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Resumo

A modelacdo matematica é uma ferramenta poderosa que permite a
representacao virtual de fendmenos fisicos e bioldgicos complexos e con-
tribui para a compreensao do papel de cada sub fenémeno e da influéncia
dos pardmetros do modelo no seu comportamento global. Para além
disso, pode ser usada na construcao de novos protocolos médicos, novos
dispositivos para aplicacao de farmacos e no planeamento de novas ex-
periéncias e tratamentos.

Este trabalho é dedicado ao estudo da libertagdo controlada de farma-
cos a partir de dispositivos iontoforéticos. O transporte do farmaco e a
sua absorcao sao favorecidos por campos elétricos. O fenémeno de liber-
tagdo de farmaco é descrito por equacgoes de conveccao-difusao acopladas
em que o coeficiente convectivo é definido pela equacao de Nernst-Planck.

Iniciamos este trabalho com um modelo simplificado em que admiti-
mos que o farmaco estd em contacto com o tecido alvo. Neste caso,
é estabelecida uma férmula explicita para a concentragdo obtida uti-
lizando a analise de Fourier. Na parte central do trabalho, o compor-
tamento qualitativo do problema acoplado é analisado de um ponto de
vista analitico e numérico. Sao estabelecidas estimativas de energia que
nos permitem caracterizar a massa de farmaco absorvida. No ponto de
vista numérico, é proposto um método de diferencas finitas e sdo estu-
dadas as suas propriedades de estabilidade e convergéncia. Resultados
numeéricos que ilustram o comportamento qualitativo do sistema com-
plexo sao apresentados.

Palavras Chave: Libertacdo de farmacos, lontoforese, Equacdo de Nernst-Plack,

Equagoes de convecgao-difusao acopladas

Abstract

Mathematical modelling is a powerful tool that allows a virtual repre-
sentation of complex physical and biological phenomena and contributes
to the understanding of the role of each phenomenon and the influence of
the parameters of the model in its global behavior. Furthermore, it can
be used to help the design of new protocols, new drug delivery devices
and plan new experiments and treatments.

This work is devoted to the study of the controlled drug delivery
from iontophoretic systems. The drug is entrapped in a reservoir which
is in contact with a target tissue. The drug transport and its absorption
are enhanced by an applied electric field. The drug release is described
by coupled convection-diffusion equations, being the convective velocities
given by the Nernst-Planck equation.



We start by considering a simplified model where the drug is in contact
with the target tissue. In this case, an explicit expression for the drug
concentration is obtained using Fourier analysis. In the main part of
this work, the qualitative behavior of the coupled problems is analysed
from theoretical and numerical points of view. Energy estimates are
established that allow the characterization of the absorbed drug mass.
From a numerical point of view, a finite difference method is proposed
and its stability and convergence are established. Numerical results that
illustrate the qualitative behavior of the drug concentration are included.

Keywords: Drug delivery, lontophoresis, Nernst-Planck equation, Coupled convection-

diffusion equations
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Chapter 1

Introduction

Medical treatments using preparations for the skin, such as ointments and salves,
are among the first to be recorded in medicine history. The transdermal route for
drug delivery has since been one of the most used even today, mostly because of it’s
easy access and also for being potentially non-invasive. However, skin is foremost an
important barrier in our defense system and, as such, constitutes an hindrance to
most drugs by impeding the permeation and preventing them to reach the circulatory

system in sufficient quantities.

To tackle this obstacle, several methodologies to increase skin permeation have
been developed (|7]). Without being exhaustive, we mention: the use of chemical
agents, even though an ideal chemical for penetration enhancement is hard to find;
the sonophoresis, which uses ultrasound waves to stimulate micro-vibrations within
the skin epidermis and creates a convective transport of the permeant across the
skin; microneedles have also been used to bypass the stratum corneum (SC) through
various techniques, such as coating the microneedles with the drug, or even using
dissolvable microneedles with biodegradable polymeric materials ([15]) and letting
the drug diffuse through the skin into the circulatory, after inserting them through
the SC; the use of nanocarriers, the most used for transdermal drug delivery are lipo-
somes, dendrimers, nanoparticles and nanoemulsions ([12]); and finally, a technique
called iontophoresis, which consists in an application of a low electrical potential
gradient over extended periods of time via an electrical circuit constituted by two

oppositely charged drug reservoirs placed on the skin surface.

The last method, which is the object of this work, became popular at the be-
ginning of the 20" century through the work of LeDuc (1900). The electric field
created enhances the flux or rate of absorption of ionic solutes into the skin. By al-
ternately applying and terminating the current, one can have a greater control over
the quantities of drug administered. A similar method called electroporation consists

of applying a higher electrical potential gradient over shorter periods of time, which
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“breaks” the cell membrane down and forms nano-scale defects or “pores” in the mem-
brane ([1],[2], [3], [20]). Iontophoresis can be used in conjunction with electroporation
and the previously refered methods. It should be remarked that iontophoresis is also
applied to treat pancreatic cancer, using chemotherapy to shrink the tumor or to
stop it’s growth (|4]), therefore making some patients eligible to surgery which oth-
erwise would not be. Ocular iontophoresis has been investigated to treatments such
as dry eye syndrome. Dentistry has also recurred to iontophoretic uses in treating
hypersensitive dentin, oral ulcers and delivering local anesthetics ([13]). Another im-
portant application regards the reverse iontophoresis, an alternative for non-invasive

clinical and therapeutic drug monitoring ([7],[5]).

Some of the iontophoretic systems use stimuli-responsive polymers, where the
drug is entrapped, that are able to respond to the modification of external envi-
ronment like electric fields, pH, and temperature. Electric fields are an attractive
stimulus because they can be precisely controlled, and the drug delivery responses

can be predicted.

Each of the above applications involve complex phenomena. For instance, in
transdermal drug delivery enhanced by an electric field, the drug leaves the poly-
meric matrix, enters the stratum corneum and is transported through the skin to
reach the circulatory system. In both media the transport occurs by passive diffu-
sion, electromigration-migration of ions due to the electric field, and electroosmosis-

transport due the solvent movement ([10], [17], [19]).

Let us consider a coupled system: a reservoir containing a charged drug which
is in contact with a target tissue. In iontophoresis procedure, a small electric field
is applied to the coupled system. If the drug molecules are positively charged, then
the anode is in contact with the reservoir and the cathode is in an opposite position.
The generated electric field induces a convective field in the system that depends
on the drug molecules’ valence, intensity of the electric field, temperature, electric

conductivity of both media and drug diffusion in the medium ([10],[11]).

Mathematical modelling is a powerful tool that allows a virtual representation of
the physical and biological phenomena involved and contributes to the understanding
of the role of each phenomenon, the influence of the parameters of the model in its
global behavior and to justify experimental data. Furthermore, it can be used to help
the design of new protocols, new drug delivery devices and plan new experiments

and treatments.
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The main objective of this work is the mathematical modelling of the drug re-
leased from a polymeric matrix and its entrance in a target tissue when the ion-
tophoresis procedure is used. In this case, the drug delivery from a polymeric device
is enhanced by an electric field of low intensity, which is applied during long pe-
riods of time, and its entrance in a target tissue is also enhanced by the electric
field. The mathematical model is characterized by partial differential equations that
describe the transport through the media-polymeric matrix and target tissue, and
the evolution of the electric field which is described by the Laplace equation in both
media. The electric potential induces a convective field that enhances the drug
transport. Then, the time-space evolution of the drug in both media is described
by convection-diffusion equations and additional conditions: initial, boundary and
interface conditions ([11]).

This work is organized as follows. In Chapter 2 we consider the case in which the
drug is in direct contact with the target tissue, with an electrode inside the target. An
analytical study is presented regarding existence and uniqueness of a solution of the
convection-diffusion equation, and the obtained solution is illustrated. In Chapter
3 the more complex case of a drug encapsulated in a reservoir is studied. Solving
the coupled problem for the electric field, the convective field is explicitly given and
the electric field and drug equations are replaced by coupled convection-diffusion
equations. Energy estimates are obtained and used to guarantee the uniqueness and
stability of the coupled model, as well as to compute lower bounds for the absorbed
drug. As we are not able to obtain an explicit expression for the drug concentration,
we introduce an explicit Euler method, that allow us to compute an approximation
for the solution. The stability and convergence of the proposed numerical method
are presented. Some numerical results obtained with Matlab are also included. We
observe that part of these studies were published in [8]. In Chapter 4 we present

some conclusions.
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Chapter 2

Drug in contact with the target
tissue

2.1. Introduction

The main objective of this Chapter is the study of the situation when the drug is
constantly being delivered directly to the target tissue. To enhance the drug diffusion,
we assume that an electric field is applied. In this case the drug mass flux J has
two main contributes: the Fick’s mass flux and a convective mass flux induced by
the electric field. Here we shall neglect the osmotic mass flux and assume that the
target tissue is an isotropic medium. This last assumption allow the replacement of
the 3D model by a 1D model. The iontophoretic device is considered with the anode
and cathode placed in the intended direction of the drug and opposite to each other,
with one being implanted in the intended target. This can be the case as in the
administration of cytotoxic therapies ([4]). This Chapter is organized as follows: in
Section 2.2 we present the evolution of the drug concentration. The construction of
the solution of the initial value problem introduced in the previous Section is made
using the method of separation of variables in Section 2.3. This construction allows
us to illustrate the drug concentration behavior in Section 2.4 and the response to

the changes of some parameters.

2.2. Evolution of the drug concentration

Let c(x,t) (g/m?) represent the drug concentration in z € [0,/] at time ¢t > 0. In
x = 0 we have the point of contact between the drug and the tissue and in x = £ the
point of desired absorption as in figure 2.1. Consider cq;: to be the concentration
of drug molecules at x = 0. At the initial time t = 0 we do not have any drug in
the tissue and we assume that the drug is completely absorbed at x = ¢. These

assumptions can be summarized by

c(0,t) = ceqt, t >0, c(l,t)=0,t>0, c(x,0) =0, z € (0,0). (2.1)

5
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Anode/ Ti Cathode/
Cathode 1ssue Anode
z=0 z=/

Figure 2.1: Considered model.

The drug mass flux (gm =2 s71) is given by the Nernst-Planck equation
J=—-DVc—uc, (2.2)

where D (m?s~!) is the diffusion coefficient and v the convection velocity induced

by the applied electric field

zDF
= 0] 2.
V= o \Y (2.3)

where z denotes the valence of the drug molecules, F' the Faraday constant (9.6485 x
10* Coulomb/mol), T the temperature (K) in the tissue, R the gas constant (8.31446
JKtmol=!) and ® (V) the electric potential.

The mass conservation law dictates

Oc
-~ J = 2.4
ETi V-J=0, (2.4)
and from (2.2) we obtain
Oc
5= V- (DVe)+ V- (ve). (2.5)

Next we shall compute the gradient of the potential. We assume that during the

period of application, ® does not change over time. Then
AP =0, in (0,¢). (2.6)

Since the applied potential is known,

D(O) =By B() = D, (2.7)
we obtain
zDF (I)l — q)o
= - " 2.
YTTRT T 4 (28)

Regarding the ionic valance z and the potential difference V@, we make the
following observation. If the ionic specie has a positive electric charge, one needs

to generate a potential difference by placing the anode in the left-hand side of the

6
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Figure 2.2: Scheme for a positively charged drug.

O|l—= 0O —|®

z=0 =1/

Figure 2.3: Scheme for a negatively charged drug.

target tissue and the cathode in the opposite side. In figure 2.3 we illustrate the
converse situation for a negative ionic valence.

Finally we conclude from (2.5) and (2.1), and considering the 1D simplification,
that the evolution of the drug concentration is described by the following initial and

boundary value problem

Oc d*c 0

“C_pdt,. 2 ; +

9 D3x2 + B (ve) in (0,4) xR

c(x,0) =0, x € (0,0) . (2.9)

c(0,t) = Cegt, c(,t)=0, teR]

2.3. Existence and uniqueness results

In what follows we will study the existence and uniqueness of the solution of the
IBVP (2.9). We start our analysis by assuming that solutions for this problem exist

and we will prove the uniqueness of such a solution.

Theorem 1. The IBVP (2.9) has at the most one solution c(t) € H?(Q) and a(t) €
L2(Q).

We shall use the following notations: for ¢ € RY, by ¢(t) we denote the function

c(t): [0,4] - R

x> c(x,t).

Let IL2(0, £) be the usual space of square integrable functions with the usual inner
product (, ) and norm || . ||. By H'(0,¢), H}(0,¢) we represent the usual Sobolev

spaces.
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Suppose that ¢ satisfies the Dirichlet homogenous boundary conditions and the

initial condition holds as stated in (2.9). Then, from (2.5) we obtain
(d(t),w) + (DVe(t), Vw) + (Vuve, Vw) = 0, Yw € H(0,¢) (2.10)

If (2.9) has two solutions ¢; and ¢, then ¢ = ¢ — ¢y satisfies (2.10). Consequently,

taking w = ¢ we get

5 S lle®II? + DIV + (ve(t), Ve(t)) = 0

and since
2
(ve(t), Ve(t)) < S5l + 22| Ve(b) |

Ve € R\ {0}, we obtain

2
2ﬁH(NF+UJ—¥WVdMF 42HdNV§0- (2.11)

Choosing €2 = D we establish
02

2

5 O = TSl <0, v > 0. (212

Gronwall’s lemma allow us to obtain the following estimate
le(®)|[> < #"][c(0)]2, ¥t > 0. (2.13)

Inequality 2.13 leads to the uniqueness of the solution of the IBVP (2.9) and
its stability. In fact, if ¢; and co are both solutions of (2.9) with different initial

conditions, then
'v2
lle1(t) — ca(t)||> < exD?||e1(0) — e2(0)])?, Vt > 0. (2.14)

Consequently, we conclude that we have stability, but only in bounded time intervals.

Let us now show that a solution of the problem exists.
Theorem 2. The function c(z,t) = %cext + e tAtyro Oan(t)sm(T)7 (x,t) €
[0,6] x RS with

nmw\2
o Bt _ o—d("F)2t

e a,(t) =B, — + e_d(%)%an 0),
() e (0)
. a,(0) = _ 2eate —ot(e* nr(al(—2 + al) + n’7?) — 2alnT cos(nr)
T ((@0)? + (nm)2)?

e B, =

2Cezt [(nml(1 — e cos(n)
02 (nm)? 4 (al)? ’

8
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2
— _ v — _ v
o a=—55 and f=—4p5,

satisfies the convection-diffusion equation (2.9) and the initial conditions in the sense

that the boundary conditions hold.

Proof. We start by reducing the boundary condition to a homogenous boundary

condition considering w = ¢ — wq, where

As we have

ow de  OJwg Oe

ot ot ot ot
0%c 0
= Dw + 87(1}0)
0%w 0 v
= DW+%(UUJ)+ZC€“’

we conclude for w

Dagp? + oz (vw) + 7 7 Cext in (0,6) x RT
w(z,0) = =2 cent ze(0,0) - (2.15)
w(0,t)=0, w((t)=0, teR"
To remove the term - (vw) we introduce the new variable w(z,t) = e®* ¥ g(x,1),

where o and 8 will be fixed later. Then we have

Wat) = e glat) + e
?U(x7t) _ Cteaerﬁtg(l',t) + eaer,Bt
x
) (ac t) = o2 Ply(x,t) + 20e +Bt%(x, t)+e +5t@(:p,t) .

From equations (2.15) and dividing by e***# on both sides we obtain

dg 2 g 9%g -
5t —(z,t) = g(z,t) (Da* + va 6)+8x(x,t)(2aD+U) o 5 (7, t)D—I—gcmte

Fixing o = —575 and 8 = — 75 we get for g the following IBVP

%Z( ) Da (33 t) + 7 7 Cext€ am_ﬂt, (:L“,t) S (0,6) x RT
(x 0) - g LCepte” O, x € (0,6) . (2.16)

g(0,t) =0, g(¢4t)=0, te R
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We prescribe for the solution of (2.16) the following form
= nm
g(z,t) = ;an(t) sin (7> . (2.17)
Let f(2,t) = Yceqre **7 Pt Then f(z,t) = e P f(z) where
= nwx
f(z) = 7; By, sin (7)

and B,,, the Fourier coefficients of f(x), are given by

e e ()

We establish in what follows, a differential equation for the Fourier coefficients

an(t). We have

b =
a—?(m,t) - ; d’ (t) sin (?) :

From the differential equation for g we deduce

+oo oo ) »
;a;l(t) sin (?) = —Dnzz:lan(t) (?) sin (?) + eﬁt;Bn sin <¥> '
Therefore, we are led to the following differential equation

d\(t) = —D (?)2 an(t) + B, (2.18)

which is complemented by the Fourier coefficients of g(x,0) given by

 2Ceat e~ (e nr(al(—2 + af) + n’n?) + 2antw cos(nm))

n(0) = 2.19
an(0) l (@0 + (nm)?)? (2:19)
Solving the initial value problem (2.18), (2.19) we obtain
—Bt _ o—d("F)t
e e £ nm\2
an(t) = By, — + e 4F) . (0) .
d("F)?* =8
Since w = ¢ — wy, then
C(xat) - w(:r,t) + wo(l') - eozac-i—ﬁtg(w,t) + wo(.’L') )
that is,
{—x R nTT
o(2,) = — " cept + €N 4, (t) sin (7) L zef0,4,t>0. (220
1 v 14

It remains to check if ¢ is indeed a solution of the IBVP. We prove in what follows
that g(x,t) exists for x € [0,¢], t > 0, that is, the series in the right-hand side of

(2.20) is uniformly convergent in [0, ] X [y,T] for v > 0, v < T and a fixed T.

10
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We remark that for = € [0,¢] x [y,T] we have

ot (75 | < ot [ (%) () O ()

for convenient constants o/, &, 8 and for n > ng such that n? — 3’ > 0. In the last

inequality and in what follows we denote const also a convenient constant.

As 020 W and > o _d( ¢ ) (£++§)2 are convergent series, we
conclude that 3219 a,(t) sin ("5%) is uniformly convergent in [0, €] x [y,T] and so,

it defines a continuous function in [0, ¢] x [y,T]. Finally, we conclude that g exists
and is continuous in [0, 4] x R*.

Following the previous procedure for

+oo j
, d\’ nmwx
(4) 2 gin (222
Elan (t)<dl'> sm( 7 ) yxe (0,0, tely,T],

8i+j
it can be shown that

D05 exists and is continuous in (0,/) x R*.
By the construction of the ordinary differential problem for a,(t), it is easy to
conclude that g satisfies the differential equation of the IBVP (2.16).
We will now prove that g satisfies the initial condition in (2.16) in the sense that

(2.16) holds. Let ¥ € L2(0,¢). We have

+o0 Y
. . . nmx
Jm, (g(6),¥) = ti%lnzzlan@ /0 W) sin () da
PR
= lim — n(t)by,
EHEPILL

We show now that Z:g an(t)by, is a continuous function for ¢ > 0. We have

n 1 nd+n
t)b,| < t + — b
|an (£)bn| < cons (n2+a’n2—6/ (a+n2)2)|n’

for t > 0 and n > ng. Consequently

zm: lan(t)bn] < const Z n 1 n’ |bn |
n=ng " ! n=ng n? +a'n? - 6, (A+n2>2 "
< eomst\ D a e — e (a+n2 Z 1]
n=ngo n=no

n? m n3
As >0 (e ey and )0 afn7)7 Are convergent sequences because the

corresponding series are convergent, and Z?:no |bn|? is convergent because ¥ €
L2(0,¢), then " |an(t)by| is convergent for ¢ > 0, and consequently > a,,(¢)by,

is a continuous function for ¢t > 0.

11
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Using the previous property, we have

s
n=1

= (9(0),9).

2.4. Qualitative behavior

In Theorem 2 we have presented an explicit expression for the drug concentration ¢
using a Fourier series. Considering a finite number of terms of such series, we obtain

an approximation for c¢. Here we shall consider N = 2000, that is

2000

{—z . /nmax
c2000(, ) = — Ceat + eo@tht g an(t) sin (7> )
n=1

In what follows we illustrate the behavior of cgggg for different values of the
parameters of the model. We start by illustrating the effect of the convection term,
induced by the electric field. We have taken cept = 1 (g/m?), D = 10~ (m?/s),
¢ =1.13x1073 m and z = —1. On figure 2.4 we present cago(t) for different values
of t and with v = 0, a diffusion process. In figure 2.5 we present the concentration
c2000 when electromigration is present, with &g = —0.02 V and ®; = 0.02 V. We
observe an increase in concentration levels in the last case, when compared to only

diffusion illustrated in figure 2.4.

b t = 18min
09F ———t=15h [
t=3h

[EE=) Y

o7t \ 1
0Bt \ 1

0sr 1

Concentration

04f 5 J
03t N 1
0z2F ~ 4

01 - 1

Figure 2.4: Evolution of the concentration between 3 hours with just diffusion.

In figure 2.6 we illustrate the effect of the electric potential. In this figure we

plot the drug concentration cagg, using the same value for D = 107!, with different

12
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1 .
t=18min
039 ———t=18h |
t=3h
ost
o7k .
\
c 06f 5 .
= 5
£ 05} N 1
3
c RS
S 04t 5 .
~
L ~ i
03 -
-
02+ e .
ot T .
D 1 1 1 1 IH‘H-
0 02 0.4 06 08 1
x £10°

Figure 2.5: Evolution of the concentration between 3 hours with electromigration.

(VP = 0.02, 0.04 and 0.08, after the same time t = 3 h. We

increases, higher values of concentration are obtained.

Concentration

IR=R

08

07

06+

0s-

04r

03r

02y

01y

observe that as /V®

VT =004V
IWE=0027 {
———fVE=008V
.
N i
-
\\ -
-
“
S
- ,
“
.
s -
-
-
e
e i
T
.
e
T .
e
-
Y i
T
.
N
N
1 1 1 1 1
0.2 0.4 06 08 1
x x10°

Figure 2.6: Concentration after 3 hours with different potentials.

The effect of the diffusion coefficient in the transport process is illustrated in

figure 2.7, where we use for the same &g = —0.02 and ®; = 0.02, different values of

D =107 2x10""2 and 5 x 10711,

As we can see, small increases in the potential and the diffusion coefficient lead

to a general increase of the concentration after some time, whereas small decreases

lead to a decrease of the concentration.

We will now turn our attention towards the stationary solution of the problem.

13



Chapter 2 Drug in contact with the target tissue

—— D=0

ool T |
~ D=2*10712

ugr s ———D=5"10711 |

o7 N i
06} A 1

0sr ~ 1

Concentration

04t
03t ~ .
0zt > .

o1t “

Figure 2.7: Concentration after 3 hours with different diffusion coefficients.

Solving % = 0 we obtain

vxl

c(x) = _ Cext (e%x - e%> , € [0,4].

vl

1—eD
Note that, from the expression for v in (2.8), the electric potential can influence
the stationary solution. In fact, we can see that a higher electrical potential leads to
higher stationary concentration levels. Furthermore, observing the expression for v
we can say that the diffusion coefficient does not influence the stationary state. In
figures 2.8 and 2.9 we plot the stationary solutions for /V® = 0 and /V® = 0.04

respectively.

08r 1

08r 1

07r 1

06 1

05r 1

Concentration

0.4r 1

03r 1

02r 1

01r 1

w10

Figure 2.8: Stationary state of concentration with {V® = 0.
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2.4 Qualitative behavior

IR=R3 1

08 1

07+ 1

06+ 1

0sr 1

Concentration

04t .

03r 1

02y 1

o1F B

w10

Figure 2.9: Stationary state of concentration with {V® = 0.04.
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Chapter 3

Drug in a polymeric reservoir

3.1. Introduction

In this Chapter we assume that the drug is contained in a polymeric reservoir which
is in contact with the target tissue. The electric field is generated applying the
cathode (anode) in the reservoir and the anode (cathode) in the oposite site, in
the target tissue depending on the electric charge of the drug as it was observed
in Chapter 2. Since we assume isotropic media, the 3D physical model can be
replaced by a 1D physical model as the one illustrated in figure 3.1. As the drug
transport in the reservoir and in the target tissue is enhanced by the electric field,
the drug mass flux J;, ¢ = r, s, has two main contributions, which are induced by
the Fickian transport and electromigration as in Chapter 2. We assume that the
two media have different diffusion and electrical conductivity coefficients. These
assumptions lead to two different Laplace equations for the electric potential that
are coupled by transference conditions at the contact boundary. The evolution of
the drug concentration is described by two convection-diffusion equations that are
coupled by transference conditions at the contact boundary.

The main objective of this Chapter is the study of the drug concentrations in dif-
ferent scenarios and it is organized as follows. In Section 3.2 we establish the coupled
model for the drug concentration. The stability analysis is presented in Section 3.3
using the energy method. The energy estimates are used in Section 3.4 to compute
lower bounds for the absorbed drug mass. A semi-analytical approach to solve the
drug coupled problem is presented in Section 3.5 which is a natural extension of the
one presented in Chapter 2. We remark that due to it’s complexity, we do not use
such approach to solve the drug distribution. We introduce in Section 3.6 an explicit
numerical method for the coupled convection-diffusion equations. The stability of
the methods and its convergence are established under convergence assumptions on
the time and space step sizes. Numerical results illustrating the drug distribution in

different scenarios are included in Section 3.7.
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Chapter 3 Drug in a polymeric reservoir

(?;%%Z/e Reservoir E Tissue Ciﬁ;ﬁ;/
=0 =10 x =/

Figure 3.1: Considered coupled model.
3.2. The coupled drug distribution model

As illustrated in figure 3.1 we consider [0, ¢1] to be the reservoir and [¢1, ¢2] the target
tissue, with 2 = ¢; the contact point, and denote ¢.(x,t) the drug concentration in
z € [0,41] and cs(x,t) the drug concentration in = € [(1,/2] at time t > 0. We
assume that the left-hand side of the reservoir is isolated and the drug molecules
that reach the boundary x = f3 are immediately removed. In the domains (0, ¢;)
and ({1, /2) a diffusion process takes place enhanced by the electric field generated
by the applied electric potential ® at x = 0 and x = {3, respectively, ®g and ®;. We
assume that the polymeric matrix of the reservoir and the target tissue have different
electric conductivities o, and o5 (S/m), respectively, as well as the drug has different
diffusion coefficients in both media, D, and Dy, respectively.

The electric field in each medium is given by FE; = 0; V®;, i = r, s and, neglecting
the electroosmosis transport, the drug mass flux in the reservoir J, and in the target
tissue Jg are given by

Ji = —DZ'VCZ‘ — V;Cq, 1= r,s, (3.1)
where ¢; denotes the drug concentration in the medium ¢ = r, s and v; is given by

zD;F )
v = Ri}ivq%, i=rs, (3.2)

where z denotes the valence of the drug molecules, F' the Faraday constant, T; the
temperature in the medium ¢ = r, s, and R the gas constant.

Solving the electric potential from the Laplace equation, with boundary condi-
tions ®,.(0) = @y and P4(¢3) = ®; and assuming at x = ¢1 the continuity of the
potentials and continuity of the electric field, the electric potentials ®;, ¢ = 7, s, are
described by the systems

V- (0;V®,) =0 in (0,4) (3.3)



3.2 The coupled drug distribution model

and

V- (O'SV(I)S) =0 in (El,fg)

) (3.4)
@5(62) = (1)1
coupled with the transition conditions
D,.(41) = Ps(41) (continuity of the potential)
(3.5)

0, VP, (l1) = 0sVPs(¢1) (continuity of the electric field)

We remark that the first condition of (3.5) can be seen on as the limit of the Robin

type condition

Jr(l1) = (P, (41) — Ps(41)) (3.6)

when o — +00.

The mass conservation law on each medium

861' .
E—FV-Jl—O,Z—T,S, (3.7)

together with (3.1) give us the convection-diffusion equations, for ¢;, i = r, s,

der _ V- (D;Ve,)+ V- (vpey) in (0,61) x RT
ot
(3.8)
D, Ve, (0,t) + vper(0,8) = 0, te Rg
and
ges =V - (DsVes) + V- (vscs) in € (£1,02) x RT
ot
. (3.9)
65(627'” = Oa te Rar

System (3.8), (3.9) is complemented with the following interface conditions

ver(l1,t) = cs(€1,t)  (continuity of the concentration)

, (3.10)
Jr(l1,t) = Js(£1,t)  (continuity of the mass flux)
with v € [0, 1], and initial condition
e (2,0) =cro, = €(0,6)
(3.11)

cs(z,0) =0, x € (l1,43)

Conditions (3.11) mean that the reservoir is initially with a homogeneous drug

distribution and that the target tissue is empty.
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Chapter 3 Drug in a polymeric reservoir

Solving the potential problems (3.3), (3.4) and (3.5) we obtain

o — P
P,.(z) = x + Py, x €0,/
(@) 0+ 2 (0 — by) 0 0.41)
o (3.12)
Or 1— %0
i) = — —/ by, x €[00
() Us€1+%:(€2—f1)(x 2) + 01, @ € [, )
From (3.12) and (3.2) we deduce the convective velocities
DTZF (I)l — ‘1)0
V, =
"TRT, 0+ 2 (- 0)
(3.13)
DSZF O @1 — q)o
Vg =

RT, 0501+ Z (6, — 01)

Finally the drug distribution in he reservoir r and in the target tissue s is described

by (3.8)-(3.11) with the convective velocities given by (3.13).

3.3. Stability analysis

To study the stability of the coupled IBVP (3.8)-(3.11), (3.13) we introduce the space
V = {w € H(0,4s) : w(f2) = 0}. Let D and v be defined by

D,, z € (0,01) v, x € (0,£1)
D - ’ v =

DS, x e (fl,fg) Vs, T € (fl,fz)

Then we replace the coupled IBVP for the drug evolution by the following initial
value problem: find, for each t € R, ¢(t) € V such that ¢/(t) € L2(0,¢3) and

(d(t),w) = —(DVc(t), Vw) — (ve(t), Vw),t € RT, Yw €V, (3.14)
where (.,.) denotes the usual inner product in L2(0, £3), and
c(0) = ¢ 0 in [0,41], ¢(0) =0in (¢1,42]. (3.15)
The drug distribution is then defined by
cr(t) = c(t)in[0,41], cs(t) = c(t)in [¢q, la).

To study the stability of the weak problem (3.14)-(3.15) we recall that the fol-

lowing Friedrich-Poincaré inequality
52
ll® < FIVwl?, weV, (3.16)

holds. In the next results we establish energy estimates for ¢(t) :
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3.4 An estimate for the absorbed mass

Theorem 3. If ¢(t) € V is a solution of (3.14), (3.15) then

2 .
5 MINj—p s D;+max;— 8 D

le(®)II? Se(ig o ) le(0)[1%,t € RS (3.17)
Proof. Taking in (3.14) w = ¢(t) we have

%HC(t)H2 = —2||VDVe(t)|* - 2(ve(t), Ve(t). (3.18)

2(ueft), Ve(t) < 3 (v glle®lf + 21Ve()).

1=T,8
with &; # 0, where ||.||;, for i = r, s, denotes the L2 norm in the reservoir and in the

target tissue, respectively, we deduce

1
Zlle@®I? < 3 ((=2Di+22) [Ve®)|? + o7 5 le®)?)-

i=r,s
If we fix now 5 Dl, then we establish

U-2
%Hc(t)HQ < 3 (= DilVe? + 5 le).

1=r,s

that implies
2

d A
le(t)|> < — yuin Dy|Ve(t)|? + max 75 ()]

Applying the inequality (3.16) we obtain
d 2
i lIP < (= 5 min Dy 4 mave - )u 0]
that leads to (3.17). O

From Theorem 3 we conclude the stability of the IBVP (3.14), (3.15) for bounded

time intervals and if ¢(t), é(t) € V are solutions of this problem then c(t) = é(t).

3.4. An estimate for the absorbed mass

The upper bound (3.17) can be used to study the qualitative behavior of the drug

mass inside of the coupled system and the absorbed drug. Let
12
M(t) = / c(x,t)dz,t € RS,
0
be the drug mass in the coupled system. As
M(t) < V/fole(t)

from Theorem 3 we obtain an upper bound for such mass.
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Chapter 3 Drug in a polymeric reservoir

Corollary 1. Under the assumptions of Theorem 3, we have

2
2 . v;
— 42 Mini=r,s D;+max;—, s Dfll)t

1
M(t) < \/[262( 2 ()], t € RS (3.19)

Moreover, if

maXi—r s ﬁll 2 .
T < E,Z:T,S, (320)
then
tlim M(t) =0 ezponentially. (3.21)
— 00
[ |
Let Mgyps(t) be the absorbed mass. We have
Maps(t) = M(0) — M(t),t € R].
and consequently
L(—=2 minj—, o Dij+max;—, ; =)t
Mass(t) > M(0) — /e 2™ ) teRE. (322)

We remark that condition (3.20) can be a reasonable assumption at least for thin
reservoirs where £7 is small.
To obtain a second estimate for M(t), we need to improve the estimate (3.17).

From (3.18) we deduce
d 2 . 2
Ll < ~2min Di|Ve(t)|? + 265 mas ol e(t) V()
that leads to
d 2 . 2
e < (= 2min D; + V2t max o] ) [|Ve(t) |2

Assuming that

|U¢| 2\@

F < 7€2 s Z = 7"’ S’ (323)
we obtain
d . 2
Zlle®)? < (= 2min Di + V2o max foi]) S le()].
=78 1=r,S 2
and finally

2 (72 min;—, s DrF\/ifg maxX;—r s ‘Ui|>t

le()]* < e le(0)[1%, € Ry (3.24)

From the previous considerations we conclude that under the condition (3.23),
we have

L (72 min;—, ¢ Drk\/ifg maXi—r, s ‘Uil)t

M(t) < \/lae3 c(0)]],t € RE, (3.25)
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3.5 A semi-analytical Fourier method

and

1

M b (t) > M(O) _ \/Eeg(—Qmini:r,s Di‘l‘\/ﬁéz maX;—r s |’Ui|)t
aos -

lc(0)|l,t € R.  (3.26)
The condition (3.23) is less restrictive than the condition (3.20) and the upper bound
of (3.19) for the drug mass in the reservoir-target tissue is grater than the upper
bound in (3.25). To conclude this Section we finally observe that the estimates
(3.22) and (3.26) allow the evaluation of lower bounds for the absorbed mass Mps(t)
provided that such lower bounds are positive.

In figure 3.2 we plot the absorbed mass computed numerically using the numerical
method that will be studied in Section 3.6 and the lower bounds (3.22) and (3.26) for
6 =10"3,l,=12x 1073, T, = Ts = 310.15, 0, = 1.5 x 107, 05, = 1077, ¢, o = 1,
D, =0.65x1071° D, =1 x 1071, &, = —0.0001, ®; = 0.0001 and z = —1 in a 6
hour iontophoresis procedure.

We observe that, from lower bound (3.22), after 6h the absorbed mass is greater
that 0.8mg and after 4h it is already at least 0.6mg, while from (3.26) we conclude

that after 6h it is greater than 0.5mg, being the absorbed mass approximately 0.9mg.

3

%10
T T T
12r Absorbed Mass
Lower Bound (3.22)
Lower Bound (3.26)
1k i
08
G
@
3 06F
=
0.4
0z2r
0 |
0 1 2 3 4 g 5

Figure 3.2: Absorbed mass at x = ¢, with the obtained lower bounds.

3.5. A semi-analytical Fourier method

In what follows we use the method of separation of variables to construct a solu-
tion for the coupled IBVP (3.8)-(3.11), (3.13). We remark that in [18] the same

methodology was used for a coupled problem.
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Chapter 3 Drug in a polymeric reservoir

Assuming that ¢;(x,t) = M;(x)N;(t), for i = r, s, we obtain

U

M + D;
KA

—/ ~ v
band NMi(z) = e 200" My(x), for i = 1,5,

. . . ~ €
Considering the new variables & =
1

we can write the following spatial eigenvalue problems

M" =\, M,, & e (=1,0), M"=X\M,, iec(0,0) (3.28)
with \; = 4%2_ + A, for i = r, s, that are coupled with the following conditions

D, M}(—1) + 3= M, (~1) = 0
'VMT’(O) = Ms
(3.29)

D, ML(0) + 2% M,.(0) = DsM.(0) + %= M(0)

M,(0) =0

To obtain the desired Fourier series we need to solve (3.28) and (3.29). Let
us suppose that N < 0, otherwise we obtain an exponential representation of M,

t =r,s. Replacing i by —5\12, i =r,s,in (3.28) we obtain the eigenfunctions

M;(%) = aj cos(\Z) 4 b sin(NE), i =7, 5. (3.30)

From conditions (3.29) we can write the linear system for a,, b, as and b

D, k,sin(A,) + 3o cos(Ar)  DyAycos(Ar) + e sin(\) 0 0 ar 0
Y 0 -1 0 by {0
£ —D. X, 3= DA | |as 0
0 0 COS(S\S ~) sin(S\J) bs 0
(3.31)
System (3.31) admits the following solution
as = ya,
b, — 3%(1—’)/)+D55\500tg(5\5 ~) (332)
.=

= a
Dy r

by = —’ycotg(XJ)aT

for as € R if and only if the matrix of this system is singular, that is,

(D23 cos(h) + 2423 ) (DA cos(hud) +sin(hu) 22220 ) o

(DrkT sin(3,) + 3;” cos(S\T)> (=D, Xy sin(Agd)) = 0 (3.33)
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3.6 A discrete approach

As we have

Ni(t) = PN (0), i=r,s,

we obtain

ci(z,t) = ePNEN(0)M;(z), i=r,s.

The first interface condition at x = ¢ holds if and only if
el AN (0) M, (0) = eP=*E N, (0)M,(0) .
As vM,(0) = M,(0) we conclude that
M,(0) |ePAEN,(0) — ePAENL(0)| =0

which implies M,(0) = 0 or ePr N, (0) = P! N,(0). Since My(0) = 0 leads to

the null solutions ]\;[Z-, 1 =718, we set
ePrAtNL(0) = ePsAsE N, (0)
for any initial condition. This implies in particular that
DA = Dgls. (3.34)

Equations (3.33) and (3.34) should lead to a set of eigenvalues \;, i = r, s, and
then using (3.32), the corresponding eigenfunctions M;, i = r, s are obtained. Finally
using N;, ¢ =7, s, we obtain ¢;, it =7, s.

The procedure described before, requires the use of a numerical method to solve
equations (3.33) and (3.34) because we are not able to obtain explicit expressions
for A, and As. Then, using the corresponding values, we get the corresponding
eigenfunctions.

The complexity of the presented Fourier method is a motivation for the next

section, where we present a numerical method to solve the IBVP (3.8) - (3.10).

3.6. A discrete approach

3.6.1. An explicit Euler method

Let T' > 0 be fixed and Q = [0,¢2] x [0,T]. Given N > 4 and M > 1 integers, let
h ={y/N and At =T/M, we define the non-uniform mesh Q2 on Q by

Qﬁt = {(fi,tm)le :O; N 252; Ti41—L4 :hi,O SZS N; tm :mAt,O§m§ M}
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Zo Z2 h LNy —1LN1+1

T T3 Ty TN, TN

Figure 3.3: Spatial grid.
where z( is an auxiliary point, x, is the transition point and h; is given by

b ie{0,1,Ny, N +1}
Ti4+1 — Ty = hl == . (335)

h, i€ {2, o N1 —1,Ny +2,..., N}
The spatial grid is illustrated in figure 3.3.
By D}, D, we denote the usual forward and backward finite difference operators

on space respectively. The first and second order centered finite difference operators

are denoted by DS and D?

., respectively. Finally we introduce the notation for the

backward finite difference operator in time D, . By Ul we represent the approxi-

mation of the solution for ¢;(x,t,,), for i = r, s defined by

Dy UM = D, D2U™ + D¢o, U, i€ {l,..,Ny — 1}
U = cro, i€ {1, Ny —1} (3.36)
DDLU + w(U;jlo+2iJ;71+U;g) —0. m>0.
Dy UM = D, DU + Dsw U, i€ {N1+1,..,N -1}
Uy; =0, i€ {N;+1,..,N -1} (3.37)
UZLN =0, m>0,

with the transition conditions
_ Ul 1 HU N Ul'n, +USy
Der U:’L]\h +’U7~% :DSD;?_UZLNl +vswfﬂ+la m >0 (3 38)

v ;,anngNl’ m20.
To obtain a matrix representation of the finite differene method, we start by

solving the last equation of (3.36) for Uy. We obtain

_ m oy 4D, +vph .
T AD, —vh Y AD, — vk T2

and considering now this expression in the first equation of (3.36) for i = 1 we deduce

. At At\ o At .
m = <1 —8D,57 + 2DTh> Urt 255 (4D + v,h) U L
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3.6 A discrete approach

Taking ¢ = 2 in the first equation of (3.36) we get

. 2 At e At -
T’2 - gﬁ (4DT‘ B U’I"h‘) Ur’l l + <1 a 4}’1/2DT> UT72 1
2 At e
+ 37z (Dr+oh) Uy L

For i € {3,..., N1 — 2} we have

. At i At —
Ui = 2 (Dr — vrh)) Ul % + <1 - 2D7"> Ui '

20— h2
At .
+ o3 (Dy 4 v:h) UL

From the system (3.38) we obtain

m B ( 4D, — v.h > m
N \4(yDy + D,) + (v —yvg)h ) TN
( 4D, + vsh ) m
4(yDs + D,) + (v, —qug)h ) SNt

Considering this result in the first equation of (3.36) for ¢ = N3 — 1 and in the first
equation of (3.37) for i = Ny + 1 we establish

™m 2 At m—
Ulhi-1 = 373 (2D, — v, h) U,
At 2At (2D, +v.h)(4Ds — vsh) 1
1—4=D, + == m
* ( h? + 3 h2 4(D, +7Ds) + h(v, —yv,) ) N1
2At ( (2D, + v.-h)(4Ds + vsh) S
+ _— L
3 h? \4(Dy +Ds) + h(v, —yuvs) ) N4
and
um _ 24t (2Ds — vsh)(4D; — vrh) ym—1
SNl 302 \4(D, +9D;) + h(v, —qvs) ) N

At 2At (2Ds —vsh)(4Ds + vsh) 1
144—=D; + - — m
+ ( + 72 + 3h2 A(D, + D) + h(v, — yvg) ) SN+l
2 At m—
+ 357 @Ds+ush) Ul'vihe-

Finally when i € {N; +2,..., N — 1} we have

At m—1 At m—1
Ut = Sy (Ds— ) UT} + <1 - 2h2DS> urn
At

2 (Ds + vsh) UL,

respectively.

The previous system can be rewritten in the following equivalent form

U™ = Ay A U™, m=1,...,M, (3.39)

where U™ = U, for i € {1,..., Ny — 1}, U™ = UJ}, for i € {N1 +1,...,N} and

8,17

U9 is known.
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3.6.2. Stability

From (3.39) we obtain
1o H o < l1Anad 21T -

Then
1™ < [1U°]| (3.40)

provided that [|Ap a¢ll,, < 1. Inequality (3.40) means that that the operator Ap a¢
is stable.

In what follows we take v = 1. Recalling the observations from figures 2.2 and
2.3, and taking into account that v; is given by (3.13), we have v; < 0, for i = r, s.
We shall impose a set of conditions on the time and space step sizes that lead to
[ An,atllo < 1.

Let A; be the first line of Ay A;. We have

At At
141l = 255 4Dy + veh| + [1 = 255 (Dr — v, )]
If
4D,
h < (3.41)
—u,
and
At
Qﬁ(élDr —vh) <1 (3.42)
we get ||A1]; = L.
For the second line of A A+ we deduce
At At 2 At
HA?Hl = 2?(4137‘ - Urh) + ‘1 — 4ﬁDT + gﬁ’zDr + ’Urh‘ .
If
2D,
h < (3.43)
—,
and
At 1
2 < iD. (3.44)

we can conclude ||As]|; = 1. We remark that (3.43) implies (3.41), while (3.42) and
(3.43) implies (3.44).
For the lines A;, i € {3,..., N1 — 1} of matrix Aj o+ we have

At Uy

(Dy — h=2) + ‘1 _ ot

At
[ Adll, =2 ﬁDT + ﬁ]Dr + v,-h|

h? 2

and conditions (3.44), (3.43) allow us to write ||A4;]|; = 1.
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3.6 A discrete approach

For the line Ay, 1 we deduce

2 At
AN lly = 2Dy — vrh)

3 h2
At 2 At (2D, + v.h)(4D, — v.h)
142D, + 220
* ' 27T T 312 4D, + Dy) + hloy —v)
(2D, 4+ vph)(4Ds + vsh)

4(D, + Dg) + h(v, — vs)

2 At

* 3 h?

If vy — vr>0thenf0rh<M h < 2Lr h <4D andh<4€zweobtain

—Up 7

2 At At 2 At 4(D7« + Ds) — h(’Ur — US)
AN, _ = 2D, — v.h 1-4—D, 2D, rh
H Ny 1”1 3h2( )+ h2 +3h2( +o )4(DT‘+DS)+h(U7‘_US)
At 8 At
< 1-4—D,+-—5D,
= 2zt 3
< 1.

The line Ay, satisfies

2 At (2Ds — vsh)(4Dy — vph)
3 h? 4(Dy + Dy) + h(v, — vs)
At 2 At (2D — vsh)(4Dg + vsh)

1-4°0p, 4220
* ‘ 27 T 312 4D, + Dy) + h(vr — vy)

ANl =

2 At
+ ‘ShQ (2D, —|—v5h)‘ .
Since v; < 0 for i =r,s, h < QDS ,h < %, St < ﬁ, we obtain [[An, ||; < 1.
Forie {N;+1,...,N — 1}, the lines A;_1 satisfy
At At At
||A¢_1||1:hQ\(DS—vsh)H—ll—2h2D 5l (Ds + vsh) .
Assuming h < ; , h2 < 2D we get [|Ai—1||; =1, for i € {N; +1,. — 1}

The following proposition summarizes the previous conclusions:

Proposition 1. If v =1, vs — v, > 0, where v, and vs are defined by (3.13) and

Dy At 1 4(Dr + Ds)
. . < —
Py O sihapy B s

, (3.45)

then the finite difference scheme (3.89) is stable. If vy — v, < O then the scheme is
stable under the assumptions (3.43) and (3.44).

In figure 3.4 we plot the drug concentration obtained with parameters which
violate condition (3.44). We used {1 = 1073, fo = 1.2 x 1073, T,, = T = 37°C,
D, =10"%" D, = 10712 0, = 1.5 x 1072, 05 = 1077, ¢(z,0) = 1,2 € (0,4),
c(z,0) = 0,2 € (l1,02), 2z = —1, &9 = —0.5, and ®; = 1. The discretization
parameters where N = 65, M = 10000 which leads to h ~ 1.85x 1075 and At = 2.16.

We remark the instability that is observed near the point z = fs.
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Figure 3.4: Representation of the instability.

3.6.3. Convergence

The convergence analysis is based on the stability Proposition 1 and in the consis-
tency of the method (3.39). By T}, o¢ we represent the truncation error induced by
(3.39). Let eﬁL,At(xi, tm), | = r,s be the error of the numerical approximation U",

fori=1,...,Ny —1,N1,N1 +1,...,N. The errors e, o¢ and T}, a satisfy

67;;7&(950, tm) + ZGZ,At(xl, tm) + ez,At(xQ, tm)
4

Dy Dgep, a¢(21, tm) + vr

- Th,At(ajl) tm) 5

Dfeﬁ,m(%tm) = DTD:%eZ,At(xia tm) + Dg(”?‘ez,At@ivtm))

+Th,At(xi7tm)7 i:2737"'7N1 _17

VGZ,At(ivatm) = ei,At(leatM) )

ez,At(le ytm) + ez,At(l‘]\h s tm)
2
ei,At(le ytm) + ei,At(le-&-h tm)
2

i DTDgez,At(xN1—lv tm) + vr

= DsDiei,At(levtm) + Us

+ Th,At(le—la tm) 3

Dfei,m(%tm) = DsDanez,At(xiatm) + ch(vsei,m(l’ivtm))

+ Thoat(Titm), i=Ni+1,...,N—1.
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3.6 A discrete approach

It is easy to show that

Dy e(ziyty) = %Ctl (i, tm) + O(AY),, (3.46)
D;Cl(aii, tm) = gj (QZZ', tm) + O(hi_H) , (347)
_ dcy
Dz Cl(l‘i, tm) = %(l‘l, tm) + O(hl) , (348)
. _Oq hiv1 —hy iy + h?
Dici(ziyty) = %(wz,tm) + O < 5 + 6(hirs + 1)
O (h?), hi=hiu
_ ‘2‘; (i, t) + (%) i (3.49)
O(h), hi#hin
8201 hiz1 — h; hzh4 + hi+1h4
DQ it = ~witn, 1+ 1 i+1 7
wcl(wvt ) o2 (:U’t >+O< 3 12(hz—|—h2+1)
9%c O (h?), hi =his
Pt + | (3.50)

O(h),  hi# hiya

forie{l,....Ny—1}ifl=randi e {N1+1,...,N -1} if | = s, with m €
{1,..., M}. From the previous considerations, it is easy to conclude
O(h—‘rAt), ie{2,N1—1,N1+1},me{l,...,M}

Thoae(xist) = (3.51)
O R+ At), i¢{2,Ny—1,Ni+1}, me{l,...,M}

which leads to |Th a¢(xi, tm)| = O(h + At), for i =1,2,...,N — 1.
Let ep at(tm) be defined as U™. Then it can be shown that

enat(tm) = Anatenat(tm1) + At Ty ar(tm) , (3.52)

where Th,m(tm) depends on Tj a¢(tm) and satisfies HTh’At(tm)H = O (h+ Ab).

e}

From (3.52) we obtain

lenat(tm) oo < 14natll o llenacltn1)ll + At || Thae(t)

[e.e]

Under the assumptions of Proposition 1, we deduce

lense(tm)lle < lenatltm—1)l o + At | Thsi(t)|

o)

and it follows that

lenarltm)ll < T mas |Tnailty)]| (3.53)

because ||ena¢(to)|, = 0. Inequality (3.53) means that the proposed method is

convergent.
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Chapter 3 Drug in a polymeric reservoir

In what follows we illustrate the convergence of the method under the assump-
tions stated in Proposition 1.

An illustration of the spatial order of convergence and associated error in norm
|-l is given in comparison with a solution obtained with very small h = 4.6 x
1079 and At = 0.165. In figures 3.5 we plot the reference solution and numerical
approximations obtained with ¢; = 1073, fo = 1.2 x 1073, T, = T,, = 37°C, D, =
107", Dy =107"2, 0, = 1.5 x 107%, 05 = 1077, ¢(z,0) = 1,z € (0,41), c(z,0) =
0,z € ({1,03), z = —1, &g = —0.05, &1 = 0.05 and 7' = 6h. As it can be seen, an

increase of the number of spatial points leads to a decrease of the associated error.

Concentration

Figure 3.5: Error of the approximation.

In figure 3.6 we plot the errors ||ep a¢(T)]|

oo’

0.o7

0osk

0.04F

lenae (T

0o3f

0o02f

001

Figure 3.6: Spatial error.
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3.7 Numerical Results

3.7. Numerical Results

The objective of this Section is the illustration of the behavior of the drug concen-
tration for the parameters previously used in the convergence experiments.

In figure 3.7 we plot the drug concentration when v; = 0, ¢ = r, s, this means
that the transport phenomena occur only by diffusion. As time evolves, the value
of the drug concentration decreases, mainly in the reservoir. To illustrate the effect
of the electric field, we plot in figure 3.8 the numerical results obtained considering
&y = —0.05 and ®; = 0.05. From figures 3.7 and 3.8 we conclude that the drug
release from the reservoir as well as the entrance in the target tissue and absorption
in x = {5 is enhanced by the applied potential. The drug concentrations obtained
with @9 = —0.5, ®; = 1 are plotted in figure 3.9. From the figures 3.7 - 3.9 we can
infer that an increase of the strength of the electric field is followed by a decrease of
the drug concentrations.

The absorbed mass drug at x = o, M(t), is presented in figure 3.10 for v, =
vs = 0. The corresponding absorbed mass when an electric potential is applied, for
dy = —0.05, &; = 0.05 and &5 = —0.5, &1 = 1 are plotted in figures 3.11 and 3.12.
As before, we conclude that as the electric field increases, the drug delivery process
increases as well, and consequently, the absorbed mass. The same conclusions are

obtained from figures 3.13 - 3.15, where we plot the mass drug fluxes at x = /5.

__hﬁ_““'ﬁ‘q__q_h Time =0 haurs
03F e ———"Tima =3 haurs
Tirne = B hours
naf _
-]
07 r

o
o
T

Concentration (g/m?)
o o o o
) w = m
T T T

o

0z 0.4 0B 0a
Length ()

[

o

Figure 3.7: Drug concentration in the coupled system with diffusion only.
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Figure 3.8: Drug concentration in the
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Figure 3.9: Drug concentration in the coupled system with &

x 10

-5

Figure 3.10:

coupled system with &g = —0.05, ®; = 0.05.

Absorbed mass at x = ¢y with diffusion only.
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3.7 Numerical Results

Figure 3.11: Absorbed mass at x = {5 with &5 = —0.05, &; = 0.05.

4

% 10°

hass (o)

Figure 3.12: Absorbed mass at x = f5 with &9 = —0.5, &1 = 1.

x 10"

Flux

Figure 3.13: Drug flux at x = ¢y with diffusion only.
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1 1 1 1 1
0 1 2 3 4 g 53
Time (h)

Figure 3.14: Drug flux at x = ¢y with &g = —0.05, ®; = 0.05.

10"

Figure 3.15: Drug flux at « = {5 with &g = —0.5, ¢; = 1.
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Chapter 4

Conclusions

In this work we studied the drug delivery of electric charged drugs from a polymeric
reservoir and its entrance in a target tissue. To enhance the diffusion transport in the
reservoir and in the target tissue, an applied potential is considered. This potential
induces a convective mass flux that increases the drug release.

To simplify our study, in Chapter 2 we assume that the drug is in contact with
the target tissue and that the drug release is described by a convection-diffusion
equation where the convective velocity is given by the Nernst-Planck equation. In
Chapter 3 we consider that the drug is contained in a reservoir which is in contact
with the target tissue. In this case, the drug transport and its absorption in by the
target tissue is described by two convection-diffusion equations that are coupled at
the contact boundary. In both chapters we consider isotropic media which lead to
1D mathematical models, and the absorption of the drug in the target tissue was
defined by a homogenous Drichlet boundary condition.

Two questions need to be object of study: the drug release of a polymeric reser-
voir when the drug absorption is described by a Robin boundary condition and when
an anisotropic media is considered. This last assumption leads to 2D and 3D math-
ematical models.

The drug release was studied during a continuous period of application of the
electric potential. In iontophoretic applications, the potential is applied during a
certain time period which is followed by a rest period. This means that the boundary
conditions defining the electric potentials are step functions. In the near future we

intend to extend the obtained results to these more realistic situations.
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