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Abstract
In this paper we present a methodology for trimming 3D solid ﬁnite element meshes using a non-uniform rational B-spline (NURBS)
surfaces representation. The algorithms applied in the identiﬁcation of the spatial position of the ﬁnite element (FE) nodes and elements relative
to the trimming surface are described, as well as, the explanation of the correction methods adopted to geometrically rearrange the trimmed
elements. Three different strategies are proposed to adjust, with greater or lesser accuracy, the trimmed FE mesh to the trimming surface. The
ﬁrst consists only of an element elimination strategy, while the other two are based on a nodal stretching strategy, aiming for more accurate
adjustment of the ﬁnite elements boundary to the trimming surface. Finally, to highlight the capabilities of the developed program, a mesh
generation example is given by trimming a mesh with the shape of a blank automotive panel.
䉷 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In recent years the numerical simulation of multi-step deepdrawing processes has become a very important research ﬁeld,
in particular for the very strong automotive industry. Currently,
great efforts are being taken towards the ambitious objective of
entirely simulating all production stages of a deep-drawn part,
including tasks between operations, to achieve so-called digital
manufacturing [1,2].
To completely simulate a multi-stage deep-drawing process,
it is necessary to numerically treat intermediate trimming operations, in which some part of the ﬁnite element mesh that models
the blank sheet has to be eliminated. In the literature, few references are found that speciﬁcally treat the subject of trimming
ﬁnite element meshes, particularly in the case of solid ﬁnite elements. One of the basic methods applied by some numerical
codes is simply to eliminate the undesired ﬁnite elements from
the FE mesh [1]. In case of methods where the trimmed FE
mesh is adjusted to the trimming surface, the studies of Coelho
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et al. [3] for shell element meshes and Dhondt [4] for solid
hexahedral meshes can be referenced. For the solid FE mesh
case, Dhondt developed a method based on the subdivision of
the affected (trimmed) elements, which usually produces a very
signiﬁcant increase in the number of ﬁnite elements added to
the ﬁnal trimmed mesh.
In this study, a new approach has been developed for the geometrical rearrangement of the trimmed solid brick elements.
When the most accurate solution is chosen, those elements are
modiﬁed by a selective adjustment of the spatial position of
some nodes, in a so-called stretching node technique. The trimming algorithm was implemented in a code named DD3TRIM,
which also includes speciﬁc remapping strategies for the variable transfer problem between meshes [5].
The use of non-uniform rational B-spline (NURBS) has
nowadays become the most popular representation method in
CAD/CAM systems, due to its generality and excellent properties [6]. This geometric modeller was originally introduced
in the mid seventies and had a rapid proliferation for all sort
of application ﬁelds, such as industrial design, electrical and
mechanical engineering, biomedicine, etc. [7]. Part of the
enormous success of this kind of parametric representation can
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also be justiﬁed by the fact that NURBS has been the
major geometric element in international product data
transfer standards since it was included, for instance, in
STEP (standard for the exchange of product model data)
and IGES (initial graphics exchange speciﬁcation) ﬁle
formats [7,8].
The application ﬁeld of a numerical tool like DD3TRIM cannot just be used as a trimming tool for ﬁnite element meshes in
the intermediate steps of a standard multi-stage deep-drawing
process. Actually, it can be easily applied with important advantages, in the pre-processing stages of numerical simulations,
for mesh generation purposes. This topic was the main subject
of Dhondt’s work, which developed an automatic and universal
hexahedral FE mesher based on a trimming procedure starting
from a given uniform and structured FE mesh [4]. It is nowadays well established that the usage of solid hexahedral elements in sheet metal forming simulations can be very difﬁcult
and time consuming when meshing and remeshing operations
are not automatically performed. Nevertheless, the solution of
starting from a structured and regular initial mesh, and subsequently removing the excess volume to obtain the ﬁnal mesh
model, can be both straightforward and efﬁcient (from the regular element size point of view). In particular, the treatment algorithm of DD3TRIM does not strictly require the addition of
elements for adjusting the trimmed elements towards the surface geometry, therefore saving computation time during the
simulation stages.
The implemented algorithms were developed considering
the geometry of the brick element and the particularities
of the simulation of the deep-drawing process, in which
thin sheet metal blanks are modelled. Thus, it is considered that the trimming surface dimensions are several times
greater than the ﬁnite element dimensions themselves. Furthermore, the trimming surface should not have an orientation far from the perpendicular direction to the blank
plane.
The remainder of this document is divided in two sections.
In the ﬁrst one, a brief mathematical description of NURBS
is given and the trimming algorithm is detailed, describing the
three main parts of the code: pre-processing, correction and
post-processing. In the second section, a typical automotive
example of trimming a solid ﬁnite element mesh is given. The
chosen example highlights the advantages of using such a type
of trimming algorithm associated to a NURBS representation,
as a method to easily construct complex mesh geometries for
deep-drawing simulation.

2. The trimming algorithm
Since in this study the trimming surface is deﬁned by means
of a NURBS representation, a brief review is given of its mathematic characterization and two basic operations: the projection
of a point onto a surface and the intersection of a line with a
surface. The notation convention used is the common one, with
italic letters representing scalars and bold letters representing
vectors or tensors.

2.1. NURBS surface characterization
A NURBS surface can be deﬁned as the rational generalization of a tensor-product of a nonrational B-Spline surface
deﬁned as [9]
 n m
i=0
j =0 Ni,p (u)Nj,q (v)wi,j Pi,j
S(u, v) = n m
,
(1)
i=0
j =0 Ni,p (u)Nj,q (v)wi,j
where Pi,j are the (n + 1) × (m + 1) 3D control points that
form a bi-directional control net, also known as the control
polygon of the surface; wi,j are the related weights of every
control point; Ni,p (u) and Nj,q (v) are the normalized B-spline
basis functions or blending functions of degree p and q, associated with every node i and j of the control polygon, respectively. These functions can be calculated recursively. For the
u-direction case, the formula is

Ni,p (u) =
Ni,p (u) =

1,

ui uui+1 ,

0

otherwise,

u − ui
Ni,p−1 (u)
ui+p − ui
+

ui+p+1 − u
Ni+1,p−1 (u).
ui+p+1 − ui+1

(2)

In these equations U={u0 , . . . , umu } and V={v0 , . . . , vmv } are
non-decreasing sequences of real numbers, where ui and vj are
called knots, while U and V represent the knot vectors for the
u and v directions, respectively. If one considers, for instance,
the u-direction case, the mathematical degree (p), the number
of knots (mu + 1) and the number of control points (n + 1) are
related by mu = n + p + 1. For the v-direction the formula is
mv = m + q + 1.
In order to mathematically operate arbitrary 3D geometrical
entities (points, lines, etc.) and 3D NURBS surfaces (such as
to project points or to intersect lines with a NURBS surface),
it is necessary to deﬁne and formulate the partial derivative
equations for a generic point (u, v) of the surface: Su (u, v),
Sv (u, v), Suu (u, v), Svv (u, v) and Suv (u, v). As an example,
the ﬁrst and second partial derivatives of S(u, v) with respect
to u are given by [10]

m 
n
jS(u, v)   jRi,j (u, v)
Su (u, v) =
=
Pi,j ,
ju
ju

(3)


m 
n
j2 S(u, v)   j2 Ri,j (u, v)
Suu (u, v) =
Pi,j .
=
ju2
ju2

(4)

i=0 j =0

i=0 j =0

Since all the formulas to the v-direction have similarities or
can be simply deduced from the u-direction case, they will be
omitted. For the mixed partial derivative, the equation is [10]

m 
n
j2 S(u, v)   j2 Ri,j (u, v)
Suv (u, v) =
=
Pi,j .
jvju
jvju
i=0 j =0

(5)
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2.1.1. Projection of a point on a NURBS surface
The projection of a given point on a NURBS surface is a
basic geometrical operation when dealing with 3D NURBS
surfaces. In this investigation, the method followed is based on
the review made by Stadler et al. [11].
Let us consider that a generic point P(x, y, z) is to be projected onto the surface S(u, v). The ﬁrst steps are to determine the vector r(u, v) from an arbitrary point of S(u, v) to
the generic point P(x, y, z),
r(u, v) = S(u, v) − P(x, y, z)

(6)

and the partial derivative vectors Su (u, v) and Sv (u, v). After
this, the orthogonality condition is imposed based on the dot
product functions
f (u, v) = Su (u, v) · r(u, v),
g(u, v) = Sv (u, v) · r(u, v).

(7)

Therefore, the problem of projecting a generic point on a
NURBS surface is reduced to solving a nonlinear system of
equations, given by
f (u, v) = 0,
g(u, v) = 0.

(8)

A possible way to solve the previous problem is, for instance,
by applying the Newton–Raphson iterative method. In this case
one can write
X(i+1) = X(i) − [J(i) ]−1 F(X(i) ),
where, for the iteration i,

 (i) 

f (X(i) )
u
(i)
F(X(i) ) =
=
,
X
g(X(i) )
v (i)
being J(i) the Jacobi matrix of F(X) at X(i) :
⎡ jf jf ⎤(i)
⎢ ju jv ⎥
J(i) = ⎣ jg jg ⎦
ju jv
(i)

|Su |2 + r · Suu Su · Sv + r · Suv
=
.
Su · Sv + r · Suv |Sv |2 + r · Svv

(9)

(10)

(11)

The convergence rate of the proposed iterative procedure,
or even the achievement of a solution, are greatly affected by
the initial solution X(0) , as well as the surface’s dimensions
and its particular geometrical characteristics. To obtain a faster
convergence rate it is assigned as initial solution the closest
knot of the surface to the point P.
2.1.2. Intersection of a line with a NURBS surface
The so-called ray-patch intersection, i.e., the identiﬁcation
of the intersection point between a generic line and a NURBS
surface, can in some cases be a difﬁcult and very time consuming problem to solve, since it is greatly dependent on the initial
solution if an iterative procedure is used [12].
However, in the particular case of trimming solid ﬁnite elements, once the FE edges (virtual line that connects two
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nodes) are clearly deﬁned, the identiﬁcation of a good initial solution is straightforward, and thus, the classical iterative
Newton–Raphson method can be easily applied to solving the
problem of the intersection between a line (the trimmed edge
of a FE) and a NURBS surface (the trimming surface).
Let us consider that r is the line that intersects the trimming surface, deﬁned by the point A(a1 , a2 , a3 ) and the vector
v(v1 , v2 , v3 ). The intersection point between r and S(u, v) can
be determined by solving the following nonlinear system of
equations:
S x (u, v) = a1 + kv 1 ,
S y (u, v) = a2 + kv 2 ,
S z (u, v) = a3 + kv 3 ,

k ∈ R.

(12)

Rearranging the previous equations in order to determine
their roots (solution vector (u, v, k), which allows one to identify the intersection point), the system of equations can be
rewritten as
f (u, v, k) = S x (u, v) − (a1 + kv 1 ) = 0,
g(u, v, k) = S y (u, v) − (a2 + kv 2 ) = 0,
h(u, v, k) = S z (u, v) − (a3 + kv 3 ) = 0.
Finally, the Jacobi matrix J is given by
⎡ jf jf jf ⎤
⎢ ju jv jk ⎥  x
Su (u, v) Svx (u, v)
⎢ jg jg jg ⎥
⎢
⎥
y
y
J= ⎢
⎥ = Su (u, v) Sv (u, v)
⎢ ju jv jk ⎥
Suz (u, v) Svz (u, v)
⎣ jh jh jh ⎦
ju jv jk

(13)


−v1
−v2 . (14)
−v3

2.2. Pre-processing stage
The pre-processing stage begins by reading the mesh ﬁle
(using a standard ﬁnite element mesh ﬁle format), the trimming
NURBS surface (by means of an IGES ﬁle) and a third ﬁle
where the trimming options are deﬁned (trimming strategy, type
of correction/adjustment to be applied to the trimmed ﬁnite
elements).
Additionally, some geometrical information, related to the 8node solid FE mesh (Fig. 1) is internally generated and stored
in the form of connectivity tables for nodes (Ni ), edges (Ai )
and facets (Fi ).
After allocating all the necessary connectivity tables, a procedure is followed in order to identify and store the relative
positions of both nodes and elements to the trimming surface
oriented with the normal n (Fig. 2). Such information is stored
in two status tables. For nodes, the STATUS(nodes) table is generated, and for each node one of the following three statuses
is assigned: “keep”, “eliminate” or “on surface”. For the elements, the STATUS(elements) table is created and for each element one of the following statuses is assigned: “to treat”, “keep”
or “eliminate” (Fig. 3).
To determine the status of each node, an algorithm based on
the inner product calculus between two vectors normal to the
NURBS surface is used. The ﬁrst step is to project a given node
Ni (see Fig. 4) onto the trimming surface, and subsequently to
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Fig. 4. Schematic 2D representation of the statuses determination for nodes.

Fig. 1. Nodes, edges and facets connectivity for the 8-node brick element.

S (u,v)

n

Fig. 2. Initial mesh to be trimmed by the NURBS surface.

The second vector (vi ) is the one that connects the projection point Pi to the nodal position Ni . Since the surface normal n is previously oriented towards the side of the mesh to
be eliminated, the position and status of any node relative to
the trimming surface can easily be identiﬁed by evaluating the
value of the inner product between ni and vi : if ni · vi < 0,
then STATUS(nodes) is “keep”; otherwise, if ni · vi > 0, then
STATUS(nodes) is “eliminate”. The status “on surface” is assigned if the Euclidean distance between point Pi and node Ni
is close to zero.
The STATUS(elements) table is ﬁlled-in by summing the nodes
with “eliminate” status for each ﬁnite element: if the number of
nodes of the element to be eliminated is equal to 8, all the nodes
of the element are on the side of the mesh to be eliminated, and
consequently the assigned status is “eliminate”; otherwise, if
no node of the element has “eliminate” status, then the element
status is “keep”; ﬁnally, for cases where there are both nodes to
eliminate and to keep in the same ﬁnite element, it is assigned
the status “to treat”.
2.3. Correction stage

Element “keep”
Element “eliminate”
Element “to treat”
Fig. 3. Finite element statuses according to the trimming surface position.

compute the vector (ni ) normal to the surface at the projection
point Pi :
(Pi )

ni

= Su ⊗ S v .

(15)

At the correction stage each element with “to treat” status
is again veriﬁed to settle if the element is to be eliminated
or kept in the mesh. The decision is based on the percentage of element that has to be eliminated (V e ). The value of
V e is estimated by subdividing the hexahedral element into
six tetrahedrons and then calculating, according to the nodes
statuses and intersections of the edges with the trimming
surface, the volume to be eliminated in each tetrahedron. If
V e 50%, the element is assigned with “keep” status, otherwise, if V e > 50%, the element is assigned with “eliminate”
status.
Three different correction strategies were implemented in the
DD3TRIM code: one based merely on element elimination and
two others where the trimming geometry is accurately described
in the ﬁnal “new” mesh.
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(b)

(a)

A

(c)

(d)

A

A

(e)

(f)

(g)

(h)

Fig. 5. Representation of trimming procedure and nodal correction strategies: (a) untrimmed mesh and trimming surface; (b) elements to eliminate (in grey);
(c) ﬁnal mesh using correction type I; (d) mesh before node adjustment; (e) node adjust for correction type II; (f) node adjust for correction type III; (g) ﬁnal
mesh, using correction type II; (h) ﬁnal mesh, using correction type III.

To give a clearer picture of the implemented correction strategies, the main correction steps are sketched in Fig. 5, from the
initial untrimmed mesh (Fig. 5a), the element status evaluation
(Fig. 5b) and the node adjusting methods (Figs. 5d–f) until the
ﬁnal trimmed mesh (Figs. 5c,g,h).
Using correction type I all the nodes and elements with
“eliminate” status are suppressed from the mesh, creating a
lacy mesh boundary as shown in Fig. 5c. In order to precisely adjust the trimmed elements to the trimming surface two
strategies are implemented, by means of correction types II
and III.
In correction type II, the nodes that have to be moved from
their original positions are projected onto the NURBS surface.

Nevertheless, to assure that the domain of the mesh is kept in
the thickness direction, additional corrections are taken to determine the new node position. The procedure starts by projecting the node to be moved, see for instance N6 of Fig. 6a, in
S(u, v), according the previously presented formulation (Eqs.
(6) and (7)). Thus, point P1 is found, such that
P1 = projS(u,v) N6 .

(16)

Subsequently P1 is projected onto the element facet
{N5 , N6 , N7 , N8 } producing a new position P2 (Fig. 6b).
Finally, the intersection of the line deﬁned by N6 and P2 with
the trimming surface S(u, v) is determined, to obtain point P3
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(b)
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1
(c)

N8
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N1

1

Fig. 7. Optimization of the pentahedral element shape: (a) node moving
operation; (b) element after node distribution; (c) degenerated element.

(a)
P1

3

4

N4

N5

6

3

N6

S(u,v)

8

N2

(b)

N5

P2
N6

(c)

Fig. 6. Node adjustments applied in correction type II: (a) projection of node
N6 in the surface (point P1 ); (b) projection of point P1 on element facet
{N5 , N6 , N7 , N8 } to create P2 (2D view); (c) intersection of line N6 P2 with
S(u, v) to create P3 (2D view).

(Fig. 6c), which will be the new position of the node N6 :
S x (u, v) = N6x + k(P2x − N6x ),
y
y
y
S y (u, v) = N6 + k(P2 − N6 ),
S z (u, v) = N6z + k(P2z − N6z ), k ∈ R.

(17)

A variant to the abovementioned type II procedure could be
adopted. This procedure would consist of the projection of node
N6 on the NURBS curve deﬁned by the intersection between
the trimming surface and ﬁnite element facet {N5 , N6 , N7 , N8 }.
However, the analysis made showed that this solution was more
complex and time consuming, leading to results that are quite
similar to the previous ones.
In correction type III, the new position of node N6 is obtained
by the intersection of the ﬁnite element edge with the trimming
surface, for a predetermined edge correction direction. Thus, if
−−−→
the predetermined direction is, for instance N5 N6 , the problem
relies on solving the following system of equations:
S x (u, v) = N6x + k(N6x − N5x ),
y
y
y
S y (u, v) = N6 + k(N6 − N5 ),
S z (u, v) = N6z + k(N6z − N5z ), k ∈ R.

(18)

Even when correction type II is chosen to rearrange the node
position with respect to the trimming surface, correction type
III is always applied to the nodes that deﬁne the boundary of
the model, in order to preserve the border surface continuity.
2.4. Post-processing stage
In the post-processing stage a new mesh ﬁle containing the
tables for nodes coordinates and ﬁnite element connectivity is
sequentially constructed by selecting the nodes and elements
that were assigned with “keep” status.
Node-numeration can have a great impact on the pattern of
the sparse matrices used to solve the systems of linear equations

of a simulation and, in this way, on the computation time. Thus,
it is necessary to optimize node-numeration. The optimization
algorithm used consists of minimizing for all the elements, the
maximum value of the difference between the maximum node
number and the minimum node number of each element.
During the correction stage, according to the trimming surface orientation, the re-positioning of the adjusted nodes may
generate elements with pentahedral shapes (see for instance
Figs. 5e and 5g). To minimize the distortion of these elements,
a local optimization treatment is performed, that consists of
moving the nodes (see nodes A and B of the exterior face of
the element in Fig. 7a) to the middle edge position (Fig. 7b).
Another option that can be applied is to degenerate the element
(Fig. 7c), transforming the standard eight-node brick element
into a six-node element, but keeping the eight-node connectivity by repeating some nodes.
Despite these distorted elements belonging only to the border of the mesh, their numerical behaviour during the subsequent simulation stages can somehow affect the overall results.
To investigate and evaluate this fact, a study was conducted by
simulating simple mechanical tests (a uniaxial tensile test and
a simple bending test) using trimmed specimens meshes [13].
Several orientations of the trimming surfaces were used over a
regular mesh in order to obtain different element shapes. Based
on these mechanical tests simulations and other practical examples, it can be stated that the element distortion imposed by the
proposed local trimming treatment is minor, when considering
its impact on the element response behaviour with respect to
the solicitations that occur in a standard deformation process
simulation.
The general algorithm of DD3TRIM code, as described in
the above discussion, is displayed in Fig. 8.
3. Trimming example
Figs. 9a and b show a typical automotive trimming application, where a mesh is trimmed to be subsequently used in
the numerical simulation of the deep-drawing of a side panel.
Four trimming operations are performed on a regular size base
mesh (Fig. 9a). Firstly, an outside trim is carried out to remove the elements which exceed the main design geometry.
Secondly, three holes are opened in the zones where after the
deep-drawing operation, cavities such as doors or wheel arches
will be placed (Fig. 9b). Correction method type II was used
to execute all the trimming operations, with the pentahedral
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Fig. 8. DD3TRIM trimming algorithm.

element shapes being locally optimized by the node distribution
scheme.
In this example it was assumed that the NURBS surface dimensions were much greater than the mean element ones. Furthermore, the trimming geometry does not include strong curvature variations such as, for instance, strong convex and/or
concave proﬁles. In such conditions the DD3TRIM program
should be carefully used and, if necessary, a previous reﬁnement (local or generalized) operation must be performed to
avoid large element distortions or even rendering impossible
any description of the desired trimming geometry.

4. Conclusions
This paper presents an algorithm for performing trimming
operations in solid ﬁnite element meshes composed of 8-node
brick elements. The trimming surface is represented by means
of NURBS deﬁnition. One of the greatest achievements of
such a numerical tool, when associated with a deep-drawing
simulation code, is to allow the execution of multi-step deepdrawing simulations (where parts of the mesh that models the
blank sheet can be removed). Nevertheless, the DD3TRIM code
can be used as a meshing tool, in order to produce meshes to
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Fig. 9. Standard example of trimming a mesh using a free surface geometry:
(a) base mesh and the desired ﬁnal panel geometry; (b) trimmed mesh using
correction method type II.

initiate the production simulation sequence. This last issue is
very relevant, since this ability can solve several problems related to the production of complex mesh domains. The implemented algorithms prove to be robust and efﬁcient in the several
tests conducted to trim meshes with difﬁcult geometry designs.
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