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Abstract

We study the structure of graded Leibniz algebras with arbitrary di-
mension and over an arbitrary base field K. We show that any of such
algebras £ with a symmetric G-support is of the form £ = U + > I; with

J
U a subspace of £, the homogeneous component associated to the unit
element 1 in G, and any I; a well described graded ideal of £, satisfy-
ing [I;,Ix] = 0 if j # k. In the case of £ being of maximal length we
characterize the gr-simplicity of the algebra in terms of connections in the
support of the grading.

Keywords: Graded Leibniz algebras, Infinite dimensional Leibniz alge-
bras, Structure Theory.
2000 MSC: 17A32, 17A60, 17B70.

1 Introduction and previous definitions

Throughout this paper, Leibniz algebras £ are considered of arbitrary dimension
and over an arbitrary base field K. It is worth to mention that, unless otherwise
stated, there is not any restriction on dim £, or the products [£g4, £,-1], where
£4 denotes the homogeneous subspace associated to g € G.

Leibniz algebras were introduced as a non-antisymmetric analogue of Lie
algebras by Loday [28], being so the class of Leibniz algebras an extension of the
one of Lie algebras. The structure of this kind of algebras has been considered
in the frameworks of low dimensional algebras, nilpotence and related problems
[4, 6, 7, 10, 16, 25, 26, 32]. The simple case was introduced in [1, 2] where some
results concerning special cases of simple Leibniz algebras were also obtained.
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Recently, Liu and Hu have studied Leibniz algebras graded by finite root systems
of types A;, D; and Ej, [27].

On the other hand, the interest on gradings on Lie algebras has been re-
markable in the last years. The gradings of classical finite dimensional simple
Lie algebras have been studied, among others works, in [8, 21, 23, 24, 30, 31].
The studies of gradings on exceptional Lie algebras are [9], [17] and [18], which
describe the group gradings on g, and f,. The study of the gradings of the real
forms of complex Lie algebras begins in [22], where are considered the gradings
on the real forms of classical simple complex Lie algebras. The description of
the fine gradings of the real forms of the exceptional simple Lie algebras f, and
g2 are obtained in [14]. Respect to the group gradings on superalgebras, these
have been considered, for the case of the Jordan superalgebra Ky, in [15].

In the present paper we begin the study of arbitrary graded Leibniz algebras,
(not necessarily simple or finite-dimensional), introduced as the natural exten-
sion of graded Lie algebras, and over an arbitrary base field K by focussing on
their structure. In §2 we extend the techniques of connections in the support of
G developed for graded Lie algebras in [11] to the framework of graded Leibniz
algebras £, so as to show that £ is of the form £ = U+ ) I; with U a subspace

J

of £1, the homogeneous component associated to the unit element 1 in G, and
any I; a well described graded ideal of £, satisfying [I;, I] = 0 if j # k. The
gr-simple case is studied in §3 by characterizing the gr-simplicity of £ in terms
of connections in the support of the grading.

Definition 1.1. A Leibniz algebra £ is a vector space over a base field K
endowed with a bilinear product [-,-] satisfying the Leibniz identity

[[ya Z]? :E] = [[y, x]7 Z] + [y, [27 x]L
for any x,y,z € £.

Clearly Lie algebras are examples of Leibniz algebras.

For any « € £, consider the adjoint mapping ad, : £ — £ defined by
ad;(z) = [z,2]. Observe that Leibniz identity is equivalent to assert that ad,
is a derivation for any x € £. An ideal I of £ is a vector subspace such that
I,2]+[£,1] C 1.

The term grading will always mean abelian group grading. That is:

Definition 1.2. We say that a Leibniz algebra £ is a graded algebra, by means
of the abelian group G, if £ decomposes as the direct sum of vector subspaces

t=Pg,

geG

where the homogeneous spaces satisfy [Lq, £1] C L4, (denoting by juztaposition
the product in G). We call the G-support of the grading to the set

Yo:={geG\{1}: £, #0}.



We will also say that the G-support of the grading is symmetric if g €
Y implies g7' € Xg. We finally note that graded Lie algebras and split
Leibniz algebras are examples of graded Leibniz algebras and so the present
paper extends the results in [11] and [13].

The usual regularity concepts will be understood in the graded sense. For

instance, a graded ideal I of £ is an ideal which splits as I = € I, with any
geG
I,=1INgL,y,g€d.

We note that the ideal J generated by {[z,z] : x € £} plays an important
role in the theory since determines the (possible) non-Lie character of £. It is
straightforward to verify that if £ is a graded algebra then J is also a graded

ideal and so we can write J = € J,, being any J, = IN £,. From the Leibniz
geG
identity, this ideal also satisfies

[£,3] = 0. (1)

The usual definition of simple algebra lack of interest in the case of Leibniz
algebras because would imply the ideal 7 = £ or J = 0, being so £ an abelian
or a Lie algebra respectively. Abdykassymova and Dzhumadil’daev introduced
in [1, 2] the following adequate definition.

Definition 1.3. A Leibniz algebra £ is said to be simple if its product is nonzero
and its only ideals are {0}, J and £.

It should be noted that the above definition agrees with the definition of
simple Lie algebra, since 3 = {0} in this case. Of course, a graded Leibniz
algebra £ is called gr-simple if [£, £] # 0 and its only graded ideals are {0}, J
and £.

Example 1. Consider the complex (non-Lie) Leibniz algebra £ with the basis
{e, h, f,p,q} defined by the following multiplication, see [29]:

le,h] =2e, [h, f]=2f, [e,f]=nh,
[h.e] = =2e, [f,h] = =2f, [f,e]=—h,
[p,h] =p, [p,f]=4q,
lg,h] = —q, [g,¢] = -,

where omitted products are equal to zero. The Leibniz algebra £ can be Z-

graded as
t=Pe.
z€EZL
where
Lo=(h), L1=(p) L£1={a),
L2 =(e), L2=(f)
and £, = 0 for any z ¢ {0,41,£2}. The only graded ideals of £ are {0}, £ and
J=£L_1 @ £;. Hence, £ is gr-simple.



2 Ya-Connections and Decompositions

From now on, £ denotes a graded Leibniz algebra with a symmetric G-support

Ya, and
c=PL=e(P &)

geG g€la

the corresponding grading. We begin by developing connection techniques in
this framework.

Definition 2.1. Let g,9' € Xg. We shall say that g is Xg-connected to g’ if
there exist {g1,92-..,gn} C L such that

L.g1=g9,

2. {9192, 919293, -, 9192+ " gn-1} C L and

3. q192--gn €19, (¢) 7}

We shall also say that {g1, ..., gn} is a Lg-connection from g to ¢’

The next result shows the ¥ g-connection relation is of equivalence. Its proof
is analogous to the one for graded Lie algebras given in [11, Proposition 2.1].

Proposition 2.1. The relation ~ in g, defined by g ~ ¢' if and only if g is
Yg-connected to g, is of equivalence.

Given g € X, we denote by
¢, :={g € T¢: ¢ is Lg—connected to g}.

Clearly if ¢ € €, then (g')_1 € ¢, and, by Proposition 2.1, if h ¢ €, then
¢, Ne, = 0.

Lemma 2.1. If ¢’ € &, and g",¢'g" € X¢, then g",¢'g" € €.

Proof. The Yg-connection {¢’, g"} gives us ¢’ ~ ¢’¢”. Hence, by the transitivity
of ~, we finally get ¢'g” € €,. To verify g” € €,, observe that {g'¢", (¢') "'}
is a Yg-connection from ¢'¢” to ¢g”. Now, taking into account ¢'¢” € €,, we

conclude as above that ¢g” € &,. O

Our next goal is to associate an (adequate) graded ideal I}y to any €,. For
¢y, g € X, we define

269,1 = spanK{[Eg/,S(g/)—l] g € Q:g}

Ve, = P £y

g'eC,

and

We denote by £¢, the following subspace of £,
2@9 = 2@9’1 D ng.



Proposition 2.2. Let g € ¥g. Then the following assertions hold.
L. [Le,, Le,] C Le, -
2. If h ¢ € then [L¢,, Le,] = 0.
Proof. 1. We have
(Le,, Le,] = [Le,1 @ Ve,, Le,1 @ Ve, ] C (2)
[Le,1, Le, 1] + [Le, 1, Ve, | + Ve, s Le, 1] + [Ve,, Ve, |-

Consider the above second summand [£¢, 1, Ve,]. Taking into account £¢, 1 C
£1 and [£4,£y] C £, for any g € Xy, we have [L¢, 1, Ve,] C Ve,. In a similar
way [Ve,,Le, 1] C Ve, and so

[£¢g,17 Vﬁg} + [VQQ,SQgJ] C V¢g' (3)

Consider now the fourth summand [V , Ve, ] in equation (2) and suppose there
exist ¢/, g" € €, such that [£,,L,n] £ 0. If ¢’ = (¢')7, clearly [£4/, £40] =
(L4, L(g)-1] C Le,.1- Otherwise, if g” # (¢')~*, then ¢'¢g” € X and Lemma
2.1 gives us g'g"” € &;. Hence, [y, £yv] C Lyrgn C V. In any case

[V@g, V@g} C £¢g . (4)

Finally, let us consider the first summand [£¢, 1, £e, 1] in equation (2). We

have
(Le,1, Le,al =[ D (€0, L)1) D (€97, L(gr)1]]-
g'edy g'’eg,

Taking now into account Leibniz identity we get

ST 180 Ligy1) [Lgr, L] ©

g/,g”eﬁ'g
> (€ (a7 &1l Egn-1] + (L0, [Eg1)-1, [La, £gry—1]]]) C
g’,g”€¢g
C Z [29’7£(g’)—1] = £€g,1~
g€y
That is,
[£e,.1,Le,,1] C Le, 1 (5)

From equations (2)-(5) we conclude [£¢,, £¢,] C Le, -
2. We have as in 1. that

(Le,, Le,] C [Le,.1, L] +[Le,1, Ve, ] + Ve, Lep ] + Ve, Ve, ] (6)

Let us suppose that there exist ¢’ € €, and b’ € €, such that [£4/, £p/] # 0.
Then ¢'h' € Y and we have as consequence of Lemma 2.1 that ¢ is con-
nected to h, a contradiction. From here [Vg ,Ve,] = 0. Taking into ac-
count this equality and the fact (¢/)~' € €, for any ¢’ € €,, we can argue



with Leibniz identity in [[£4, £(g)-1], £n/] and in [£4/, [Chr, Lry-1]] to get

(€, Loy -1]; L] = [L£gr, [Enr, £ry-1]] = 0. Now a same argument can be
applied to verify [[£4/, £41y-1], [€n, £nr)-1]] = 0. Taking into account equation
(6) we have proved 2. O

Proposition 2.2 let us assert that for any g € ¥, £¢, is a (graded) subalge-
bra of £ that we call the subalgebra of £ associated to €,. Now, the following
results can be proved as in [11, Theorem 2.1] and [11, Theorem 2.2] respectively.

Theorem 2.1. The following assertions hold.

1. For any g € ¥, the graded subalgebra L¢, = £¢,1 @ Ve, of £ associated
to €4 is a graded ideal of £.

2. If £ is gr-simple, then there exists a Yg-connection from g to g’ for any
g,g/ S ZG, and El = Z [Sg/,ﬂ(g/)fl].
g'€Xc
Theorem 2.2. For the complementary vector space U of spang{[Ly, L4-1] :
g € Xg} in £, we have
L=U+ jg: IM%

g€Sa/~
where any Iig) is one of the graded ideals £¢, of £ described in Theorem 2.1,
satisfying [Ig), Iign] = 0 if [g] # [g'].
Definition 2.2. The annihilator of a Leibniz algebra £ is the set Z(£) = {z €
£z, L]+ [£,z] = 0}.

The next corollary follows as in [11, Corollary 2.1].

Corollary 2.1. If Z(£) =0 and £, = Y [£4,L4-1], then £ is the direct sum
[JSel
of the graded ideals given in Theorem 2.1-1,

£= P Ig

lgl€Xa/~

3 The gr-simple components

In this section we focus on the gr-simplicity of graded Leibniz algebras by
centering our attention in those of maximal length. This terminology is tak-
ing borrowed from the theory of gradations of Lie and Leibniz algebras, (see
[3, 5, 19, 20]). See also [5, 11, 13, 33] for examples.

Definition 3.1. We say that a graded Leibniz algebra £ is of maximal length
if £1 #0 and dim £, =1 for any g € Y¢.



As an example of a graded Leibniz algebra of maximal length we can take
the graded Leibniz algebra given in Example 1. Our target is to characterize
the gr-simplicity of £ in terms of connectivity properties in Y. We begin with
a preliminary result which holds for non-necessarily of maximal length graded
Leibniz algebras.

Lemma 3.1. Let £ be a graded Leibniz algebra with Z(£) = 0 and satisfying
L= > [L4,8,-1]. If I is a graded ideal of £ such that I C £, then I = {0}.
[ ISpe]

Proof. Suppose there exists a nonzero graded ideal I of £ such that I C £;.
Then [I, @ L4+ D L4, I1C( P £4)NELs and so

geXa geXa geXa

[, 6{) Eg]*'[é}) EQ’I}::O

ISl [ISpe]

From here, the fact Z(£) = 0 gives us that necessarily [I, £1] + [£1,1] # 0.

Taking into account £, = > [£4, £,-1], there exists go € Y such that
>

cither [I,[£g,, £ 1]] # 0 org[e[ﬂcgo,ﬂgo_l],ﬂ # 0. By Leibniz identity one of

the following products is nonzero: [I,£4,] C £4, N £1, [1, Sggl] C L1 Ny,

(€40, 1] C L4, N L1, [;290—17[] C £,-1 N L. In any case we have a contradiction

since £g, N L&y = £ -1 NL =0. So I = {0}. O

Let us return to a graded Leibniz algebra of maximal length £. In fact, from

nowon £=2£ & ( @ £,) will denote such an algebra. Consider any nonzero
g€Xa
graded ideal I of £, then the maximal length of £ gives us

I=(Ing)a (P L) (7)

gED]

where X7 :={g € X : £L,NI # 0} = {g € ¥g : £, C I'}. In the particular, (an
important) case I = J, we get

=@ng) e (P L. (8)

geSy
From here, we can write
Yo = %308, (9)
where
Yy={9€Xc:L,NT#0}={geXs: L, CT}
and
Ygy={g€eleg:L,NnT=0}
Consequently

c=gia(P L) (P L. (10)

gEX 3 heXy



Now, observe that the concept of ¥ g-connectivity among the elements of X
given in Definition 2.1 is not strong enough to detect if a given g € ¥ belongs
to Y5 or to Y_3. Consequently we lose the information respect to whether a
given £, is contained in J or not, which is fundamental to study the gr-simplicity
of £. So, we are going to refine the concept of ¥Xg-connection in the setup of
maximal length graded Leibniz algebras.

In the following, we suppose Y5 and Y_5 are symmetric, that is, satisfying
that if g € Xy then g7! € Xy, for T € {J,-3}. Then we note that in case
£1 = > [£4,£,-1], the decomposition given by equation (10) and equation

g€Xg
(1) show
L= ) [£4 L] (11)

gEX 3

Definition 3.2. Let g, € Yy with T € {J3,-3}. We say that g is X_5-
connected to ¢', denoted by g ~—3 ¢g', if there exist

G2y ey G € 2y
such that
L. {91,9192, 919293, .-, 9192 * ** Gn—19n} C Ex where g1 := g, and
2. g192--9n €49, (9") 7'}
The set {g1,...,9n} is called a X_5-connection from g to ¢'.
Proposition 3.1. The following assertions hold.
1. The relation ~_5 is of equivalence in X_5.

2. If 2(£) =0 and £, = ) [£4,£4-1], then the relation ~_5 is of equiva-
geXG
lence in 5.

Proof. 1. Can be proved in a similar way to Proposition 2.1.

2. Let h € ¥5. Taking into account Z(£) = 0 and £, = > [£4, £,-1],

[ISeE]

Leibniz identity and equation (1) give us that there exists g € X_5 such that
(L1, L,] # 0, being g # h™! by the symmetry of X5 and equation (1). Hence, the
symmetry of ¥_5 and the character of ideal of J let us assert that {h,g,g7 '} is a
> _g-connection which gives us h ~_5 h and consequently ~_5 is reflexive in 5.
The symmetric and transitive character of ~_5 in X5 follows as in Proposition
2.1. O

Let us introduce the notion of ¥ -multiplicativity in the framework of graded
Leibniz algebras of maximal length, in a similar way to the ones for graded Lie
algebras, split Lie triple systems and split Leibniz algebras (see [11, 12, 13] for
these notions and examples).



Definition 3.3. We say that a graded Leibniz algebra of mazimal length £ is
Yg-multiplicative if the below conditions hold.

1. Given g,¢' € X5 such that gg’ € X then [£4,Ly] # 0.
2. Given g € £_5 and h € 5 such that gh € X5 then [£y, £4] # 0.

Another interesting notion related to graded Leibniz algebras of maximal

length £ is those of Lie-annihilator. Write £ = £, & ( @ £4) @ ( D L),
gEX 5 heXy
(see equation (10)).

Definition 3.4. The Lie-annihilator of a graded Leibniz algebra of mazimal
length £ s the set

Zue(€) ={zcL: 1,210 ( P L+ a( P L) 2] =0}

geES 3 geEX 3

Clearly the above definition agrees with the definition of annihilator of a Lie
algebra, since in this case X5 = (). We also have Z(£) C Zp;(£).

Consider the graded Leibniz algebra £ = @ £, given in Example 1, that
ZEL
we know is of maximal length. Since 7 = £_1 @ £, we have ¥5 = {£1} and

Y5 = {£2}. From here, and taking in to account the multiplication in £, it is
easy to verify that £ is Yg-multiplicative. We also have that in this example

Z1ie (L) = {0}.

Lemma 3.2. Suppose £1 = Y [£4,£,-1] and £ is Xg-multiplicative. If X5
geXG
has all of its elements X_3-connected, then any nonzero graded ideal I of £ such

that IN( @ £,) # {0} satisfies that £1 C I and that for any g € X3, either
g€ 3

L£gClorLy CI.

Proof. By equations (7) and (9) we can write

I=ingye( @ goe( P &)

gi€X-3.1 h;€X5 1
where ¥ 57 =X 5NX;and X537 =%X3NXE;. Since IN( @ £y) # {0} we

geEX 5
have Y51 # () and so we can fix some go € X5 ; being then

Ly, C 1. (12)

For any ¢’ € Y5\ {0,495 '}, the fact that gy and ¢’ are ¥._j-connected gives
us a ¥_z-connection {g1, g2, ..., gn} C X5 from go to ¢’ such that g; = go,

9192, 919293, -+, 919293 ** * gn—1 € 23

and
919293 - - - gn S {9/7 (g/)il}'



Consider ¢1, g2 and g1g2. Since g1, g2 € Y3, the Lg-multiplicativity and max-
imal length of £ show 0 # [£4,, £4,] = £4,4,, and by equation (12)

0 7é £9192 -y p
We can argue in a similar way from ¢ ¢2, g3 and g1g293 to get
07 £g1g2gs C 1.

Following this process with the ¥_j-connection {gy, ..., g, } we obtain that

07 Lg1g2g5-9, C 1

and so either £, C I or £(4)-1 C I. That is,

£, C I for any ¢’ € ¥_5 and some p € {¢', (¢')"*}.

Since £, = > [£4,£,-1], (see equation (11)), we get £, C 1. O
gEX 3
Lemma 3.3. Suppose £1 = ) [£4,£,-1], Zrie(£) = 0 and £ is Xg-multipli-
ISNE]

cative. If ¥ 5 has all of its elements ¥_5-connected, then any nonzero graded
ideal I of £ such that IN( @ £4) # {0} satisfies L1 @ ( @ £4) C I

gEX 3 geES 3
Proof. By Lemma 3.2, for any g € X5, either £, C I or £,-1 C I. Let us show
that there exists gg € Z —y such that £, C I and £', -1 C I. To do that, suppose
there is not any go € X5 such that £, C I and 2 -1 C I. Since £1 # 0 by

the maximal length of £, and £, = > [£4,£,-1], We can take some gy € Y5
g€3a
such that

[2907290*1] # 0 or [2951,2%] #0 (13)

with £4, C I and LNl = {0}. Let us suppose [EQU,Eggl] # 0. Taking
into account Zpie(£) =0, £ = > [£4,L5-1] = > [€n,Ly-1] and Leibniz

gEX G heX_5

identity, there exists h € X_5 such that [£p, [2907290—1]] + [[£g0, 2951]7£h] # 0,
being so £;, C I. That is, h € ¥5 ;. By Leibniz identity, either

[[£h7290]7290 1]+ Hggoa Ln], £ *1] #0 (14)

or

H'Shv’ggo*l]?i:go} + [E’goa [ ot Qh]] 7é 0. (15)

If equation (14) holds, then hgy € Y51 and we get by Yg-multiplicativity

[Sh,ﬂh,lggl] =L I which is a contradiction. By the other hand, if
equation (15) holds, then hgy' € Y51 and we also get by Yg-multiplicativity
[tho_1,£h_1] = £,-1 C I, a contradiction. Finally, note that if [Ego,ilgo_1] =0

and by equation (13) we have the case [Egal,ﬂ,go] # 0, we obtain as above

10



a contradiction. Consequently, there exists go € X5 such that £, C I and
Sggl C I. From here, for any ¢’ € Y5\ {g0,95 '}, the fact that gy and
g are Y _j-connected, the Yg-multiplicativity and the maximal length of £
give us as in Lemma 3.2 a ¥_3-connection {go, g2, ..., gn} C B3 from go to ¢’
such that £404,95-g. = £¢ C I for some ¢ € {¢’,(¢’)"*}. Now we also have
that {gg ', 95 - g, '} is a X_g-connection from g5 ' to ¢’ but satisfying now
[ -- [/Sggl,,gggl], ], €] = Le-r C T and so £y 4+ £(y)-1 C I for any ¢’ €
Y 5. Since by Lemma 3.2 we also have £, C I we get £1&( @ £4) CI. O
gE€S 3

Proposition 3.2. Suppose £1 = > [£4,L,-1], Zrie(£) = 0 and £ is Xg-
ISNE]
multiplicative. If X5 and %5 have all of their elements ¥_5-connected, then

any nonzero graded ideal I of £ such that IN( @ £,) # {0} satisfies I = £.

9eT -3
Proof. By Lemma 3.3, &1 & ( @ £,) CI. I C & & ( @ £,) then
gEY 5 geEX 5
I=2,9( @ £, and, by equation (10), we have

gEX 3
£=1¢7.

Since [I1,7] C [£,7] = {0} and [J,1I] C INT = {0} we get T C Z1i(£) = 0 which
implies £ = 1.
Consider then the case in which I ¢ £, & ( €@ £,). Then there exists
geES 3
ho € X5 such that £, C I, that is, hg € X5 7. Taking into account that X5 have

all of their elements ¥ _5-connected, we can argue with the X g-multiplicativity
and the maximal length of £ as in Lemma 3.2 to conclude that given any h € X5,
there exists a X_5-connection {hg, g2, ..., gn} from hg to h such that

[ [€ho> Lga]s -] £g,] € L¢
and so £; C I for some ¢ € {h,h~'}. That is,
¢ € ¥y for any h € X5 and some ¢ € {h,h™1}.

Let us show that there exists some hy € Y5 such that hl_1 € ¥3,7. Indeed, in
the opposite case. That is, there is not any h € X5 ; such that h=! € £y ;, we
can write

Yy =5,0(85) 7! (16)

where (X57)7! := {h7' : h € X5} and denote by K := € £,-1, being
hGEj)[
then

C=TaK with K £0

as consequence of equations (10) and (16). Observe that [£1®( @ £4), K] C
g€ 3

[£,7] = 0. We also have [K, @ £,] =0. In fact, if there were ko € (Z5,7)"*
9€E-5

11



and go € X5 such that
[’gko”ggo] # 0, (17)

since kogo € X5 we would get by the X g-multiplicativity of £, the symmetries
of ¥_5 and X5, and the fact Sk(;l C I that 0 # [2,%71,119071] = £k51g51 c I

That is, ky 'y ' € £5,7. Hence, kogo € (X5,7)~! and so [L,, £4,] C K. But the
fact £4, C I also gives us [£y,, Ly,] C I and so [Lk,, £4,] C I N K = {0}, which
contradicts equation (17). Therefore, [K, @ £4] = 0. By Leibniz identity
gEX 3
and the fact £, = ) [£4,£,-1] = > [Ln, £p-1] we also get [K, £1] = 0.
geXa heX 3

That is, K C Zp;e(£) = 0, which contradicts the fact K # 0. So there exists
some hy € Xy 1 such that hfl € ¥y 1.

We can argue with the above h; € X5 as we did as the beginning of
the proof with hg to get that for any h € X5 there exists a ¥_j-connection
{h1,92,...,gn} from h; to h such that [[---[€n,,Lg,], -], Lg.] C L C I for

some ¢ € {h,h~'}. Taking into account h; ' € ¥5 7, we also have that

{(hit 95t gt}

is a ¥_y-connection from hy* to h satisfying
[[ .- [£h1—1,£gz—1], .- ~], 29;1] = £El clI
and so £y + £,-1 C I for any h € 3. From here 3 C I and so I = £. O
Proposition 3.3. Suppose £1 = ) [£,4,£,-1],Z(L) = 0 and £ is Xg-multipli-
g€Za
cative. If X5 has all of its elements Y_5-connected, then any nonzero graded

ideal I of £ such that I C T satisfies either I =J or I =1& P with P a graded
ideal of £.

Proof. By equations (7), and (9) we can write

I=Ingne( P &)

hj€X5 1
with X5 ; = X5 N X;. Observe that the fact Z(£) = 0 implies
Jn g, ={0}. (18)

Indeed, [£1,TN&41]+[£4,TN L]+ [TNL,T] C [£,T] =0 for any g € X,
and if [JN £4,£4] = 0 for some g € X5 then £, C J, being then g € Xy,
a contradiction. So [JN £q,£,] = 0 for any g € ¥3. From here, we also
have [J N £1,£1] = 0 as consequence of Leibniz identity and the fact £, =
> [£g:L4-1]= X [Lh,Ly-1]. We have showed TN £y C Z(L) = 0. Hence,

geEX heX_5
I= @ Ln; s

we can write
h;€X5 1
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with X5 # (), and so we can take some hg € X5 1 such that £,, C I. We can
argue with the Xg-multiplicativity and the maximal length of £ as in Propo-
sition 3.2 to conclude that given any h € 35, there exists a Y_5-connection
{ho, g2, .-, gn} from hg to h such that

O 7é [[. o [£h07£g2]’ o .]7£gn] = ’QC - I
for some ¢ € {h,h~'}. That is
¢ € ¥y, for any h € £5 and some ¢ € {h,h'}.

Suppose hy' € ¥5.7. Then we also have that {hy', g5, ..., g, '} is a ¥_5-
connection from hgy ! to h satisfying

075 [[~--[Shal,}:g;l],-”},}:g;d ZSC—l cl

and so £, + £,-1 C I for any h € ¥5. Equations (8) and (18) let us now
conclude I = 7.

Now suppose there is not any kg € X5 r such that hy' € $5 7. Then we can
write Y5 = 23’10(23’1)_1 where (Zj’j)_l = {h_l e€d5:he Ej)[} and, (joint

with equations (8) and (18)), assert that by denoting P:= & £,-1 we have
heXs 1

J=IaP
Let us finally show that P is an ideal of £. We have [£, P] C [£,7] =0 and

[P.glC[P.&]+[P, D LI+ [P. P nlcP+[P, P &l

gEX 5 heXs LISHIBY

Let us consider the last summand [P, €@ £4] and suppose there exist hy €
gEX 3

Y5, and g9 € X3 such that [£h51,£go] # 0. Since Ehgl C P C 73, we get

hglgo € Y5. By the Xg-multiplicativity of £, the symmetries of ¥_5 and

Y5, and the fact £5, C I we obtain 0 # [Sthqo—l] = Lypgor C 1, that is

hogy ' € 2g,7. Hence, hy'go € (35,7)7" and so [Shgl,ﬂgo} C P. Consequently

[P, @ £,4] C P and P is a graded ideal of £. O
geEX 3

We introduce the definition of gr-primeness in the framework of graded Leib-
niz algebras following the same motivation that in the case of gr-simplicity (see
Definition 1.3).

Definition 3.5. A graded Leibniz algebra £ is said to be gr-prime if given two
graded ideals I, P of £ satisfying [I, P] + [P,I] = 0, then either I € {0,7} or
P e {0,73}.

As an example of a gr-prime graded Leibniz algebra we have the graded
Leibniz algebra given in Example 1. We also note that the above definition
agrees with the definition of gr-prime Lie algebra, since J = {0} in this case.

Under the hypotheses of Proposition 3.3 we have:

13



Corollary 3.1. If furthermore £ is gr-prime, then any nonzero graded ideal T
of £ such that I C J satisfies I = 7.

Proof. Observe that, by Proposition 3.3, we could have J = I & P with I, P
graded ideals of £, being [I, P] + [P, I] = 0 as consequence of I, P C J. The
gr-primeness of £ completes the proof. O

Consider £ with Z(£) = 0 and £, = ) [£,4,£,-1], (see Proposition 3.1).
g€la
Given any g € Xy, T € {J, -7} we denote by

Cg ={d €Xy:9g ~5g}

If g € Ty, let us write £ ¢r = spang{[€y, L(g-1] 1 ¢ € €]} C £, and
Ver = @ £,. We also denote by Lex = Lier ® Ver.

T
g'edy

Lemma 3.4. IfZ(£) =0 and £ = }_ [£4,£y-1], then L¢; is a graded ideal
ge€XG
of £ for any h € X5.

Proof. From £ = ) [£4,£,-1] = > [€n,Ly-1] we get £ 3 =0 and so
g€S G hEX_5 h

Lep = Vey = D o
h'ee?
We have [£, £¢3]+[E€¢3,T] C [£,T] = 0and [£¢3, £1] C L¢y - Finally [£¢3, L] C
Le; forany ¢’ € €7, Indeed, given any h' € €} such that [y, £4/] # 0 we have
h'¢g" € X5 and so {I/, ¢’} is a ¥_3-connection from b’ to h'g’. By the symmetry
and transitivity of ~_5 in X5 we get h'g’ € €. Hence [£4/,£,] C L¢;. Taking
into account equation (10) we conclude £¢; is a graded ideal of £. O

Theorem 3.1. Suppose £ = Y [£4,L,-1],Z1ic(£) = 0 and £ is Xg-multipli-
g€Za

cative. Then, £ is gr-simple if and only if it is gr-prime and X5, X5 have all
of their elements Y_5-connected.

Proof. Suppose £ gr-simple. If 5 # () and we take h € X5, Lemma 3.4 gives
us £¢; is a nonzero graded ideal of £ and so, (by gr-simplicity), Lo =T =

@ <L, (see equations (8) and (18)). Hence, €3 = X5 and consequently
hjEEj
Y5 has all of its elements Y _5-connected.

Consider now any g € X5 and the subspace 2@;3. Let us denote by I(i}@;a)
the (graded) ideal of £ generated by Le.a. By gr-simplicity I(S@;j) =2

Observe that the fact that J is an ideal of £ let us assert that I(Le3) N
( 6@ L) is contained in the linear span of the set '
9'€¥-3

{I- [Uhvvgl]’ o 'Lvyn]; [Ugnv [ [Uglvvh]v I
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[ Toges vnls -1 vg,]; (09, [ - [on, vg, ], - -] with 0 7 vp € Lo,
0# vy, € Ly,,9: €€, 7 andn eN }.

From here, given any g € >_5, the above observation and Leibniz identity give
us we can write g = hgy - -+ g, with h € Qﬁ;j, any g; € X5 and being the partial
products nonzero. Hence {h, g1, ..., g} is a X_5-connection from h to g. By the
transitivity of ~_5 in ¥_5 we deduce that g is X_5-connected to any § € X_5.
Consequently Q;j = Y_5 and we can assert that

Y5 has all of its elements Y _5-connected.

Finally, since £ is gr-simple then is gr-prime.
Let us see the converse. Consider I a nonzero graded ideal of £ and let us
show that necessarily either I = J or I = £. If I C J, Corollary 3.1 gives us

I=3.1IfIn( @ £4) # {0}, Proposition 3.2 implies now I = £. Hence, we
gEX 3
have just to study the case in which I = (INg€1)®( @ Lp,), with INL; # 0.
hj (SN
But this possibility never happens. Indeed, if there was such an ideal, we would
have [IN£1, L]+ [L£g, INL1] CINLy =0 for any g € £_5. From here, taking
also into account £, = > [£4,£,-1] = > [Lh, L1, Leibniz identity would

g€Xa heX_5
imply [£1,INL1]+[INL1, £1] =0and so INL; C Zrie(L) = 0, a contradiction.
We conclude either I = J or I = £ and £ is gr-simple. O
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