero

and hence we have [g, @] P 0, because [g, @RN is a multi-derivation and it is

uniquely determined on the space of sections. O
According to Proposition 6.8, for a given Lie algebroid (A4, [.,.], p), the bracket

lé”'] given by

(77) I5(P,Q) = (1) '[P, Qlay, P €T(A"A),Q €T(A"A),

defines a multiplicative graded Lie algebra structure on I'(AA)[2]. When we deform
the bracket [.,.] by N as

[X,Y]y = [NX,Y]+ [X,NY] - N [X,Y],

['7‘]N

for all X, Y € T'(A), of course we may consider [ using Equation (77) and

we may take the Schouten-Nijenhuis bracket [., ]JSVN corresponding to the deformed
bracket [.,.] . Note that the bracket lg “IV is not necessarily a multiplicative graded
Lie algebra structure. On the other hand, since lg s a symmetric vector valued
2-form of degree 1 and N is a (symmetric) vector valued 1-form of degree zero, we
can consider the deformation of lé”'] by N. The following lemma shows the relation
between [ﬂ, lé”']} and lé”']"’.

RN
Lemma 6.10. Let N be a (1,1)-tensor on a Lie algebroid (A4,].,.],p). Then, we
have
(N =i
RN
Proof. The proof follows directly from the fact that the Schouten-Nijenhuis bracket
on I'(AA) associated to the bracket [.,.]y is given by

[P,QY =[NP,Q]_ +[P.NQ]. —N[P,Q

SN’
for all P,@Q € T'(AA), see [14]. O
We will need the following lemma for our next purpose.
Lemma 6.11. Let (A,[.,.],p) be a Lie algebroid, with differential d* and associated

multiplicative graded Lie algebra structure lg"] on T'(AA)[2]. Then,
a5 = dta,
RN
for all a € T(A"A*).

Proof. We shall prove the statement for n = 2. A similar proof can be done for

any n > 1. First note that [g, lg "]} is a vector valued 3-form of degree 1 on the
RN

graded vector space I'(AA)[2]. This implies that the restriction of {g, lg "]} to
I'(A) is of the form: -

@ 57] Ircapxrcayxreay 1 T(A) X T(A) X T(4) = € (M)

and, by degree reasons, any other restriction of [g, Z[Q' "q is zero. On the other
RN

hand, by Proposition 6.3, [g, Z[Q‘ "]} is a multi-derivation, so that its restriction
RN

to the sections I'(A) is a C°°(M)-linear map. Therefore, [@ lg"]} € T(A3A%).
Next, we show that o

{Q, lé"']] Ir(ayxr(a)xr(a) = da
RN
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and this together with the fact that [g, 1[2' "]} is a multi-derivation will imply

RN

that [g, lg"]] = d%a, by the uniqueness of extension by derivation of d4«a to the

RN
graded vector space I'(AA)[2]. A direct computation shows that

0] (xv2) = [a(X,V),2],, - a(X,Y],2) +cp.
RN
= p(Z2)a(X,Y) - ([X,Y],Z) + cp.
do?(X,Y, Z)
for all X,Y,Z € I'(A). This completes the proof. O

7. NIJENHUIS FORMS ON MULTIPLICATIVE L,.-STRUCTURES ASSOCIATED TO LIE
ALGEBROIDS

In this section we consider several structures defined by tensors and pairs of
tensors on a Lie algebroid and, by using their extensions by derivations, we construct
Nijenhuis forms (weak Nijenhuis and co-boundary Nijenhuis, in some cases) with
respect to the graded Lie algebra associated to the Lie algebroid structure.

Let (A,[.,.],p) be a Lie algebroid and N : A — A an endomorphim. Then, as in
the case of Lie algebras, the Nijenhuis torsion of N with respect to the Lie bracket
[.,.], denoted by T} N, is defined by Equation (11) and again a direct computation
shows that

vye

T N(X,Y) = % (IX Ylyn = [X. Y2 )

for all X,Y € T'(A). A (1,1)-tensor N on a Lie algebroid (4, [.,.],p) is said to be
Nijenhuis if the Nijenhuis torsion of N, with respect to the Lie algebroid bracket
[.,.], vanishes. As a consequence of Lemma 6.10, we have the following proposition:

Proposition 7.1. For every Nijenhuis tensor N on a Lie algebroid (A,].,.],p),
the extension N of N by derivation is a Nijenhuis vector valued 1-form with respect

to the multiplicative graded Lie algebra structure lg"] on the graded wvector space
T'(AA)[2], with square (N?).

Proof. Applying Lemma 6.10 twice, for the tensor N and the bracket Z[Q' -l

[N, [ﬂ, lg"]} } = lg"]N’N. The same lemma gives [M, l[Q'"]] = lg"]Nz. Since

RN

, we get

RN RN

N is a Nijenhuis (1, 1)-tensor on A, we have lg"]N’N = l["']z‘ﬂ7 which implies that

[N, [ﬂ, lg"]] } = []\i, Z[Q‘"]] . Also, (N?) and N commute with respect to
RN RN RN -

the Richardson-Nijenhuis bracket. O

In the next proposition we obtain a Nijenhuis vector valued form which is the
sum of a vector valued 1-form with a vector valued 2-form.

Proposition 7.2. Let (A, [.,.],p) be a Lie algebroid, with differential d* and asso-
ciated multiplicative graded Lie algebra structure Z[Q'"] on T(ANA)[2]. Then, for every
section a € T(A2A*), S + a is a Nijenhuis vector valued form with respect to lg"],
with square S + 2 «. The deformed structure is lg'"] +d%.

Proof. As a direct consequence of Lemma 6.11, we have

sl =k sda

RN
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A simple computation gives

[5 +a, {5 +a, zg"]}m] =il 4 2d% = [S +2a, lg,‘l}
R

N RN

and the fact that [S + a, S +2a] = 0 completes the proof. O

N

Our next purpose is to use well-known structures on a Lie algebroid defined
by pairs of compatible tensors, such as QQN-, Poisson-Nijenhuis and P{2-structures
[15, 1, 3], to construct Nijenhuis forms on the multiplicative graded Lie algebra
associated to the Lie algebroid. We start by recalling what an QN-structure is.

Definition 7.3. [I, 15] Let (A, [.,.],p) be a Lie algebroid, with differential d4, N
be a (1,1)-tensor on A and a € I'(A2A*) a 2-form. Let a, : ['(A) x I'(A) — ['(4)
be a bilinear map, defined as

(78) oy (X,Y) = a(NX,Y).

Then, the pair (o, N) is an QN-structure on the Lie algebroid A if a(NX,Y) =
a(X,NY) for all X,Y € I'(A) (which amounts to a, being skew-symmetric and
therefore a 2-form on A), and a and a, are d-closed.

Lemma 7.4. Let (A,[.,.],p) be a Lie algebroid, with differential d* and with the
associated multiplicative graded Lie algebra structure Z[Q'"] on the graded vector space
['(AA)[2]. Let N be a (1,1)-tensor on the Lie algebroid and o € T'(A2A*) be a 2-
form such that an : T'(A) x T'(A) — T'(A) given by (78) is skew-symmetric and
therefore a 2-form on A. Then,

i) [N,

i) [N+l =i+ dta
iii) If N is Nijenhuis, then

=20,

{N+a,[N+a,zL:"]] ] = [Nk - 2dtay +2 [N, d4]
.

e RN
RN RN

Proof. i) First notice that for all X,Y € I'(A) we have
[N,a], (X,Y)=a(NX,Y) - a(NY,X) = 2a,(X,Y).

Since N and « are both derivations, by Lemma 6.4 [N, Q]RN is a derivation and
hence it is the unique extension of 2«,, by derivation.

ii) It is a direct consequence of Lemma 6.10 together with Lemma 6.11.

iii) Using item (ii) and Lemma 6.10, we have

{N+a, {M+g7l[2'"]} ] {MJ@,ZQ‘“]N +d"‘7a}
RN

RN RN

_ l[w-]N,N + [ﬂ7dAia:| . _|_ |:g7 lé‘v']N]RN + I:QadAia}

Lemma 6.10 and the graded Jacobi identity give

[g,lg"]NLN = [a, [N,lg"]LNLN

[[Q,MRN ,lg"]}RN + {N7 [& l[g‘"]]RN]

20, 5]+ [Ndta]

RN

RN

RN
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and, by Lemma 6.9, [g,dAa] . 0. Hence, since N is Nijenhuis, we get

Nta N 4ol e = [N2-20, 57 +2(N.d%]
[t Y] 200, +2(vdtal,

RN

The next proposition is now immediate.

Proposition 7.5. Let (4,].,.],p) be a Lie algebroid, with differential d* and with

associated multiplicative graded Lie algebra structure Z[Q‘”] on the graded vector space

T'(AA)[2]. If (a, N) is an QN -structure on the Lie algebroid A, then N 4+ « is a

(]

Nijenhuis vector valued form, with respect to Iy, with square N2 + .

Proof. Let (a, N) be an QN-structure on the Lie algebroid A. Then, d*ay = 0

and, by Lemma 6.11, we have [afw 1[2'"]} = 0. It follows from item (iii) in Lemma
7.4, that "
[N+a, [N+ a,15] } = |2+ ay, 5]
RN pn - RN
Since
[E+Q;M+QN:| = [ﬂ’aN:I + [Q’M:I ZQ(QN)N_QQ 2 :O’
— RN — RN RN N

the proof is complete. O

We are now going to see how to include Poisson-Nijenhuis structures among our
examples of Nijenhuis structures on Ly.-algebras. Let us first fix and recall some
notations and notions.

Let (A, =.,.],p) be a Lie algebroid, m € I'(A2A) a bivector and N : A — A a
vector bundle morphism. We denote by N* the morphism N* : A* — A* given by
(N*a, X) = (o, NX), for all X,Y € T'(4). We consider the morphism induced by
7, T 1 A* — A, given by (8,77 a) = m(a, ), and we denote by 7, the bivector
defined by

(79) (0, B) = (8, Nn%a) = (N*B,7%a),

for all o, 3 € I'(A*). A bracket {-,-}* can be defined on I'(A*), the space of 1-forms

on the Lie algebroid (A, p = [.,.], p), as follows:
{o Byt = L7, B-L7

TH# (o) T#(B)

—d%(n(a, B)),

for all o, 8 € T'(A*). It is well known that if 7 is a Poisson bivector on the Lie
algebroid (A4, u = [., ], p), that is [m, 7] =0, then (I'(A*),{.,.}*) is a Lie algebra
and if this is the case, then 7# is a Lie algebra morphism form the Lie algebra
(I'(A*),{.,.}*) to the Lie algebra (I'(A), ).

For every Poisson structure 7 on a Lie algebroid A, the triple (I'(AA)[1], [, ], [T, -], ,)
is a skew-symmetric differential graded Lie algebra, so that the pair (l[l"‘]’ﬁ,l[z'" )
given by

7(P) = [, P, and 157(P.Q) = (1) D [P.Q)

where P € T'(APA) and @ € T'(A?A), is an Leo-structure on the graded vector
space I'(AA)[2], which is clearly multiplicative. This L.-structure is called the
L -structure associated to the Poisson structure w and the Lie algebroid A.

Now, we recall the notion of Poisson-Nijenhuis structure on a Lie algebroid.

SN SN’
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Definition 7.6. [11] Let (A, u = [.,.], p) be a Lie algebroid, m € T'(A?A) a bivector
and N a (1,1)-tensor on A. Then, the pair (w, N) is a Poisson-Nijenhuis structure
on the Lie algebroid (A, u = [.,.],p) if
i) N is a Nijenhuis (1, 1)-tensor with respect to the Lie bracket u,
ii) 7 is a Poisson bivector,
iii) Non# =1%o N*,
N

) ({e, B3y = {a, B3,
for all a, 8 € T'(A*), where ({.,.}*). is the deformation of the Lie bracket {-,-}*
by N* and {., }ﬁN is the bracket determined by the pair (m, u™¥ = [.,.] ;) according
to formula (79).

Notice that Wﬁ = N7# = 7# N* and hence,

v

N*

(80) N(m) =2m,.
Recall from [14] that if (7, N) is a Poisson-Nijenhuis structure on a Lie alge-
broid (A,u=1.,.],p), then (A,MN =[,]y.po0 N) and (A*, {, .}, po 71'#) are Lie

algebroids. Also,

* N
(o M) spom® o), ({0387 po Nom# ) and ({3t por?)
define the same Lie algebroid structure on A*. Moreover, identifying the graded
vector spaces I'(AA**) and T'(AA), the differential df‘{*. 4y coincide with the linear

map [r,.]_ . Hence, we have

SN
A _gA”

) = Gty

which is equivalent to
N
(81) [ﬂ-"]szv :[ﬂ-Nv']sN7
where [., ]JSVN is the Schouten-Nijenhuis bracket with respect to the Lie bracket
[BHINE
Lemma 7.7. Let (w, N) be a Poisson-Nijenhuis structure on a Lie algebroid (A, [.,.], p).
Then,
(M) (P = [ NP, — Nr, Pl = [=mn, Pl

RN

for all P € T(AA).

Proof. The first equality follows directly from the definition of [ [1"']’7T. For the second
equality, observe that for all P € T'(AA) we have

[m, PIoy = IN(7), P),, + [, N(P)],,, — N [, P]

SN SN’
where [., ]]SVN stands for the Schouten-Nijenhuis bracket with respect to the Lie

bracket [.,.] . Hence, using (80) and (81), we have
[, N(P)],, — NPl = [rP]) —[N(),P] =[rP]

SN SN SN

= [W’P]gN_[WN’P] _[ﬂ-N’P]
( )
= _[ﬂ-va]

72[7TN7P]

SN

SN SN

SN °

O

Proposition 7.8. Let (m,N) be a Poisson-Nijenhuis structure on a Lie algebroid
(A,].,.],p). Then, the derivation N is a weak Nijenhuis tensor for the Lo, -structure
associated to the Poisson structure m and the Lie algebroid (A,[.,.],p).

In this case, the deformed structure [ﬁ,l[l"']’7T + Z[Q'"]]RN 15 the Loo-structure as-
sociated to the Poisson structure —mn and the Lie algebroid (A,[.,.]y ,po N).
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Proof. Lemmas 7.7 and 6.10 imply that

(B ] e
RN

Hence,

(82)

{N, | 7 ] Lol ]

} I TP
RN | RN ! !

R
=[] " 21|

RN RN

Denoting p = l[l"']’7T + 15 and using the fact that m , is a Poisson bivector on

the Lie algebroid (A4, [.,.],p) and hence (I‘(/\A)[2],l[1'7']’ﬂN2 + lg"]) is a symmetric
differential graded Lie algebra, we have
(83)

[ [N N ] ]

oz, ] -2l ] |

RN . RN

N
o] ] -ept ]
RN

RN

= afiie i) g

RN

— 2 |:l[1.,.],7r,l[1'7']777N2:|
RN

and
e ey = e ) i e )
(84) - - [wN27[w,P]SN}SN+[7r, [wNz,P]SNLN
= |l )

SN

= 0’

for all P € I'(AA). Therefore [u, [N, [N, M]RN] RN} = 0, which means that N is a
weak Nijenhuis vector valued form with respect to t%Ne symmetric differential graded

Lie algebra structure p = z{"]’” + lg"] on the graded vector space I'(AA)[2]. O

There is a second manner to see Poisson-Nijenhuis structures on a Lie algebroid
as a Nijenhuis form.

Proposition 7.9. Let (m,N) be a Poisson-Nijenhuis structure on a Lie algebroid
(A,[.,.],p). Then N+ is a weak Nijenhuis vector valued form with curvature, with
respect to the multiplicative differential graded Lie algebra structure l[l'"]’7T + lg'"'] on
the graded vector space T'(AA)[2].

Proof. 1t follows from Lemma 6.10 that

[.,.],7‘-
N _ll v,

[Brmd ] = e,

RN

while Lemma 7.7 implies that

(Nl =i ) = Y

RN
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Hence, we have
(85)

{N”’ [+ 7 ] } e R
RN

RN

RN.
R R A O B RO NN S CO

L ] [,.],m e
But 1517 (x) = [m,w] = 0,17 () = [ry, 7], = Oand ™ (P) 415 (w, P) =
[Ty, Pl —[ms P];V =0, for all P € T'(AA), where [., ];VN is the Schouten-Nijenhuis

bracket associated to the Lie bracket [.,.]y- Hence, (85) can be written as
|:N+7T[N+7Tl " ]} } — b b
RN

Similar computations as in (82), (83) and (84) show that [u, [NV, [V, 1] RN] RN} =

0, which means that N is weak Nijenhuis vector valued form with respect to the
symmetric differential graded Lie algebra structure u = l[l"']’7T + lé‘ “! on the graded

vector space I'(AA)[2]. O

The next proposition establishes a relation between Poisson-Nijenhuis structures
and co-boundary Nijenhuis tensors on a Lie algebroid.

Proposition 7.10. Let (A,[.,.],p) be a Lie algebroid , m € T(A?A) a bivector and
N a (1,1)-tensor on A such that

Non# =g# o N*.

Then, N + w is a co-boundary Nijenhuis vector valued form with curvature, with
respect to the multiplicative graded Lie algebra structure Z[Q'"] on the graded vector
space T'(AA)[2], with square N2, if and only if (7, N) is a Poisson-Nijenhuis struc-
ture on the Lie algebroid (A,[.,.],p). The deformed structure [N, lg"]]RN is the
Loo-structure (indeed a differential graded Lie algebra structure) associated to the

Poisson structure m on the Lie algebroid (A, [.,.]y,po N).

Proof. Assume that (7, N) is a Poisson-Nijenhuis structure on the Lie algebroid
(A,[.,.],p). Then,
I I o
RN

and, by (81), we get

eafyent] ]| = b e
RN 1 grN

- e ]

RN
which means that N + 7 is a co-boundary Nijenhuis with respect to the multiplica-
tive graded Lie algebra structure lg “l on the graded vector space T'(AA)[2], with
square N2.
Conversely, assume that IV + 7 be a co-boundary Nijenhuis with respect to the
multiplicative graded Lie algebra structure 1[2' “l on the graded vector space ['(AA)[2],
with square N2, that is,

(86) [N+7r, [ﬁ+w,l£‘"1] } - [Nj 1[2"']}
. .

RN

Decomposing by homogeneous components, we get

(87)
[N+7T, [N+, 0] ] = zgw+([w, &, )] +zg’-]N(w,.)) +5 ().
RN RN

RN
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From (86) and (87), we get
(83) ] =

RN

(39) (] +dbmo) =0
RN

and

(90) LA o) =o.

Equation (88) is equivalent to lg"]N‘N = lg"]Nz, orto [.,.]y x = [ -] y2, which means

that N is a Nijenhuis tensor on A. Equation (90) means that 7 is Poisson, while

Equation (89) gives

([wiwo] +dm) @ =o

or
(91) V] Py =PI
RN

for all P € I'(AA). The definition of [., ] gives
(92) [, Py, = [N(m). Pl +[m NP, —N[W Pl

— 2[mw, P, { N, Ik ]“]

RN
= 2 [ﬂ-NaP]SN - |:Ma 1[27](7T7):| (P)v
RN

where in the second equality we used N(7) = 27y and the definition of the

Richardson-Nijenhuis bracket. From (91) and (92), we get
N

[7T7P]SN = [T(-N’P]SN .

and this completes the proof that (7, N) is a Poisson-Nijenhuis structure on the Lie

algebroid (4, [.,.], p). O

Last, we shall say a few words about the so-called P{Q-structures [1, 15]. Recall
that a PQ-structure on a Lie algebroid (A, p, [.,.]) is a pair (7,w) where m € T'(A2A)
is a Poisson element and w € I'(A2A*) is a 2-form, with d%a = 0. The 2-form
w € T(A2A*) determines a morphism w® : A — A*, given by (Y,w’(X)) = w(X,Y).
Defining a (1,1) tensor N := 7% ow?”, it is known that (7, N) is a Poisson-Nijenhuis
structure while (w, N) is an QN-structure.

Proposition 7.11. Let (m,w) be a PQ-structure on a Lie algebroid (A,].,.],p).

Then, N = w+ 7 is a co-boundary Nijenhuis form, with curvature, with respect
to the multiplicative graded Lie algebra structure lg"] on the graded wvector space
['(AA)[2], with square N, where N = 1% o w”. The deformed structure is —l[l"'M.

Proof. Observe that
5Py = [ P, = 1w P) = = [m ] ()

for all P € T'(A2A). This means that

(93) 7 = ]
RN

Hence,

(94 D R S e

RN
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which proves the last claim (and proves that N is weak Nijenhuis vector valued

form with respect to lg"], since l[l"']’ﬂ is an Loo-structure on I'(AA)[2]). Equations
(94) and (93) imply that

R N I P B

N R

This shows that A is a co-boundary Nijenhuis vector valued form with respect to
the graded Lie algebra structure 1[2' "], on the graded vector space I'(AA)[2], with
square [w, 7] . A direct computation shows that [m,w],, = N and completes the
proof. O
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