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Abstract

A kinematic model suitable for the numerical analysis of dual-phase materials and, in particular, for composite

materials is presented. Due to the non-linear character of the behavior of most materials, the model must be presented

in an incremental form. The kinematic model is based on the decomposition of the transformation gradient in ther-

moelastic and plastic parts. Thus, the velocity gradient tensor is also decomposed in an elastic and a plastic part. Two

different constitutive models are implemented in order to test the model. The dual-phase material modeled is an Al–SiC

metal matrix composite (MMC). The reinforcement constitutive model is chosen to be thermoelastic and the matrix

model is thermoelastic–viscoplastic. A forward gradient time integration procedure is described and implemented in

order to calculate the increments of the state variables, namely the plastic strain increment and the stress increments in

both materials. The proposed model is tested with one three-dimensional example: a cylindrical fiber MMC with 11%

reinforcement volume fraction. The numerical results are compared with results obtained by other authors. Very good

accordance can be observed between the results obtained with the incremental model proposed in this paper and those

presented by other authors.

� 2002 Elsevier Science B.V. All rights reserved.

PACS: 81.05.)t; 81.05.Ni
Keywords: Dual-phase material; Incremental model; Kinematic approach; Integration; Micromechanics; Finite element method

1. Introduction

Dual-phase materials like, for example, metal
matrix composites (MMCs), have become in-
creasingly attractive in recent years for their par-
ticular mechanical and physical properties [1–9].
However, in the case of MMCs, there are often

high levels of residual stresses generated when they
are subjected to temperature variations. The de-
velopment of such stresses and the mechanical
behavior of dual-phase materials in the presence of
these stresses have been thoroughly studied by
several authors using analytical, numerical and/or
experimental methods (e.g. [1–3,8–17]).

Some specific theoretical and numerical models
have been proposed in order to evaluate these re-
sidual stresses. Both Arsenault and Taya [17] and
Withers et al. [18] used Eshelby’s equivalent in-
clusion approach to provide a theoretical basis for
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the prediction of the mechanical properties of
short fiber MMCs. This approach allows the pre-
diction of thermal residual stresses in MMCs
considering thermoelastic fibers and plastic ma-
trixes. Nevertheless, it has the drawback of being
limited in the fields of the geometric and physical
modelation of the problem. Dunn and Taya [19]
also proposed an analysis of thermally induced
residual stresses in dual-phase materials based on
Eshelby’s theory. The former studies the interac-
tion among fibers at finite volume fractions
through the Mori–Tanaka mean field theory and
treats the matrix as an elastic–plastic material
while the reinforcement is considered elastic.
Povirk et al. [2] presented a general formulation
valid for finite strains and rotations where account
was taken of thermoelasticity in the reinforcement
and of temperature-dependent plasticity in the
matrix material. The flow theory of plasticity
was used by Zahl et al. [9] to characterize a rate-
independent ductile matrix while the reinforcement
was considered to be both brittle and elastic. A
mathematically more elaborate constitutive model
was presented by Zywicz and Parks [13]. In this
model the matrix material parameters are consid-
ered to be temperature dependent, including the
coefficient of thermal expansion (CTE). The model
used can describe a temperature- and time-depen-
dent inelastic and isotropic matrix deformation,
while the fiber reinforcements are modeled as lin-
early elastic and transversely isotropic. Su�eery [10]
and Teodosiu and Menezes [11] studied the resid-
ual stress fields in an aluminum matrix with a
spherical SiC particle using a one-dimensional
axisymmetric finite element code and considering a
thermoelastic–viscoplastic behavior for the alumi-
num matrix and a thermoelastic constitutive model
for the SiC reinforcement.

More recent papers have been published in this
domain, but most of them use only one- or two-
dimensional models. This is an obvious limitation
to the study of complex and more general rein-
forcement geometries and their influence on the
resulting residual stress fields.

The purpose of the present paper is to present a
three-dimensional micromechanical incremental
model that is suitable to the numerical simulation
of the behavior of dual-phase materials. The va-

lidity of the proposed model is tested with one
example concerning the cooling stage of a MMC
after its fabrication process. The results are com-
pared with those from other authors. For the
particular case of the MMC materials, the mech-
anical model used considers that the reinforcement
component behaves thermoelastically and the
matrix material has a thermoelastic–viscoplastic
behavior.

2. Kinematics

It is most important to follow the evolution of
every material point when a dual-phase material is
to be studied numerically. In order to follow the
kinematics of a technological process, the authors
propose using a Lagrangian updated integration
formulation. It is thus necessary to determine the
present configuration of the material, Ct, starting
from the configuration of the previous instant, C0,
also known as reference configuration.

Let P be a material point belonging to the solid
body X and p and x the position vectors of the
referred point in configurations C0 and Ct, re-
spectively. These configurations are schematically
represented in Fig. 1. Thus

x ¼ �xxðp; tÞ and p ¼ �ppðx; tÞ: ð1Þ
So, bearing in mind the previous definitions,

Fig. 1. Current configuration, Ct, and reference configuration,

C0, of the material at the initial and present time instants of the

increment.
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x ¼ pþ uðp; tÞ; ð2Þ

where uðp; tÞ is the total displacement of point P
between configurations C0 and Ct. From relations
(1) and (2) one can determine the transformation
gradient F to be defined as:

F ¼ Fðp; tÞ ¼def o

op
uðp; tÞ: ð3Þ

Inserting Eq. (2), the previous relation leads to

F ¼ 1þ o

op
uðp; tÞ; ð4Þ

where 1 is the second order identity tensor. The
velocity field associated to the previous transfor-
mation is

_�xx�xxðp; tÞ ¼def o

ot
�xxðp; tÞ: ð5Þ

The spacial evolution of _�xx�xxðp; tÞ can be described
by

vðx; tÞ ¼def _�xx�xxð�ppðx; tÞ; tÞ ð6Þ
with the corresponding velocity gradient L defined
as

Lðx; tÞ ¼def grad½vðx; tÞ� ¼ o

ox
vðx; tÞ

¼ o

op
_�xx�xxðp; tÞ o

ox
�ppðx; tÞ; ð7Þ

where grad is the gradient operator relative to x
maintaining t constant. With relation (3), Eq. (7)
can be written as

L ¼ _FFF�1: ð8Þ
It is now necessary to separate the different

behavior components in the transformation gra-
dient F between time instants t0 and t. For this
purpose, it is considered that there are eventually
three distinguishable behavior components: (i)
elastic, (ii) plastic and (iii) thermal. The infinitesi-
mal neighborhoods of material point P, in con-
figurations C0 and Ct are schematically represented
in Fig. 2. Additionally, consider the following
virtual configurations: (i) C0––an infinitesimal re-
gion around P at instant t0 and temperature T0; (ii)bCC0––configuration obtained after elastic relaxation
of C0. (iii) Ct––an infinitesimal region around P at

instant t and temperature T; (iv) bCCt––configura-
tion obtained after elastic relaxation of Ct.

Let dp be a position vector of a material point
P 0, in an infinitesimal region around P, relative to
P itself. In this way, dp̂p, dx and dx̂x are the trans-
formations of dp in configurations bCC0, Ct and bCCt,
respectively. With the previous definitions, three
transformation gradients can be defined in the
neighborhood of P:

• Fe0––the transformation gradient between bCC0

and C0;
• Fp––the transformation gradient between bCC0

and bCCt and
• Fte––the transformation gradient between bCCt

and Ct.

It is now possible to relate vectors dp and dx as

dx ¼ FteFpðFe0Þ
�1
dp: ð9Þ

Inserting the definition of the transformation
gradient F (Eq. (3)) relation (9) becomes

F ¼ FteFpðFe
0Þ

�1: ð10Þ
Replacing F in Eq. (8) leads to

L ¼ _FFteðFteÞ�1 þ Fte _FFpðFpÞ�1ðFteÞ�1; ð11Þ
or

L ¼ Le þ Lp; ð12Þ
where Le ¼ _FFteðFteÞ�1 and Fte _FFpðFpÞ�1ðFteÞ�1 are
the elastic and plastic parts of the velocity gradient
tensor L, respectively.

Fig. 2. Schematic representation of the transformation gradient

decomposition for the incremental process.
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However, the velocity gradient tensor can still
be decomposed in the strain rate tensor D and spin
tensor W [1]

L ¼ DþW: ð13Þ
These tensors correspond to the symmetric (LS)

and antisymmetric (LA) parts of L, respectively,
i.e.

Dðx; tÞ ¼def LS ¼ 1
2
L
�

þ LT
�
; ð14Þ

Wðx; tÞ ¼def LA ¼ 1
2
L
�

� LT
�
: ð15Þ

3. Constitutive model

A set of two constitutive models is used in
the present work to describe the micromechani-
cal behavior of the two constituent materials––
reinforcement and matrix. These models are
thoroughly described, for example, by Teixeira-
Dias and Menezes [20].

The constitutive model for the reinforcement is
thermoelastic and can thus be described by the
following stress tensor evolution relation:

_rr ¼ 2lRD
te þ kR

��
� 2

3
lR

�
trðDteÞ � 3kRaR _TT

�
I;

ð16Þ

where Dte ¼ aR _TTI is the thermoelastic part of the
total strain rate tensor.

The constitutive equations used in the present
work for the metallic matrix material have, among
others, the big advantage of using a scalar para-
meter to represent the internal state of the mate-
rial. This parameter models the resistance of the
material to plastic flow. The behavior law for the
matrix material is described in the present work by
the following stress rate evolution function:

_rr ¼ 2lMðD�DvpÞ

þ kM

��
� 2

3
lM

�
trðDÞ � 3kMaM _TT

�
I: ð17Þ

D is the total strain rate tensor and its viscoplastic
part, Dvp, can be calculated as [21]

Dvp ¼ 3_�ee�eep

2�rr
r0: ð18Þ

In this expression _�ee�eep is the equivalent plastic
strain rate which is a function of the equivalent
stress �rr, the internal scalar parameter s and the
absolute temperature T, i.e.

_�ee�eep ¼ f ð�rr; s; T Þ

¼ A exp
�
� Q
RgT

�
sinh n

�rr
s

 !" #1=m
; ð19Þ

A, Q, m and n are material parameters. The in-
ternal state variable s is defined by

_ss ¼ f ð�rr; s; T Þhð�rr; s; T Þ ¼ _�ee�eeph; ð20Þ
where h can be associated, for example, to the
hardening and dynamic restoration effects. This
kind of constitutive equations are very stable in
numerical terms [22,23] which facilitates their im-
plementation into numerical simulation codes.

4. Numerical integration

It is widely recognized that the physical notion
of rate-independent plastic deformation is not
more than a convenient approximation to the re-
ality and only valid for limited temperature ranges.
Plastic deformation is obviously rate dependent,
even at low temperatures [24].

As is often the case with physical processes of
identical complexity to the ones presented in the
present work, the differential equations described
in previous sections can only be integrated nu-
merically. There are several possible integration
methods, namely: (i) totally explicit or forward; (ii)
totally implicit or regressive and (iii) semi-implicit
or forward gradient methods.

The constitutive equations used are known to
be numerically stable. Nevertheless, using an ex-
plicit integration scheme it becomes necessary to
adopt very small time increments in order to
guarantee the numerical stability of the integration
process [11,24,25].

It is possible to implement a semi-implicit in-
tegration method in order to avoid the problems
inherent to the totally explicit or totally implicit
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methods. Those methods use a Taylor develop-
ment of the constitutive functions to approximate
the implicit schemes. Significantly larger time in-
crements can be used in the forward gradient
methods without numerical stability problems
[1,11,15]. Thus, the numerical integration of the
constitutive models presented in the previous sec-
tions is made with a forward gradient algorithm in
the form initially proposed by Peirce et al. [26] and
afterwards developed by Anand et al. [22], Lush
and Anand [25], Teodosiu and Menezes [11] and
Teixeira-Dias and Menezes [27].

The main goal of the time integration procedure
is to determine the correct values of the state
variables in a configuration at time instant tnþ1,
starting with the known values of the same vari-
ables in the previous configuration, at time tn. For
this purpose, the viscoplastic part of the strain rate
tensor, Dvp, in the current configuration is ap-
proximated using a ponderation factor between its
values in configurations n and nþ 1. The value of
Dvp at instant nþ 1 is determined with a first order
Taylor approximation around t ¼ tn. The plastic
strain increment can be calculated from this ap-
proximation as

Dep ¼
Z tnþ1

tn

Dvp dt: ð21Þ

If an explicit integration method was to be used,
the plastic strain increment Dep would be calcu-
lated as a function of the viscoplastic strain rate
tensor at increment n only, i.e.

Dep ¼ Dvp
n Dt: ð22Þ

In the forward gradient method, this increment
is determined with a weighted strain rate tensor,
such that,

Dep ¼ Dvp
w Dt: ð23Þ

In this equation, Dvp
w is the weighted viscoplastic

strain rate tensor calculated with the strain rate
tensors at the beginning and end of the increment:

Dvp
w ¼ Dvp

n þ U D
vp
nþ1

�
�Dvp

n

�
: ð24Þ

The scalar parameter U, defined in the interval
[0;1], is the weighting factor for the integration
process.

In order to determine an approximation to the
tensor Dvp

w , and remembering Eq. (18), a first order
Taylor approximation is developed around time
instant tn, i.e.

D
vp
nþ1 ¼ Dvp

n þ oDvp
n

of
Df þ oDvp

n

o�rr
D�rr þ oDvp

n

or0 Dr0:

ð25Þ
Performing the partial derivatives of Dvp

n results in

D
vp
nþ1 ¼

3fn
2�rrn

r0
n þ

3r0
n

2�rrn
Df þ 3

2
fnr0

n

 
� 1

�rr2
n

!
D�rr

þ 3fn
2�rrn

Dr0: ð26Þ

In this equation, the equivalent plastic strain rate
increment is

Df ¼ D�eep ¼ ofn
o�rr

D�rr þ ofn
os

Dsþ ofn
oT

DT : ð27Þ

The equivalent stress increment is

D�rr ¼ o�rr
or0 : Dr0: ð28Þ

Introducing the equivalent stress �rr and differ-
entiating with respect to r0

n, results in

o�rr
or0 ¼

1

2

3

2
r0
n : r0

n

� ��1=2

ð3r0
nÞ ¼

3

2�rrn
r0
n: ð29Þ

Combining Eqs. (28) and (29) leads to

D�rr ¼ 3

2�rrn
r0
n : Dr0: ð30Þ

Inserting the stress rate tensor and integrating
over time increment Dt, the stress increment be-
comes

Dr0 ¼ 2lM De0
�

� Dep
�
; ð31Þ

where the total strain increment and its deviatoric
part are, respectively,

De ¼
Z tnþDt

tn

Ddt and De0 ¼ De � 1

3
trðDeÞ:

ð32Þ
Introducing the Taylor approximation of Dvp

nþ1,
given by Eq. (26), and substituting the equivalent
stress increment and equivalent plastic strain rate,
leads to
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Dep ¼ 3r0
n

2�rrn

� �
fn

�
þU

ofn
o�rr

D�rr

�
þ ofn

os
Dsþ ofn

oT
DT
��

Dt

ð33Þ

þU
3fn
2�rrn

Dr0

"
�ðr0

n : Dr0Þ3r
0
n

2�rr2
n

#
Dt; ð34Þ

or, in a more compact way,

Dep ¼ D�eep
3r0

n

2�rrn

� �
þ 3

2h1
Dr0

"
� ðr0

n : Dr0Þ 3r
0
n

2�rr2
n

#
:

ð35Þ
In this expression,

h1 ¼
�rrn

Ufn Dt
; ð36Þ

and the equivalent plastic strain increment is

D�eep ¼ fn

�
þ U

ofn
o�rr

D�rr

�
þ ofn

os
Dsþ ofn

oT
DT
��

Dt:

ð37Þ
Performing the scalar product of the deviator

stress tensor r0
n by the plastic strain increment Dep

and introducing the equivalent stress definition
results in

r0
n : Dep ¼ �rrnD�ee

p: ð38Þ
Combining Eqs. (30), (31) and (38) leads to

D�rr ¼ 3lM

�rrn
r0
n : De0 � 3lMD�eep; ð39Þ

where the scalar product r0
n : De0 can be simplified

replacing r0
n and De0 by their definitions, i.e.

r0
n : De0 ¼ r0

n : De � 1
3
trðrnÞI : De; ð40Þ

that allows Eq. (39) to be written as

D�rr ¼ 3lM

�rrn
r0
n : De � 3lMD�eep: ð41Þ

Returning to Eq. (37), replacing the equivalent
stress increment D�rr and recalling that Ds ¼ D�eeph
leads to

D�eep ¼ Dt
1þ vn

fn

�
þ U

3lM

�rrn

ofn
o�rr

r0
n : De þ U

ofn
oT

DT
�
;

ð42Þ

where

vn ¼ U
ofn
o�rr

Gn DT and

Gn ¼ 3lM � hn
ofn
os

ofn
o�rr


� �
: ð43Þ

Relating Eqs. (31) and (35) leads to the fol-
lowing relation for the plastic strain increment:

Dep ¼ D�eep
3r0

n

2�rrn

� �
þ 3

2h1
2lM De0

�"
� Dep

�
� 3lM

�rr2
n

r0
n : Dr0� �

r0
n

#
: ð44Þ

Substituting the incremental deviatoric strain ten-
sor, De0, and reorganizing the terms in the previous
equation finally results in

Dep ¼ 3�lln

lM

1

�
þ 3lM

h1

�
r0
n

2�rrn
D�eep þ 3�lln

h1

	 De

�
� 1

3
trðdeÞ

�
� 9�lln

h1�rr2
n

r0
n : De

� �
r0
n; ð45Þ

where

�lln ¼
lM

1þ 3lM=h1
: ð46Þ

In order to calculate the incremental value of
the stress tensor, the behavior law, given by Eq.
(17), must be integrated along the time increment
Dt ¼ ½tn; tnþ1�, i.e.

Dr ¼ 2lMðDe � DepÞ þ kM

�
� 2

3
lM

�
trðDeÞI

� 3kMaMðDT ÞI: ð47Þ

Introducing the plastic strain increment given
by Eq. (45) leads to

Dr ¼ 2lMDe þ �kkntrðDeÞI � K1 r0
n : De

� �
r0
n

� K2r
0
n � 3kMaMðDT ÞI: ð48Þ

In this relation

K1 ¼
3

�rr2
n

vn
1þ vn

3l2
M

Gn

�
� lM

�
� �lln

��
; ð49Þ

K2 ¼
Dt

1þ vn
fn

�
þ U

ofn
oT

DT
�
3lM

�rrn
; ð50Þ

�kkn ¼ kM � 2

3
�lln: ð51Þ
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Finally, and after some algebraic manipulations

Dr ¼Msec : De � K2r
0
n � 3kMaMðDT ÞI: ð52Þ

In this expression, Msec is the elastic–viscoplastic
secant modulus, whose components are

M sec
ijkl ¼ �kkndijdkl þ �llnðdikdjl þ dildjkÞ � K1r

0
ijr

0
kl:

ð53Þ
dij is the Kronecker delta.

4.1. Virtual work principle and discretization

For the thermomechanical model described
above, and considering that only thermal loads
will be applied, the virtual work principle can be
written in its classical forma as [28]Z
V

rdedV ¼ 0 with i; j ¼ 1; . . . ; 3; ð54Þ

where V is the overall volume of the solid body.
The dual-phase material is discretized in hexa-

hedral three-dimensional finite elements with eight
nodes, trilinear interpolation functions, eight in-
tegration points for complete integration and one
for reduced integration. The volumetric part of the
displacement gradient is interpolated with a re-
duced selective scheme [23,29], in order to avoid
the development of locking effects.

The finite element discretization of Eq. (54), for
a generic time increment n, leads to a standard
linear algebraic system of equations in the form

Kn Dun ¼ Dfn; ð55Þ
where Dun is the displacement increment vector, Kn

is the global stiffness matrix and Dfn is the incre-
mental nodal force vector, all evaluated at time
instant tn and corresponding to the time increment
Dt. The solution of system (55) is then used to
update the system configuration and all the state
variables.

4.2. Time increment optimization

The incremental time integration procedure
described above can become inaccurate in situa-
tions where the plastic flow rate changes very
rapidly [22]. Thus, it is necessary to implement an
automatic time-step optimization algorithm in

order to account for these changes. The automatic
time-step algorithm used is based on a measure of
the rate of change of the plastic flow rate tensor
and is thoroughly described elsewhere [27]. The
optimization algorithm uses two step reduction
criteria. The first one is based on a scalar control
parameter that represents the maximum absolute
value, over all the integration Gauss points of the
difference between the equivalent plastic strain rate
_�ee�eep at the end and beginning of the current incre-
ment, multiplied by the size of the time increment
itself. The second criteria is based on the deter-
mination of the maximum value of the increment
of the equivalent plastic strain over all the inte-
gration points of the structure.

A time-step reduction factor r is calculated after
the determination of the two optimization pa-
rameters by combining the two criteria. The time
increment size is then updated according to

Dtnew,
rcut
r

Dtold or Dtnew,renlDtold; ð56Þ

whether r > 1, leading to a reduction of the time-
step size, or r < 1, leading to an increase of the
time-step size, respectively. rcut is an optimiza-
tion reduction factor. The enlargement factor,
renl 2 ½1:1; 2:5�, can be calculated dynamically for
each time step according to the expression de-
scribed below:

renl ¼ 2:5� 1:4
exp Fc r�0:2

0:6

� �
� 1

exp Fcð Þ � 1

� �
; ð57Þ

where Fc is a correction factor defining the shape
of the optimization profile [27].

5. Results and discussion

In this section, we present the results of a set of
numerical simulations. They were performed in
order to validate the incremental models proposed
in the previous sections. The case study was se-
lected and its results were compared with the re-
sults of similar problems solved by other authors.

The case study concerns the simulation of the
cooling down process of an aluminum matrix
MMC with SiC reinforcement. The initial tem-
perature is T ¼ 220 �C and the final temperature is
T ¼ 20 �C. The cooling rate is j _TT j ¼ 100 �C s�1.

F. Teixeira-Dias, L.F. Menezes / Computational Materials Science 25 (2002) 237–245 243



The numerical simulations are performed with a
three-dimensional unit cell representative of a long
cylindrical fiber reinforced MMC with 11% vol-
ume fraction of reinforcement material.

In Fig. 3(a) and (b) are represented the distri-
butions of the rzz stress component and of the
equivalent stress �rr, respectively. It can be noticed
that, at the top of the unit cell the equivalent stress
levels are significantly higher than the yield stress
of the matrix material [21]. This fact leads to un-

desirable plastic strain localization inside the ma-
trix of the composite material.

The graphic in Fig. 4 shows the distributions of rzz

and �rr along lineAA, indicated in Fig. 3. These results
are compared with the ones obtained by Jain et al.
[30]. It can be promptly stated that the results are
considerably close to each other. Eventual dis-
crepancies are certainly due to the fact that Jain
et al. [30] used an elastic–plastic rate-independent
constitutive model for the matrix material.

Fig. 3. Distributions of (a) the rzz stress component and of the (b) equivalent stress �rr for the long cylindrical fiber Al–SiC composite

with 11% volume fraction of reinforcement.

Fig. 4. Evolution of residual stresses �rr and rzz for case study 1, of height hFL11 ¼ AA. Also plotted are the results obtained by [30] with
a similar model.
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6. Conclusions

A three-dimensional incremental microme-
chanical model applicable to the study of the mi-
cromechanical behavior of dual-phase materials
with distinct constitutive behaviors was presented.
The kinematic model is based on the decomposi-
tion of the transformation gradient in elastic and
plastic parts.

The constitutive models used to test the incre-
mental model proposed correspond to an Al–SiC
MMC and consider the reinforcement component
to have a thermoelastic behavior and the matrix
material to behave in a thermoelastic–viscoplastic
way. The increments of the relevant state variables
are determined for each of the materials using a
semi-implicit forward gradient time integration
procedure.

The model was applied in a finite element
method algorithm and tested with numerical ex-
amples in order to evaluate its capabilities. The
numerical results were compared with similar
problems solved with different methods by other
authors. Residual stress fields were determined in
an Al–SiC MMC material with volume fractions
of reinforcement material of 11%. The geometrical
model used represents a cylindrical fiber reinforced
MMC.

It was stated that the levels of equivalent stress
can reach values above the yield limit, leading to
the development of undesired plastic strain close to
the matrix/reinforcement interface.

Very good accordance was obtained with the
results presented by Jain et al. [30]. Thus, the nu-
merical methods and algorithms presented proved
to be very efficient and reliable when predicting the
micromechanical behavior of dual-phase materials
with very distinct constitutive behaviors.
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