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Abstract

Since the late eighties several methods have been considered in the literature to re-
duce the sample variability of the least-squares cross-validation bandwidth selector
for kernel density estimation. In this paper a weighted version of this classical method
is proposed and its asymptotic and finite sample behaviour is studied. The simulation
results attest that the weighted cross-validation bandwidth performs quite well pre-
senting a better finite sample performance than the standard cross-validation method
for ”easy-to-estimate” densities, and retaining the good finite sample performance of

the standard cross-validation method for “hard-to-estimate” ones.
KEYWORDS: Kernel density estimation, bandwidth selection, cross-validation.

AMS 2010 SUBJECT CLASSIFICATIONS: Primary 62G07, Secondary 62G20

*This is an electronic version of an article published in Communications in Statistics — Theory and

Methods (Vol. 46, 2017, 3438-3458). DOI:10.1080/03610926.2015.1062108
fCMUC, Department of Mathematics, University of Coimbra, Apartado 3008, 3001-501 Coimbra, Por-

tugal. E-mail: tenreiro@mat.uc.pt. URL: http://wuw.mat.uc.pt/~tenreiro/.



1 Introduction

Let X4,..., X, be independent random variables from an absolutely continuous probability

distribution with unknown density f on R, and let

:%;Kh(x—X

be the Parzen-Rosenblatt estimator of f (Rosenblatt, 1956, Parzen, 1962) based on kernel
K and bandwidth h, where K is an integrable function with [ K(u)du = 1, h = h, is
a sequence of strictly positive real numbers converging to zero as n tends to infinity, and
ap(-) = a(-/h)/h, for an arbitrary real function « (see Devroye and Gyorfi, 1985, Silverman,
1986, Bosq and Lecoutre, 1987, Wand and Jones, 1995, Simonoff, 1996, and Tsybakov, 2009,
for general reviews on density estimation).

The bandwidth controls the smoothness of the resulting curve estimate and its choice is
a crucial step in estimating f. Due to its relevancy, this is one of the mostly studied topics
in kernel density estimation and several approaches have been proposed for selecting h.
One of such approaches is the now classical least-squares cross-validation method proposed
by Rudemo (1982) and Bowman (1984). The cross-validation bandwidth is defined as

hov = argmin CV(h),

where the least-squares cross-validation criterion function is given by

CV(h) = quf) + n(nl_ 0 > LuXi - X)),

1<i#j<n

with L = (1—-n"!)Kx K —2K, where * denotes the convolution product, a(u) = a(—u) and
R(a) = [ a(x)*dz, whenever « is square integrable. For each o > 0, CV(h) is a minimum
variance unbiased estimator of MISE(f;n, h) — R(f) (see Serfling, 1980, p. 176) where

MISE(f;n, h) = E(ISE(f; n, b)) ( /{fn }2d:c)

is the mean integrated square error of the kernel density estimator f,,. Denoting by haisg

the exact optimal bandwidth in the sense that
haise = arg min MISE(f;n, h)
h>0

(see Chacon et al., 2007, for the existence and asymptotic behaviour of hysg), it is well

known that under some regularity and moment conditions on K and f we have

h’CV a.s.
— 1

)
hMISE



and also -
n1/1o(hﬂ _ 1) ~L N(0,02y (f; K)),
haiise
where
2R(pr) O(f
U%V(f; K) = 25[R([(('§;;>2(§()>2]1/57 (1)

with px(z) = 2(K * K)'(x) — 20(K*)'(x), where o is the symmetrisation of o defined by
a® = (a+a)/2,0(f) = R(f)R(f")~Y® and py(a) = [ z*a(z)dz denotes the k-th moment
of a whenever |u|(a) = [|z*a(x)|dz is finite (see Hall, 1983, Stone, 1984, Nolan and
Pollard, 1987, Hall and Marron, 1987, and Park and Marron, 1990; all these authors take
for K a symmetric kernel in which case K* = K).

Despite the inferior asymptotic performance presented by the cross-validation band-
width in comparison with some other bandwidth selectors h = iz(X 1,- -+, Xy), that achieve
both optimal root n order of convergence and optimal asymptotic variance for the relative
error ﬁ/hMISE — 1 (see Hall and Marron, 1991, Hall et al., 1991, and Fan and Marron,
1992), it is well known that the cross-validation bandwidth presents a very good finite
sample behaviour for “hard-to-estimate” densities, that is, densities with distributional
characteristics such as strong asymmetry or multimodality usually leading to large values
of the density functional R(f”) and therefore small values of the density functional 6(f)
(see the examples discussed in Loader, 1999). However, the cross-validation bandwidth
also presents a large sample variability for “easy-to-estimate” densities. In this latter case
the cross-validation criterion quite often selects too small a bandwidths leading to under-
smoothing. This is an unattractive feature of hev because the kernel density estimator is
penalised much more by excessively small rather than by excessively large bandwidths (see
Simonoff, 1996, p. 76, and references therein).

Several alternative methods have been considered in the literature in order to reduce
the sample variability of the cross-validation bandwidth. These include the biased cross-
validation method proposed by Scott and Terrel (1987), the smoothed cross-validation
method of Hall et al. (1992) and its variants, including bootstrap bandwidth selection,
and the direct plug-in method whose idea dates back to the works of Woodroofe (1970)
and Nadaraya (1974). Reviews of all these methods can be found in Cao et al. (1994),
Chiu (1996) and Chacén et al. (2008). In all these attempts the classical least-squares
cross-validation function is replaced by new criterion functions that are better estimators
of the entire MISE function, or an asymptotic approximation of it, than the least-squares
cross-validation function is as an estimator of MISE(h) — R(f). More recently, new least-
squares cross-validation based procedures have appeared in the literature such as those

proposed by Hall and Robinson (2009) (bootstrap aggregation), Martinez-Miranda et al.



(2009) (one-sided cross-validation) and Savchuk et al. (2010) (indirect cross-validation).
An alternative approach that can be seen as a hybrid between cross-validation and direct
plug-in bandwidths is considered in Chacén and Tenreiro (2013). For a recent simulation
study that includes some of the previous bandwidth selectors see Heidenreich et al. (2013).

Although the generality of these methods perform quite well for “easy-to-estimate”
densities improving the finite-sample performance of the cross-validation method, they
occasionally also present a poor behaviour for “hard-to-estimate” densities being clearly
outperformed by the classical cross-validation method. This is an undesirable feature in
particular when no information about the underlying density is available.

A simple alternative to the standard cross-validation approach, that we call weighted
least-squares cross-validation, is considered in this paper. We propose to replace the cross-
validation function CV by a weighted version defined by

R(K) gl

CV, (k) = —~ Ty > Lu(Xi - X)), (2)

where the weight v = v, with 0 <~ <1, is at this point a deterministic value that needs
to be chosen by the user, and we consider the weighted cross-validation bandwidth given
by

~

h, = arg min CV,(h). (3)

To the best of our knowledge a similar idea was for the first time mentioned by Hart
(1985) for selecting the number of terms to be used in a Fourier series density estimator
(see also Tenreiro, 2011). The major motivation for considering the previous weighted
cross-validation function, is the fact that the function v — iu, — hey is nonnegative and
nonincreasing for 0 < v < 1. Therefore, by choosing an appropriate weight value v we
introduce a positive bias with respect to the standard cross-validation bandwidth through
which we expect to control undersmoothing. Besides, at least from an asymptotic point
of view, iu, presents a significant reduction in variability with respect to izcv as described
below. These two features, with an apparent predominance of the former, are on the basis
of the finite-sample properties of the weighted cross-validation bandwidth selector that we
describe in this work.

The rest of the paper is organised as follows. In Section 2, we begin by stating the
asymptotic equivalence, with probability one, between iAz,y and the bandwidth A, that min-

imizes the function

h s ECV.,(f;n, h) = B(CV, (b)), (4)



that is,
h, = arg min ECV.,(f;n,h), (5)

and we conclude that the weighted cross-validation bandwidth is asymptotically equiva-
lent to the optimal bandwidth hypsg whenever + converges to one as n tends to infin-
ity. Moreover, we present an asymptotic expansion in probability for the relative error
ﬁy /hanse — 1 which is the main result of this paper. It enables us to quantify the above
mentioned bias and variance effects and gives us a quite complete understanding of the
role played by the weighted least-squares cross-validation function. In Section 3 we address
the automatic choice of v, which leads us to define the automatic weighted cross-validation
bandwidth Awey. In Section 4 we undertake a simulation study to analyse its finite sample
behaviour. The simulation results confirm that the weighted cross-validation bandwidth
performs quite well presenting a better finite sample performance than the cross-validation
method for “easy-to-estimate” densities, and retaining the good finite sample performance
of the standard cross-validation method for “hard-to-estimate” ones. This is an important
property that is not shared by the generality of the bandwidth selector methods proposed
in the literature. All the proofs and some auxiliar results are deferred to Section 5. The
simulations and plots in this paper were carried out using the R software (R Development
Core Team, 2014).

2 Asymptotic behaviour of iLV

Next we describe the asymptotic behaviour of the weighted least-squares cross-validation
bandwidth iAz,y given by (3). Taking into account that fu, — hey whenever v = 1, the results
presented in this section include specifically those obtained by authors such as Hall (1983),
Stone (1984), Hall and Marron (1987), Nolan and Pollard (1987) and Park and Marron
(1990).

Consider the following set of assumptions on f and K:

(D.1) f has continuous, bounded and integrable derivatives up to order 2.

(K.1) K is a continuous function on R such that K(u) — 0, as |u| — oo, and
R(K) < 2K(0).
(K.2) K is a second order kernel, that is,

po(K) =1, m(K) =0, and ps(K) #0.



(K.3) K is of bounded variation on R.

The previous assumptions on K are satisfied by the kernels usually considered in the
literature. In particular, the inequality R(K) < 2K(0) is fulfilled for nonnegative kernels
with K(0) = sup,cg K(u). This set of assumptions is slightly different from the set of
assumptions of Hall and Marron (1987). In particular, no symmetry or compact support
conditions are imposed to K. This can be largely explained by the proof technique we
have employed which relies on the uniform almost sure limit theorems of Pollard (1986)
and Nolan and Pollard (1987). Finally, note that, by using the arguments of Stone (1984)
and Chacén et al. (2007), we can conclude that the minima of the functions h — CV,(h)
and h — ECV.(f;n,h) given by (2) and (4), respectively, are actually taken on at some
h > 0 (the former with probability one) for

1—7 R(K)

"7 T 2K(0) - R(K)

Therefore, under the previous general conditions the sequences iAz,y and h., given by (3) and
(5) are well defined for n large enough whenever the sequence of weights (7,,) is such that
liminfy > 0.

We start by stating the asymptotic equivalence with probability one between iAzV and

haiise whenever the sequence of weights converges to one as n tends to infinity.

Theorem 1. Under assumptions (D.1), (K.1), (K.2) and (K.3), if v is such that lim inf v >
0, then

il’ a.s
AN
hy
Moreover, v — 1, as n — oo, if and only if

~

h a.s.
T2 .

hMISE

Under some additional assumptions on f and K, we can establish the asymptotic nor-
mality of the weighted cross-validation bandwidth:

(D.2) f has continuous, bounded and integrable derivatives up to order 3.

(K.4) K has derivatives up to order 2 such that the functions z ++ 'KV)(z) are of
bounded variation on R and |pg|(KY)) < 0o, for 0 <i < jand j = 0,1, 2.

Our main result is as follows:



Theorem 2. Under assumptions (D.2), (K.1), (K.2) and (K.4), if v is such that liminf >
0, then

~

hy

hMISE

— 1= (7—1/5 . 1) + 77/1071_1/1000\/(f; K)Z + 0p(n_1/10),

where Z is asymptotically normal N(0,1) and ody(f; K) is given by (1). Moreover, if
v =1+ o(n~Y1%) we have

A~

nl/lo(L - 1) 4 N(0,02y(f; K)).
hyise

Based on the previous asymptotic expansion we conclude that by taking a large, but not
too large weight ~y, the weighted cross-validation bandwidth }ALA, introduces a small positive
bias in the exact optimal bandwidth estimation process but, at the same time, it reduces
the variability associated to the standard cross-validation bandwidth. As n increases 7
should vary in such a way that each of the components of the asymptotic mean square
error of }ALA, /hanise — 1 becomes smaller. Therefore, we should take v = 4 where 4 is defined
as the minimiser of the function v +— (y7Y° — 1)2 + 47/Pn=1562(f; K). Tt is easy to see

that ¥ = 77°, where 7 is the unique root of the equation

T
5 Poby (K = 1=0. (6)

Moreover, 7 is a decreasing function of o2y (f; K) that converges to one as n tends to
infinity with
35

n?(5 = 1) = =7 oty (f: K).

Under the conditions of Theorem 2 we conclude that the ideal weighted cross-validation
bandwidth defined by

}ALIWC\/ = ilry = argminh>OCV:Y(h), (7>

is such that .
nt/10 (ZIW& —~ 1) L N(0, 02y (f; K)).
MISE

Thus, from an asymptotic point of view, no first-order differences exist between weighted
and standard least-squares cross-validation bandwidths as estimators of hyisg. However,
as we will see later, from a finite sample point of view considerable improvements can
be obtained by the weighted cross-validation bandwidth for “easy-to-estimate” densities.
Table 1 gives us a first indication in this direction. In this table we present the theoretical
weights 4 for some of the densities of the well known Marron and Wand (1992) set of

normal mixture densities, where we take for K the standard Gaussian density. For densities



Density number
n #1 #2 #3 #8 #12 #15
25 0.624 0.642 0.818 0.720 0.897 0.894
50 0.646 0.664 0.835 0.741 0.908 0.905
100 0.669 0.686 0.850 0.761 0.918 0.915
200 0.690 0.708 0.865 0.780 0.927 0.925
400 0.712 0.729 0.878 0.799 0.935 0.933
oov(f;K) | 0339 0320 0175 0250  0.119  0.122

Table 1: Values of v for some of the Marron and Wand’s normal mixture densities where

K is the standard Gaussian density.

with small values of ocv(f; K), we see that, even for small sample sizes, 7 is close to
one, which implies that marked differences between weighted and standard cross-validation
bandwidths are not expected for such densities. This is in fact a desirable property because,
as mentioned before, the standard cross-validation method performs quite well for this class
of densities. For densities with large standard deviations ooy (f; K), the weights 4 given
in Table 1 reveal that an improvement of the weighted cross-validation bandwidth over
the standard one may be expected in this case, especially for small and moderated sample

sizes. We shall return to this point later.

3 The automatic weighted cross-validation bandwidth

The exact evaluation of the optimal weight 7 defined in the previous section, and therefore,
also the evaluation of the ideal weighted cross-validation bandwidth given by (7), is not
possible in practice because the asymptotic variance o2y (f; K) given by (1) depends on
the unknown density function f throughout the density functional (f) = R(f)R(f")~'/°.
Denoting by 7 the unique root of the equation obtained from (6) by replacing in o0&y (f; K)
the unknown parameter 6(f) by a strongly consistent estimator 6, (that is, 6, — 0(f) a.s.),
and taking 4 = 7°, we shall consider the automatic weighted cross-validation bandwidth
defined by

hwcv = h:y = arg I}El;gl CV@(h),

that we will use as a surrogate for the ideal weighted cross-validation bandwidth }Allwcv-

Next we describe the asymptotic behaviour of izwcv.

Theorem 3. Assume that the density function f is such that 6, = én(Xl, o X)) is a



strongly consistent estimator of O(f). Under the assumptions of Theorem 1 we have

hwev  as. 1

haise
Moreover, under the assumptions of Theorem 2 we have

h
nl/lO( WCV

p —1) i>]\T(O,aév(f;K)).
MISE

Although the asymptotic behaviour of the automatic weighted cross-validation band-
width iAz@ does not depend on the considered strongly consistent estimator 0, of o(f) =
Yo(f)va(f)~Y°, where for the convenience of notation we write ¥, (f) = (—1)"/2R(f/?)
for an even positive integer r, it is natural to expect that its finite-sample performance
could depend on 0,. In this paper we consider the estimator of 6(f) defined by

én = ¢0w;1/57 (8)

where 12,, denotes the two-stage direct plug-in kernel estimator of 1, given by

B =t (0 (2 (w2 (1X51))])) 9)

o 1,(g) is the kernel estimator of 1, introduced by Jones and Sheather (1991) (see also
Hall and Marron, 1987a, and Wand and Jones, 1995, p. 67-70) defined by

where:

. 1 «
dilg) = =5 D 60X - X)),

1,j=1

where ¢ denotes the standard Gaussian density, g > 0 is the bandwidth and qbér)
represents the rth derivative of the function ¢,(x) = ¢(x/g)/g, that is, o) (x) =

o (x/g) /9"

o ¢, is the real valued function defined for ¢ > 0 by

-l 1/(r+3)
(t) = . )
7 <2<r—1>/2(7~/2)! mt) ’

o 1&? R is a quick and simple estimator of the functional ¢, based on the normal reference

distribution given by
(—1)7/2r!
(26)+1(r/2)\/7

NR
Y=

where ¢ is any scale estimator.
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See Wand and Jones (1995, p. 71-74) for the motivation of this type of multistage
kernel estimators and Tenreiro (2003) for their weak consistency and asymptotic normality.
Other strong consistency results for this class of kernel estimators can be found in Liebscher
(1998). For the sake of completeness we finish this section by presenting a set of sufficient

conditions for the strong consistency of the two-stage direct plug-in kernel estimator 1@
defined by (9).

Theorem 4. If the density function f has continuous, bounded and integrable derivatives

up to order r + 2, and there exists oy > 0 such that ¢ — oy a.s., then @Er — 1, a.s.

Taking for ¢ the scale estimator proposed by Silverman (1986, p. 47), that is, 6 =
min{s, I[QR/1.34}, where s is the sample standard deviation and IQR the sample in-
terquartile range, the previous assumption on ¢ is fulfilled whenever the density function
f has a finite second moment and the corresponding distribution function is not flat in a
right-neighbourhood of its first and third quartiles (see Serfling, 1980, p. 74-75). Therefore,
under these general assumptions we conclude that 0, = 1;01;4_ 5 is a strongly consistent
estimator of 0(f) whenever f has continuous, bounded and integrable derivatives up to
order 6.

4 Simulation study

We present in this section the results of a simulation study carried out to analyse the
finite sample behaviour of the automatic weighted cross-validation bandwidth (WCV).
Three other bandwidth selection methods are included in the study: the standard cross-
validation method (CV), the bootstrap aggregation or bagging method (BAGG) proposed
by Hall and Robinson (2009) and the one-sided cross-validation method (OSCV) considered
in Martinez-Miranda et al. (2009) (see also Mammen et al., 2011). These latter methods
are meant to reduce the stochastic variability of the cross-validation bandwidth, which
explains their inclusion in our simulation study. In implementing all these bandwidths we
take for K the standard Gaussian density. For the WCV bandwidth we take for & the above
mentioned scale estimator proposed by Silverman (1986, p. 47), and in the implementation
of the BAGG method we follow the recommendations of Hall and Robinson (2009) by
considering the approach based on half-sample bagging hev. As the considered kernel K
is symmetric, note that the implemented OSCV bandwidth agrees with the right-sided
cross-validation and do-validation bandwidths considered in Mammen et al. (2011). We
use as test densities the 15 normal mixtures densities of Marron and Wand (1992) that we
have refereed to in Section 2. All the simulations results are based on 500 samples of sizes
n = 25,50, 100, 200 and n = 400, from each test density in the study.
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Figure 1: Average and standard deviation of the bandwidths produced by the bandwidth
selection methods IWCV, WCV and CV. The number of replications is 500.

We start by presenting in Figure 1 the average and the standard deviation of the band-
widths produced by the ideal (IWCV) and automatic weighted cross-validation bandwidth
selectors for densities #2 and #3. For comparative proposes we also present the average
and standard deviation of the bandwidths selected by the standard cross-validation method.
In view of this figure we see that ;LWCV is a better surrogate for the ideal bandwidth EIWCV
for the “easy-to-estimate” density #2, than for the “hard-to-estimate” density #3. We
know that the two-stage direct plug-in kernel estimators ¥, defined by (9) can perform
poorly when the true underlying distribution deviates severely from normality because
of their use of the normal reference density, which may explain the observed numerical
results. In this particular case, the overestimation of 6(f) produced by the considered
kernel estimator (8), leads to systematic smaller estimated weights 4 than ideal weights
7, which explains the fact that the bandwidths produced by the automatic WCV method
being larger that those generated by its ideal version. In both cases the simulation re-

sults do not reveal any significant bandwidth variability reduction in comparison to the
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Figure 2: Empirical L*-norm of ISE(f;n, iAz) associated to the bandwidth selector methods
WCV, CV, OSCV and BAGG, for some “easy-to-estimate” densities. The number of
replications is 500.

standard cross-validation bandwidth as we could expect from the asymptotic theory pre-
sented in Theorem 2. However, they clearly show the positive systematic bias introduced
by the weighted cross-validation bandwidth with respect to the standard cross-validation
bandwidth selector. As we will see below, this effect seems to dominate the finite sample
behaviour of the weighted cross-validation bandwidth iLWCV.

For each one of the bandwidths WCV, CV, OSCV and BAGG, we describe in Figures 2
and 3 the behaviour of the following measure of the stochastic performance of the bandwidth
selector h:

L? norm of ISE(f;n,h) = \/Var(ISE(f; n,h)) + E2(ISE(f;n, ).

In Figure 2 we include some “easy-to-estimate” Marron and Wand’s densities such as
densities #2, #6, #8 and #9, whereas in Figure 3 some “hard-to-estimate” densities, such
as densities #3, #4, #12 and #15, are considered.

As we can see from the graphics the OSCV and BAGG bandwidths present the best
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Figure 3: Empirical L*-norm of ISE(f;n, iAz) associated to the bandwidth selector methods
WCV, CV, OSCV and BAGG, for some “hard-to-estimate” densities. The number of
replications is 500.

results for “easy-to-estimate” densities whereas the WCV and CV bandwidth selectors are
the best methods for “hard-to-estimate” densities. With the exception of the multimodal
densities #12 and #15 where the OSCV method shows a poor behaviour, the different
bandwidths perform similarly when the sample size is large. Although inferior to OSCV
and BAGG bandwidths for “easy-to-estimate” densities, the WCV bandwidth presents a
better finite sample performance than the CV method for such densities, in particular
for small sample sizes. Moreover, it retains the good finite sample performance of the
CV method for “hard-to-estimate” densities. Based on this evidence, we expect that the
new data-based bandwidth might present a good overall performance for a wide range
of density features, which is an important property in particular when no information
about the underlying density is available or when a complex data structure is suspected.
Note also that this relevant attribute is not shared by the generality of the bandwidth

selector methods proposed in the literature, which are usually high performing for “easy-
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to-estimate” densities, but, at the same time, they may be quite inefficient for densities

presenting hard distributional features as strong asymmetry or multimodality.

5 Proofs

In this section we prove the asymptotic results stated in Sections 2 and 3. Before that several
preliminar and auxiliar results are needed. We start by studying the limit behaviour of
the deterministic sequence h.,, where we assume that the sequence of weights (7,) is such
that liminf~ > 0. This condition, that we assumed valid from now on, assures that
the sequences iL-y and h, are well defined for n large enough whenever the kernel K is a
continuous function that vanish at infinity with R(K) < 2K(0), and f is a square integrable
density (see the arguments of Stone, 1984, and Chacén et al., 2007). Although the results
presented in this paper can be extended to continuous kernels on R\{0} with finite one-
sided limits K (07) and K(07), we always assume that K is a continuous function on R.

Taking into account that h, = hynsg for v = 1, the next two results include the
corresponding ones obtained by Chacén (2004) and Chacon et al. (2007). The technique
used in their proofs was borrowed from these two references. For notational ease we write
ECV,(n,h) or ECV,(h) instead of ECV,(f;n,h) := E(CV,(h)). As the functions CV,(h)
and CV/(h) are related by

R(K)

CV,(h) = (1 - V)W +7CV(h), (10)

the function ECV.,(h) can be expressed in terms of MISE(h) by

BCV, (1) = (1-9) ") 45 ise(n) - A(p). (1)

Proposition 1. Assume that f is square integrable and let K be a kernel satisfying condi-
tions (K.1) and pa(K) # 0. We have

limh, =0 and limnh, = oco.

Proof: We start by proving that v +— h, is a non-increasing function of v €]0,1]. For
that we use the fact that h, minimises h — ECV,(h) to first write that 2ECV., (h,,) +
MECV,,(hy,) < %ECV,, (hy,) + nECV,,(hy, ), for every v1,72 €]0,1]. As the previous
inequality is equivalent to (h,, — h.,)(72 — 1) > 0, the non-increasing monotonicity of
v + hy is established. From this property we deduce that hyisg < h, and therefore

liminf nhynse < liminf nh.,. This shows that limnh, = co because lim nhyusg = oo (see
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Chacén et al., 2007, Theorem 2, p. 291). Next, taking into account (11) and the fact that
ECV,(h,) < ECV,(hmisg), we deduce that

0<(1—7) R(}f{ ) MISE(h,) < (1 — )T E) IS (),

nh nhMISE

where lim MISE(hygsg) = 0 (see Chacédn et al., 2007, proof of Theorem 2, p. 297). There-
fore, we have lim yMISE(h,) = 0, and also lim MISE(h,) = 0 as liminf~y > 0. Finally,
using the fact that K is a kernel whose Fourier transform is not identically equal to 1 in a
neighbourhood of the origin, we conclude that limh, = 0 (see Chacén et al., 2007, proof
of Theorem 3, p. 299). [ |

Proposition 2. Under assumptions (D.1), (K.1) and (K.2) we have:

a) 0 < liminf n/°h, < limsup n'/°h, < oco.

b) hy /B — 1, where h = Yoo (F)n% with co(f) = R(K)YP uy(K) 2P R(f")~Y2.
Additionally, if f satisfies assumption (D.2) and || (K) < oo, we have:

¢) hy/hz —1=0 (n=2°).

Proof: a) For h — 0 consider the asymptotic expansion

MISE(h) = % + %4MZ(K)2R( )+ 0mY) + o(hh) (12)

(see Bosq and Lecoutre, 1987, p. 80-81). Using (11) we get, as n — oo,
R(K)
n1/5h§1/5 4

n*?(ECV,(h%) +yR(f)) = (1 —7) + yn*/"MISE(h)

pa(K)*R(f") + o(1)

_ R(K) (v eo(£))* 2 1o 4
= () +7 1 p2(K)"R(f") +o(1).  (13)
Therefore,
limsup n*/® (ECV,(h2) + yR(f)) < R(K)"°us(K)*PR(f")'° < 0. (14)

On the other hand, from Proposition 1 we have

n*/5(ECV,(h,) + vR(f))
R(K) (n'/"h,)*

— YT, T pa(K)2R(F") + O(n=Y5) + o( (n/7h.)b). (15)
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Together with (14) this enables us to get the stated order of convergence for h.,.
b) In order to prove that v/5n'/5h. converge to co(f), let va."n,/ h.(ny) — A €]0, 00|
be a convergent subsequence of ¥*/°n'/°h. . From (13) and (15) we get
R(K) | A R(K)  colf)!

S TR < o+ RO,

which implies that A = ¢y(f). This concludes the proof of statement b).
¢) Taking into account that the function h — MISE(h) is twice differentiable for h > 0
(see Hall and Marron, 1987, p. 569), the same is true for h — ECV,(h), which enables us

to use the Taylor’s formula to get the expansion

0 =ECV/(h,) = ECV/ (k%) + ECV(h,)(h, — ),

with fzﬁ, between h. and hi‘y. Therefore

h'y "7 * -1 ! *
=1 == (ECVI(h)hy)  ECV(h3),
¥
where
e R(K TH*
ECV/(ht) = —(1 - 7)# +yMISE'(R)
v
and
2R(K)

n*PECV!(h,) = (1 —7) + yn*°*MISE" (h.,).

(n1/5i~z,y)3

In order to conclude it suffices to use part b) and the following asymptotic expansions
that can be derived by standard methods (see Hall and Marron, 1987, and Hall et al., 1991):

MISE'(h) = —% + P us(K)?R(f") + O(n™'h) + O(R®), (16)
and
MISE"(h) = 21;2@() + 302 ua(K)?R(f") + O(n™ ) + O(h"). u

Proof of Theorem 1: Taking into account that f is a bounded density function with
a square integrable second order derivative, and K is a second order kernel of bounded

variation on R, we first note that by using the uniform almost sure limit theorems of
Pollard (1986) and Nolan and Pollard (1987) we have

- CV(h)+ R(f) — Z,
a0 | MISE(h)

a.s.

-1 —0, (17)




17

where
n

7= 237 (X)) ~ BA(X)

i=1
(see Pollard, 1986, p. 16-19, and Nolan and Pollard, 1987, p. 794-795). Hence, from (10),
(11) and the fact that ECV.,(h) + yR(f) > YMISE(h) > 0 we get

CV(h) +R() =77
ECV, () +7R(f)

Now by the arguments of Nolan and Pollard (1987, p. 794) we conclude that

a.s.

1| — 0.

h>0

~

ECV, () +9R(f) as, |

ECV,(h,) 1 R(f)

which, together with (11) and (12), enables us to deduce the stated almost sure asymptotic

equivalence between iAz,y and h.. Finally, using Proposition 2.b) and the equality

hy  hyh, By 5@@7_%

Panse h h_f, haise Dy hx hy ’

we deduce that v — 1 if and only if iAz,y /haiise — 1. [ |

The following lemmas are crucial for the proof of Theorem 2 allowing us to establish
the asymptotic normality of the relative error iAzV /hy — 1. Consider the U-statistic
2

Uyp(h) = n(n —1)

> {on(Xi = X;) — Elen(X; — X))},
1<i<j<n
where h = h,, is a non-random sequence of positive numbers converging to zero as n tends
to infinity, and ¢ is a symmetric real-valued function.
The next lemma presents useful although standard expansions for the expectation

E(¢n(X7 — X3)), for a general, non necessarily symmetric function .

Lemma 1. Assume that f has bounded and continuous derivatives up to order s € N and

let ¢ be a (non necessarily symmetric) real-valued function. The following expansions hold:

a) If |pas—2|(p) < 0o we have

Bpu(X0 ~ X)) = 3 0 el)(F £)0(0) + O,
=0
b) If |pas—1](¢) < 0o we have
Bleu(X0 — X2) = 3 %l )(F £)0(0) + O,
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c) If |pas| () < 0o we have

Blon(X1 = X2)) = 3 70 )7+ )O0) + %u%(wm(ﬂ%(l +o(1)).
=0 '

Next we describe the asymptotic variance and the asymptotic distribution of U, (h),
when ¢ is a symmetric and square integrable function with vanishing moments up to order
k — 1 for some even integer k (see Lee, 1990, p. 12, Hall, 1984, and Tenreiro, 1997).

Lemma 2. Assume that f has bounded and continuous derivatives up to order s € Ny, and
let ¢ be a symmetric and square integrable function such that |pg|(p) < oo and p;(¢) =0,
j=0,1,....k—1, for some even integer k € {0,2,4,...}. We have

Var(U,(h)) = 2n 2 h ' R(p) R(f) + O(n'h* ™)) 4 o(n=2n71).

Moreover, if h is such that nh***' — 0, liminfn’h > 0, for some 0 < 6 < 2, and

lim sup nh?*! < oo, we have
nh'?U,(h) % N(0,2R(¢)R(f)).

The following lemma gives an uniform in A almost sure upper bound for U,(h) that
relies on the uniform almost sure limit theorems of Pollard (1986) and Nolan and Pollard
(1987).

Lemma 3. Under the assumptions of Lemma 2, let ¢ be of bounded variation on R. If B

18 a fived natural number, then for all 0 < ¢; < ¢y < 00 we have

sup [Up(h)| = o (n=2BAs"R/@EFDY g 5.
clnfl/(25+1)ShSCanl/(zﬁ‘f’l)

Proof of Theorem 2: Consider the expansion

h . h sl . h
hanise Y YPhansk h, v~/ haise
where, taking into account Proposition 2.c), we have
h hy h h
= ((J - 1) - (—i - 1)) =0(n?").
Y~ Yohynse hy hx hy

Thus, Theorem 2 follows if we can prove that

h
=9/10,,1/10 (h_“r _ 1) L N(0,02y(f; K)),

y
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with o2y (f; K) given by (1). Because K is twice differentiable on R, we start by using

Taylor’s formula in order to write
—CV.(h,) = CV/ (h,) = CV/ (h,) = OV} (hy) (b — h),
and also

D= (CV”(EV)}M) Cov (hy),

for some random variable h, between h, and h,. Now consider the expansion

~

h.
7—9/1()”1/10 (_v - 1)
hey

_ (7‘2/5n3/5CVg(ﬁ7)h7>_1 {77070 (CV (h,) = B(CV(h,))) + 07/ PE(CV!, (1)) }.

The asymptotic behaviour of each one of the right-hand side terms will be described
in the following propositions. Together with the previous expansion, they enable us to

conclude the proof of Theorem 2.
Proposition 3. Under assumptions (D.1), (K.1) and (K.2), if K has a bounded derivative
and |us|(KY) < oo, for j = 0,1, we have
¥R (CV () = B(CV'(hy))) == N(0,0%),
where
0® = 2R(K) P us(K)° R(pi) R(f)R(f")*°,
and pg(z) = (K * K)'(z) — 22(K*)'(x).
Proof: We have
R(K) 1

1 )
+m Z Niu(X; — X)), (18)
1<i#j<n

where M = K+ K — 2K, N = K x K, and &(z) = a(r) + za/(x) for a differentiable real

valued function «. Thus

Cvl(hv) - E(CV/(hv))

- _ﬁ 1<;<n{th (Xi = X5) - E(MhW (Xi — X;))}
2 . .
G, X 20 = B (6= X0)
1 1
_ _h—WUMs(hfy)-l—n—hyUN(hw), (19)
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where M* and N are symmetric and square integrable functions.

Taking into account that u;(N) = 0, j = 0,1, and pa(N) = —4us(K) # 0 (notice
that, by using the integration by parts formula, we have p;(a’) = —jp;_1(«), for every
differentiable and integrable function a with bounded derivative such that |u;|(e) < oo
and |p;](o) < oo, with j € N), by using Lemma 2 (with £ = s = 2) and Proposition 2, we
get

1 1 —13-1/2 | . —1/272 ~17/10
On the other hand, we have 1;(M*) = 0, j = 0,1,2,3, and py(M*) = —24p,(K)?> # 0.
Therefore, by using Lemma 2 (with £ =4 and s = 2) and Proposition 2, we get

nhY2U . (hy) 5 N (o, 2R(M*)R( f)) . (21)

Finally, taking into account (19), (20), (21) and Proposition 2 we get

1

N30TV (hy) —B(CV'(hy))) = — (y1/5n1/5h.,)3/2

nhY2U () +Oyn "),

where the last term is negligible and the first one is asymptotically normal with zero mean

and variance
2R(M*)R(f)

o R (K ROIR(R(,

with

R(M?®) = R(M?) 4+ R(x(M*)) + /2x(MS)’(x)MS(:c)d:c = R(z(M?®)) = R(px). 1

Proposition 4. Under assumptions (D.1), (K.1) and (K.2), if K has a bounded derivative
and |pe|(KY)) < oo, for j = 0,1, we have

E(CV(h,) = O(n™*/).
Proof: Using (18) and Lemma 1.a) and b), we have

B(OV] (1) = —(1 — ) )

R(K) 7. Y oy
oy = 3 BOL(X — X))+ — B(N(X) — X)),

+7E(CV'(h))

where

4

E(My(X1 — X»)) = %M(M)R(f”) +O(h?) = =h'pa(K)*R(f") + O(R?),



21

and
E(Ny (X1 — X3)) = O(h?),

whenever h converges to zero. Thus from Proposition 2 we get

BICV; (1) =~ + 3K PR() + O, (22)

On the other hand, from (11) and (16) we have

R(K) R(K) _
0 = MISE(h,)=—(1 — ) T YMISE' (k) = — T YR (K2 R(f") + O(n=*/%).
0! Y
Together with (22) this enables us to conclude the proof. [

Proposition 5. Under assumptions (D.2), (K.1), (K.2) and (K.4), we have
V2P POVY (hyhy = SR(K)* P ps(K)PR(f")*° + 0(1)  a.s. (23)

Proof: We have

S W(i —py 2 M- X))

1<i<j<n

OV’ (h) =

9 ..
—m Z Nh(Xi_Xj)a

1<i<j<n

where d(z) = 2a(z) + 4xd'(x) + :520/’( ), for a twice differentiable function a, and M

and N are square integrable with |y (M) < oo and |us|(N) < oo, where u;(M) = 0 for
§=0,1,2,3, (M) = T2p5(K)* # 0, p;(N) = 0 for j = 0,1, and ps(N) = dps(K) # 0.
Thus, by using Lemma 1.a) and ¢) we have

E(CV](h) = (1- 7)2%[3{) + vE(CV"(h))
B Qigfs() + %E(Mh(Xl X2)) - ZLz E(N(X1 = X))
= 2R (RO + of1) + 00k
2R(K)

+ 3% (K)* R(f") + O(n™") + o(h?).

Using Proposition 2 and taking h = h., we get (recall that hy/h, — 1 a.s.)
2R(K)
(Y/oni/5h, )2
= 5R(K)*Pus(K)YPR(f")?° + 0(1)  a.s.

Y 2ROV (1) ey = T 3010 h, P ua (K R(S) + 0(1) s,
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Thus, (23) follows if we can prove that

sup OV (h) = B(CV"(h))] = o(n™*") a.s. (24)

cin—Y/35<h<con—1/5

for all ¢;,co > 0. For that, let us write

OV~ B(CVI() = s 3 {000( = ;) = BT (X, - X))
- W Z {Na(Xi — X;) — E(Na(X; — X;))}
1 .
= h2 Uny (h) — nhZ UN(h),

where M* and N are symmetric and square integrable functions of bounded variation on
R with |ps](M®) < 0o and |us|(N) < oo, with p;(M?*) =0 for j =0,1,2,3, and p;(N) =0
for j = 0,1. Hence, (24) follows from Lemma 3 by taking =2, p = M* and ¢ = N. W

Proof of Theorem 3: Taking into account the convergence 62y — oy (f; K) a.s., we

first notice that
35

(3 =1) =5 = ob ([ K). (25)

As in the proof of Theorem 1, in view of (17) and (25) we can prove that

| CVa) +AR() ~ 52,
| AMISE(h)

a.s.

1| —= 0.

This implies the convergence

~

MISE(hs as
& — 1’
MISE(hMISE)
from which we deduce the almost sure asymptotic equivalence between iLWCV = % and
haisg, which concludes the proof of the first part of Theorem 3.

Reasoning as in the proof of Theorem 2 we can write

iLWCV o "7 -1 /
1= (CV&(h)hMISE) CV, (i), (26)

for some random variable h between iLwcv and hysg. Taking into account the equalities

R(K)

+ 4CV'(haisk)
nhlz\/IISE

CV%(hMISE) =—-(1-9)

and RIK
cvi(hy =201 - ) 28 4 sevr),
nh?
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the asymptotic normality of hwov /hanse — 1 follows now from (26), the asymptotic nor-

mality
n7/10CV%(hMISE> e N(0, 02)7

that can be derived from Proposition 3, and the almost sure convergence

which is a consequence of Proposition 5. [ |

Proof of Theorem 4: We will show that if f has continuous, bounded and integrable
derivatives up to order s (s > 0 is even) then t,(g,) — ¥, a.s. whenever the bandwidth g,
takes the form g, = gsmn‘l/ (5+3) with Jsm — s.0o @.S., for some deterministic positive value
Js.co- LT'wo applications of this result for s = r + 2 and s = r, gives the convergence 1@ —
¥, a.s. for every density function f with continuous, bounded and integrable derivatives
up to order r + 2.

Taking into account that
BWu(g) =l 600 + (1= n7) [ o) £« Flgu)du

(see Chacén and Tenreiro, 2012, p. 525, 539), from the continuity of £ % f and the
Lebesgue’s dominated convergence theorem we conclude that

~

E(ys(g)) = f*) % £(0) = ¢y, for g = g.. (27)
Moreover, we have
. ~ 12
¥s(9) — E(¥s(g)) = pr D {pg(Xi = X)) — Blpy(Xi = X))}
1<i<j<n
— —(l=nUlo)

where ¢ = ¢ is a symmetric function of bounded variation on R, with ||() < oo and

wi(e) =0, for j =0,1,...,s — 1. Thus, from Lemma 3 we get

sup |@Es(g) — E(@Es(g))| 250, for all ¢1, ¢p > 0,

Cln*l/(s+3) Sg§02n71/(s+3)

from which we deduce that
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Together with (27) this implies that ¢, (gs) = ¥s a.s. [ |
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