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In this work, the exactly integrated form of the Clapeyron equation found by Mosselman

et al. has been used in a systematic manner to derive a comprehensive set of equations
describing the first-order transition curves of pure substances. The application of each of
these equations requires the knowledge of only one (reference) point on the particular
equilibrium line, of the corresponding enthalpy of transition, and some ancillary data
(molar volumes and heat capacities of the phases at equilibrium). No fitting, t®)(
experimental data is needed. In this respect the equations developed here can be regarded
as a source for calculating priori the phase equilibrium curves. The results have been
tested for a number of selected pure substances of variable molecular complexity, and the
uncertainties attached to the calculations have been assessed. Empirical equations currently
used for first-order transitions are compared with those obtained from the exact integration.
As far as we are aware, no equation was previously proposed forsaladid equilibrium

lines. @© 2001 Academic Press
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1. Introduction

The Clapeyron equation is not an exact differential equation in the mathematical sense.
This statement becomes evident if the equation is written in the form

dp — (AP Hm/APVm) T~1dT =0, (1)

where p and T are the natural variables pressure and temperatdge,and Vy, are

the molar enthalpy and molar volume of the equilibrium phases, and the s;mﬁx)l
indicates the difference between the values of the thermodynamic profedi the

two phases at equilibriura and g (e.g. the molar enthalpy for the transitian — g8,

Ag Hn = Hr'f, — HS). Equation {) governs all first-order phase transitions of pure
substances whichever the physical nature of theg)-pair of phases involved;e. «
and g8 can be either solid (cr), or liquid (I), or gaseous (g). This equation is useful in

8To whom correspondence should be addressed.
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many respects, particularly in the description of the joint rate of change of the primary
variables pressure and temperaturp/@ ) along the phase equilibrium lines, and also in
estimating the derived properties molar enthalpy and molar volume of transition. However,
one is frequently interested in knowing the relation between the equilibrium valugs of
andT instead of their mutual rate of change. This leads to try and integrate equhtion (
Since bothHy, andVy, are functions of pressure and temperature, and the (mathematically)
necessary separation of variables cannot be accomplished in any direct, known manner, the
integration of equationl) has been carried out through approximate methods ever since the
equation was first established in the nineteenth century. By making use of thermodynamic
cycles Ziegler and his co-workers in a remarkable series of studies devised a fethod
capable of arriving at precise results for a number of selected pure substances. Their work is
limited to (solid+ gas) and (liquid+ gas) equilibria below atmospheric pressure and does
not attempt at any general integration of equatin I was only in 1982 that Mosselman

et al.@ found the integration factor that transforms the Clapeyron equation into an exact
differential equation. By applying the integration factdr - Aﬁvm) to equation {) the

Dutch research group obtained

T 1AVn(p, TYdp + AP Hn(p, HdT 1 =0, %)
which abides by Euler’s criterion for exact differentials:
(DAL Hm(p, T)/3p)y = [B{T 1AL Vin(p. T)}/8T 11,

Using standard mathematical procedures Mosselkehah arrived at two solutions for the
exact integration of equatio2), For subsequent thermodynamic developments one of the
two expressions is clearly preferable for most applications. Since

(DAL Hm(p, T)/0T} = ASCpm(po. T),

whereCp m(po, T) is the molar heat capacity at constant presqg;ehe necessary sub-
stitutions and rearrangements yield the exactly integrated form of Clapeyron egffation:

p T-1 T
T [ Al Tidp+ [ { / Agcp,mwo,T)dT}dT—l
p

0 3 To
= A8 Hm(po, To)(Ty = T7h. ®3)

Mosselman and his co-workers applied this relationship to the vapourization equilibrium
of pure substances to extrapolate vapour pressure data and to estimate valﬁeﬁna{tt
temperatures not too far from the normal boiling point. In our opinion equasjoraf also
be used endeavouring rather wider objectives. Since no constraints are imposed in deriving
this equation it provides a universal basis to try and work out general equations for all
first order phase equilibrium curves of pure substances. The usefulness of this statement
relies, of course, on the assumption that a reference point of coordiimteg) on each
of the equilibrium lines is known, and that suitable analytical forms can be found for the
integrand functionsﬁgvm(p, T) and Aﬁcp,m(po, T). Itis clear from equation3) that a

single value of the molar enthalpy of transitimf Hm(po, To) is needed to carry out the
calculations, and therefore no assumptions have to be made concerning the temperature
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and/or pressure dependence of this property. Moreover, and most important, no fitting of
(p, T) data for any ¢, 8)-phase equilibrium curve needs to be involved.

In the following sections we give account of the assumptions and developments made to
establish integrated forms of the equations for first order equilibrium curves, and discuss
the results obtained for sublimation, vapourization, fusion, and selsblid equilibria.

(The particular case of liquig liquid equilibrium has not been examined at this stage.) The
testing of the general equations established in this way is also carried out in this work, in
which we report on the uncertainties attached to the proposed procedures, and on important
thermodynamic quantities derived from those equations. Some of the empirical equations
currently used to describep( T) transition lines of pure substances are assessed in this
context.

2. Theory

In this work our main purpose is to derive explicit expressions relating the equilibrium
values of the natural variablgsand T along the two-phase first-order transition lines of

pure substances. The starting point is equat®)nvalid for all these transitions. To carry

out the necessary integrations one needs to use adequate expressions for the integrand
functionsAng( p, T) andAng_m( Po, T). This means that these functions should satisfy
three essential conditions: (i) firstly, both functions should give account as precisely as
possible of the pressure and/or temperature dependence of, respectively, the changes in
molar volume and in molar heat capacity of the phases involwe@ (= cr, |, g) along

each of the equilibrium lines; (ii) secondly, the form of these functions should be such that
the subsequent integrations in equati8ngan be carried out analytically; and (iii) finally,

the number of terms in each of the two mentioned functions should be kept at a minimum
compatible with the precision required for the final equatipns p(T), obtained upon
integration, to describe the two-phase equilibrium curves.

After careful examination and selection of the experimental data available in the
literature for a significant number of molecularly simple (and not so simple) substances
the following expressions, which satisfy the three conditions above, were found to be
convenient for the representation of the molar volume of the pure plfasesr the gas
phase, we used the (Berlin form of the) virial equation of state truncated after the second
term,

Va(p, T) = RT/p + B(T), 4

where

m
B(T)=) bT, )
i=1
is the second virial coefficient, thig being parameters derived from experiment, and
m < 4. For the molar volume of saturated condensed phases (liquid or solid) simple
polynomial functions were selected. Exception made for the substances that contract on
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melting, the approximation
n
VRS (. T) & Vo (T) = o1, (6)
i=1

works well when the coef'ficientﬁi"Cr are obtained from experimental data. In this

expressiom < 3. In particular, for solid+ solid equilibria and for the fusion of substances
that expand on melting a single coefficieujffr suffices. In these cases the molar volume
of the condensed phase at the reference point of coordinage$y) was taken:

VLT (p, T) ~ v = V¥ (po, To). )

In most of this study (but not always) the triple-point {ei 4+ g) was selected as reference.
For solid+ liquid equilibria of substances which contract on melting the approach

n
Vi (p. T) & Vi (p) = > uppl L, ®)
i=1

where the coefficients; are obtained for experiment, and= 3 was found to be adequate.
As for the molar heat capacities one has

P /52y
Ch.m(po. T) = Cpa(T) — / T(ﬁ) dp. 9)
0 p

where the molar heat capacity of the perfect ﬁgm(T) is a polynomial function of
temperature,

k
Chm(T) = 1'%, (10)
i=1

with k < 4. Theolpg coefficients are easily obtained from spectroscopic data. For saturated
condensed phases (I or cr) there is no need to go beyond the approximation

i
Chin(po, T) ~ Cpi(T) = T L, (12)
i=1
wherej < 4 for sublimation, and = 1 for all other transitiong,.e.
Ch (po. T) ~ ;% = CK (o, To). (12)

By inserting the analytical expressions given by equatidis(12) into equation 8),
and carrying out the necessary integrations and algebraic manipuf@itres following
results are obtained for first-order phase equilibria.

(i) Sublimation ¢ = cr; 8 = g):
4

INp=As—Bs/T+CsInT +) D T+ Eg(T)p/T. (13)
i=2
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where

As=Inpo+ {Angm(Do, To) — ToARPC1 InTo — f1(To) — To f2(To) —

m
PoTovs' + IOOZ (1-ib Ty }/RTO,

i—2
m
Bs = {Angm(po, To) — f1(To) + pov{ — pOZibi Tol_' }/R

Cs = AlPa1/R,
Dsi = [{A&PGi/i(i — 1)} — povi 4]/ R,
Es(T) = {Vm (T) = B(M)}/R.
The quantitiesf,(To) and f2(To) are given by

|
f1(To) = Y AGPGiTo /i,
i=1

f2(To) = ZA PG Ty /G — D),

wherel < 4
(i) Vapourization ¢ = I; g = g):
Inp=A,—By/T+CyInT 4+ DyT + E(T)p/T,

1601

(14)

(15)

(16)
(17)
(18)

(19)

(20)

(21)

whereA, is obtained fromAs {equation 4)}, by changing superscriftinto', with f»(To)
= 0, and by considering only the first term & 1) in equation {9). For By, C, and
Ey(T) similar considerations apply. Of course, A, X should be replaced b@slgx. Dy

in equation 21) is given by
Dy = —povh/R.

(i) Fusion (@ =cr; g = I):
In the case of fusion equilibria two equations were obtained:

P = Po+ (Ar+ DfT + KT InT)/{AyVin(pPo, To)},
for substances which expand on melting, and

Z(Acrul i)(p' — pb) = A+ DT + K{TINT,

if the substances contract on melting. In these two equations,
Ar = AIchlTO - Alcer(po, To),
Dt = AgHm(po, To)/ To — AgCa(1+ InTo),
Fr= rCl

(22)

(23)

(24)

(25)
(26)
(27)
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Equations 23) and @4) both reduce to the same linear equation
p=A+ DT, (28)

where A and D are constants, wheaLu, = 0 fori = 2, 3, andALc; = 0, an
oversimplification not necessary to deal with fusion.

(iv) Solid + solid equilibria ¢ = crl; g = crll):

For solid 4+ solid equilibria the resulting expression has analytical form identical to
equation 23), where the changesgx in equations25)—(27) are now defined aAﬁX =
AEH' X. Sometimes, in consequence of the lack of extensive high-temperature data, it may
prove necessary to use simplified versions of equafi@nwhich is sufficiently flexible to

admit approximations going as farther as its simplest form, equa2g)n (

3. Results and discussion

Having obtained explicit expressions for the equilibrium curves gn T) phase
diagrams—equationd 8), (21), (23), and @4)—it seemed worth examining their range of
application, and the relative importance of the terms involved in each of them. A group
of 24 substances on which accurate thermodynamic data were found in the literature was
selecte®® to test the equations derived in the previous sections. This set includes both
organic and inorganic substances, of polar and non-polar molecules, and of complexity
ranging from simple monatomic species—the rare gases and some metals—to aromatic
hydrocarbons. According to the nature and availability of the data, subsets from the
wider group of substances were selected to test each of the equilibrium equations above.
Whenever possible the temperature scales in the original papers were transformed into
ITS-90 by recommended techniqué.

SUBLIMATION

In most cases accurate molar volumes of the solid phases were assessed from low-
temperature X-ray measurements of the lattice parameters as functions of temperature.
However, it was found that in no case such values contribute significantly to the
calculated sublimation pressure. Therefore, they can be dropped from equdins (
(15), (17), and @8). The influence of second virial coefficients on the quari(T) {cf.
equation 18)} is significant only when the pressure of the reference pajns relatively

high, as is the case with carbon dioxide. Since for most substamge3p) have been

taken as the triple-point coordinates, tefBy(T)p/ T} in equation 13) can be neglected
whenever the triple-point pressure is lopy(< 10 kPa). Apart from this all the remaining
terms in equation1(3) should be taken into account. In absolute value

CsInT > By/T > ) DgT %

Term As, which is a positive constant, is smaller than (the absolute of) terms involving
Cs andBs. The quantities@sInT) and Bs/ T) are positive, while the summation including

Ds;i is negative in every case. All these contributions are relatively important in magnitude,
although considerable partial cancelation between them always occurs. The value of the
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FIGURE 1. a, Sublimation pressupeplotted against temperatufe b, Deviation plot of the plotted
against temperatur€. b, Deviation plot of the sublimation pressure against a reduced temperature
(T/To); 8p = Pcalc — P, Where peglc is calculated from equatiorlB) and p is the experimental
sublimation pressure at the same temperatliges the temperature of the reference point, taken
as Ty for all substances in the plot except carbon dioxide, for whighwas considered to be
the normal sublimation temperature. Legend: curves obtained from equa8prw( triple-points
from Staveleyet al. ®; 1, nitrogen:0, Keesom and Bif®); +, Giauque and Claytd®; 2, argon:

O, Flubacheet al.®; +, Chenetal.): ¢, Lemming and Pollack?; 0, Levenso!; 3, methane:

0, Tickner and Lossing?; +, Rossinf13); 4, ethylene©, Bigleisenet al. 19; +, Chu Liand?);

5, ethane©, Tickner and Lossing?; 6, hydrogen chloride®, Giauque and Wied&®; +, Chihara
and Inab&l?; ¢, Ser and Larhét®); 7, dinitrogen oxide O, Atake and Chihard?; +, Blue and
Giauqué?9; ¢, Terlain®; O, Brysonet al.(??: 8, carbon dioxide©, Giauque and EgdR?;

+, Tickner and Lossin§?; ¢, Ambrosé?4; O, Brysonet al.(22; A, Anguset al.(?9; 9, ammonia:

0, Overstreet and Giaug{®®; 10, benzene©, Jackowski??; 11, water:O, Jancsoet al.(29);

+, Ambrosd?9; ¢, Keenaret al.39; O, Brysonet al.(?2; 12, naphtalene®, De Kruif et al. 33;

+, Bradley and CleasBy?); ¢, Ambroseet al.33; O, Sinkel34).

enthalpy of sublimation at the reference paitHm(po. To) carries the main contribution
to As and Bs. For this reasomg,Hm(po, To) should be known as accurately as possible if
precise estimates of the sublimation pressure are aimed at. Uncertainti@slof in Tp,
and of+1 per centinC{ andCE?m have negligible influence (of less than 1 per cent) on
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the calculated sublimation pressure, down to temperatures as low-a& @r even lower.

In general the equilibrium pressures estimated through equati®nldy within about

41 per cent of the corresponding experimental values even at the lowest temperatures at
which measurements have been reported, as figsuggests. It is important to emphasize

that these results were obtained from the knowledge of the reference point coordinates
(po,To), and the information required by equatiodd)to (20), with no need of any other
experimental points on the sublimation curve. The equilibrium pressure calculations start
at any adequate reference poipp(Tp) proceeding to lower temperatures if the reference

is the triple-point (c+ | + g). For substances exhibiting more than one solid phase, when

a solid+ solid transition is reached the coordinates of the corresponding transition point
should be taken as new reference for the subsequent calculation of the sublimation pressure
of the lower-temperature solid form. Of course, the molar enthalpy of the particular solid
— solid transitionA®"!' H,, must be taken into account through the exact relationship,

crl
A Hm = A Hm + AS H, (29)

crll crl
at the new reference point.
The molar enthalpy of sublimation as a function of temperature is obtained from
Clapeyron equation by using equatidiB) in the calculation of (¢/dT). After algebraic
rearrangements the following expression is obtaiffed:

4
AdrHm = R[Bs+ CT+) (=)D T' + {dEs(T>/dT}pTZ] (30)
i=2
When two or more solid phases are present the calculation of the enthalpy of sublimation
as function of temperature must take equati®®) {nto account. In figur® the results of
our estimates oAgHm(T) are compared with data from the literature. The enthalpy of
sublimation is markedly dependent on temperature (changes of up to 15 per cent over the
sublimation range), exhibiting a maximum for every substance. It can be $Hdhat the
maximum ofAd Hn, always occurs at the temperature for which the molar heat capacities
of the solid and gaseous phases are edqualywhen Cgfm = C%,m. It may be interesting
to note that for all hydrocarbons in the test group of substances the maxima are observed
atT = (52.2+ 0.7) K. In no case does the deviation between the calculated values of
A3 Hm and the literature ones exceeD.5 per cent. The uncertainty in the estimated
AZHm(T) comes mainly from the uncertainty attached to the (experimental) values of
Angm(pO, To). The enthalpy of sublimation & — 0, closely related to the so-called
lattice cohesion energy—a quantity of interest in the study of intermolecular forces, and
otherwise—is also readily assessed. In fact, from equa®on &T — 0 one has:

AL HM(OK) = RB.. (31)

Table 1 summarizes the results obtained faHm(0 K) using equation 31), and
compares them with literature values. The agreement is striking. For linear hydrocarbons
A Hm(0 K) seems to be a linear function of the number of carbon atonis the chain,

AZHM(O K)/(kJ- mol™t) = 2.90 + 7.95nc.. (32)
The slope is close to that suggested by Moelwyn—Hud#fs.
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FIGURE 2. Molar enthalpies of sublimatiomngm of pure substances plotted against
temperatureT. Legend: curves obtained from equatioBO); ® and O are values from
the literature; the full circles are experimental, and the open circles are -calculated;

1, nitrogen:O, Ziegleret al.39; 2, argon:0, Ziegleret al.(39); 3, methane©, Ziegleret al. 37;
4, ethylene©, Ziegleret al (U; 5, ethane©, Ziegleret al.(38); 6, hydrogen chloride®, Eucken and
Donatt39: 0, Giauque and WieH&9; 7, dinitrogen oxide®, Eucken and Donafi?; 8, carbon
dioxide: ®, Eucken and Donaffi?; 0, Giauque and EgdA®; Mullins et al. (49; Newitt et al. (43);
9, ammonia®, Eucken and Donaff?; 10, benzene®, De Boef4?; 0, Jackowski2?; 11, water:
0, Keenaret al.39: 12, naphtalene®, Murataet al.(43: 13, propane®, Yarbrough and Ts&#4.
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TABLE 1. Molar entalphy of sublimatiom\&Hn, of
pure substances @t= 0 K

Substance AL HMOK)/J-mol~L)
This work Literature
1 Nitrogen 6883 6925 2049
6861(49)
2 Argon 7733 77248 29(47)
77404 50(4849)
3 Methane 9199 91680
93604+ 21059
4 Ethylene 19060 190982
5 Ethane 20090
6 Hydrogen chloride 20078 20268
7  Dinitrogen oxide 24149 242199
24263+ 212D
8  Carbon dioxide 26190 26250 90(29
262293
2622241
9 Ammonia 29220 288789
10 Benzene 49684
11 Water 47348 47346 17059
12 Naphthalene 76651
13 Propane 27431

VAPOURIZATION

Most of the considerations made for the sublimation curve, equafi@y apply to
equation 21) which governs the vapour pressure curve. However, the t&y(r)p/ T},

which is always positive, is not negligible for the vapourization equilibrium due to the
relatively higher contribution of the second virial coefficient and the vapour pressure.
For the test substances in this study neglecting tddgT( in equation 21) introduces a
maximum error of 0.4 per cent in the calculated vapour pressure at the critical temperature.
This is a consequence of the comparatively small value§ parameters in equatio2?).

By ignoring (DyT) in equation 21) it becomes,

Inp=A, —By/T +CyInT + E,(T)p/T, (33)

formally identical to the equation proposed by Gr&&tan 1903. The approximation made

by introducing equationl@) is a consequence of the lack of experimental dateC! s

over wide temperature ranges. However, this approximation is not critical because liquid
molar heat capacities are weak functions of temperature. Since in the vapour pressure
calculations the normal boiling point is a convenient choice for the reference coordinates
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(po, To), the values oC'p’m at that point (which are known from experiment with sufficient
accuracy) have been used in equati®8) (For the liquid molar volumes the coefficients

”il in equation 6) were obtained by fitting to experimental data usually extending from the
triple-point up to reduced temperatures of abdut= T/ T, = 0.75 along the saturation

line. T¢ is the critical temperature. In the present approach we did not use critical exponents
for the molar volumes in order to keep the mathematical complexities at a minimum. This
means that in describing the vapour pressure curve near the critical point some room
for improvement clearly exists. In spite of the approximations made the mean relative
deviation in the estimated vapour pressure for most of the test substances is less than
+1 per cent up to abouf, = 0.95, as illustrated in figur&. As for the influence of

the uncertainties attached to the ancillary data needed in the vapour pressure calculations
using equationd1), uncertainties oft2 per cent in the second virial coefficient and of

+1 per cent inv!, C'pqm, andcgf"m lead (each of them) to deviations mof less than

41 per cent of the experimental vapour pressure, from the triple-point temperature up to
aboutT, = 0.95 for most of the substances in the subset. In no case these deviations
are larger thant2 per cent. The error introduced in the calculated vapour pressure by an
uncertainty as large as 0.1 K in the value of the reference point temperggigléss than

+1 per cent over the complete vapoerdiquid equilibrium line {.e. from the triple-point
temperaturdy, up toTe) if To > 100 K, as is the case for most substances considered here.
An error of 1 per cent in the value czt\,gHm(po, To) can rise deviations in the calculated
vapour pressure as high a$ per cent for temperatures from abdyt= 0.40 to about

T, = 0.85. For this reason values of the enthalpy of vapourization at the normal boiling
temperature estimated through current empirical methods (cf. &eiti®4) should not

be recommended to be used in accurate applications of equatipi-¢rtunately for most
substances of interem?Hm at that temperature is known with much lower uncertainty,
typically of about+0.1 (or 0.2) per cent from accurate experimental work, and this leads
to deviations from that source not exceedihgy per cent in the vapour pressure up to the
critical temperature.

It is interesting to compare the form of equati@i)with some of the current empirical
vapour pressure equations suggested by approximate methods of integration of the
Clapeyron equation. The equations named after WFeth®) Rankine—Kirchhoff{>":89
van Laar{®) Honnig and Hook8® and Cragod8>8”) respectively,

Inp=A-B/T, (34)
Nnp=A—-B/T+CInT, (35)
Inp=A—-B/T+CInT + DT, (36)
INnp=A—B/T+CInT + DT + D,T?, (37)
Inp=A—B/T + DiT + DoT?, (38)

are, of course, particular forms of equati@i}—as already pointed out, at least in part, by
Mosselmaret al. @—while the empirical equations of Graét? and Frost—Kalkwarf8®

Nnp=A-B/T+CInT +Ep/T, (39)
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FIGURE 3. a, Vapour pressurg as a function of temperatur€é. Note the different scales on
the insert. b, Deviation plot of the vapour pressure against reduced tempefatute T/ Tg;
8P = Pealc — P» Where peglc is calculated from equatior2) and p is the experimental vapour
pressure at the same temperature. Legend: curves obtained from eq@ajiow,(triple-points
from Staveleyet al.®; a, critical points from various author®, normal boiling points (whose
temperaturel}, as been taken as referenkg) from various authors; 1, nitrogeg, Wagne|(58); 2,
argon: A, Wagnef®®); 3, methane©, Kleinrahm and Wagné??; +, Prydz and Goodwiff9; 4,
ethylene:O, Douslin and Harrisoff?; +, Michels and Wassena&®; ¢, Bigeleisenet al 14);
O, Egan and Kemf$d; 5, ethane:0, Douslin and Harrisoff4; +, Straty and Tsumuf&®;
0, Carruth and Kobayasff®; 6, hydrogen chloride:+, Thomad®?; O, Hendersoret al.(69);
0, Giauque and WieHé9; 9, ammonia0, Beattie and Lawrend8?; +, Baehret al. /9; ¢, Cragoe
etal("); O, Overstreet and Giaug{f®; A, Streatfeildet al (72; 10, benzene®, Ambrosd’374);
+, Golding and Machif’®); 11, water0, Satoet al.(7®: 14, carbon monoxide?, Michelsetal.(7?;
+, Clayton and Giauqué®; 15, oxygen:0, Wagneret al.("9; +, Hilsenratf89; 16, hydrogen
sulphide:0, Kay and RamboséRD; +, Clarke and Glew??); ¢, Giauque and BIué3).

Inp=A—-B/T+CInT +Ep/T?, (40)

respectively, both derived on the assumption that the vapour phase is a van der Waals
gas, show different dependences on temperature in the last term. In all these equations
the empirical parametera, B, C, D, D;, and E ought to be determined by fitting to
vapour pressure measurements, while the calculation of the corresponding parameters in
equation 21) is madea priori requiring the knowledge of only one point on the vapour
pressure curve—the reference poipg,(To)—and the above mentioned ancillary data. It
should be noted thd, (T) in equationsZ1) and @3) is temperature dependent.
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The coefficients in the polynomial expression chosen to represent the change in the
molar volume of the liquid with temperatufef. equation §)} were obtained by fitting to
experimental values up t®& = 0.75, as said. This limits the accuracy of equati@d)(
in estimating the molar enthalpy of vapourization beyond that temperature, Tip To
overcome this insufficiency an alternative method has been developed. Since from the
Clapeyron equationzhlgHm is given as

APHm = RT2APZ - (dIn p/dT), (41)

where £ = pVim/RT) is the compressibility factor, an attempt was made to try and find a
generalized expression fﬂqqz as function of the reduced variablpsand/orT; along the
saturation line. This led to:

3
AVZ =201 - p)*%%+ ) z,(1— po", (42)
w=1
wherezp = 0.4635,z; = 0.6186,zp = —0.5784, andzz = 0.4815, valid over the complete
liquid range. In this way accurate estimatesﬁ(?ﬂ-|m from Ty to T¢ can be made by using
equation 41) in conjunction with equation4@) for A?z, and equationql) to calculate
(dIn p/dT).

FUSION

We have not been able to devise a general treatment of fusion equilibria capable of
achieving one equation applicable to both kind of substances, those which expand on
melting and those, relatively more rare, which contract in the same process. Of course,
equation 24) reduces to equatio2d) if the simplest approximation= 1 is considered. In
general equation28) and @4) yield values of the fusion pressure which lay withi® per

cent of the measured pressure in the immediate vicinity of the reference tempéiature

At higher temperatures, of the order of 2 te B (at which the fusion pressure reaches

10° MPa and much higher), the deviationsprbecome lower, not exceedingl per cent,

as shown in figurel. Important exceptions among the test substances used in this work
are argon and mercury, for which the corresponding pressure deviation are always much
smaller (1 to +2 per cent at the most). For these two substances abundant information of
high quality on the ancillary data needed is available in the literature. For the calculations
involving (solid 4 liquid) equilibria, either the triple-point or the normal melting point

are convenient choices as referenpg, (To). Both have been used in this work according

to the availability of accurate data in the literature. While the uncertainty attached to the
value of pp has no influence on the results of the calculations, uncertaintie<0df K

in the reference temperatutig yield deviations of up tat4 per cent in the calculated
values of the fusion pressune, at temperatures lower than2l- Tp. At temperatures
higher than this the uncertainty decreases markedly. For some substagcdise rare
gases, and water, the difference in the molar volumes of the two phases at the reference
point can be assessed from experimental data for each one of the phases at equilibrium
but in many cases that difference has been reported directly as the ohéngealong

the fusion line. Whatever the form of the original data, uncertainties in this quantity give
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FIGURE 4. a, Fusion pressune plotted against temperatufe. b, Deviation plot of the fusion
pressure against a reduced temperalyt€, whereTy is a reference temperature taken as the triple-
point temperature or the normal melting temperatde;= pcaic — P, Where peglc is calculated
from equation 23) for substances that expand on melting, or from equatih for substances
that contract on melting, and is the experimental fusion pressure at the same temperature. Note
the different scales fofl / Tgp; Legend: curves obtained from equatia2B) for substances that
expand on melting, or from equatio24) for substances that contract on melting; 1, nitrogen:
0, Chenget al®9; 4+, Bridgmarf®?; ¢, Grilly and Mills®D; 2, argon:0, Chenget al(99;

+, Bridgmar(®9; ¢, Crawford and Daniel€3; O, Stichov and Fedosimd®?; x, Hardyet al.(99);

3, methane:A, Chenget al.89; ¢, Nunes da Ponte and Stavel®); O, Strylandet al ©?;

11, water: (ice 1)O, Henderson and Spee@@; +, Bridgmarfgg); 14, carbon monoxide®, Clusius

et al109; 1 Barreiroset al. (199 17, krypton:0, Lahr and Eversolé%?; +, Strylandet al. (7);

O, Michels and Prin&93; 18, xenon: same as for krypton; 19, mercu®y:Michelset al. (109; 4,
Bridgmar(199; 20, bismuth:0, Kennedy and Newtd#%9; +, Bridgmar{107.

origin to deviations of the same relative magnitude in the estimated fusion pressure. The
heat capacities of the equilibrium phases (liquid and solid) at the reference point used in
this study have seldom been measured. However, short extrapolati(ﬁ%pandc'p,m

as functions of temperature @ yield values ofA'CGC’m(po, To) affected by estimated
uncertainties oft2 per cent, from which a maximum deviation #fl per cent should

be expected in the calculated fusion pressure by using equatéi@haufd/or @4). The
difference in the heat capacities determines the curvature of the temperature dependence
of the fusion pressure line through terrf (T InT). Due to the scarcity of data on heat
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FIGURE 5. Fusion pressune/MPa plotted against temperatuf¢K for alkali metals. Legend: 21,
sodium: O, Kennedy and Newtdd%9; +, Bridgmarf197108: 22 potassiumz, Bridgmar{198);
23, caesium (cr 1):0, Bridgman(log; x, Kennedy and Newtdd®®. Curves calculated from
equations23) and @3) usingA'crcz =0.7,0.6, and 1.2 for Na, K, and Cs, respectively.

capacities along the fusion curve the (necessary) approximation embodied in egidtion (
limits the range of application of equation&3] and @4) since for many substances the
experimental information available indicates tlmgcl = A'CGC,m(po, To) is nearly zero.

This implies that a linear dependence of the fusion pressure on temperature is obtained
from equation 23), a situation not always observed in practice. For instance, the alkali
metals exhibit marked curvature in their respective fusion lines, a feature that can be
accounted for if the linear dependence

AL Cpm(po, T) = Alcr + ALco(T — To), (43)

is considered instead of equatiat?). Obviously this would bring an additional term (in

T2) to the right-hand side of equatiof3). Unfortunately, experimental data enabling the
determination of the parametﬁr‘crcz have not been found in the literature. However, by
assuming relatively small values for this parameter the experimental trend of the fusion
curves can be described, as shown in figbiré&or the test substances examined in this
study the uncertainty attached to their respective enthalpy of fusion at the reference point
is in no case larger thahl1 per cent. Considering this figure the deviation in the calculated
fusion pressure is not larger tharl per cent near the reference point, and decreases to



1612 L. Q. Lobo and A. G. M. Ferreira

3.5

!\)
W
T

AYH /(KJ-mol™)
(3o}
T

cr o m

—_
(9]
T

50 100 150 200 250 300 350 400 450 500
T/K

FIGURE 6. Molar enthalpy of fusionLer/(kJ- mol~1) plotted against temperatufe’K. Legend:
curves calculated from equatio®dj. 1, nitrogen:O, Chenget al.(89; 2, argon:d, Crawford10;
3, methanex, Chenget al.89; 17, krypton:+, Lahr and Eversold99; 18, xenon:0, Lahr and
Eversold192:; 19, mercury:A, Bridgmar{109.

+0.5 per cent at higher temperatures (or at lower temperatures if the substance contracts
on melting).

Estimates ofAL, Hn(T) were carried out much in the same way as those for the other
phase equilibria previously reported in this work. Comparison with literature values is
made in figures.

For substances which expand on melting the empirical equation named after Sihon,

p=po+al(T/Ty® -1}, (44)

wherea andc are parameters obtained by fitting to experiment, has been extensively used.
Voronel12 showed that equatiort) is obtained by admitting thatl, Hm/AL Vi, is a
linear function of the fusion pressure of the form

AL Hm/ ALV = (p+ a)c. (45)
From our equation23) one arrives at
AtrHm/AgrVm = P = (Po = AgrHm(Po, To)/ ArVim(Po. To)) +
{AGCL/ AgVim(Po, To)}(T — To). (46)
In spite of the apparent differences between these two expressions our calculations showed
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that for the test substances the ratif Hm/AL Vi, obtained from equatiord6) is nearly
a linear function of the fusion pressure.

(SOLID + SOLID) EQUILIBRIA

The wide variety of solid— solid phase transition lines allied to the scarcity of accurate
experimental data necessary for the calculations makes it difficult to test the equations
found for the equilibria belonging to this class. Moreover, it is not easy to assess the
errors attached to most measurements reported in the literature. This situation impairs the
systematic study of the uncertainties in the derived quantities. Even so eq@&)iamiten

for solid 4+ solid equilibria has been applied to a number of substances for which data
of sufficient accuracy are available, and some general observations can be made from the
results obtained. The reference coordinaf®s (o) have been taken as those of the various
triple-points in each diagram, whichever the nature of the three phases at equilibrium. In
general the molar volume changﬁ@ﬂ'vm can be assessed by fitting of the reported molar
volumes of the equilibrium phases to simple temperature or pressure polynomials. The
situation is somewhat different in assessing the valuasgﬂfcp,m. For most equilibria
studied in this work this quantity has not been measured, as far as we are aware. In these
cases it has been taken as zero (as suggested by a number of fusion equilibrium data).
This approximation implies that the calculated transition lines should be straight. It is only
whenASHICp m # 0 that the calculated lines can exhibit some curvature, in which case
even modest values of the heat capacity change account for the observed nonlinear pattern
of the transition lines. For the substances tested in this work the equilibrium pressures have
been estimated with uncertainties not exceediigper cent of the experimental values as
illustrated in figurer.

4. Conclusions

In this paper a consistent set of equations for first-order transipoif ) curves of pure
substances has been established from the exactly integrated form of the Clapeyron equation
due to Mosselmaret al® In general, the application of the equations proposed here
requires the knowledge of only one (reference) point on the respective equilibrium line,
of the corresponding enthalpy of transition, and some ancillary data (molar volumes and
molar heat capacities of the equilibrium phases). Since no fitting,td@ { experimental

data is necessary, this procedure can be regarded as a method for estanatong the

phase equilibrium curves. The equations presented in this work provide a comprehensive,
systematic means to describe the two-phase transition lines over large temperature ranges
within a few per cent of the measured equilibrium pressures. As far as we are aware no
prior quantitative, analytical treatment of (solid solid) equilibria has been reported in

the literature. Some derived phase transition properties, among which the enthalpies of
transition as functions of temperature, are readily obtained within experimental error from
the equations derived in this work. The enthalpy of sublimatiom at O is also easily
obtained. We believe that the method and the results presented here can be explored further
in many important directions.
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FIGURE 7. a, (Solid+ solid) equilibrium pressurg plotted against temperatufie. b, Deviation
plot of the (solid+ solid) equilibrium pressure against a reduced temperafliyd); Tp is a
reference temperature taken as that of one of the triple-pdipts= pcaic — P, where pealc is
calculated from equatior2) and p is the experimental solig- solid equilibrium pressure at the
same temperature. Legend; triple-points; 1, nitrogenoQ, Swensoft1d; the long-dashed line
is the « + B phase separation; the short-dashed lines are calculated from equ2gjonsing

A Cp.m = 0; the full line is calculated from equatio@3) using a tentative value afSH'Cp m =

1.1 J-mol~1. K=1; 24, iron: +, Kennedy and Newto®9; curve calculated from equatio@3);
11, water:O, Bridgman(gg); +, Henderson and Spe@é); all curves calculated from equatio®d),
except that for the equilibrium cd | which was calculated from equatio®4) as in figure 4; dashed
lines obtained considering thAﬂ:GC,m for the equilibria crlll+ | and crV+ | has the same value
as that for cri- 1.
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