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1. Motivation

Laguerre-Hahn orthogonal polynomials are related to Stieltjes functions, S, that satisfy
a Riccati differential equation with polynomial coefficients [1-3]

AS'=BS? +CS+D. (1)

The study of recurrences for orthogonal polynomials related to the differential equations
of general type (1) is connected to a wide range of subjects in mathematics, such as
probability theory [4], differential equations [5, 6], constructive approximation [7], etc. In
particular, the semiclassical case - B = 0 in (1) - has been much studied in the literature
due to the well-known connections with integrable systems and Painlevé equations (see,
amongst many others, [8, 9]).

In the literature of orthogonal polynomials, the study of Laguerre-Hahn orthogonal
polynomials proceeds in two directions. One of them is the study within the frame-
work of modifications of measures and the analysis of the corresponding perturbations
on the sequences of orthogonal polynomials. Indeed, Laguerre-Hahn families of orthog-
onal polynomials may appear as a result of modifications of semi-classical orthogonal
polynomials, for example, through some perturbations of the coefficients of the three
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term recurrence relation [10-13], or through spectral rational modifications of the Stielt-
jes functions [14-16]. Another direction of study concerns the problem of classification
of families of orthogonal polynomials in terms of classes of differential equations (1),
which amounts to the classification in terms of classes of distributional equations for
the corresponding linear functionals. In more specific terms, given information on the
polynomial coefficients of (1), the goal is to describe the systems of equations for the
recurrence relation coefficients of the corresponding sequence of orthogonal polynomials,
the so-called Laguerre-Freud equations [17-21]. Generally, such equations are given in
terms of non-linear systems, whose complexity increases with the degrees of the polyno-
mials in (1). In this topic one should emphasize the vast literature on the semi-classical
case, showing that recurrence coefficients of semi-classical orthogonal polynomials can
often be expressed in terms of solutions of Painlevé equations (see, amongst many others,
(8, 9, 22, 23]).

In the present work we focus on the difference equations for the recurrence rela-
tion coefficients of Laguerre-Hahn orthogonal polynomials in class one (cf. Section 2),
max{deg(A),deg(B)} < 3, deg(C) = 2 or max{deg(A),deg(B)} = 3, deg(C) <2 in (1).
The symmetric case has been analysed in [24], but the problem of a classification of such
a class of orthogonal polynomials remains open. Our main results are contained in Sec-
tion 3, in Theorems 3.3, 3.6, and 3.8. We focus on deg(A4) < 1 in (1), and show that the
recurrence relation coefficients of orthogonal polynomials belonging to Laguerre-Hahn
class one in the non-symmetric case related to deg(A) <1 in (1) are governed by differ-
ence equations of the Painlevé type, namely, dPry and dPr. The expressions of discrete
Painlevé equations in terms of the coefficients of the Riccati equation for the Stieltjes
function are deduced. The main tool is the so-called structure relations for Laguerre-
Hahn polynomials [1, Egs. (3.9), (3.10)] which have been recently re-interpreted and
studied within the theory of matrix Sylvester equations in [14, Theorem 1]. Comments
on the analysis of the cases deg(A) > 2 are given in Remark 3.9.

The rest of the paper is organized as follows. In Section 2 we give preliminary results
on Laguerre-Hahn orthogonal polynomials. Section 3 is devoted to the derivation of
recurrences for Laguerre-Hahn orthogonal polynomials and to show the connection to
the discrete Painlevé equation dPry and dPr. In Section 4 we illustrate our main results
with examples of modified Laguerre and associated Laguerre polynomials.

2. Preliminary results

Let P = span {(I,‘k : k € Ng} be a linear space of polynomials with complex coefficients
and let P’ be its algebraic dual space. We will denote the action of uw € P’ on f € P by
(u, f).

Given the moments of u, u, = (u,xz™), n > 0, where we take ug = 1, the principal lea-
ding minors of the corresponding Hankel matrix are defined by Hy, = det(uit;)7;_g,n >
0, where, by a convention, H_; = 1. The functional v is said to be quasi-definite (respec-
tively, positive-definite) if Hy, # 0 (respectively, H,, > 0), for all n > 0.

Definition 2.1. (see [25]) Let u € P and let {P,}n>0 be a sequence of polynomials such
that deg(P,) =n, n > 0. {Py}n>0 s said to be a sequence of orthogonal polynomials
with respect to u if

(U, PoPr) = hplpm, hn #0, n,m >0. (2)

Throughout the paper we shall take each P, monic, that is, P, (z) = 2"+ lower degree
terms, and we will abbreviate a sequence of monic orthogonal polynomials {P,},>o by
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SMOP.

The equivalence between the quasi-definiteness of u € P’ and the existence of a SMOP
with respect to u is well known in the literature on orthogonal polynomials (see [25, 26]).
Furthermore, if w is positive-definite, then it has an integral representation in terms of a
positive Borel measure p supported on an infinite point set I of the real line such that

(u, ™) = /I:E” du(z), n>0, (3)

and the orthogonality condition (2) becomes

/Pn(m)Pm(w)du(x) =hnopm, hn >0, n,m>0.
T

If 1 is an absolutely continuous measure supported on I, and w denotes its Radon-
Nikodym derivative with respect to the Lebesgue measure, i.e. du(z) = w(z)dz, then we
will also say that {P,},>¢ is orthogonal with respect to w.

Monic orthogonal polynomials satisfy a three term recurrence relation [25]

Pyii(z) = (z — Bn) Pu(z) — Y Pr—1(z), n=1,2,.. (4)

with Py(z) =1, Pi(z) =2z —fpand v, #0, n > 1, 7 = 1.
Definition 2.2. (see [26]) Let {P,}n>0 be a SMOP with respect to u € . The sequence
of monic associated polynomaials of the first kind is defined by

Poi1(x) — Poya(t)
t r—t

), n=0,

where u; denotes the action of u on the variable t.

The sequence {P,gl)}nzo also satisfies a three term recurrence relation
1 1
P(2) = (2 = f) Py (2) = Py (e) . n=1.2,.. (5)

with P (z) =0, PM(z) = 1.

+00
Definition 2.3. The Stieltjes function of u € P' is defined by S(x) = Z %7 where
x
n=0
uy, are the moments of u.
The function S has a continued fraction expansion given by
1
S(a) = - (6)
&= fo———

pr—

where the v’s and the f’s are the coefficients in the three term recurrence relation for
the corresponding SMOP. Note that if u is positive-definite, defined by (3), then S is the
so-called Borel or Stieltjes transform of the measure,

S(x):/ld“(t) zeC\I.

x—t’
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In account of (6), the Stieltjes functions corresponding to {F,},>0 and {P}Ll)}nzo, de-
noted by S and SV, respectively, are related by [16]

150 () = —S(lx) (e~ fo). (7)

Definition 2.4. (see [3]) A Stieltjes function S and the corresponding linear functional
u, are said to be Laguerre-Hahn if there exist polynomials A, B, C, D, such that S satisfies
a Riccati differential equation

AS'=BS?4+CS+D, A#0. (8)

A sequence of orthogonal polynomials related to S (or u) is then called Laguerre-Hahn.
If B=0, then S (or u) is said to be semi-classical.

Eq. (8) is equivalent to the distributional equation [1, Theorem 3.1]
D(Au) = pu + Bz 'u?), ¢ =A"+C. (9)
The polynomial D can be written in terms of A, B, C as
D(z) = —(ubpA) (z) + (ubp(A' 4+ C))(z) + (u*62B)(z) .

The definition of Ggp, p € P, as well as the right product of a linear functional by a
polynomial, and the product of two linear functionals, can by found in [1, 3].

Remark 2.5. Let B = 0. If deg(y) = 1, deg(A) < 2, then u is called a classical func-
tional, and the corresponding orthogonal polynomials are the so-called classical orthogo-
nal polynomials, that is, Hermite, Laguerre, Jacobi and Bessel polynomials. deg(y) > 1
corresponds to the semi-classical case.

If w is positive-definite, defined in terms of a weight w, then the semi-classical character
of u, that is, D(Au) = ¢u or AS’ = CS + D, is equivalent to the Pearson equation
Aw' = Cw, with w satisfying the boundary conditions [3]

where a, b (eventually a or b infinite) are linked with the roots of A. In such a case, w is
the weight function on the support I = [a, b].

In the semi-classical case, integral representations for u are known [27, 28]. Let us empha-
size that the problem of the integral representation of Laguerre-Hahn linear functionals
remains an open problem.

Note that the triple (A,, B) satisfying (9) is not unique, indeed, many triples of
polynomials can be associated with such a distributional equation, but only one canonical
set of minimal degree exists. To a Laguerre-Hahn linear functional one associates the
class, a non-negative integer, defined as follows.

Definition 2.6. [3] The class of the linear functional u satisfying (9) is the minimum
value of max {deg(y)) —1,d—2}, d = max {deg(A), deg(B)}, for all triples of polynomials
(A, 9, B) satisfying (9).

The functional v related to the Riccati equation AS' = BS? + CS + D is of class
s = max {deg(C) — 1,d — 2} if, and only if, the polynomials A, B,C and D have no
common zeroes [24, Prop. 2.5].



June 2, 2016

Integral Transforms and Special Functions ”ID GITR-2016-0013'R3”

The recurrence relations (4) and (5) can be written in the matrix form

(1)
P, P, ﬂf_ﬁn_'}’n
Yo =AnYy 1, Yo = PZ pi) ,An:[ Lo ] n>1,  (10)
Z‘—,B()l

1 0

Theorem 2.7. (see [14]) Let S be a Stieltjes function, let {Y, }n>0 be the corresponding
sequence defined in (10), and let By, vy be the coefficients in the recurrence relation. The
following statements are equivalent:

(a) S satisfies (8),

with initial conditions Yy = [ ] . The matrix A,, is known as the transfer matrix.

AS'=BS*+CS+D, A B,C,DeP;
(b) Y, satisfies the matriz Sylvester equation
AY) =B,Y, —Y,C, n>0, (11)

where

S FCRUNC VN (P8 723
" _en—l/’)’n ln—1+(x_5n)®n—1/7n ’ | B _C/2

with 1y, ©y, polynomials of uniformly bounded degrees, satisfying the initial conditions

671 :D7 @0 :A+($—60)(C/2—lo)+B, 171 20/2, l() == —C/Q—(Qj—ﬁo)D; (12)

(c) the transfer matriz A, = [w —1571 _8/”] satisfies the matriz Sylvester equation

AAL =By An — AnBy 1, n>1. (13)
Remark 2.8. If the class of the linear functional related to (8) is s, the polynomials ,,, O,

in B, satisfy deg(l,) = s+ 1,deg(0,) = s [1].
Let us emphasize that Eq. (13) is obtained from the compatibility for the Lax pair

Y, = »Anynfl (14)
AY!' =B,Y, - Y,C, n>1.
Furthermore, we have [14, Corollary 1]
trBy, =0, n>0, (15)
~ 0
det B, = det By + A bl o>, (16)
_ K

with det By = D(A + B) — (C/2)2.
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Eq. (13) yields two non-trivial equations, respectively, from positions (1,1) and (1, 2):

0,._
A= (2= Ba)ln —ln_1) + Oy — v —2 12 (17)
o
O,_ O
In + (& = Bn) = = lna + (2 — o) —— (18)
Yn Yrn—1

Note that, after some basic computations, (17) implies (16) and (18) implies (15).

3. Recurrences for Laguerre-Hahn orthogonal polynomials of class s = 1

The Stieltjes functions S associated with the Laguerre-Hahn orthogonal polynomials of
class s = 1 satisfy AS’ = BS? + CS + D with deg(D) = 1 and

max {deg(A),deg(B)} < 3, deg(C) =2,
max {deg(A4),deg(B)} =3, deg(C) < 2.

One of the key ingredients in the sequel is the differential system (11). This is the
matrix form of the so-called structure relations

!
A(PM) = DPyi + (o + C/2)PY + 0,PY,, n>0, (19)
AP! . = (I, — C/2)Pyy1 — BPY 4+ ©,P,, n>0, (20)

(see [1, Egs. (3.9), (3.10)]) with the polynomials [,,, ©,, satisfying deg(l,) = 2,deg(0,) =
1.

Remark 3.1. In the semi-classical case, that is, B = 0, Eq. (20) becomes AP, ; =
(ln — C/2)Pyy1 + O Py, which can be comparable to [29, Eq. (1.5)].

Lemma 3.2. Let S be a Stielljes function satisfying AS' = BS?+CS+D. Let {P,}n>0
be the SMOP associated with S, satisfying the recurrence relation (4),

Poy1(z) = (2 = Bn) Pa(z) — Y Pa—1(z), n=0,1,2,....
Set

A(z) = asz> + asz® + a1z + ag B(z) = bsz> + boz? 4+ bz + by ,
C(x) = cox® + 1z +co, D(z)=diz+do,
ln(ZL‘) = €n72$2 + €n71$ + 677,70 , @n(fE) = 977,,133 + 971,0 .

With the functions defined above, we have

di = —a3 — bz —c2, (21)
do = —(2a3 + 2b3 + c2) o —as —ba — ¢y, (22)
lro = (n+1)az +bs + /2, (23)
by = az(nn + Bo) + (n+ 1)ag + b3fo + ba +c1/2, (24)
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where
gn,O = >\n,0 - 971,1 > (25)
Anp = —2a3(vn + Bonn — 1) + (0 + L)ay + b3 (v + ,3%) + bafo + b1 + co/2
+(1n + Bo)(as(nn + o) + az), (26)
gn,l = _’Yn+1((21n’ + 3)(13 + 2bi’) + C?) ) (27)
On0 = —Yn+1{2a3(mn + (0 + 2) Bri1 + Bo) + aa(2n + 3) + 2b3(Bo + Bri1)
+2b2 + c2fnt1 + a1}, (28)
with
n n n
nn:Z/Bka p = Z ,Bi,Bj_Z’Yk, n>1. (29)
k=1 1<i<j<n k=2

Also, we have
ay 4 by 4 co + (2a9 + 2by + ¢1)Bo + (3as + 3b3 + ¢2) 82 + (3az + 2b3 4+ o)y = 0. (30)
Proof. In account of (4) and (5),

PS)((L‘) =z" — nnwnil + g )

Poii(z) = 2" = (nn + Bo)z” + (v + Bomm — 1)z 1+ -+

Egs. (21) and (22) follow by equating the coefficients of "2 and z"*!, respectively,
in (19). Egs. (23) — (25) follow by equating the coefficients of z"*3, z"*2 and z"*!,
respectively, in (20). Eqgs. (27) — (28) follow by equating the coefficients of z? and =,
respectively, in (15), I,(z) + lp—1(z) + (x — ﬂn)g"fyii(m) = 0. Eq. (30) follows by equating
the coefficients of z” in (19). O

3.1 Discrete Painlevé equations for Laguerre-Hahn Stieltjes functions

We will use two key ingredients to deduce recurrences for the Laguerre-Hahn polynomials:
the formula for the trace and the determinant of the matrix B,, Egs. (15) and (16),
defining the Lax pair (14).

From (15), equivalently, I,,(z) + l,—1(x) + (z — By) 6";1(9”)

=0, n>0, we get

10(0) + 1h_1(0) _ ©,_41(0)
Bn I Pn 70 (32)

From (16) we get, for every a such that A(a) =0,

det B,—1 () = det By(a) ,
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On_1

hence, taking into account det B, = —I2 + ©, N we have
Op_2(a
9”1(05)2,2(1) = det Bo(a) +12_,(a).
n—

Therefore, for a such that A(a) =0,

O,-1(a) O, 2(a) _ det(Bo) () + (I, 1(c))? '

(33)
Tn Tn—1 Tn
Egs. (31) — (33) will be used in the proof of the next Theorem.
Theorem 3.3. Let S be a Stieltjes function satisfying AS' = BS? + CS + D with
A(z) = a1z, B(z) = bsz3 + boz? 4+ biz + by , (34)

C(x) = e’ + 1z + ¢, D(z) =dix + do,

where dy and dy are given by (21) and (22), respectively. Let {Pp}n>0 be the SMOP
associated with S, satisfying the recurrence relation (4),

Pn+1($):(x_/gn)Pn($)_7nPnfl($)7 n=01,2,...,

with B, #0, n=10,1,2,....

Setn = 2bg+co, 1= bs(y1+B35)+bofo+bi+co/2, X =2b3By+2bs+c1, & = c3/4—dobo.
The following statements hold:

(a) Letn < 0. The sequences {xn}>2 o and {yn}> expressed in terms of the coefficients
in the three term recurrence relation by

V=1

— - _ 35
Tp B n Un (NYn + nay + ) (35)

satisfy the following discrete system of Painlevé equations dPry :

Tp1Zp = —5—, + 1=—|—-—=-—1, 36
. Lo - —n
with the initial conditions 1o = ————, =—(n+np).
e U (n+n)

(b) Letn > 0. The sequences {xy}7L, and {yn}°>, expressed in terms of the coefficients
in the three term recurrence relation by

Vi (37)

=gy WS ma et

satisfy the following discrete system of Painlevé equations dPry :

Yn —NG1 — U 1 ()\ 1)
Tp1Tp = ——, + 1=—|—=-—], 38
n n y%—&o Yn T Yn+ . \/77 on ( )

with the initial conditions g = Yo =N+ .

n
nBo + A’
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Proof. Let us show how to deduce equations in case (a). Case (b) is similar.
Eq. (31) gives us, under the notation of Lemma 3.2,

(282 + na B+ £no) + (bn1282 + ln11Bn +n-10) =0.

Taking into account the formulae for ¢,, 2, ¢, 1 given in (23) and (24), the above equation
yields

NB2+ ABp = —bn_10 — Lno, 1 =2bs+ca, A=2b3fy+2by +cy,
thus,
Bn (Uﬁn + >‘) = _ln—l(o) - ln(o) . (39)

Therefore, we obtain, for f, # 0,

(lnfl(o) + ln(o)) (lan(O) + lnfl(o)) )

(1B +A) (NBr—1+A) = 5 5

In account of (32), the equation above can be written as

_ 001(0) ©0a(0).

n+ A 1+ A 4
(nBn +A) (NBn—1+A) —— (40)
In account of (33) with & = 0 (as A(z) = a1z), Eq. (40) can be written as
2 _
(MBn + A) (NPr—1+ A) = 1 (O) & (41)

Yn
with £y = — det B(](O)

Note that, as [,(0) = nyp41 + (n+ Dar +p, p=bs(y1 + B5) + bafo + b1 + co/2, then
(39) yields

Bu(nBn + A) = =07 + nay + p) — (M1 + (0 + Nay + p).- (42)
By defining x,, y, as in (35),

_
nPn + A’

Tp Yn = —(Nyn +nar + p),

we obtain that Eqs. (41) and (42) are, respectively, the first and second equations given
n (36). Indeed, let us write Eq. (41) in its equivalent form

Vil V=0
(0B + ) (Bn—1+A) (lnfl(o))Q —&o ’
. Yn +nap + p . .
that is, we have z,, 1z, = W Also, let us write the left-hand side of (42) as
n — &0
n5n+/\< A _nﬁn+A)
voo\vE Ve )
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1 A 1
Th 42 d — - = . O
en, ( ) reads as T, (\/jn xn) Yn + Yn+1
Remark 3.4. Recall that B = 0 in Theorem 3.3 gives Painlevé equations for particular
families of semi-classical orthogonal polynomials of class s = 1.

The case A(x) = 0, that is, a1 = 0 in (34), concerns a second degree equation BS? +
CS+ D = 0. In such a case, S is related to the so-called family of second degree forms
[30].

Remark 3.5. Equations (36) and (38) can be obtained as a limiting case of the asymmetric
Painlevé equation dPry [31, Eq. (1.2)] given by

a(vy, +2zp — b c z +d
_%7 Un+vn+1:7+%
Vi —y Unp, Uy — 1

(43)

with z, = aqn + f1. Indeed, by taking b = 0, u, = /e, v, = €ypn, 2n = e(p + nay),
a=1/e, v =¢/V&, c=1/e+ \/\/—n, d = —1/¢ and letting ¢ tend to zero we obtain
(36). For (38) the calculations are similar.

3.1.1 The case A(x) = ay # 0.

Let us emphasize that the technique used in Theorem 3.3 to deduce the difference
equations for the coefficients f§,, v, cannot be applied to the case A(z) = ap # 0. Indeed,
(31) yields (39), with ,,(0) = 9yn+1 + p, and such an equation implies (40). However, in
the present case, (40) does not give new identities and (41) does not hold, as A(0) # 0.

The difference equations concerning the case A(x) = ag # 0 are given in the theorem
that follows.

Theorem 3.6. Let S be a Stieltjes function satisfying AS' = BS? + CS + D with
A(x) = ag #0, B(z) = bz + boz? + by + by,
C(x) = oz + 1z + ¢y, D(x) = diz + dy,

where dy and dy are given by (21) and (22), respectively. Let {P,},>0 be the SMOP
associated with S, satisfying the recurrence relation (4),

Pn+1(IL‘) = (:Ij—/gn)Pn($) —WnPn,1($)7 n:071727"' )
with B, #0, n=0,1,2,....

Set n = 2bs+co, = b3(y1+BE)+baBo+b1+co/2, A =2b38y+2ba+c1. The recurrence
relation coefficients By, yn are related through the following discrete system:

BB+ A) = =y + 1) — (Mynt1 + 1), n >0, (44)
BB+ Pas1) + 1 = a0t nblbot B sy (45)
Yn+1 ’ -

Moreover, the sequences

Tn =1+ A2, 20 =0 (=nao +71(n(Bo + 1) + A)) (46)
satisfy the alternative discrete Painlevé equation dPy

Zn—1 Zn
Tp—1+ Tp Ly + Tt

=22+, v=(\2)%-2un (47)

10
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with the initial conditions xo = nPo + A/2, z1 =nf1+ /2.

Proof. Set A(x) = ag, where ag is a non-zero constant. Eq. (31) yields (39), with [,,(0) =
NYn+1 + p, thus, we have (44).
Let us now look at Eq. (17), A = (z — Bn)(ln — ln—1) + On — Tn ?:jf, evaluated at

T = fn,

On—2(Bn
ag = Gn(ﬂn) - ’Yn/y2_(113) .

Using the formulae in Lemma 3.2 we get, after simplifications,
ap = —Yn+1(N(Bn + Bnt1) + A) + 1((Bp-1 + fn) + ), n=>1, (48)
where 7 = 2bs 4+ ¢2, A = 2b35y + 2by + ¢1. By writing (48) as
Tot1 =Ty —ao, T ="vm(Bn-1+Bn) +A),
iteration yields T}, 1 = —nag + 11, thus we obtain
Yn+1(N(Bn + Bnt1) + A) = —nao + 11 (n(Bo + B1) + A),

hence, we obtain (45).
Using the equivalent form of (45),

—nag +71(n(Bo + P1) + )
NBn +1Bny1 + A

Yn+1 =

3

into (44), we obtain the second order difference equation

—(n —1ao +1(n(Bo + f1) + A) —nag+n(mBo+B)+N o B
! NBn—1+ 1Pn + A I NBn + NBns1 + A - 7]/371 ABn —2u.

By multiplying the above equation by n we get

o —(n —1ap +y1(n(Bo + P1) + A) o 1 +y1(n(Bo + 1) + )
NBn—1 +NPn + A NPn + NBnt+1 + A

= — (0°B5 + AnBn + (A/2)%) + (A/2)* — 2un.

Ui

Thus, by defining x,, z, as in (46), the above equation reads as (47). O

Remark 3.7. Moreover, using (44) with n = 0 and (30), we get the following condition
on ,30:

4()% + Cg(bl +co + 26250) + b3(02(4 + 53) — 218 — 260) =0.

3.2 Further results and generalizations

Another way to prove Theorem 3.3 and to generalize to the case A(z) = z— «, where « is
an arbitrary parameter (recall that & = 0 in Theorem 3.3) is by symbolic computations,

11
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which can be performed in any computer algebra system, for instance, Mathematica'.
Indeed, assuming the form

k1

= — =k + k
T, ko + k3 Yn 4Yn 5(”)

and

- /-66 n 1 1
ITp—1Tn = %27()7 Yn + Ynt1 = — <k7 - ) )
Yn — 50 In Tn

where only k5 and kg are the functions of n and others are constants, and substituting
into (13) and (15), we obtain the following theorem.

Theorem 3.8. Let S be a Stieltjes function satisfying AS' = BS? + CS + D with

A(z) =z — o, B(z) = b3z + byx® + bz + by ,
Clz) =z’ + 1z + ¢, D(z) = diz +dyo,

where dy and dy are given by (21) and (22), respectively. Let {Pp}n>0 be the SMOP
associated with S, satisfying the recurrence relation (4),

Pn_|_1($) :(x_ﬁn)Pn(x)—’YnPn—l(x)a n=0,1,2,....
The corresponding equations (13) and (15) are solved by

k1(2b3 + CQ)

_ , 49
In ka(2ba + 2abs 4 ¢1 + aca + 2b380) + Br(2b3 + ¢2) (49)
_ k3(2n + 2by + co + 26250 + 2b3(B83 + 71) + 2(2b3 + c2) 0 + 91) (50)
Yn = 2(263 + Cz)k‘% ’
satisfying
. - 2(k%(2n—|—2b1 + ¢ —|—2b3,30 —1—2[)3(,33 —1—’)/1) —|—gg) —2(2()3 —1—02)/-6%11/”) (51)
ot (203 + c2)k2(c2 + 4bg(bg + ¢1 + (2b3 + c2) o) — 442)
and
U+ Ynir = kgxn(2bg +c1 + 26350 + 201(2[)3 + Cg)) — (263 + 62)1{31 . (52)

(2b3 + Cg)kla?%

Here, g1 = &(2b3 + c2) + (2b2 + c1 4 2b30)), g2 = a?(2b3 + ¢2) + (2b + €1 + 2b350),
and ki, ko are constants. The initial conditions are given by

(2b3 +62)/{31
k2(2b2 +c + 463,30 + 6250 + a(2bg + CQ))

Ty =

and Yo, which is obtained from the formulae above with n = 0.

Lwww.wolfram.com
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Note that by taking ks = nk1/+/—n, where n = 2b3 4+ ¢z and a = 0, we obtain case (a)
in Theorem 3.3, and similarly for case (b).
Remark 3.9. The technique used in Theorems 3.3 and 3.8 can not be extended to the
case deg(A) > 2. Indeed, if deg(A) > 2, then in the right-hand side of (39) there appear
additional sequences 7, and v, (cf. (29)), as the formulae for ¢, ¢ involve the coefficients
as,az of A (cf. (25)). Such a fact that does not allow a reduction to the system of types
(35), (37) or (49)-(50).

4. Examples
There are several families of orthogonal polynomials related to the Stieltjes function

satisfying AS’ = BS? + CS + D such that the previous Theorems apply. Some of them
are as follows.

4.1 FEzxzample 1.

Let us start by considering the SMOP {P,},>0 with respect to a modified Laguerre
weight

w(z) = |z|%er T g eR, (53)
where @ > —1, ay < 0. The Stieltjes function of w, here denoted by S, satisfies
AS'=CS+D (54)
with
Alz) =2z, C(z) = 202° + uz + a, D(z) = =202 — 20980 — o1 .

Let us now consider the sequence of associated polynomials of the first kind {P,Sl)}nzo,
and let S denote its Stieltjes function. In account of (7), S is Laguerre-Hahn of class
s = 1, as it satisfies

that is,

B(z) =biz +by, by =—2yi00, bp = —71(2a260 + a1),

2 2
Clz) =z +ciz+cy, c2=2a2, c1 =0, ¢g =—a— 2010 — 4oy

1
D(z) =dix+dy, di = %(1 +a+a1fy +20283) , do = —5?(01+041ﬁ0 + 20083) .

13
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The sequences

\/—2042

=V 72 =—(2 = —2a9y; — /2 — — 20983
03By + 1 Yn (200 +n4p), p azyr —af2 —a1f a3

In
satisfy (36),

Ty 1%y =—5———, YntYnt1=— | ——— —

Yz —&o Tn \V—209 Tp

with & = $C?(0) — B(0)D(0).

Remark 4.1. Orthogonal polynomials with respect to the semi-classical weight (53) with
as = —1 and a1 = t, being ¢ some #ime parameter, were studied in [31], showing that
the sequences

Yn =29, —n — a2

_2/3n +1 ’
(cf. (35)) satisfy
Yn + 1+ af2 N 1 ( t 1 )
ITn_1Cn = 5 = — -
ek y2 — 1a? Yn T Yn n \V2 Zn

(cf. (36)). Also, in [22], it is shown that the coefficients in the three term recurrence
relation, as functions of the parameter ¢, can be expressed in terms of Wronskians of
parabolic cylinder functions that arise in the description of special function solutions of
the fourth Painlevé equation.

4.2 Ezxample 2.

Let us start by considering the SMOP {P,},>¢ with respect to a modified Laguerre
weight (see [32])
w(z) = (z — @)t (56)

where b < 0, a < 0. As w satisfies the Pearson equation (z — a)w' = (2bz? + (a —2ab)z +
v — aa)w, the Stieltjes function of w, here denoted by S, satisfies

AS'=CS+D
with
Alx) =z — o, C(x) = 2b2° + (a — 2ab)x + v — o, D(x) = —2bx — 2bfy — a + 2ab.

The sequences

2k1b _ 2n+v+4by,
at2op, T T a2

Tp —

14
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satisfy (51) and (52) with kg = 1,

2n+4+v — 4b/€%yn n _a+ 2abz, — 2bk;
bk2((v — aa)? — 4y2)’ Yn T 1 = 2bky 22

Ip—-1Tn =

Let us now consider the sequence of associated polynomials of the first kind {P,Sl)}nzo,
and let S() denote its Stieltjes function. In account of (7), S is Laguerre-Hahn of class
s = 1, as it satisfies

(& — ) (S“))' - B (S<1>)2 +osW 4D
with

B:’le, C:—O—Q(IE—IBQ)D, D:;<£E—Ot+($—,80)é+($—,80)2[)>7
1

that is,
B(z) = bz + by, by =—2by1, by =71 (2ab — 280b — a),
Cz)=cox’ +cz+c¢o, c2=2b, ¢, =a—2ab, cog=—v + aa+28y(2ab — 26pb — a),

1
D(z) =dix+dy, di = —(1+v—aa— Bo(—a+ 2ab — 26b),

"
1
dy = 7(—oz — Bo(v — aa) + BE(—2bBy — a + 2ab) .
1
The sequences
2b 2n — v —4y1b+ 2(a — Po)(a + 2bpy) + 4by,

Tp = Yn =

a+ 266, 4b

satisfy (51) and (52) with ki = ko = 1,

4byy, 4+ 4916 — 2n 4+ v — 2(a — Bo)(a + 2b0y)
b(v + 2Bo(a + 2bo) — ala + 4bBo))? — 4yi(a + 2b(Bo — ) — 4y’
(a + 2ab)z, — 2b
2bx2

Tp—1Tn =

Yn + Ynt1 =

Remark 4.2. Note that in [32] only a third order nonlinear difference equation for the
semi-classical Laguerre polynomials related to (56) is derived, and hence the results of
this subsection are, to the authors’ best knowledge, new in the literature.

4.3 Remarks

Let us remark that when (53) reduces to w(z) = z% %, « > 2, x > 0, an integral

representation for the linear functional corresponding to SV is known. In such a case,
{P,gl)}nzo is orthogonal with respect to the linear functional defined by [33]

[ p(z)z®e " dx
erled = [ T e 7

15
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where

(a)p=ala+1)---(a+n—-1), n>1, (a)o=1.

In general, the integral representation of the Laguerre-Hahn linear functionals is an
open problem. Another open problem (see [16]) is to determine all the Stieltjes functions,
say S!, satisfying a Riccati equation such as (55), which are obtained by a rational

S+b

spectral transformation of S satisfying (54), that is, S* = aSid’ where a,b,c,d are
c

polynomials.

Acknowledgements

The manuscript was substantially improved thanks to the suggestions and comments of
an anonymous referee. The authors are greatly indebt to her/him.

The work of M.N. Rebocho was partially supported by the Centre for Mathematics of
the University of Coimbra UID/MAT/00324/2013, funded by the Portuguese Govern-
ment through FCT/MEC and co-funded by the European Regional Development Fund
through the Partnership Agreement PT2020.

The partial support of G. Filipuk by the Alexander von Humboldt Foundation is
acknowledged.

The authors thank KU Eichstaett-Ingolstadt for hospitality.

References

[1] J. Dini, Sur les formes linéaires et les polynémes orthogonaux de Laguerre-Hahn [doctoral
dissertation]. Paris (France): University Pierre et Marie Curie; 1988.

[2] Marcellan F, Prianes E. Orthogonal polynomials and Stieltjes functions: the Laguerre-Hahn
case. Rend. Mat. Appl. 1996;16:117-141.

[3] Maroni P. Une théorie algébrique des polynémes orthogonaux. Application aux polynomes
orthogonaux semi-classiques. In: Brezinski C, Gori L, Ronveaux A, editors. Orthogonal poly-
nomials and their applications. Baltzer, Basel: IMACS Ann. Comput. Appl. Math. 9; 1991.
p. 95-130.

[4] Ismail MEH, Letessier J, Valent G. Linear birth and death models and associated Laguerre
polynomials. J. Approx. Theory. 1988;56:337—-348.

[5] Marcelldn F, Ronveaux A. Co-recursive orthogonal polynomials and fourth order differential
equation. J. Comput. Appl. Math. 1989;25:105-109.

[6] Ronveaux A. Fourth-order differential equations for the numerator polynomials. J. Phys. A.:
Math. Gen. 1988;21:749-753.

[7] Magnus AP. Riccati acceleration of the Jacobi continued fractions and Laguerre-Hahn poly-
nomials. In: Werner H, Bunger HT, editors. Padé Approximation and its Applications. Lect.
Notes in Math. 1071, Berlin: Springer Verlag; 1984. p. 213-230.

[8] Magnus AP. Painlevé-type differential equations for the recurrence coefficients of semi-
classical orthogonal polynomials. J. Comput. Appl. Math. 1995;57:215-237.

[9] Van Assche W. Discrete Painlevé equations for recurrence coefficients of orthogonal polyno-
mials. In: Elaydi S, Cushing J, Lasser R, Ruffing A, Papageorgiou V, Van Assche W, editors.
Difference equations, special functions and orthogonal polynomials. Hackensack, NJ: World
Scientific; 2007. p. 687-725.

16



June 2, 2016

Integral Transforms and Special Functions ”ID GITR-2016-0013'R3”

[10]

[11]

12]
13]
14]
[15]
16]
17]
18]
19]

[20]

[21]
[22]

[23]

24]
25]
26]
27]
28]
20]

[30]
31]

[32]

33]

Alaya J. Quelques resultats nouveaux dans la théorie des polynémes de Laguerre-Hahn
[doctoral dissertation]. Tunis (Tunisia): University of Tunis II; 1996.

Bouakkaz H, Maroni P. Description des polynémes orthogonaux de Laguerre-Hahn de classe
zéro. In: Brezinski C, Gori L, Ronveaux A, editors. Orthogonal polynomials and their appli-
cations. Baltzer, Basel: IMACS Ann. Comput. Appl. Math. 9; 1991. p. 189-194.

Dehesa JS, Marcellan F, Ronveaux A. On orthogonal polynomials with perturbed recurrence
relations. J. Comput. Appl. Math. 1990;30:203-212.

Ronveaux A, Van Assche W. Upward extension of the Jacobi matrix for orthogonal polyno-
mials. J. Approx. Theory. 1996;86:335-357.

Branquinho A, Paiva A, Rebocho MN. Sylvester equations for Laguerre-Hahn orthogonal
polynomials on the real line. Appl. Math. Comput. 2013;219:9118-9131.

Duenas H, Marcellan F, Prianes E. Perturbations of Laguerre-Hahn functional: modification
by the derivative of a Dirac delta. Integral Transforms Spec. Funct. 2009;20:59-77.
Zhedanov A. Rational spectral transformations and orthogonal polynomials. J. Comput.
Appl. Math. 1997:85:67-86.

Belmehdi S. On semi-classical linear functionals of class s = 1. Classification and integral
representations. Indag. Math. 1992;3:253-275.

Belmehdi S, Ronveaux A. Laguerre-Freud’s equations for the recurrence coefficients of semi-
classical orthogonal polynomials. J. Approx. Theory. 1994;76:351-368.

Dominici D, Marcellan F. Discrete semiclassical orthogonal polynomials of class one. Pacific
J. Math. 2014;268:389-411.

Foupouagnigni M, Hounkonnou MN, Ronveaux A. Laguerre-Freud equations for the recur-
rence coeffcients of D,, semi-classical orthogonal polynomials of class one. J. Comput. Appl.
Math. 1998;99:143-154.

Magnus AP. On Freud’s equations for exponential weights. J. Approx. Theory. 1986;46:65—
99.

Clarkson PA, Jordaan K. The relationship between semiclassical Laguerre polynomials and
the fourth Painlevé equation. Constr. Approx. 2014;39:223-254.

Filipuk G, Van Assche W, Zhang L. The recurrence coefficients of semi-classical Laguerre
polynomials and the fourth Painlevé equation. J. Phys. A: Math. Theor. 2002;45:205201 (13
pp)-

Alaya J, Maroni P. Symmetric Laguerre-Hahn forms of class s = 1. Integral Transforms
Spec. Funct. 1996;4:301-320.

Szegb G. Orthogonal polynomials. 4th ed. Providence Rhode Island: Amer Math Soc Colloq
Publ.; 1975.

Chihara TS. An Introduction to Orthogonal Polynomials. Gordon and Breach, New York;
1978.

Marcellan F, Rocha IA. On semiclassical linear functionals: integral representations. J. Com-
put. Appl. Math. 1995;57:239-249.

Marcellan F, Rocha IA, Complex path integral representation for semiclassical linear func-
tionals. J. Approx. Theory. 1998;94:107-127.

Chen Y, Ismail MEH. Ladder operators and differential equations for orthogonal polynomi-
als. J. Phys. A: Math. Gen. 1997;30:7817-7829.

Maroni P. An introduction to second degree forms. Adv. Comput. Math. 1995;3:59-88.
Boelen L, Van Assche W. Discrete Painlevé equations for recurrence coefficients of semiclas-
sical Laguerre polynomials. Proc. Amer. Math. Soc. 2010;138:1317-1331.

Spicer PE, Nijhoff FW. Semi-classical Laguerre polynomials and a third-order discrete inte-
grable equation. J. Phys. A: Math. Theor. 2009;42:454019 (9pp).

Askey R, Wimp J. Associated Laguerre and Hermite polynomials. Proc. Roy. Soc. Edin.
1984;96:15-37.

17



