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Abstract

The hydraulic bulge test remains nowadays an important tool for characterizing the
behaviour of sheet materials submitted to large plastic deformation. Data from this test, not
only provides additional information to the tensile stress vs. strain curve, but also plays an
important role as input information for identifying the parameters of the current most
advanced yield criteria.

The circular hydraulic bulge test is studied by means of finite element simulations, using
the in-house code DD3IMP. This work aims to contribute to the easy and accurate evaluation
of stress vs. strain curve of sheet metals in biaxial tension. Variables of the test, such as
pressure evolution during the test, geometry of the cap, including radius of curvature and
sheet thickness, strain and stress paths at the pole of the cap, were analysed. This allows to
make recommendations in order to improve the traditional experimental procedure for
determining the stress vs. strain curve, but also to develop new direct and inverse
methodologies for simplifying its evaluation.

The traditional procedure for obtaining the stress vs. strain curve from the circular bulge
test does not takes into account the anisotropy of the material. The detailed analysis of issues
such as the geometry of the spherical cap and the stress and strain paths at the pole, allowed
to understand the relationships between such variables of the test, the sheet anisotropy and
the different hardening behaviours of the material. The in-depth understanding of these
relationships has repercussions on the experimental evaluation of the stress vs. strain curve
of materials when using the bulge test, for which recommendations are made.

Analytical models for the radius of curvature and the sheet thickness evolutions with the

pole bulge height were proposed. These models are based in an extensive analysis of material




Abstract

behaviours, i.e. different values of yield stress, hardening coefficient, anisotropy, and also
different values of initial sheet thickness and geometry of the circular bulge test. The
analysed geometric variables include the bulge die radius and the fillet radius of the die. The
validation of the proposed analytical models is performed both by numerically generated
results and experimental results; in the latter case, results were considered not only from
literature, having various die geometries, but also from an experimental equipment in the
framework of this thesis, having a specific die geometry. This formulation shows to be
appropriate for simplifying the experimental assessment of the hardening curve from the
hydraulic bulge test. Namely, it is possible to avoid the complex experimental procedure to
determine the stress and strain values during the test, which requires specific devices for
evaluating the radius of curvature and the sheet thickness at the pole of the cap.

Finally, the current results also showed that it is possible to overlap the curves
concerning the evolution of the pressure with the pole height, and this insight was explored
in order to build an inverse strategy for identifying the parameters of the Swift hardening
law, from the bulge test. The overlapping of these curves can be accomplished by using
multiplying factors for the pressure and the pole height, which in case of materials with the
same hardening coefficient it is independent of the remaining parameters of the Swift law,
anisotropy and initial thickness of the sheet. Moreover, the analysis of the pressure evolution
during the test has shown that corresponding values of these factors are sensitive to the
parameters of Swift law and the initial sheet thickness, being only slightly dependent of the
anisotropy of the material. The proposed methodology consisted on choosing the best
overlap between the experimental and reference results, which were numerically obtained
for isotropic materials with various values of the hardening coefficient. Validation was
performed using numerical generated results and experimental results. The methodology
allows simplifying the experimental procedure and in addition is not exposed to
experimental errors related to the experimental evaluation of strain at the pole and the use of
membrane theory approach, for assessment of the stress from the radius of curvature, which

is usually the major source of error.

Keywords: Hardening law, Hydraulic bulge test, Isotropic and anisotropic
metal sheets, Modelling, Inverse analysis, Membrane theory,
Numerical simulation.
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Resumo

Resumo

O ensaio de expansdo biaxial sob pressdo hidrdulica continua a ser hoje em dia uma
ferramenta importante de caracterizacdo do comportamento plastico de chapas metdlicas
quando sujeitas a grandes deformacdes plésticas. A informacdo retirada deste ensaio ndo sé
faculta dados adicionais aos da curva tensdo-deformacdo em tracdo, mas também
desempenha um papel importante como informacdo necessdria para identificacdo de
parametros dos critérios de plasticidade mais avancados.

Este trabalho foi realizado recorrendo a simula¢des numéricas do ensaio de expansao
biaxial em matriz circular, com recurso ao programa DD3IMP. Tem como objetivo
contribuir para a determinacdo da curva tensdo vs. deformagao de chapas metélicas em trag@o
biaxial, de modo simples e preciso. Durante o ensaio foram analisadas varidveis relacionadas
com a geometria da chapa, tais como o raio de curvatura e a espessura da chapa, e outras
como a evolugdo de pressao e as trajetdrias de tensdo e de deformacgao no pdlo da calote. Isto
permitiu delinear algumas recomendagdes, de modo a melhorar o procedimento tradicional
experimental de determinagdo da curva tensao vs. deformacao, e desenvolver novos métodos
diretos e inversos com o intuito de simplificar a sua avaliagao.

O procedimento tradicional de obten¢do da curva tensdo vs. deformacgdo do ensaio de
expansdo biaxial em matriz circular ndo toma em consideracdo a anisotropia do material.
Neste estudo detalhado analisam-se em pormenor alguns aspetos, tais como a geometria da
calote esférica e as trajetérias de tensdo e de deformacgao no pélo, de modo a compreender
as relacoes entre as diferentes varidveis do ensaio em funcao da anisotropia do material e

para diferentes comportamentos de encruamento. Isto permitiu uma compreensiao
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aprofundada destas relacdes, com impacto na determinagdo experimental da curva tensao vs.
deformacao do material, para o que sdo feitas recomendacoes.

Foram propostos modelos analiticos que descrevem a evolugdo do raio de curvatura e
da espessura de chapa em fun¢do da altura de pdlo. Estes modelos sdo baseados numa ampla
andlise de comportamentos de materiais, ou seja, para diferentes valores de tensdo limite de
elasticidade, coeficiente de encruamento, anisotropia, e também para diferentes valores de
espessura inicial da chapa e geometrias circulares de matriz. As varidveis analisadas,
respeitantes a geometria da matriz, sdo o raio da matriz e o raio de concordancia da matriz.
A validacdo dos modelos analiticos propostos foi realizada com resultados gerados
numericamente e experimentalmente; neste ultimo caso, foram utilizados os existentes na
literatura, para vérias geometrias de matriz, e os obtidos no dmbito da presente tese, com
uma geometria de matriz especifica. A formulacdo desenvolvida mostra-se adequada para
simplificar a determinagdo experimental da curva de encruamento recorrendo ao ensaio de
expansdo biaxial sob pressdo hidrdulica. Nomeadamente, € possivel evitar o procedimento
experimental complexo para determinar os valores de tensdo e de deformagdo durante o
ensaio, o qual requer dispositivos especificos para a andlise do raio de curvatura e da
espessura da chapa no poélo da calote.

Por fim, os resultados apresentados também indicaram a possibilidade de sobrepor as
curvas da evolugdo da pressdo em funcdo da altura de polo e este conhecimento foi
fundamental para conceber uma estratégia de anélise inversa para identificar os parametros
da lei encruamento de Swift, baseada no ensaio de expansdo biaxial. Foi possivel obter a
sobreposi¢cdo das curvas de pressdo em funcdo da altura de pdélo utilizando fatores de
multiplicacdo para a pressdo e para a altura de pdlo, no caso de materiais com 0 mesmo
coeficiente de encruamento, independentemente dos restantes parametros da lei de
encruamento de Swift, da anisotropia do material e da espessura inicial da chapa. Além disso,
a andlise da evolucao da pressao durante o ensaio mostrou que os valores desses fatores sdo
sensiveis aos parametros da lei de Swift e a espessura inicial da chapa, sendo apenas
ligeiramente dependentes da anisotropia do material. A metodologia proposta consiste em
definir a melhor sobreposicdo entre os resultados experimentais e os de referéncia, obtidos
numericamente para materiais isotropicos com diferentes valores de coeficiente de
encruamento. Esta metodologia foi validada utilizando resultados gerados numericamente e

resultados experimentais. Desta forma, com os desenvolvimentos realizados é possivel
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simplificar o procedimento experimental, sem se estar exposto a erros relacionados com a
determinagdo experimental da deformacao no pélo da calote e a utilizacdo da teoria de

membrana na avaliagdo da tensdo a partir da andlise do raio de curvatura, fatores que

correspondem normalmente as principais fontes de erro.

Palavras-chave:  Lei de encruamento, Ensaio de expansdo biaxial sob pressdo
hidrdulica, Chapas metélicas isotrépicas e anisotropicas,
Modelacdo, Andlise inversa, Teoria da membrana, Simulacao

numérica.
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General Introduction

Chapter 1.

General Introduction

This chapter introduces the framework of the study in the current area of research,
related to the characterization of the plastic behaviour of metal sheets and particularly by
using the hydraulic bulge test. The objectives and achievements of the developed research
under this thesis are presented, comprising the studies and proposed methodologies up to the
direct and inverse analysis of circular bulge test.

Also, a global overview of the document is presented by describing its structure and

defining the covered topics in each chapter.
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General Introduction

1.1. Background and Motivation

Currently, products manufactured from metal sheets are used in many industrial
applications, from general machinery to automobile and aircraft components and even
consumer goods. The main reason for using these products from sheet metal is related to the
high productivity rate, as well as the increased ease of manufacturing and automation.

The analysis by the Finite Element Method (FEM) is currently unavoidable in the design
of metal forming processes. On the other hand, the modelling of plastic behaviour of metal
sheets, used in forming processes, is an important issue for the numerical simulation [1-3].
For this reason, the development of models with the objective to improving the description
of the yield locus [4-8] and its evolution during deformation [9-13] is of fundamental
importance, if accuracy of numerical results is to be improved. The introduction of new
materials in this area of engineering has also encouraged the development of numerical
modelling topics; as examples of these materials, one shall mention the high-strength steels,
aluminium alloys or magnesium alloys, which are being increasingly used in the automotive
industry. These materials present different and characteristic behaviours, such as higher
springback and a lower formability, when compared with traditional materials (e.g. mild
steels). The sheet metal processing of these non-traditional materials is thus a challenge, both
experimentally and for the numerical simulation, because the existing models reveal not
always the needed suppleness to adequately describe all aspects of their behaviour.
Moreover, the results of numerical simulation of metal forming processes are influenced not
only by the selected constitutive model but also by the values of corresponding parameters.
In fact, the convenient description of mechanical behaviour of metal sheets depends largely
on the parameter identification strategies [14,15].

Up to now, the strategies for identification of the constitutive parameters generally
consist on an optimization problem, where an objective function is used to minimize the gap
between the experimental and computed results [3,16-20]. When different types of
experimental data are available to be used, each term in the objective function is multiplied
by a weight coefficient, which states the relative importance for each type of data or

mechanical test. Generally, the weight coefficients are chosen by the user, and there is no
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established procedure, being suitable to define the best values for these coefficients. These
methodologies lead to results for the constitutive model parameters that depend on the type
and number of mechanical tests and respective available data, the weight coefficients and
even the optimization algorithm or objective function.

Several tests, such as simple tension, at different angles with the rolling direction, shear
and biaxial stress (cruciform tests or circular bulge test) are generally used for identification
of the constitutive parameters [21,22]. However, only occasionally all these tests are
simultaneously considered. Moreover, the strain paths associated with these tests do not
entirely correspond to those observed in deep-drawing components: simple tension rarely
occurs, and shear only occurs in the blank flange (volume within the blank holder). In fact,
most of the strain paths in these components are in the range between simple tension and
balanced biaxial tension. In case of biaxial stress paths (balanced or unbalanced), the bulge
test allows to obtain relatively high strain values before necking, when compared to, e.g.
cruciform tests, [23,24] and so the definition of the equivalent stress vs. strain curves can be
performed up to large strain values, for several strain paths that mainly depend on the
geometry of the die (circular or elliptical).

At present, the access to computational methods enables the simulation of metal forming
processes, in an increasingly sophisticated and realistic way and the use of these numerical
codes allows fast resolution of plasticity problems. The numerical simulation results
presented in this thesis were obtained using the finite element code DD3IMP, which was
developed and continuously updated in Experimental Technology Group and
Computational, in Mechanical Engineering Centre at the University of Coimbra — CEMUC.
This code is particularly devoted to three-dimensional numerical simulation of metal
forming processes, including sheet metal forming processes [25,26]. The available facilities
in Institute of Science and Innovation in Mechanical and Industrial Engineering — INEGI

were also used to carry experimental bulge tests.
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1.2. Objectives and Achievements

The purpose of this thesis is to analyse the circular bulge test, in order to establish
methodologies that can improve the accuracy and simplification of the experimental
procedures to obtaining the stress vs. strain curves in biaxial strain paths. This presumes
analysing variables of bulge test, such as the principal strains and stresses in the sheet plane,
curvature and sheet thickness at the pole of the cap, pressure and pole height evolutions, by
resorting to numerical simulation capabilities. Based on this analysis, the objectives also
include obtaining simplified and accurate procedures, which will give the assessment of
sheet metal behaviour in biaxial strain and stress paths, those which can be found from bulge
test. In fact, the current experimental procedures require the use of relatively complex
devices that generate data with time consuming analysis, also revealing calibration and
accuracy issues not always adequately solved. Moreover, in case of materials with planar
anisotropy, the stress and strain paths are hardly experimentally defined, which prevents a
proper analysis.

In order to study particular features of this test, systematic numerical analyses on
materials with isotropic and anisotropic behaviour was carried out, concerning the geometry
of the cap and the stress and strain distributions at the pole, and also the evolutions of the
radius of curvature and sheet thickness during the test.

This analysis will take advantage in the development of methods to explore the
experimental results, according to its procedures, as well as defining equations for the
evolutions of the sheet thickness and the curvature radius during the test, which allows the
assessment of the biaxial flow stress curve. The main target is to simplify the experimental
procedure, thus avoiding the experimental complexity for determining the stress and strain
values at different moments of the test, which requires specific devices for assessing the
curvature radius and the sheet thickness at the pole of the cap. The proposed equations were
tested using numerical generated results of the bulge test as well as experimental data.

In addition, the possibility to achieve a unified description of the pressure evolution with
the pole height, was explored. This gives the understanding that it is possible the overlapping

of the curves pressure vs. pole height of different metal sheets, provided that the hardening
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parameter of the Swift law has the same value, whatever the values of the remaining
hardening and anisotropy parameters of the material, and sheet thickness. To succeed
obtaining the overlapping of the curves, one needs that the values of the pressure and the
pole height shall be multiplied by factors which depend on the ratio between the yield
stresses of the materials, and the anisotropy and thicknesses ratio of the sheets. This strategy
allowed the development of a simplified inverse analysis strategy for determining all
parameters of the Swift law, from the results of pressure vs. pole height. This methodology
provides an efficient and easy to implement alternative, which was also tested using

numerical generated bulge test results as well as the experimental data.

1.3. Thesis Outline

In order to facilitate the reading and understanding of this thesis, the current section
presents the structure as well as a brief summary of the topics covered in each chapter. The
content of the thesis is organized into four chapters; this first chapter defines the framework
of the work in the area to which it belongs, i.e. the characterization of the plastic behaviour

of metal sheet, and sets the objectives and achievements of this work.

Chapter 2 presents the literature review of the bulge test, by referring to the membrane
theory and methodologies for assessing the hydraulic pressure and radius of curvature, stress,
strain, and sheet thickness at the pole. Direct and inverse methodologies for assessing the
hardening law are described. Reference is made to the standard ISO 16808:2014 for the
bulge test.

Chapter 3 is composed of three papers that consist on the innovative research conducted
within the framework of this thesis; the first paper concerns “Anisotropy and plastic flow in
circular bulge test”; the second paper discusses “On the determination of the work hardening
curve using the bulge test”; and the last paper is related to “Inverse Identification of Swift

law parameters using the bulge test”.

Chapter 4 summarizes the main issues addressed in the thesis, emphasising the main
contributions of the present work. At the end of this chapter, some recommendations for

future work are provided.
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Chapter 2.

Literature Review

This chapter provides a literature review on the bulge test, which includes the definition
of the membrane theory and the existing methodologies to evaluate the hydraulic pressure,
the radius of curvature, the sheet thickness, the strain and the stress at the pole of the cap.
Direct approaches and inverse analysis methodologies for determining the hardening curve
are also described. A brief reference and description of the International Standard ISO
16808:2014, for determination of the biaxial stress vs. strain curve of metallic sheet by the

bulge test, is additionally presented.
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2.1. Hydraulic Bulge Test

The hydraulic bulge test has started to be studied since the mid-twentieth century and
has become an increasingly common test to examine the plastic behaviour of metal sheets
under biaxial tension. In the 1980s and 1990s, further developments and confirmations have
been carried out, for example evolving comparison of analytical with experimental solutions,
as by Shang et al. [1]. This test has stimulated the interest of researchers for determining the
stress vs. strain curves up to significantly high levels of deformation (up to about 70%,
depending on the hardening coefficient of the material), as compared to those achieved in
uniaxial tensile tests, where the uniform deformation is limited by the necking. Therefore,
the bulge test can give supplementary description of the plastic behaviour of metal sheets
during the forming processes [2], when compared to other tests. Additionally, when
combined with other tests, the biaxial test gains importance, since it allows the analysis of
the anisotropy of the material by comparing the respective biaxial stress vs. strain curves
with those obtained from uniaxial tensile tests and other tests under different strain paths [3].

In this test, the periphery of a metal sheet is immobilized using, for example, a circular
drawbead, which prevents this region of the sheet to move in the radial direction. Then a
pumping hydraulic fluid (mostly used) [4], a viscous material (to prevent leakage) [5,6] or a
pneumatic gas (most utilized at elevated temperature levels) [7], is used as a pressure
medium and applied in the central area on one side of the sheet, deforming it into
approximately spherical or ellipsoidal shape, depending on the geometry of the die, being
circular or elliptical. The deformation of the sheet is promoted by the applied hydraulic
pressure, which minimizes the problems associated with the characterization of frictional
contact. The test conditions promote the biaxial strain path at the pole of the cap, which in
the case of a circular die, is approximately spherical in the region of the pole and along a
circle of constant latitude [8,9].

The circular bulge test has been the subject of growing interest in the characterization
of the hardening law and the determination of the yield surface at room [10] and warm [11]
temperatures. However, the analysis of the test shows some complexities, since the

evaluation of the hardening law is performed using the membrane theory [12], which
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requires the evaluation of the radius of curvature, the sheet thickness at the pole and the
hydraulic pressure during the test. Alternatively, the determination of the sheet thickness at
a given moment of the test can be performed based on various mathematical models, which
take into account the geometry of the test [2,13] or the strain value at the pole. Moreover,
the analysis of the test generally assumes isotropy and equibiaxial stress and strain [14],
although the metal sheets are usually anisotropic [15]. The results of Yoshida [16] show that
for orthotropic sheet metals, the stress state at the top of the cap deviate by 1-5% from the
equibiaxial stress state, although his results only concern materials with relatively low
anisotropy in the sheet plane.

This test can also be used to obtain the strain limits defining the points of the Forming
Limit Curve (FLC), with a typical example represented in Figure 2.1. Usually, the FLC is
determined using experimental tests, between uniaxial tension and biaxial stretching (such
as bulge test with circular and elliptical dies geometries to obtain various strain paths), with
monotonic loading paths, meaning that it is only valid for processes in which the loading
path is linear. However, non-linear strain paths play an important role in forming of complex

shapes, when changes of direction occur for metal flow.

A

g =¢
Forming 5

Limit 5 O

Major Strain, €,
-
O}
Ry
Ry
I
Plane Strain O =}

Minor Strain, €,

Figure 2.1. Schematic representation of Forming Limit Curve [17].

Measurement devices used in experimental tests have been developed over the last

years. They can be grouped into mechanical and optical systems.
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Young et al. [18] describes mechanical systems for direct measurement of the radius of
curvature and strain at the pole of the cap using a three point spherometer and an
extensometer, respectively. These measurement systems, similar to those used in INEGI (see
Figure 2.2), involve mechanical contact with the sheet to be tested. The spherometer
evaluates, during the test, the height difference between the pole and three positions at a
fixed radius. The radius of curvature of the sphere at the pole of the cap follows a simple
geometrical equation that is presented later in the respective subchapter. The extensometer
allows determining the strain value in the sheet plane, in a region near the pole of the cap,
during the test in one material orientation. The data recorded during the test are the pressure,
the height between the pole and the three points spherometer, as well as the distance between
the extensometer tips. The positions of the three points for the spherometers and the initial
diameter for the extensometer was optimized by Santos [19], through the use of numerical

simulations.

Figure 2.2. Experimental bulge test device used in INEGI [20].

The use of mechanical measurement systems requires the assumption that an equibiaxial
strain state exists at the pole of the cap (which is not the general case of anisotropic materials
[21]), since they only allow determining the strain along in one direction.

Optical measuring systems are alternative to determine the strain state in anisotropic
materials [22]. Mutrux et al. [23] and Keller et al. [24] describe 3D optical systems that
consist of two cameras and a laser. The lasers sensors can measure the shape of the cap based

on the spatial coordinates of points previously marked on the surface of the sheet. The
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camera system uses a previously filed grid on the surface blank to evaluate the principal
strains, &1 and &, in the sheet plane. The sheet thickness is determined based on the principal
strains in the sheet plane, while the radius of curvature is usually obtained by fitting a
spherical function to points near the pole of the cap. Mulder et al. [25] evaluated the profile
of the bulge by fitting spherical, paraboloid and ellipsoid shapes functions using the least
squares method. These authors [25] reach the same conclusion as Giiner ef al. [26], that is
the radius of curvature can be accurately derived by any of those shape functions, but the
ellipsoidal function allows a wider range of data points to be considered without loss of
accuracy.

In the next subsections it is presented an overview of the methodologies for determining
the radius of curvature, the sheet thickness and the strains and stress, at the pole of the cap
during the bulge test. These variables are used for determining the biaxial stress vs. strain
curve. Inverse analysis methodologies for identifying the parameters of the hardening law
from the bulge test results are also described. In order to standardize determination of the
biaxial stress vs. strain curve from this test, the German group’s IDDRG (International Deep
Drawing Research Group) made a proposal to ISO standards in July 2007 for the bulge test
under hydraulic pressure [24,27]. Recently, this International Standard has been published
as an ISO 16808:2014 [28] and at the end of this chapter, a brief summary of the ISO standard

is presented.

2.2. Membrane Theory

During the bulge test, the inner surface of the sheet is submitted to pressure, so that its
shape at the top of the cap is approximately spherical or ellipsoidal (depending on the die
geometry used). Thus, the surface geometry at the pole can display one or two radii of
curvature, respectively.

The analysis of the installed stresses in the sheet during the bulge test is performed using
the membrane theory [12], which is valid for a small ratio between the sheet thickness and
the bulge die diameter, typically values lower than 1/50 are recommended for circular die
[29,30]. Under these conditions, the bending stresses can be neglected and it can be assumed

that the thickness stress is zero.
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Let us consider a small surface element at the pole of the cap, to which is associated the
Oxyz axis system, coincident with the axes of anisotropy of the sheet, as shown in Figure

2.3. The main geometrical characteristics of the element are also presented in the figure.

[ 7

Figure 2.3. Small element at the pole of the cap (adapted from [31]).

Figure 2.4 shows the forces acting on the element, showing details of its geometry,
where 7 1s the sheet thickness, px and py are the radii of curvature in the Oxz and Oyz planes,
a and b are respectively the element dimensions according to Ox and Oy directions, and ox

and oy are the stresses in the sheet plane.

pab pab

a a V22 B
2 2 2 2
o.bt a|a o.bt o,at BB o,at
px 2 2 px p)’ 2 2 py

\ K \ K

Figure 2.4. Geometry of the pole of the cap in the Oxz (left) and Oyz (right) plans. The stresses promoting
the balance of forces, at each moment of the test, are also shown (adapted from [31]).
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The balance of forces in the Oz direction allows obtaining the following equation:

20, btsin (%) + 20yat sin (g} = pab , 2.1

Considering that the size of the element tends to zero and so the angles « and f are also

small, one can write:

) a
sina = o =— and

Px
(2.2)
sinf=pf= i
Py
and replacing into equation (2.1), the following can be obtained:
o
Py Py 1

This equation is called membrane theory equation or Laplace’s Equation. For the case
of in-plane isotropic materials, using a circular die, it can be simplified as examined in the

following section.

2.3. Analysis of the test

To perform the analysis of the bulge test, i.e. to determine ox and oy in order to establish
the stress vs. strain curve of the material, it is necessary to know the value of each variable
of the membrane theory (equation (2.3)) at various test steps. That is, to experimentally
determine the stress vs. strain curve it is required the determination of the evolution of
pressure, p, the radii of curvature, px and py, and the sheet thickness at the pole, 7, during the
test. The radius of curvature and sheet thickness at the pole of the cap can be determined
using different procedures, referred in the literature, which are described and analysed in the

following subsections.
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2.3.1. Hydraulic pressure

During the bulge test, the pressure is imposed by a hydraulic pump and is uniformly
distributed on one side of the sheet, which deforms with the approximate shape of a spherical
or ellipsoidal surface, depending on the die used and the sheet properties. The pressure is

recorded during the test.

2.3.2. Radius of curvature

The determination of the stress vs. strain curve with the membrane theory requires the
knowledge of the radius of curvature of half thickness at pole of the cap, which can be
obtained by different procedures. Some of these procedures are now described.

Some authors [16,25,30] consider that the radius of curvature shall be measured in the
two principal directions of the circular bulge specimen. However, the analysis performed by
other authors, using computer generated results, indicates that the radii of curvature are equal
in principal directions, even in anisotropic materials [32]. The radius of curvature is
experimentally determined during the test on the outer surface of the cap, pex:, using either
contact or contactless equipment. The radius of curvature at half thickness, p, of the sheet to

be considered in equation (2.3) can be determined based on the following equations [33,34],

respectively:
—p L (2.4)
p pext 2 :
p=p., 0.6t (2.5)

where ¢ is the actual sheet thickness at the pole of the cap.

Equation (2.4) is generally the most used experimentally. Equation (2.5) tries to balance
the fact that the centres of curvature do not coincide, for the outer surface and at half
thickness, because the sheet thickness increases from the pole towards the periphery (see
Figure 2.5). Figure 2.5 shows the difference between the radius of curvature at half thickness

of the sheet considering non-homogeneous thinning p and homogeneous thinning p".

In case of non-homogeneous thinning at the top of the cap it is shown that p is smaller

than p°.
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Homogeneous thinning | Non-Homogeneous thinning

P <P < P

Figure 2.5. Difference between homogeneous and non-homogeneous thinning (adapted from [33]).

In the experimental test, the determination of the radius of curvature can be evaluated
using optical systems [26], by fitting a suitable function to the measured points, or using
three points spherometers [35], as shown in Figure 2.6. In case of spherometers, the
experimental evaluation of the radius of curvature can be performed based on the diameter
between the spherometers, Dcv, and the height difference, hcv, between the pole and the

three positions of the spherometers, based on the following equation [34,36]:

_ Do/ 2) +hey” : (2.6)

pCXt 2hcv

Another procedure for determining the radius of curvature at the pole of the cap is the
use of models [29,37,38] involving some geometric parameters of the cap, at each moment
of the test, as shown in Figure 2.7. The initial thickness of the sheet is 7o, pext is the radius of
curvature of the outer surface of the sheet at the pole, Rwv is the die radius, R; is the die profile
radius, £ is the pole height at each moment of the test, Co is the initial length of the region
used for determining the radius, pex;, and « is the angle subtended by the centre of the test
(O), the centre of curvature of the concordance zone of the die (Q) and the pole of the cap
(P). Table 2.1 shows examples of models proposed for determining the radius of curvature

at the pole of the cap, which avoid the use of spherometer or optical systems.

20



Literature Review

Extensometer

Spherometer
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0

Figure 2.7. Geometrical parameters of the bulge test (adapted from [39]).
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Table 2.1. Equations proposed for determining the radius of curvature at the pole of the cap.

Radius of Curvature

References Models

R, +h

Hill [40] [see: [37]] P = >

(Ry +R) +h*—2Rh

Panknin [41] [see: [37]] Dot =
€ex 2h

_ 1 ]
45V2R 2 + 648V*R . °x? )2
Pex =(V_ﬁj T2VR,7’ +648V " + Rzt +12 . " a
12 +R, 7 +2916V°
_ 1 ]
8 3 45V°R. 7" + 648V R 7 )2
A BT 0p2R S22 1648V + R 412 v Ve
12v +R,*7° +2916V°
4
Ifﬁvﬁ Model of Smith et al. [42]

In the last model (Smith et al. [42]), the radius of curvature of the outer surface, Oext,
depends on of the die radius, Rwm, and on the total volume of fluid accumulated inside the
cap, V.

The experimental results presented in the literature [29,43] show that the Panknin model
describes the evolution of the radius of curvature of the cap during the test, better than the

others.
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2.3.3. Sheet thickness

The determination of the stress vs. strain curve with the aid of the membrane theory
needs the knowledge of the evolution of the sheet thickness at the pole of the cap, during the
bulge test. The procedure for determining the sheet thickness at the pole of the cap [33,34]
is based on the knowledge of the initial thickness of the sheet, 7o, and the thickness strain, &3,

through the following equation:

t=1,exp(—¢&,). 2.7)

The thickness strain, &3, can be obtained from the measure of the principal strains in the sheet
plane, & and &, based on the condition of volume constancy during plastic deformation:

& +e,+&=0. (2.8)

In the general case with anisotropic materials, & # &, which allows to write:

&=—(g+&). 2.9)

Assuming isotropy, (&1 = & = &), as commonly used, the thickness strain can be determined
as follows:

& =—(&+¢&,)="2¢. (2.10)

Some authors [2,13,29,37,39,44] reported that the small size of the region near the pole
of the cap with uniform strain makes it difficult to experimentally determine the adequate
value of the sheet thickness. Consequently, these and other authors have proposed models to
obtain the sheet thickness at the pole during the test, based on the geometry parameters of
the bulge test shown in Figure 2.7.

Table 2.2 summarizes the proposed models for determining the sheet thickness at the
pole, based on the parameters defined in Figure 2.7. In this table, 7 is the normal anisotropy
coefficient and, K and n (hardening coefficient) are the parameters of the Swift hardening
law [45]:

I+ 255+ 71y

2.11
4 2.11)

7=

23



Literature Review

Y=K(g+2) . (2.12)

The purpose of the next paragraph is to briefly analyse and comment some details of the

models of Table 2.2.

Table 2.2. Equations to determine the sheet thickness at the pole.

References Thickness Models
2
Hill [40] [see: [2]] t=t, ;2
1+(h/Ry)
Chakrabarty and .
Alexander [46] 1+ h / R,

Atikson [44] Pext J%m

o) ]
. 2
Enikeev-Kruglov [47] 1=t, (sm aj — ( /
sin”~ ( %)

“2(l+ca)
Kruglov modified [47] t=t, ( ‘a J
sina
— tO
Isachenkov [48] r= (l+e )(1+Kg )
1 1
2
Constancy volume law - R\t
[48] R+
) 2
Jovane [48] t=t, %
sin” (R, /)
_ pHl
Liu et al. [49] pog (R0
d¢ cos@
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The model proposed by Hill (see reference [2] of [40]) was improved in order to
consider the effect of hardening coefficient of the material. This parameter influences the
evolution of the strain values at the pole of the cap during the test and therefore, the sheet
thickness, as considered in the model by Chakrabarty and Alexander [46].

Kruglov [47] proposed an analytical model assuming that the strains are homogeneous
in the pole region, but the evolution of the sheet thickness depends on the die geometry of
the bulge [13].

In the modified Kruglov model, c is a constant coefficient, always positive, that takes in
account the non-uniformity of the strain distribution on the surface of the cap. This

coefficient can be calculated using the following equation:

z a (24
c=|In [-* —In—o O In—22— |, (2.13)
T i smeao, - smea, o

where fmin 1S the minimum value of the thickness, that occurs for the maximum pressure and

Omax 18 the maximum value of « (see Figure 2.7); the value of amax can be obtained using the

following equation:

2
o =arcsin dy +R, L (du +R, | + P , (2.14)
2 2h  \ 2 2

where /max is the pole height for the maximum pressure.

The recently model proposed by Liu ef al. [49] considers a finite element bounded by

section ¢ and (g” +dg ) , as shown in Figure 2.8. This element as an initial thickness #o. As

the pressure in the chamber increases the sheet will bulge to a cap with a height of pole &
and a radius of curvature p. Thus, the point M which indicates the original location of the
element moves to point M’, whose position is defined by angle & (see Figure 2.8), on the
deformed element with thickness 7. The distance from M’ to the symmetry axes is the
denoted as R while the original distance is . The mechanical analysis of this element allows

to define the differential equation that defines the evolution of R, such as:

+1)-7 B

s :
d_R:(EJ (F)rA-(5+1) 1{5) , (2.15)
¢ \¢& p
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where the stress path, f, is determined based on the equation:

c 0.5/n+1.94
B =1—(O.5n+0.3143)[mJ : (2.16)
where n is hardening coefficient (Swift law) of the material. The authors show that the
differential equation (2.15) can be numerically solved, using for instance the third-order
Runge-Kutta method, enabling the prediction of the thickness distribution for a certain pole
height as a function of the distance from the centre, using the equation presented in Table
2.2. It is also shown that at the pole of the cap the solution presents a numerical instability.
Nevertheless, the calculated thickness evaluated at a distance of about 2 mm from the centre

corresponds to an accurate estimate of the experimental results.

Figure 2.8. Schematic variables with small elements of the bulge test (adapted from [49]).

According to the experimental results available in the literature [29,43], the most
recommended model for describing the evolution of sheet thickness at the pole of the cap
during the test is the modified Kruglov model (this assessment does not include the recent

model by Liu et al. [49]).

26



Literature Review

2.3.4. Strains and stresses

The principal strains in the sheet plane can be directly acquired during the test, using
suitable Digital Image Correlation (DIC) equipment [25] or a mechanical extensometer [20].
In this last case, only one principal strain is measured (see Figure 2.6), and the determination
of its value, ¢, is performed by measuring the expansion of the initial distance between the

extensometer, Dsi, which turns into Dy, during the bulge test, using the following equation:

&= —ln(%j. (2.17)

Smith et al. [42] established an equation for determining the strain at the pole of the cap,
without using traditional mechanical devices according to the pole height, A, at each moment

of the test, and the diameter of the die, dm, as follows:

2
c=In 1+(iJ . (2.18)
dM

Since the measured strain values comprise two components, elastic and plastic, the
elastic strain components, &, &, and & , must be removed from the measured strains
values, &1 and & (before determining the equivalent strain, & ) according to the equations of
the generalized Hooke law, for isotropic elastic behaviour [28] (assuming null value for

principal thickness stress, 03):

I |

& :E[O'l—vaz]

& =l[0' —VO'] ) (2.19)
2 E 2 1 .

. 1

&=% -v(o, 02)]

The conventional analysis of this test considers that the bending effect is negligible for
a low ratio between the sheet thickness and the diameter of the die, but it was pointed out
[50,51] that must be taken into consideration. In case of assuming the Kirchhoff bending

theory [50], with small strain gradients in the sheet plane, and for insignificant differences
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between the principal radius of curvature, the bending strain influence, &, is given by (and

also assuming equation (2.4)):

gbzln(@jz—ln 1—H ) (2.20)
p pext

Figure 2.9 shows the geometry near the pole of the cap with the definitions of the

principal strains in the sheet plane, & and &, and the bending strain, &,.

&y

\
A

&1, &,

t 7V
|
\i | —

Y

|
|
|
pext |
|
|
|
I

Figure 2.9. Strains definition at the pole of the cap, highlighting & (adapted from [50]).

Using the volume constancy condition and correcting the principal strains with the

bending strain, a relationship for the thickness strain at the middle plane, &, ,,, can be used:

Esmia = ~Eimia ~ Eamia = € & T 28, (22D

where ¢, and &, , are the principal strains at the middle plane. Leppin et al. [50]

concluded that removing only the bending strain components to the principal strains leads to
a better and more straightforward approach than removing the elastic strain and including
the bending components.

In general, the determination of the stresses at the pole of the cap is performed
considering that the materials have isotropic behaviour [8,13-15,20,29,33,34,37,39,42,44],

which generally does not occurs. Accordingly, assuming that the principal stress axes O123
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coincide with the coordinate system axes Oxyz, when the principal stresses are equal (o1 =

o2 = 0), as well as the radii of curvature (o1 = o2 = p), the equation (2.3) can be simplified:

o=PP (2.22)

2t

Also, in the case of planar anisotropy, Lemoine et al. [30] regards that the principal
stresses in the sheet plane can be assumed equal (o1 = o2 = 0), although the radii of curvature

should be considered different, (p1 # p2), allowing to simplify the equation (2.3), as follows:

P

c=—0 Y 223
1(1/p +1/p,) @23

Using equations (2.22) and (2.23), the evaluation of the stress vs. strain curve of the
materials may not be appropriate for materials with anisotropic behaviour, although Mulder
et al. [25] describe that for materials with in plane anisotropic behaviour (ro = 0.5, ra5 = roo
= 1) the error in stress is relatively small (less than 3%). Furthermore, the circular bulge test
has equal radii of curvature [14].

Knowing the values of stresses and strains at the pole of the cap, the equivalent stress

vs. strain curve can be determined using the von Mises equations [52]:

5= \/(0_1)2 N (O_2 )2 oo, (2.24)

_ 2 2 2.2
5:(ﬁj 6‘12+822+6‘]82. ( 5)

The equivalent stress and strain under equibiaxial stress and strain paths, according to
von Mises, are given by:

o=oand € =2¢. (2.26)

Due to the rolling condition, sheet metal properties varies from each direction with
respect to rolling to transverse direction, equivalent stress and strain components should be
corrected for anisotropy. This is not considered, in equations (2.22) and (2.23), where no
anisotropy correction has been carried out. Assuming Hill’48 criterion, Smith et al. [53]

proposed equations (2.27) and (2.28) for determination of equivalent stress, O,

aniso ?

and strain,

Eaniso ’

under anisotropy conditions, taking into account the normal anisotropy coefficient (7
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o7 1"°
5aniso = O__|:2 [ j| » (227)
r+1
= - g
[2_ 2 }'/ : (2.28)
r+1

where & and £ is equivalent stress and strain, determined in isotropic conditions. This
correction 1s only valid for materials whose mechanical behaviour obeys the Hill’48 yield
criterion, but the behaviour of real materials can be better described by another yield
criterion. In fact, the analysis of the test for anisotropic materials needs to consider that the
stresses and strains in two perpendicular directions are different; this actually has not been
analysed up to now. In order to more accurately determine the stress vs. strain curve, it is
essential to take this into account, since the results available in the literature, determined
from equations (2.22) and (2.23), show non-negligible errors.

Summarizing, for determining the stress vs. strain curve from the bulge test, the
membrane theory needs to be used (subchapter 2.2). The evolution of the principal strains,
& and &, in the sheet plane can be obtained with the aid of DIC equipment or mechanical
extensometer (that only allows determining one of the principal strains). The radius of
curvature, pext, can also be evaluated using DIC equipment or by spherometer, the pressure,
p, 1s acquired during the test and the sheet thickness, #, is obtained based on the thickness

strain, &3, or using models.

2.4. Inverse analysis methodologies

In addition to traditional strategies making use of measured variables and analysis of the
bulge test as stated above, other strategies have also been experienced, generally referred to
as inverse methodologies, for determining the hardening curve. However, few literature is
available on inverse procedures only using the bulge test. Still, it is possible to notice two
works [54,55] that describe inverse approaches for identifying the hardening law parameters.
This subchapter presents and analyses these two cases of inverse analysis, which are based

on numerical simulations.
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The first case [55] uses the circular die to estimate the parameters of the Ludwick
hardening law [56] for the case of a stainless steel (AISI 304) and complementarily it uses
an elliptical die to re-identify the anisotropy coefficients in the sheet plane. The second case
studied [54] uses computer generated results of the circular bulge test to improve the estimate

of the parameters of the Voce hardening law, considering an isotropic material [57].

2.4.1. Chamekh et al. [55]

Chamekh et al. [55] describe an inverse approach, based on Artificial Neural Networks
(ANN), to identify the material parameters of a stainless steel (AISI 304). They use the
results of the evolutions of pressure with the pole height, which are transferred to a neural
network. The ANN is trained using curves generated by finite element simulations of the
circular bulge test, using systematically various sets of material parameters, in a total of 27
simulated curves of pressure vs. displacement of the central point of the cap. During the
training process, the network computes the weight connections, minimizing the total mean
squared error between the actual output and the desired output; the obtained square error is
less than 0.001, for the case of circular die, and 0.005, for the elliptical die. The neural
network generates an approximated function for the material parameters depending on the
profile of the evolution of pressure with the pole height curve. Then, it was exploited for the
identification of material parameters from experimental results. The Ludwick hardening law

was selected:

Y =0,+K&" (2.29)

where oy is the initial yield stress and K and n are material parameters, and the Hill’48 yield
criterion to describe the orthotropic behaviour. Thus, the set of parameters to be identified
also comprise the Lankford coefficients, ro, r45 and roo. These material parameters are
identified according to the two following steps: (i) the first step, using the circular bulge test,
is to find the parameters of the Ludwick law (assumes the knowledge of Lankford’s
coefficients determined from the tensile tests) (ii) the second step, using the elliptical bulge
test for an off axis angle of 0° is to identify (recalculate) the Lankford’s coefficients. An
elliptical die for an off axis angle of 45° is used for the validation of the parameters

identification. The flowchart of methodology is shown in Figure 2.10.
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Figure 2.10. Idealized flowchart based on the ANN methodology, as proposed by Chamekh et al. [55],
including the validation step.
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Table 2.3 compares the set of hardening law parameters identified based on
experimental tensile test results with those identified from the methodology based on ANN.

The authors conclude: (i) the ANN methodology can predict acceptable combination of
material parameters; (ii) once the ANN was trained, output results for a given set of input
data are available almost instantaneously. Despite these conclusions, it should be noted that
the value of the experimental and identified hardening coefficients, n, are far away (the
experimental and identified values of n are 0.67 and 0.4, respectively), which at least in part
explains the difference values in stress. The parameters K of the Ludwick law and the

Lankford’s coefficients also show high difference level (Table 2.3).

Table 2.3. Experimental and identified parameters for the stainless steel (AISI 304) and the respective
difference [55].

Variable | Identified Value Exlg?fr}fgglael o ft“es Dif{i/ff]’me
ov [MPal] 241.6 2382 1.4
K [MPa] 1422 1172 213
n 0.40 0.67 40.3
ro 1.19 0.93 28.0
45 0.80 1.07 25.2
r90 0.70 0.87 19.5

2.4.2. Bambach [54]

Bambach [54] explored the usability of the circular bulge test to identify the material
parameters of a fictitious material. This is considered isotropic with hardening behaviour

described by Voce hardening law:

Y=0,+R, [1 —exp (—Cyf):| (2.30)
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where op is the initial yield stress and Rsa and ¢y are material parameters. Initially, the
membrane theory is applied to the results as in experimental cases, in order to obtain a set of
parameters of the Voce, by fitting the stress vs. strain results. The inverse analysis strategy
proposed resorts to a gradient-based optimization algorithm, which is known for being
sensitive to the initial solution. Thus, by using as initial solution the one previously obtained
with the membrane theory, it is expected to avoid convergence problems.

The paper gives special focus to the choice of objective function to be minimized. The

re-identification of the constitutive parameters is based on finite element analysis performed

with a set of parameters, defined by vector a, that yields a set of measurements p, (h),

&, (h) or 7, (h) , which are used to define the following objective functions, for the pressure,

strain and thickness with pole height:

2 (a)= [ [eu(h)-5,(h)] an (231)

'max

7 (c_z):h{ (10, (1)1, (1)) dh

A sensitivity analysis of these objective functions was performed and the results obtained at
the true value of cy (input value of the fictitious material) are shown on Figure 2.11. The red
mark present in each surface corresponds to the optimum set of parameters. The author
concludes from this analysis that the combination of first two types of results of equation
(2.31) will significantly improve the re-identification, since it will contribute to reduce the
search area were the minimum value of the objective function is located. Table 2.4 present

the results of re-identification by inverse analysis for the Voce model.
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Figure 2.11. Objective function for the Voce model at the true value of ¢y [54].

Table 2.4. Results of re-identification by inverse analysis for the Voce model [54].

Objective Function 2 max(loy,true-
function calls oo Rsa Cy X 0y( 00, Rsatscy)l)
7(;3 235 297.50 | 432.68 | 2500 | 0.082 3.85
x: 243 301.42 | 426.42 | 2 500 | 7.14E-06 2.59
e 126 293.79 | 431.66 | 2. 500 | 1.82E-05 6.21
Zs +10* 7 215 299.92 1 425.02 | 2. 500 0.022 0.078
Starting guess: 293.79 | 431.66 | 2.535
True values: 300.00 | 425.00 | 2.500
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In summary, the author concluded that the results of inverse analysis is sensitive to the
choice of the objective function. The results of the re-identification analysis is more accurate
than the results obtained from the test using the membrane theory, if a suitable objective
function is chosen, since the last analysis assumes simplifications that influence the accuracy
with which the hardening curve can be determined.

Although re-identification present small differences between hardening laws, computed
generated and identified, it should be noted that this proposal for re-identification needs to
resort to strain results in the pole of the cap during the test, which does not greatly simplify
the experimental procedure, relatively to that when using the membrane theory. Moreover,
the values of the re-identified parameters are very close to those of the starting parameters
(Table 2.4), which were obtain by traditional methodology for analysing the bulge test, i.e.
this inverse analysis works like a re-identification procedure (so called by the author), in

order to improve the results of the direct identification.

2.5. ISO standardisation

The German DDRG (Deep Drawing Research Group), in the area of deep-drawing of
metal sheets, proposes an ISO standard for determining the stress vs. strain curve from the
bulge test under hydraulic pressure, using optical measuring systems. This standardisation
was published as ISO 16808:2014 and contains ten essential topics.

The first topic describes the scope and field of application, which is limited to sheet
thickness less than 3mm (due to the unavoidability of using the membrane theory approach
for analysing the results), in pure stretch forming without significant friction influence. The
second topic displays the symbology, designation and the units of the parameters and
variables of the test. The third one deals with the principle of the test and refers, in general
terms, the quantities required for the calculation of the stress vs. strain curve of the materials:
the pressure and, near the centre of the blank, the local curvature and the strains at the
surface, which must be evaluated with an optical measurement system. The sheet thickness
is determined assuming incompressible deformation of the material. The fourth topic regards
the requirements to be fulfilled by the optical measuring equipment, which should determine

the spatial coordinates of a grid of points on the surface of the sheet, in order to calculate the
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shape and the principal strains in the central area of interest, contactless with the sheet. The
recommended measurement precision for the pressure imposed is indicated. The die and
blank holder must be rigid enough to prevent deformation during testing. The equipment
should contain a drawbead to avoid slipping of the sheet and its clamping should be sufficient
for do not lose fluid. The optical measuring system can use a glass for protecting the optical
measuring system, which should be as thin as possible. The smallest ratio between the die
diameter, dwm, and the sheet thickness, ¢, must satisfy the condition:

Ay >33, (2.32)
t

and it is recommended that the die profile radius, Ri, should be 5 to 10 times greater than
the sheet thickness, up to the maximum value of 15mm, to avoid cracks in the blank during
the test.

The fifth topic is about the optical measurement system for determining the radius of
curvature and principal strains in the sheet plane, recommending an optical field
measurement system. This topic refers to the local resolution of the system (distance between
grid points of measurement), accuracy required for determining the coordinate normal to the
sheet (related with the evaluation of the curvature) and the size of measurement area. In the
sixth topic concerns the samples, i.e. the blank to be used for testing. It is namely mentioned
that the blank must be oriented with the rolling direction parallel to one of the axes of the
coordinate measuring system, and recommendations are made about the grid application.
The seventh topic is about the testing procedure. This is carried out at room temperature,
after previous measurement of the initial sheet thickness. The growth rate of applied
pressure, as well as the number of outputs results and images to be collect during the test,
are also reported.

The eighth topic describes the procedure for the determination of the radius of curvature
and the strains at the pole, assuming the spherical shape of the sheet surface near the pole of
the cap. The size of central regions for obtaining the radius of curvature and strains is
recommended; the size of the regions is different for the radius of curvature and for the
strains.

The ninth topic displays the equations for the biaxial stress vs. strain curve determination

and the assumed simplifications:
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The equibiaxial stress state is assumed:

0, =0, =0y (2.33)

The curvature is represented by means of the radius of curvature:

-1
p{i[i+iﬂ o
2\p P

Then the biaxial true stress can be calculated by:

o, =L (2.35)

2t

Using the fluid pressure, p, the radius of curvature, p, and the actual thickness, 7,
with:

t=1,exp(&,) (2.36)

Assuming plastic incompressible deformation of the material, the total thickness
strain for the calculation of the actual thickness (equation (2.36)) can be

approximated by the total major and minor true strains:

& R—E & 2.37)

Assuming an isotropic linear elastic material behaviour and plastic

incompressibility, the plastic thickness strain is then given by:

I-v
el =—g —g+ 2?% (2.38)

Finally, the biaxial stress vs. strain curve is obtained plotting the stress, o (equation
(2.35)) as function of the plastic thickness strain (equation (2.38)). Under these
conditions, the standard states that “the biaxial stress-strain curve is obtained

without any assumption on the type of yield criterion”.

Lastly, the tenth and last topic, states all information that shall be indicated on the test

report concerning the test conditions and analyse, besides the biaxial stress vs. strain curves

as a table of values and as a plot.

The International Standard ISO 16808:2014 still contains four annexes of which is to

highlighting the final (Annex D), concerning the determination of the equibiaxial stress point

of the yield criterion and the hardening curve. This annex describes a methodology for

transforming the biaxial stress vs. strain curve into the stress vs. strain curve determined from
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uniaxial tensile test data in rolling direction, in order to provide hardening data at strains
higher than the uniform strain of tensile test.

In conclusion, it should be noted that this International Standard emphasizes the use of
optical measuring systems for the determination of the biaxial stress vs. strain curve by mean

of bulge test. Moreover, assumes the stress state as equibiaxial and isotropy of the materials.
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Chapter 3.

Innovative Development

This chapter presents the innovative work of this research on the circular bulge test, in
the form of three articles. Firstly, the research is summarised. The remaining subchapters
consist of the papers entitled: “Anisotropy and plastic flow in circular bulge test”; “On the
determination of the work hardening curve using the bulge test”; and “Inverse Identification

of Swift law parameters using the bulge test”.
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3.1. Overview of the research papers

In this subchapter it is carried out a brief overview of the innovative research conducted
within the framework of this thesis, which consist of following three research papers.

The first paper analyses the geometry of the sheet, the principal strains and stresses, and
the respective paths near the pole of circular bulge test, at different moments of the test for
materials with anisotropic plastic behaviour. This analysis highlights that, in case of in-plane
anisotropic materials, the stress and strain paths can be considerably different from
equibiaxial, despite the spherical geometry of the cap near the pole (radius of curvature equal
in for both orthotropic directions in the sheet plane). The error in equivalent stress involved
in conventional analysis, i.e. assuming equibiaxial stress state and isotropy is compared with
that obtained under real conditions. Finally, a methodology is suggested for improving the
determination of the biaxial stress vs. strain curve.

The second paper analyses the evolution of the radius of curvature and sheet thickness
with the pole height, during the circular bulge test with the various die geometries. It was
observed that the radius of curvature and sheet thickness depend on the die geometry and
hardening coefficient of the material. The sheet thickness also depends on these geometrical
and material parameters, but depends as well on the normal anisotropy coefficient.
Analytical models are developed for describing the evolutions of the radius of curvature and
sheet thickness, which are target of numerical and experimental validation and compared
with results and models in literature. This approach enables properly assessing of the
hardening curve and allows simplifying the experimental procedure.

Lastly, the third paper develops an inverse analysis methodology for determining the
parameters of Swift hardening law, which consists on the search for the best coincidence
between evolutions of pressure with pole height of experimental and numerical reference
curves, the latter being obtained by numerical simulation assuming isotropic material
behaviour with various values of the Swift hardening coefficient in the range of the material
under study. The overlapping of the curves is performed using appropriate factors for the
pressure and the pole height, which is based on two key points: (i) for materials with the

same value of the hardening coefficient, the overlapping of the pressure with pole height
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curves depends factors which values are correlated with the thickness and yield stress ratios,
between the experimental and the reference numerical curve of isotropic material (ii) the
influence of the anisotropy on the overlapping of the pressure with pole height curves can
be adequately taken into account, acting on the multiplying factors, what allows using
isotropic reference curves in inverse analyses, avoiding the knowledge of the parameters of
the yield criterion to be used as input in numerical reference curves. This identification
enables proper evaluation of the Swift hardening law, simplifies the experimental procedure

and is not exposed to various experimental errors.
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3.2. Anisotropy and plastic flow in circular bulge test

This subchapter consists of the paper “Anisotropy and plastic flow in circular bulge
test”, submitted for publication. It analyses the geometry of the spherical cap, the strains and
stresses distributions and respective paths near the pole of the cap, in order to understand the
role of the anisotropy on the determination of the biaxial stress vs. strain curve. This study
clarifies constraints of the currently used procedure and outlines recommendations for the

proper experimental evaluation of that curve.
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Abstract

The procedures for obtaining the stress vs. strain curve from the bulge test are
analysed in detail resorting to numerical simulations. Particular attention is given to in-plane
anisotropic materials for which remains a lack of knowledge about issues such as the
distributions, near the pole of the bulge specimen, of variables such as the radius of
curvature, sheet thickness, principal stresses and strains as well as stress and strain paths.
This study seeks to understand and evaluate the errors inherent to the commonly used
experimental procedures for determining the hardening curve from the bulge test. The usual
procedure assumes that the material is isotropic and the stress path at the pole is equibiaxial.
An empirical equation relating the stress path with the strain path at the pole of the cap is
suggested to improve the determination of the hardening curve, which holds particular

prominence in cases of strongly anisotropic sheets.
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1. INTRODUCTION

Sheet metal forming processes are demanded to manufacture components for the
automotive, aeronautics and other industries. The finite element method (FEM) is commonly
used nowadays for simulating and optimizing sheet metal forming processes. However, the
numerical simulation results are dependent on the convenient characterization and modelling
of the mechanical behaviour of metal sheets. Whatever the constitutive model used in the
simulations (i.e. hardening law and anisotropic yield criterion), the strategies for identifying
its parameters as well as the experimental tests and procedures used in the analysis play an
important role in the characterization of the metal sheets mechanical behaviour [1-5]. The
parameters of the models are generally determined with recourse to tensile and other tests,
such as shear, cruciform and bulge [6].

The biaxial bulge test under hydraulic pressure allows achieving relatively high
strain values before necking and enables the definition of the hardening law for a wide range
of plastic deformation [7]. In circular bulge test, the periphery of the metal sheet is
immobilized through a drawbead, which prevents the peripheral region of the sheet from
moving into the radial direction [8—10]. Then, a hydraulic pressure is applied on one side of
the sheet, promoting an approximately spherical shape in the region near the pole of the cap
and inside a circle of constant latitude [11,12]. Under these conditions, a biaxial stress path
occurs at the pole of the cap.

The bulge test is used for determining the hardening curve [13] and the forming
limit diagram [14], not only with circular but also with elliptic dies, which enables a wide
range of biaxial stress paths [13,15]. For evaluating the stress vs. strain curve, the evolutions
of pressure, radius of curvature and strain at the pole of the cap should be recorded during
the test. The measurement of the radius of curvature and strain can be performed by a
spherometer and an extensometer, respectively [16,17]. An optical system can replace these
mechanical systems with advantages, since it enables the description of the geometry and
strain distributions on the sheet surface during the bulge test [18,19]. In both cases, the
membrane theory that relates the stresses at the pole with the pressure, radius of curvature
and sheet thickness must be used [20].

The analysis of the bulge test results, including the application of the membrane
theory, still presents uncertainties, despite of the recent recommended procedure by ISO
16808 (2014) [21]. In fact, the accurate evaluation of the stress vs. strain curves depends on

assumptions and simplifications, whose assessment are still under study. For example, in a
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recent study Mulder et al. [22] examine the validity and the conditions for using the
membrane theory, which includes issues related to: the evaluations of the radii of curvature
and stresses at the middle plane of the sheet, the coordinate system for strain measuring to
be used, the equibiaxial stress state assumption in case of in-plane anisotropic materials and
the existence of stresses across the sheet thickness. An issue that has received little attention
concerns the effect of the anisotropy of the material in the bulge test results, including its
influence on the accuracy of the hardening curve determination [23]. Yoshida [24] estimated
the stress and strain paths during the bulge test, in case of in-plane anisotropic materials by
using finite element analysis. He concludes that the stress path at the pole of the cap deviates
from equibiaxial between 1-5%, depending on the degree of anisotropy of the materials.
However, this result only concern materials with relatively low anisotropy in the sheet plane.

The current work presents a numerical study on the circular bulge test of metal
sheets, performed with the DD3IMP in-house code [25,26]. It examines the geometry and
the stress and strain distributions near the pole of the cap. This analysis also concerns the
relationship between stress and strain paths. Materials with anisotropy in the sheet plane are
particularly considered. The methodology for the experimental determination of the
hardening law of metal sheets and associated errors is also analysed. The Hill’48 criterion
[27] and the Swift law [28] are used due to their simplicity, but other constitutive model is

also tested.

2. THEORETICAL BACKGROUND

The analysis of the stress state near the pole of the metal sheet during the bulge
test, using either circular or elliptical dies, can be performed with the aid of the membrane
theory [29], as long as a small ratio between the sheet thickness and the die diameters is
fulfilled. The typical values suggested for this ratio are lower than 1/50, for the circular test
[6,30]. Standard ISO 16808:2014 [21] recommends this ratio equal to or lower than 1/33.
Under these conditions the bending stress can be neglected, and assuming that the thickness
stress o3 (= 0z) 1s equal to zero, a relationship between the principal stresses at the pole, the

pressure and the geometry of the cap is given by:

ﬁ+2:£’ (1)
Pyt
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where o1 and o7 are the principal stresses in the sheet surface (assuming that the principal
stress axes (O123) and anisotropy axes (Oxyz) coincide), p1 and p» are the radii of curvature,
at half thickness, in the Oxz and Oyz planes, respectively, p is the hydraulic pressure and ¢ is
the sheet thickness.

In order to experimentally determine the strain hardening curve, the evolution of
the following variables needs to be obtained during the test: pressure, p, the radii of
curvature, p1 and p», and the sheet thickness at the pole, . The thickness can be determined
based on the knowledge of the initial thickness of the sheet, 7o, and the thickness strain, &3,

through the following equation:

t=t,exp(—¢&;). (2)
where the principal strain, &3, is obtained from the measurement of the principal strains in
the sheet plane, ¢ and &, based on the condition of volume constancy during the plastic

deformation:

&=—(g+¢&). 3)
Since the radius of curvature is experimentally evaluated on the external surface

of the cap, its correction can be done based on the following equation [31]:

4

=Py — = 4
p Ioext 2 ()

where p is the radius of curvature at the half thickness of the cap, and pex is the radius of
curvature of the external surface of the cap.

In the general case, i.e. anisotropic metal sheet, the membrane theory equation
(equation (1)) contains two unknown variables, o1 and o», which requires an additional
equation for its determination. This additional equation can be obtained from the plastic
stress-strain relationships arising from the associated flow rule. For metal sheets following
the Hill'48 criterion [27], assuming coincidence of the coordinate systems of principal stress

(O123) and anisotropy (Oxyz), it is possible to write:

dg, =dA[H(o,-0,)+G(0,-03)]
) 5
de, =dA[F(o,-0;)+H(0,~0,) ] )

where F, G and H are the anisotropy parameters, de; and d& are the increments of plastic
deformation in the sheet plane, parallel to the Ox and Oy axes, respectively, and dA is an

incremental scalar factor of proportionality. In the bulge test, it can be assumed that o3 = 0

56



and, based on the equations (5), the incremental strain path can be related with the stress

path as follows (Hill’48 criterion):

~H+22(F+H)
de, _ o, . ©)
de o
1 (G+H)-—2H
O']

This equation can also be written as a function of the anisotropy coefficients, ro and roo,
respectively in the rolling (Ox || O1) and transverse (Oy || O2) directions of the sheet, as

follows:

-1+ 0-2[1+ lj
de, O \ Iy

i (1 ] — g
41 -=2

T o

Consequently, the equations (1) and (6) or (7) allow determining the principal stresses, oi
and oo, in case of circular and elliptical dies, assuming that the Hill'48 criterion describes
the anisotropic behaviour of the material.

To calculate the equivalent stress, ¢, and the equivalent strain, ¢, values that

characterize the hardening behaviour, the following equations can be used [15,27]:

&=(G+H)o? +(F+H)o? —2Ho,0, , ®)

- F[ Ge, - He, TJFG[ Fe, - He, TJFH{ Fe, —Ge, T )
FG + GH + HF FG + GH + HF FG+GH+HF |

In case of isotropic materials, obeying the von Mises yield criterion, the principal

stresses, o1 and o», in bulge tests performed either with circular or elliptical dies, can be
calculated using the equation (1) and the following equation, deduced by simplifying

equation (6) (or (7)):

05+22

dgzz o (10)
de, 1_05%
o-l

Similarly, the equivalent stress and strain can be calculated using the following simplified

equations (von Mises):
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~Je.y +(0,) ~0, . (i

é_‘z(%}/glzjtgjjtelgz, (12)

Finally, in cases of circular die and isotropic or anisotropic materials such that,

Ql

the anisotropy coefficients at 0° and 90° degrees are equal (ro = roo), the principal stresses
are also equal (o1 = o» = 0), as well as the principal strains (& = & = &) and radii of curvature

(p1 = ;2= p), which simplifies equation (1) as follow:

pp
_re. 13
o= (13)

In these cases, equation (13) is sufficient to determine the principal stresses in the sheet plane
(o1 = o» = o), without requiring any additional equation.
Also, for materials with fully isotropic behaviour, equations (11) and (12) can

be simplified for equibiaxial stress and strain paths (von Mises criterion):

o=o0 and £ =2¢. (14)
Since the total strain presents two additive components, elastic and plastic, the

elastic strain components, ¢ and ¢,, can be removed from the measured strains, & and &.

Assuming isotropic elastic behaviour, the generalized Hooke's law, gives the elastic strain

components as:

& = %[G, -v(o, +0'3):|

1 - (15)
& = E[az —v(o+ 0'3)]
Since in the bulge test it can be assumed that o3 = 0, this equation can be written:
g =—(o,—vo,)
(16)
g =—(0,—vo))
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3. NUMERICAL MODELLING AND ANALYSIS

In order to perform the study concerning the methodology for the evaluation of
the work hardening law using the circular bulge test, a numerical model of the test was built,
which is defined in this section. The geometry of the tools considered in the test is
schematically shown in Figure 1, where Rv = 75 mm is the die radius, Ry = 13 mm is the die
profile radius, Rp =95 mm is the radius of the central part of the drawbead and Rs = 100 mm
is the radius of the circular sheet. This geometry was built based on the experimental bulge
test used by Santos et al. [32].

The tools were described using Bézier surfaces, considering only one quarter of
the geometry due to the material and geometrical symmetry conditions. However, in order
to simplify the analysis, the drawbead geometry was neglected and its effect was replaced
by a boundary condition imposing radial displacement restrictions on the nodes placed at a
distance equal to Rp from the centre of the circular sheet, which has an initial blank radius
of Rs [10]. The contact with friction was described by the Coulomb law with a friction
coefficient of 0.02 [33]. The numerical simulations were carried out with the DD3IMP in-
house code [25,26] assuming an incremental increase of the pressure applied to the sheet
inner surface. The blank sheet was discretized with solid 8 node elements, using two layers

of elements through the thickness, as previously described [34].

R, =100 mm

A
Y

R, =95 mm

\

Deformed sheet metal

R, =75 mm

A
Y

Blank Holder R=13mm / /ﬂ\ ]
[\

Hydraulic Fluid Drawbead

Figure 1. Bulge test, with the identification of the principal dimensions of the tool according to Santos et al.
[32].
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The constitutive model adopted for the finite element analysis assumes that: (1)
the isotropic elastic behaviour is defined by the generalized Hooke’s law; (2) the plastic
behaviour is described by the orthotropic Hill’48 yield criterion and the hardening model by
the Swift isotropic law.

The Hill’48 yield surface is described by the equation [27]:
Ko, —o0,) +G(o, -0,)’ +H(o, —0,)’ +2L7, +2Mr1, +2N7z; =Y, (17)

where oxx, Oyy, O, Txy, Txz and 7y, are the components of the Cauchy stress tensor, in the
principal axes of orthotropy, and F, G, H, L, M and N are the anisotropy parameters of the
material. Y represents the yield stress and its evolution during deformation Y = f (&), which

is described by the Swift isotropic hardening law [28]:

Y=K(g,+&)", (18)
where £ is the equivalent plastic strain and K, & and »n are the material parameters to be
identified. The initial yield stress, oo, can be written as a function of K, & and n, as follows:

o, = Kg," . The elastic behaviour is considered isotropic and described by the generalised

Hooke’s law, with a Young’s modulus, £ = 210 GPa, and a Poisson’s ratio, v = 0.30. The
initial thickness of the sheet is 1 mm.

In few cases, duly identified in the text, the Drucker+L criterion and the Voce
law [35] are also used. The Drucker+L yield criterion [36] is an extension of the Drucker

isotropic criterion [37] and is described by the equation:

1 ) 3_ l , 2_ Z 6
[Etr(s )} c[3tr(s )} —27(3) , (19)

where tr(s) is the trace of the stress tensor s, resulting from the linear transformation of the
Cauchy stress tensor, 6, and c is a weighting isotropy parameter, ranging between —27/8 and
9/4, to ensure the convexity of the yield surface. When ¢ equals zero, this criterion coincides

with the Hill’48 yield criterion. The s stress tensor is given by:
s=L:o, (20)

where L is the linear transformation operator proposed by Barlat ez al. [38]:
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[(C,+C)I3  -C,/3 ~C,/3 0 0 0
~C,/3  (C,+C)/3  -C/3 0 0 0

L -G -C,/13 (C,+C,)/3 0 0 0 on
0 0 0 c, 0 0
0 0 0 0 C, 0
0 0 0 0 0 C

in which C;, withi=1, ..., 6, are the anisotropy parameters; C1 = C> = C3 = C4 = Cs5 = C¢ for
the full isotropy condition. This yield criterion includes one more parameter, the parameter
¢, when compared to Hill’48 yield criterion, thus being more flexible. So, when the
parameter ¢ is not zero, Hill’48 criterion cannot fully describe the behaviour of a material
that follows Drucker + L criterion.

The Voce law can be written as:

Y=0_,-R, exp(—c}_E) (22)

where Oyar, Rsac and cy are materials parameters; the yield stress is 6o = Gyar - Ryar.

In order to determine the hardening curves, the analysis of the numerical
simulation results was performed in the same way that is usually done experimentally, i.e.
using step-wise measurements. The evaluation of the surface radius of curvature, pex:, at the
pole of the cap at various stages during the test, is performed by NXT Defect Evaluator code
[39]. This software allows the evaluation of surface curvature, based on the coordinates of
points located on the same meridian plane. The surface radius of curvature, pext, was analysed
for both axes. The radius of curvature at half thickness, p, is determined using equation (4).
At each stage, the principal strains in the sheet plane were determined by the direct
measurement at the pole of the cap, as experimentally performed using digital image

correlation technique (DIC).

4. CASES UNDER ANALYSIS

Numerical bulge tests were performed in metal sheets with in-plane isotropy and
anisotropy. This section describes and characterizes the materials under study, and also
illustrates their mechanical behaviour during the bulge test, by relating the pressure with

pole height.
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4.1. Sheet materials and analysis procedure

Table 1 shows the parameters of the Hill’48 criterion of the materials under study
and the respective designation. It is assumed that the hardening curve corresponds to the
stress vs. plastic strain curve under uniaxial tensile test along the Ox axis, i.e. the condition
G + H =1 was used, for the parameters of the Hill’48 criterion [40]. The designation A_B_C
corresponds to a material with the anisotropy coefficient, r«, in the sheet plane such that: ro
= A, rss = B and roo = C. The selected materials for this study display three different types
of anisotropy in the sheet plane: (1) isotropy: ro = r4s5 = r9o; (i1) anisotropy with: ro = r9o # r4s;
(111) full anisotropy: ro # reo. Figure 2 shows the evolution of the anisotropy coefficient, rq,

in the sheet plane for the materials with in-plane anisotropy.

Table 1. Designation of the materials and the respective parameters of Hill’48 criterion.

Parameters of the Hill’48 Criterion
Designation
F G H L M N

Materials with ro = ras = rso
0.7_0.7_0.7 0.588 | 0.588 | 0.412 | 1.500 | 1.500 | 1.412
1_1_1 0.500 | 0.500 | 0.500 | 1.500 | 1.500 | 1.500
222 0.333 | 0333 | 0.667 | 1.500 | 1.500 | 1.667
333 0.250 | 0.250 | 0.750 | 1.500 | 1.500 | 1.750

Materials with ro = reo # ras
0.6_3_0.6 0.625 | 0.625 | 0.375 | 1.500 | 1.500 | 4.375
3.0.6_3 0.250 | 0.250 | 0.750 | 1.500 | 1.500 | 0.550
1.5.3_15 0.400 | 0.400 | 0.600 | 1.500 | 1.500 | 2.800
3.15.3 0.250 | 0.250 | 0.750 | 1.500 | 1.500 | 1.000
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Materials with ro # roo

0.6_0.7_0.8 0.469 | 0.625 | 0.375 | 1.500 | 1.500 | 1.313
0.6_1.8_3 0.125 | 0.625 | 0375 | 1.500 | 1.500 | 1.725
1.5.2.25_3 0.200 | 0.400 | 0.600 | 1.500 | 1.500 | 1.650
1.5.2.75_4 0.150 | 0.400 | 0.600 | 1.500 | 1.500 | 1.788
0.5.2.25 4 0.083 | 0.667 | 0333 | 1.500 | 1.500 | 2.063
1.5.3.3 0.200 | 0.400 | 0.600 | 1.500 | 1.500 | 2.100
1.2.25 3.5 0.143 | 0.500 | 0.500 | 1.500 | 1.500 | 1.768

0 15 30 45 60 75 90

a(®
a(®) —0.6_0.7.08 —0.6_1.8_3
—3_153 —1.5_3_15 152253 =----152754
0.6_3_0.6 ----3.0.6.23 -=---052254 1533
----- 1.2.25_3.5
(a) (b)
Figure 2. Distribution of r in the sheet plane, for materials with anisotropy in this plane: (a) ro = roo # ras; (b)

ro # roo.

In order to better describe the anisotropic state of the materials, Figure 3 shows

the evolution of the ratio o°_/c°, between the yield stress in tension, 0’4, for an angle, «,

in the sheet plane, and the yield stress in tension along Ox, ¢, as a function of « angle, for

the materials with ro = roo # r45 and for materials with ro # r9o.
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Figure 3. Distribution of o-oa/ao0 in the sheet plane, for materials with anisotropy in this plane: (a) ro = rs #

rss, (b) 1o # r90.

Figure 4 and 5 shows the normalized initial yield surfaces in the

(Gxx /&, 0, / 0'00) space of the materials with ro = roo (Figure 4) and with ro # roo (Figure

5). The dashed-dotted grey straight lines correspond to the condition o2 = 1. The solid,
dashed and dotted grey and black straight lines in Figure 5 indicate the axes of the ellipses.
The yield surface of the materials 3_3_3, 3_1.5_3 and 3_0.6_3 are coincident (see Figure 4),
as well as those of the materials 1.5_2.25_3 and 1.5_3_3, by one side, and the materials
1_2.25_3 and 1_3_3, by other side (Figure 5). The axes of the materials 0.6_0.7_0.8 and
1.5_2.75_4 are collinear. The yield surfaces of the materials 0.6_1.8_3 and 0.5_2.25_4, for
which ro < 1 and roo > 1, have their axes with higher slope than those of the other materials.

The size of the yield surface is clearly smaller in case of the material 0.6_0.7_0.8 than others.
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Figure 4. Normalized initial yield surfaces in the plane (aﬂ/ooo ;a»,/aoo) of the materials with ro = ro. 6%

is the initial tensile yield stress along the Ox axis.
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Figure 5. Normalized initial yield surfaces in the plane (O'U/O'OO ;o-yy/o-oo) of the materials with ro # re0. 6%

is the initial tensile yield stress along the Ox axis.

The parameters of the Swift hardening law, for the materials studied in the next

sections, are shown in Table 2. Simulations were performed for all the materials in Table 1

with the work hardening coefficient, n, equal to 0.20 (see Table 2). The hardening laws with

work hardening coefficients, n, equal to 0.10 and 0.35 were only used for simulations of the

materials 0.6_0.7_0.8, 1.5_2.75_4 and 0.5_2.25_4 (see Table 1).
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Table 2. Parameters of the Swift hardening law.

Parameters of the Swift law
Materials
ov [MPa] | K [MPa] & n
200 0.10 200 339.73 0.005 | 0.10
200 0.20 200 577.08 0.005 | 0.20
200 0.35 200 1277.59 | 0.005 | 0.35

4.2. Curvesp vs. h

This section shows examples of numerical results of pressure vs. pole height
curves, relating to the materials of Table 1 with hardening coefficient, n, equal to 0.20. Figure
6 (a) concerns the cases of the materials with ry = roo, indicating that the behaviour depends
on the value of these anisotropy coefficients, which define the size of the major axis of the
ellipse (for a given hardening curve). The higher the anisotropy coefficients, ro and roo (i.e.
the longer is the major axis of the ellipse), the higher is the pressure level of the curves. The

materials 3_3_3, 3_1.5_3 and 3_0.6_3, which show coincidence of the yield surfaces in the

(am /c®, 30, / 0'00) space, have the pressure vs. pole height curves almost coincident. Also

the materials 0.7_0.7_0.7 and 0.6_3_0.6 have very close pressure vs. pole height curves.

0.6_0.7_0.8
—0.6_1.8_3
i 1.5.2.25_3
----152754

254

1533 7

p [MPa]

0 10 20 30 40 50
h [mm]

(a) (b)

Figure 6. Evolution of the pressure, p, with the pole height, 4, for Hill’48 materials: (a) ro = rs; (b) ro # reo.
The hardening coefficient of the material is n = 0.20.
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Figure 6 (b) shows the evolution of the pressure with the pole height, for the
cases of the materials with in-plane anisotropic behaviour (ro # ro0). The values of the
anisotropic coefficient influences the level of the curves, in a similar way to the cases of
materials with ro = r9o, (the average values of 7o and ro are related with the magnitude of the
major axis of the ellipse). However, for these materials, the level of the pressure vs. pole
height curves depends on the stress path that does not coincide with the axis of the ellipse,
as will be seen later. The material 1.5_2.75_4, with the longest major axis of the ellipse but
close to the material 0.5_2.25_4 (Figure 5), presents the curve with the highest level and the
material 0.6_0.7_0.8, with the shortest major axis of the ellipse (Figure 5), shows the curve
with the lowest level. The other curves have relatively close levels. Moreover, the materials
with the same value of ry and roo, even with different 45 (1.5_2.25_3 and 1.5_3_3 materials),
show evolutions of the pressure with the pole height quite coincident. Finally, the materials
1_2.25_3.5 and 0.5_2.25_4 (Figure 4 (b)) show curves very close to the materials 3_1.5_3
and 3_0.6_3 (Figure 4 (a)), with a small difference at the end of the test, which seems to

indicate that also the value of the normal anisotropic coefficient influences this evolution.

5. GEOMETRY OF THE CAP AND STRESS AND
STRAIN DISTRIBUTIONS

This section analyses the distributions, near the pole of the cap of the bulge test,
of variables such as the radius of curvature, the sheet thickness, the principal and equivalent
stresses and strains as well as the stress and strain paths. The analysis mainly focuses on the
in-plane anisotropic materials with ro # roo, for which there remains a lack of knowledge
about these aspects. In fact, in case of in-plane isotropic materials, most of these issues have
already been analysed (see for example [22]), in view of their relative simplicity related to
the geometrical and material symmetry. Also the materials of the current study with ro = roo
# rs5 show identical behaviour along the axes Ox and Oy, due to the symmetry of the yield
surface in the (oxx; Oyy) space and the geometrical symmetry of the circular bulge test. That
is why the analysis in this section deals primarily with materials such that ro # rop.

Concerning the analysis of the surface shape of the specimen, the results showed

that, also for in-plane anisotropic materials, the geometry of the cap has symmetry such that
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the radii of curvature at the pole of the cap are equal along the axes Ox and Oy (p1 = o2 = p),
at each moment of the test, the same occurring for the sheet thickness. On the contrary, the
principal stress and strain distributions are different along these axis, i.e. the stress and strain
paths at the pole of the cap are always different from 1 (o1 # o2 and & # &).

The materials with strong anisotropy in the sheet plane, 1.5_2.75_4 and
0.5_2.25_4, and with hardening coefficient, n = 0.20, were chosen to illustrate the general
detailed behaviour, that is, not only at the pole cap, but also in distant points. Figure 7 shows
the evolution of pressure with the pole height for these materials (see also Figure 6) and the
moments of the bulge test under analysis. These correspond to four pressure values during
the tests, marked in the figure with points, which corresponds to: (i) material 1.5_2.75_4
with pressure values of 4.5, 8.5, 9.5 and 10 MPa (corresponding to the Hill’48 equivalent
strains equal to 0.066, 0.231, 0.329 and 0.421 at the pole of the cap, respectively); and (ii)
material 0.5_2.25_4 with pressure values of 4, 8, 9 and 9.4 MPa (corresponding to the Hill’48
equivalent strains equal to 0.059, 0.229, 0.336 and 0.421 at the pole of the cap, respectively).

12

— 152754

p [MPa]

—0.5.225 4

0 10 20 30 40 50
h [mm]
Figure 7. Evolution of the pressure, p, with the pole height, &, for materials 1.5_2.75_4 and 0.5_2.25_4. The
dots concern the pressure values on which the analysis is focused: 4.5, 8.5, 9.5 and 10 MPa, for the material
1.5_2.75_4, and 4, 8, 9 and 9.4 MPa, for the material 0.5_2.25_4. The hardening coefficient of both material
isn=0.20.

Figure 8 shows the contours of the cap, i.e. the vertical position of each point, z,
as a function of the distance to the centre, d, along the Ox and Oy axes, for the materials
1.5_2.75_4 (Figure 8 (a)) and 0.5_2.25_4 (Figure 8 (b)) and the pressure values above
mentioned (see Figure 7). Whatever the pressure value, the Ox and Oy profiles coincide,

from the centre to the edge of the cap (Figure 8). This means that the radii of curvature at
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the pole of the cap does not depend on the measuring axis, Ox or Oy, which was also

separately tested.
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Figure 8. Contours of the cap at the four pressure values indicated in the Figure 7, i.e. vertical position, z,
with the distance to the centre, d, along the Ox and Oy axes, for the materials: (a) 1.5_2.75_4; (b)
0.5_2.25_4. The hardening coefficient of both material is n = 0.20.

Figure 9 shows the evolution of the thickness as a function of the distance to the
centre, d, along the Ox and Oy axes, for the materials 1.5_2.75_4 (Figure 9 (a)) and
0.5_2.25_4 (Figure 9 (b)) and the pressure values above mentioned (see Figure 7). As for
the profiles, the thickness distributions are almost coincident for the axes Ox and Oy at the
two first steps analysed, although some differences are noticeable for the two higher pressure
values, mainly in case of the material 0.5_2.25_4. These differences in thicknesses occurs in
this material for distances from the centre higher than about 20 mm, at a pressure equal to 9

MPa, and higher than at about 15 mm, at a pressure equal to 9.4 MPa.
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Figure 9. Evolution of sheet thickness, 7, with the distance to the centre, d, along the Ox and Oy axes, at the
four pressure values indicated in the Figure 7, for the materials: (a) 1.5_2.75_4; (b) 0.5_2.25_4. The
hardening coefficient of both material is n = 0.20.

The analyses of the evolution during the bulge test of the radius of curvature and
the sheet thickness at the pole of the cap was performed for all materials of Table 1 with
hardening coefficient, n, equal to 0.20. Figure 10 shows the evolution of the radius of
curvature, p, with the pole height, 4. At the beginning of the test, the radius of curvature
quickly decreases, but its rate of decrease declines as the pole height increases, so that when
the pressure approaches the maximum value, the radius of curvature come close to the radius
of the die (Rm = 75 mm in Figure 1). Moreover, the anisotropy does not influences the
evolution of the radius of curvature. The coincidence observed, whatever the anisotropy of
the material, is in agreement with the results previously reported only for in-plane isotropic
materials with different r values in the sheet plane [34]. This work reported that only the
hardening coefficient influences the evolution of the radius of curvature during the test,
being independent of the value of the yield stress, initial sheet thickness and in-plane
isotropy. Identical feature was observed for the three materials analysed with n = 0.10 and

0.35 —see Table 2).
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Figure 10. Evolution of the radius of curvature, p, with the pole height, &, for all materials with hardening
coefficient n = 0.20.

The evolution of the sheet thickness at the pole of the cap during the test is shown
in Figure 11, for the materials with hardening coefficient n = 0.20. The values of the
thickness at different moments of the test were determined based on the values of the strains
measured at the top of the cap and using equations (2) and (3). Figure 11 (a) shows the
evolution of the sheet thickness at the pole, ¢, with the pole height, A, for the materials with
ro = roo and the results in Figure 11 (b) concern the materials with ro # roo (the isotropic
material, 1_1_1, is also shown for comparative purposes). The evolution of the sheet
thickness is sensitive to the anisotropy of the material, as previously observed for in-plane
isotropic materials [34]. This work reports that, besides the hardening coefficient, also the
anisotropic coefficient influences the evolution of the thickness at the pole during the test,
which is independent of the value of the yield stress and the initial sheet thickness. The
current results show that the value of the normal anisotropy coefficient in the sheet plane has
identical influence on the evolution of the sheet thickness during the test, whether or not the

sheet shows in-plane anisotropy (compare Figure 11 (a) with Figure 11 (b)).
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Figure 11. Evolution of the sheet thickness, ¢, with the pole height, &, for materials with hardening
coefficient n = 0.20: (a) materials with ro = reo; (b) materials with ro # re0. These evolutions concern materials
with hardening coefficient equal to 0.20.

Figure 12 and 13 show the distributions of the principal strains and stresses,
parallel to the Ox and Oy directions, for the materials and pressure values as in Figure 8 and
9 (see also Figure 7). For a region around the pole of the cap, whose size decreases as the
test progresses, the strains and stresses components parallel (normal) to the Ox axis, at a
given point on this axis, are equal to the corresponding normal (parallel) components to the
Oy axis, for a point on this axis at the same distance from the centre of the cap. At a given
pole height, the size of this region is smaller the greater the planar anisotropy of the material,
measured by the angle between the major axis of the yield surface and the biaxial stress axis
(o1 = o), as it can be concluded by comparing the results of materials 1.5_2.75_4 (Figure

12) and 0.5_2.25_4 (Figure 13).
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Figure 12. Evolution of the (a) principal strains and (b) principal stresses, with the distance to the centre
along the axes Ox and Oy of the sheet, for material 1.5_2.75_4 at the four pressure values indicated in the
Figure 7. The hardening coefficient of the material is n = 0.20. The designation in figures can be read as for
the example(s): Ox_el_10 (Oy_s2_4.5), in which Ox (Oy) indicates the axis for measuring the distance d; el

(s2) is the strain (stress) value parallel to the Ox (Oy) axis; and 10 (4.5) is the pressure value [MPa].
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Figure 13. Evolution of the (a) principal strains and (b) principal stresses, with the distance to the centre of
the sheet, for material 0.5_2.25_4 at the four pressure values indicated in the Figure 7. The hardening
coefficient of the material is n = 0.20. The designation are as indicated in Figure 12.

Figure 14 and 15 show the distributions of the Hill’48 equivalent strains and
stresses, along the Ox and Oy directions, for the same materials and pressure values as in
Figures 8, 9, 12 and 13 (see also Figure 7). Following the trends in Figures 12 and 13, the

equivalent strains and stresses are equal along both orthotropic axes, in a region around the
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pole. This region becomes smaller with the increase of the pole height but, even near the end
of the test, its size is about 10 mm, for the material 0.5_2.25_4, and higher for the material
1.5_2.75_4, in case of equivalent strain, and covers almost the entire diameter of the die, for

both materials in the case of equivalent stress.
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Figure 14. Evolution of the (a) equivalent strain and (b) equivalent stress with the distance to the centre
along the Ox and Oy axes, for the material 1.5_2.75_4 at the four pressure values indicated in the Figure 7.
The hardening coefficient of the material is n = 0.20.
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Figure 15. Evolution of (a) equivalent strain and (b) equivalent stress with the distance to the centre along
the Ox and Oy axes, for the material 0.5_2.25_4 at the four pressure values indicated in the Figure 7. The
hardening coefficient of the material is n = 0.20.
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Based on results such as in Figures 12 and 13, Figure 16 present respectively the
stress (Figure 16 (a)) and strain (Figure 16 (b)) paths observed at the pole of the cap, for in-
plane anisotropic materials with hardening coefficient, n = 0.20, showing that the stress paths
are nearly unchanged during the bulge test, although with minor variations. However,
noticeable decreasing of the strain path occurs during the test, in some cases. In fact, small
variations in stress paths involve larger variation of amplitude in the strain path that is
represented by the normal to the yield surface. The difference between the strain paths during
the test is always inferior to 5%, whatever the material (the maximum difference occurs for

the material 0.5_2.25_4).
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Figure 16. Evolution of the: (a) stress paths and (b) strain paths during the test. These evolutions concern
materials with hardening coefficient equal to 0.20.

The stress and strain paths are also influenced by the hardening coefficient of the
material, as can be deduced from the results of materials with hardening coefficients, n =
0.10 and 0.35. Figure 17 allow comparing the materials 0.6_0.7_0.8, 1.5_2.75_4 and
0.5_2.25_4, with n = 0.10, 0.20 and 0.35 concerning the stress (Figure 17 (a)) and strain
(Figure 17 (b)) paths. The stress paths are almost unchanged during the test, and nearly close
to each other for a given value of the hardening coefficient. Nevertheless, the small variations
that occurs in the stress path are enough to cause larger variations in the strain path (in
agreement with the associated flow rule), which decreases during the test (except for the
material 0.5_2.25_4, with n = 0.10), as for results in Figure 16. Finally, it can be observed

that in general the strain path is lower for higher values of hardening coefficient.
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Figure 17. Evolution of the (a) stress paths and (b) strain paths during the test. These evolutions concern the
materials 0.6_0.7_0.8,1.5_2.75_4 and 0.5_2.25_4, with hardening coefficients equal to 0.10, 0.20 and 0.35.

As partial conclusions, it can be stated that for the materials with ro # roo, the
geometry of the cap is similar along both orthotropic axes in the sheet plane, with respect to
the profile and the thickness of the sheet, which is imposed by the geometrical constrains of
the bulge test with circular die. The results show that this type of symmetry can be achieved
even though the stress and strain paths in the pole region are away from the biaxial
symmetry. The inability to impose equibiaxial stress and strain paths simultaneously, in case
of materials with ro # r9o, arises from the normality condition (equation (6) or (7), in case of
Hill’48 criterion), i.e. the associated flow rule with the yield surface as plastic potential. This
is illustrated in Figure 18 showing that, for materials with ro < r9o as those studied in this
work, when the stress path is equal to 1, the strain path is lower than 1, and when the strain
path is equal to 1, the stress path is higher than 1 (the opposite occurs when ro > roo). In fact,
the observed stress and strain paths are between these two cases, as schematized in Figure

18.
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Figure 18. lllustrative example, corresponding to the material 0.5_2.25_4, showing the yield surface and the
observed stress and strain paths (solid lines), the stress and strain paths corresponding to equibiaxial stress
path (dashed lines) and equibiaxial strain path (dotted lines).

6. Hardening curves

The determination of the biaxial stress vs. strain curve from the bulge test is
analysed under the experimental procedure generally performed, assuming equibiaxial stress
and the von Mises definition of equivalent stress and strain [21]. First of all, the in-plane
1sotropic materials and anisotropic materials with ro = roo are considered. Afterwards, it deals
with the in-plane anisotropic materials such that ro # roo.

The assumption of isotropy for determining the equivalent stress consists of
considering the equivalence between the real yield surface of the anisotropic material and an
isotropic yield surface (von Mises surface), such that these surfaces intercept each other (or
are tangent) at the point corresponding to the stress path followed during the bulge test by
the real anisotropic material. This implies that the equivalent stress value is the same for both
surfaces, namely at the point of coincidence of the curves. Examples are shown in the Figure
19, for materials with in-plane isotropy, 3 3 3 (Figure 19 (a)), and in-plane anisotropy,

0.5 2.25 4 (Figure 19 (b)).
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Figure 19. Initial yield surfaces and observed stress paths (black solid line) of the materials: (a) 3_3_3; (b)
0.5_2.25_4. The isotropic materials with equal equivalent stress are also indicated in each figure (grey solid
lines). The bulge stress path is equibiaxial in case of (a) and is 02/ 01 = 1.678 (black solid line) in case of (b).
The dashed and the grey solid lines in (b) represent the axis of the Hill’48 and von Mises ellipses,
respectively. The hardening coefficient of the materials is n = 0.20.

At the tangent and intercepting points of the ellipses, respectively in Figures 19
(a) and (b), the equivalent stresses are equal, whether they are calculated using the Hill’48
(equation (8)) or von Mises yield criteria (equation (11)). Consequently, the use of the von
Mises criterion for determining the equivalent stress is appropriated, providing that the stress
path at the pole of the cap is known. In case of in-plane isotropic materials and materials
with 7o = r9o # 745, this does not involve any difficulty, given that o» = o1, at the pole of the
cap. In case of materials with ro # r90, the equivalent stress depends on the stress path and
the parameters of the anisotropic yield criterion (see equation (8)).

The Hill’48 material parameters in Table 1 follows the condition G + H = 1,
which means that the hardening curve is equal to the stress vs. strain curve in tension along
the Ox axis. In order to allow the appropriate comparison of results obtained by the
membrane theory with the biaxial hardening curves of the studied materials, Tables 3 and 4
show constitutive parameters, equivalent to those in Tables 1 and 2. The constitutive
parameters in Tables 3 and 4, were determined such that the Hill’48 equivalent stress is equal

to the determined by the von Mises criterion that crosses (or is tangent to) the Hill’48 surface
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(see Figure 19), for the observed stress path (average during the test) at the pole of the cap,
as shown in Figures 16 (a) and 17 (a). The relationships that allows the equivalence between
sets of parameters were previously discussed in [40] and are, for the Hill’48 criterion and

the Swift law, respectively:

F* = kF; G* = kG; H* = kH; L* = kL; M* = kM; N* = kN (23)

n*=n; K* = K(\/E)M; a* = &, /Nk ; ot = ok (24)

where £ is a factor which forces the yield surfaces (Hill’48 and von Mises) to coincide at the
point corresponding to the observed stress path during the bulge test. The parameters without
asterisk are those in Tables 1 and 2 and with asterisk are shown in Tables 3 and 4 (for
convenience of the presentation, the asterisks are not indicated in Table 3). Table 3 shows
the hardening law and Hill’48 criterion equivalent parameters of all materials in Table 1 and
hardening coefficient n = 0.20 (Table 2), and Table 4 the equivalent parameters of the three
materials in Table 1 with 7o # 90 and hardening coefficients 0.10 and 0.35 (Table 2).

In Tables 3 and 4, the condition the condition F + G = 1 is observed for the
materials with 7o = r90, which means that the hardening curve corresponds to the determined
for the equibiaxial stress path. For materials with ro # roo the sum (F + G) can deviate
significantly from one, depending on the stress path observed during the bulge test, and the

hardening curve corresponds to the determined for this stress path.

Table 3. Designation of the materials with n = 0.20 and the respective parameters of the Swift law and
Hill’48 criterion. The stress path observed during the bulge test is also indicated. The constitutive
parameters are equivalent to those in Tables 1 and 2.

Parameters of the Swift | Parameters of the Hill’48 criterion

. . 1
Designation aw

- K n F G | H |L=M| N |ova

Materials with ro = ras = reo

0.7_0.7_0.7 | 184.43 | 523.59 | 0.20 | 0.500 | 0.500 | 0.350 | 1.201 | 1.200 | 1.000

1_1_1 200.00 | 577.08 | 0.20 | 0.500 | 0.500 | 0.500 | 1.500 | 1.500 | 1.000

2272 173.23 | 485.67 | 0.20 | 0.500 | 0.500 | 1.000 | 1.125 | 2.500 | 1.000

333 282.84 | 874.69 | 0.20 | 0.500 | 0.500 | 1.500 | 3.000 | 3.500 | 1.000
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Materials with ro = reo # ras

3.15.3 282.84 | 874.69 | 0.20 | 0.500 | 0.500 | 1.500 | 3.000 | 2.000 | 1.000
1.5.3_1.5 | 223.84 | 659.75 | 0.20 | 0.500 | 0.500 | 0.750 | 1.875 | 3.500 | 1.000
0.6_3_0.6 | 178.89 | 504.77 | 0.20 | 0.500 | 0.500 | 0.300 | 1.200 | 3.500 | 1.000

3.0.6_3 282.84 | 874.69 | 0.20 | 0.500 | 0.500 | 1.500 | 3.000 | 1.100 | 1.000

Materials with ro # roo
0.6_0.7_0.8 | 191.77 | 548.72 | 0.20 [ 0.4310.57510.345]1.379| 1.207 | 1.114
0.6_1.8_3 | 260.59 | 792.79 | 0.20 | 0.212] 1.061 | 0.637 | 2.547 | 2.929 | 1.505
1.5.2.25_3 | 262.53 | 799.87 | 0.20 1 0.344 | 0.689 | 1.033 | 2.585 | 2.843 | 1.131
1.5.275_4 | 277.49 | 854.85 | 0.20 10.289]0.770 | 1.155 | 2.887 | 3.442 | 1.171
0.5_2.25_4 | 282.47 | 873.30 | 0.20 | 0.166 | 1.330 | 0.664 | 2.992 | 4.115 | 1.678

1.5.33 262.53 | 799.87 | 0.20 | 0.344 1 0.689 | 1.033 1 2.585 | 3.618 | 1.130
1.2.25.35 | 264.11 | 805.65 | 0.20 | 0.249]0.87210.872|2.616 | 3.083 | 1.275

Table 4. Designation of the materials with ro # 90 with n = 0.10 and 0.35 and the respective parameters of
the Swift law and Hill’48 criterion. The stress path observed during the bulge test is also indicated. The
constitutive parameters are equivalent to those in Tables 1 and 2.

Parameters of the

Parameters of the Hill’48 criterion

Material Swift law

o K n F G H L=M N o/ o1
192.73 | 326.17 | 0.10 | 0.436 | 0.580 | 0.348 | 1.393 | 1.219 | 1.117

0.6_0.7_0.8
194.65 | 12153 | 0.35 [ 0.444 | 0.592 | 355 | 1.421 | 1.244 | 1.108
27893 | 489.83 | 0.10 | 0.292 | 0.778 | 0.666 | 2918 | 4.128 | 1.173

1.5. 275 4
279.93 | 2001.81 | 0.35 | 0.292 | 0.778 | 1.167 | 2918 | 3.478 | 1.171
275.69 | 483.56 | 0.10 | 0.158 | 1.267 | 0.633 | 2.850 | 3.9197 | 1.712

05225 4
281.42 | 2026.00 | 0.35 [ 0.164 | 1.321 | 0.659 | 2.970 | 4.085 | 1.680
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In summary, when both principal stress, o1 and o, are known (i.e. when the
stress path is known), the equivalent stresses determined by the Hill’48 criterion (equation
(8)), using the parameters in Tables 3 and 4, and by the von Mises criterion (equation (11))
are equal. In case of the bulge tests of the materials with 7y = r9o, the stress path is known a
priori (equal to 1), which allows using equation (13) for determining the equivalent stress (
0 = o1 = o2). For materials with ry # r9o, the stress path is unknown a priori and the usual
alternative to determine the equivalent stress, assuming equibiaxial stress path [21], leads to
inevitable errors. In the next sections, these issues are analysed and the errors due to this

assumption are quantified for the materials under study with 7o # r9o.

6.1. In-plane isotropic materials and materials with ro =
Foo

In case of in-plane isotropic materials and materials with ry = roo, the strain and
stress paths are known a priori , and equal to 1, and the equivalent yield surfaces are tangent
(see example of Figure 19 (a)). Under these context, a full equivalence is obtained between
the Hill’48 and von Mises criteria, for determining the hardening curve. In fact, for both
cases the principal stresses at the pole of the cap are equal and they can be calculated by
using the simplified equation of the membrane theory (equation (13)). Moreover, the
equivalent strain values are equal for both criteria, for the equibiaxial strain path. This is
illustrated in Figure 20 for the case of the material 3_3_3, which represents in the (&1; &)
space the lines with equal equivalent strain (£ =1), for the Hill’48 and von Mises criteria,

showing that the curves are tangent for the equibiaxial strain path (& = &).
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1.5

Figure 20. Curves of equivalent strain equal to 1, for the material 3_3_3 and the equivalent isotropic von
Mises material (see Figure 19 (a)). The dashed-dotted line represents the equibiaxial strain path.

Under these conditions, the biaxial curves, equivalent stress vs. equivalent strain,
are equal, whatever the criteria used, Hill’48 or von Mises, since the bulge test imposes &
= 2& =2& and ¢ = o1 = o2 (equation (14)). From the experimental point of view,
mechanical or optical devices can be used for measuring the principal strain values in the
sheet plane, which are equal for both axes (Ox and Oy).

Figure 21 shows the hardening curves of the materials in Table 3 with ro = r9o
and the points obtained using the membrane theory under isotropy conditions, as

experimentally. The respective error in equivalent stress is shown in Figure 22. This error is
defined as: Error =(&,, —&,,)/G,, (where G, and G, are the equivalent stresses

estimated by the input hardening law and from the membrane theory, respectively). The
results are equal when using the Hill’48 for calculating the equivalent stress and strain values
(equations (8) and (9), respectively). That is, the use of the isotropic von Mises criterion for
determining the hardening curve is fully justified for materials with »o = r90. The observed
errors arise from the determination of the radius of curvature and the use of the membrane

theory approach under bulge test conditions.
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Figure 21. Comparison between the hardening laws in Table 3 (lines) and the results with the membrane
theory (symbols), whatever the criterion used for determining the equivalent stress and strain (von Mises or
Hill’48) for: (a) in-plane isotropic materials (ro = ras = r90); (b) materials with ro = roo # ras. The hardening
coefficient of the materials is n = 0.20.
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Figure 22. Evolution of the error in stress for the cases in Figure 21 for: (a) in-plane isotropic materials (ro =
745 = r90); (b) materials with ro = reo # r45. The hardening coefficient of the materials is n = 0.20.

6.2. In-plane anisotropic materials with ro # rgo

The materials with planar anisotropy such that o # r90 are now analysed. In these
cases the stress and strain paths are different from 1 (see Figures 16 and 17) and the
simplified equation of membrane theory (equation (13)) does not allow calculating the

stresses o1 and o». Alternatively, the use of the equation (1) requires the knowledge of the
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stress path, in order to obtain the stresses o1 and o». Besides, equation (1) assumes a linear
relationship between o» and o1 with slope equal to -1 (o1 = o2 = p), and its interception with
the equibiaxial stress line corresponds to the stress determined by using the simplified
equation of the membrane theory (equation (13)). This is illustrated in Figure 23 for the case
of the material 0.5_2.25_4, which shows the initial yield surface of the Hill’48 anisotropic
material, the equivalent von Mises surface that crosses Hill’48 surface at the point
corresponding to the observed stress path, and the von Mises surface corresponding to an
equivalent stress equal to the determined using the simplified equation of the membrane
theory (equation (13)), i.e. when considering ¢ = o1 = o». The equivalent stresses
corresponding to both von Mises surfaces can be significantly different, depending on the

anisotropy of the material.
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Figure 23. Initial yield surfaces of the material 0.5_2.25 4 (black solid line) and two isotropic materials with:
(i) equivalent stress equal to that of the anisotropic Hill’48 material (dashed line) and (ii) equivalent stress
equal to the one determined using the simplified equation of the membrane theory (equation (13) —
dashed-dotted line). The biaxial stress path observed during the bulge test (black solid line) and the
equibiaxial stress path (grey solid line) are also indicated. The line with negative slope corresponds to the
equation (o2 + o1 = constant, i.e. equation (1) at a given moment of the test).

Moreover, the results show that the equivalent strains obtained using Hill’48 or
von Mises yield criterion (equations (9) and (12) (or (14)), respectively) are different for
materials with 7o # roo. This is illustrated in Figure 24 for the case of the material 0.5_2.25_4,
which shows, in the (&1; &) space, the lines with equal value of equivalent strain (£ =1), for
the Hill’48 and equivalent von Mises criteria. The lines with equal equivalent strain intersect

each other at a point other than that corresponding to the observed strain path. The difference
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in equivalent strains can be higher that 10% for the extreme case of the studied materials

(11.6% in case of the material 0.5_2.25_4).

-1.0 | ——0.5.225_4
vM

-1.5

-1.5 -1.0 -05 0.0 0.5 1.0 1.5
&1

Figure 24. Curves of equivalent strain equal to 1, for the material 0.5_2.25_4 (black solid line) and the
equivalent isotropic material (grey solid line). The observed strain path (solid straight line) is also indicated
as well as the equibiaxial strain path (dashed-dotted straight line).

Figure 25 shows the ratio between the von Mises and Hill’48 equivalent strains
as a function of the strain (Figure 25 (a)) and stress (Figure 25 (b)) paths, observed for all
materials with ro # ro0 and hardening coefficients studied. This ratio follows a quasi-linear
relationship with the stress path, but this does not occur with the strain path. For materials
with strain and stress paths close to 1, both equivalent strains are nearly equal. Differences
between von Mises and Hill’48 equivalent strains are clearly noticeable only for the stress
paths higher than about 1.1 (or strain paths lower than about 0.95). In summary, the von
Mises equivalent strain is always higher than the Hill’48 equivalent strain. Thus, the
hardening curves determined can be significantly inaccurate, when resorting to the von

Mises definition of equivalent strain, as will be seen below.
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Figure 25. Ratio between the equivalent strains determined by von Mises and Hill’48 for all anisotropic
Hill'48 materials studied, as a function of: (a) strain path; (b) stress path. The dashed lines highlight the
trend of the evolutions.

In order to test the commonly used methodologies for determining the hardening
curve in experimental tests, which use the von Mises criterion and assumes that o» = o1,
different approaches are analysed, according to the measuring system available:

1) The measurement of the strain and radius of curvature are performed using
mechanical devices, i.e. an extensometer and a spherometer. In this case, only one strain
value is measured, generally in the rolling direction, &, and the equivalent strain is
determined by equation (14) (where ¢ = 2¢&1). The equivalent stress is calculated from the
membrane theory (equation (13)) considering o = o1 = 0».

i1) The measurement of the strain and radius of curvature are performed using an
optical device, as recommended by ISO 16808:2014 [21]. In this case it is possible to assess
both principal strains & and &, in order to calculate the equivalent strain using equation (12).
However, the evaluation of the corresponding principal stresses using the membrane theory
(equation (1)) needs the knowledge of the yield criterion and respective parameters (under
the observed condition p = p1 = ), in order determine the stress ratio from the measured
strain ratio (equations (6) or (7) for the Hill’48 criterion). This is not generally the case under
experimental conditions, and so the membrane theory is used considering o = o1 = o
(equation (13)). This case becomes quite similar to case (i), unless both principal strains in
the sheet plane are known, and so equation (12) is used instead of equation (14) for
determining the equivalent strain; the equivalent stress has the same value as in case (i).

In this context, the hardening curves of the in-plane anisotropic materials are

now determined using the two previously mentioned approaches. The points of the hardening
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curve obtained during the test are compared with the hardening curve of the materials (Tables

3 and 4). Figures 26 (a) and 27 (a) compares the hardening curves of the materials in Table

3 (with the hardening coefficient n = 0.20), with results obtained from the membrane theory

(equations (13)) and von Mises criterion, considering (as above mentioned): (i) £ =2¢& with

the principal strain & measured along Ox (Figure 26 (a)); (i) £ determined by the equation

(12) from the measured values of the principal strains (&1 # &) (Figure 27 (b)). Figures 26

(b) and 27 (b) show the evolution of the error in equivalent stress with the equivalent strain,

corresponding to Figures 26 (a) and 27 (a). The errors in equivalent stress are relatively high

in both approaches for the materials with 7o < 1 and 790 > 1, simultaneously. For the material

0.5 2.25 4, the errors attain about 12 % in Figure 26 (b) and 10% in Figure 28 (b).
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Figure 26. (a) Comparison between the hardening laws in Table 3 (lines) and the results with the membrane
theory (symbols) with o1 = o2 = o (equation (13)) considering, for the equivalent strain determination, the
value of ¢in equation (14) equal to the measured value of &1; (b) Evolution of the error in equivalent stress

with the equivalent strain. The hardening coefficient of the materials is n = 0.20.
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Figure 27. (a) Comparison between the hardening laws in Table 3 (lines) and the results with the membrane
theory (symbols) with o1 = o2 = o (equation (13)) considering, for equivalent strain determination, the
measured values of &1 and & in equation (12); (b) Evolution of the error in equivalent stress with the
equivalent strain. The hardening coefficient of the materials is n = 0.20.

It is important to understand the meaning of the errors shown in Figures 26 (b)

and 27 (b), i.e. the manner in which the isotropy assumption commonly used in the

experimental analysis, with o1 = o2 and the von Mises criterion, contributes to these errors

in equivalent stress. In this context, Figure 28 (a) compares the hardening laws in Table 3

with the results obtained taking into account the Hill’48 criterion, the observed stress and

strain paths at the pole of the bulge test and the general equation of the membrane theory

(equation (1)). Figure 28 (b) shows the respective errors in equivalent stress. It should be

highlighted again that, in general, this is not the experimental case, i.e. the anisotropic

Hill’48 criterion and respective parameters that describe the anisotropy of the material are

usually unknown.
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Figure 28. (a) Comparison between the hardening laws in Table 3 (lines) and the results obtained with the
membrane theory (symbols) using the Hill’48 stress and strain definitions; (b) Evolution of the error in
equivalent stress with the equivalent strain. The hardening coefficient of the materials is n = 0.20.

As for materials with 7o = 9o, the errors in stress in Figure 28 (b) arise from the
determination of the radius of curvature and the use of the membrane theory approach under
bulge test conditions. Thus, it is appropriate to state that the differences of error in stress
between Figure 28 (b) and Figure 27 (b) are due to the approaches used for the equivalent
stress and strain determination, using respectively von Mises (combined with equation (13))
and Hill’48 (combined with equation (1)) definitions. In this context, it can be concluded
that the errors obtained with the approaches used in Figures 26 and 27 (b) are not negligible,
particularly in the case of materials 0.6 1.8 3 and 0.5 2.25 4.

Figures 29 to 34 show the same kind of results, as for materials with hardening
coefficient n = 0.20 (Figures 26 to 28), but for the three anisotropic materials studied, with
n=0.10 and 0.35 (see Table 4). The errors in stress follow the same trend although showing
slight differences from those of materials with n = 0.20. Also, the comparison of the results
obtained with von Mises criterion with those from Hill’48 criterion leads to similar

conclusions that for materials with n = 20.
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Figure 29. Comparison between the hardening laws in Table 4 (lines) and the results with the membrane

theory (symbols) with o1 = 02 = o (equation (13)) considering, for the equivalent strain determination: (a)

the value of £in equation (14) equal to the measured value of &i1; (b) the measured values of &1 and & in
equation (12). The hardening coefficient of the materials is n = 0.10.
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Figure 30. Evolution of the error in equivalent stress corresponding to Figure 29, considering for the

equivalent strain determination: (a) the value of £in equation (14) equal to the measured value of &1 — see
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Figure 29 (a); (b) the measured values of &1 and & in equation (12) — see Figure 29 (b). The hardening
coefficient of the materials is n = 0.10.
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Figure 31. (a) Comparison between the hardening laws in Table 4 (lines) and the results obtained with the
membrane theory (symbols) using the Hill’48 stress and strain definitions; (b) Evolution of the errors in
equivalent stress with the equivalent strain. The hardening coefficient of the materials is n = 0.10.
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Figure 32. Comparison between the hardening laws in Table 4 (lines) and the results with the membrane
theory (symbols) with o1 = o2 = o (equation (13)) considering for equivalent strain determination: (a) the
value of ¢in equation (14) equal to the measured value of &1; (b) the measured values of &1 and & in
equation (12). The hardening coefficient of the materials is n = 0.35.
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Figure 33. Evolution of the error in equivalent stress corresponding to Figure 32, considering for equivalent
strain determination: (a) the value of £in equation (14) equal to the measured value of & — see Figure 32
(a); (ii) the measured values of &1 and & in the equation (12) — see Figure 32 (b). The hardening coefficient

of the materials is n = 0.35.
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Figure 34. (a) Comparison between the hardening laws in Table 4 (lines) and the results obtained with the
membrane theory (symbols) using the Hill’48 stress and strain definitions; (b) Evolution of the errors in
equivalent stress with the equivalent strain. The hardening coefficient of the materials is n = 0.35.

In summary the commonly experimentally used approaches to determine the
hardening curve from the bulge test, using the von Mises criterion and the assumption of
equibiaxial stress (and also often equibiaxial strain), can lead to relatively high errors, in
case of in-plane anisotropic materials with ro # r90, especially when the axis of the Hill’48

ellipse in space (oxx; Gyy) is relatively far away from 45°.
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6.3.Is it possible to improve the determination of
the hardening curve?

In order to answer to this question, the materials studied in the previous sections,
with anisotropy described by Hill’48 materials with hardening coefficient equal to 0.20, 0.10
and 0.35, are firstly analysed. Figure 35 plots the stress path vs. strain path of these materials,
from the average values of the results previously shown in Figures 16 and 17. Figure 35
shows that it is possible to fit a power law to stablish a correlation between the observed
stress and strain paths, which allows a relatively accurate determination of the stress path
from the strain path. This can consist of a good enough procedure to determine the stress
path from the experimental measured strain path, as an alternative to the associated flow rule
that needs the knowledge of the anisotropic yield criterion and the respective parameters of

the material. Figure 35 also shows a power law (solid line) with exponent equal to -2:

& (ijz . (25)

o, &
This equation, with exponent -2, is chosen (instead of the exponent -2.30 which corresponds
to the fitted power law) for determining the stress path from the measured strain path. In
fact, equation (25) ensures that all points in Figure 35 are very close or above the line defined
by this equation, which is not the case of the fitted equation with exponent equal to -2.30.
Therefore, equation (25) safeguards excesses in determining the stress path, i.e. seeks that
the evaluated hardening curve is between the determined, as in Figures 28, 31 and 34, and
as in Figures 27, 29 (b) and 32 (b). Moreover, it safeguards the cases of materials with
anisotropic behaviour described by other criteria than Hill’48, for which the fitted power law
may also overestimate the stress path. In summary, to ensure that this rarely occur, equation
(25) 1s suggested to be used instead of the fitted power law. Further ahead, in this section,

equation (25) will be tested for a non-quadratic yield criterion, the Drucker+L criterion [36].
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Figure 35. Stress path vs. strain path for Hill’48 materials, with n = 0.10, 0.20 and 0.35. The fitted curve
(dashed line) and respective parameters is also shown. The lower curve (solid line) corresponds to equation
(25).

In the following, the use of equation (25) is tested in case of Hill’48 materials
with 7o # r90, in order to examine its performance in the prediction of the stress path from the
known strain path. For such purpose, equation (25) is combined with equation (6) (or (7)).
Figures 36 (a) show the predicted stress paths (lines), as a function of ro/r9o, for the various
values of 7o (ro = 0.5, 0.6 1.0, and 1.5) studied in this work. This figure, also shows the
observed stress paths for the materials considered in this work (points), which agree with the
predicting curves. The stress paths (points) determined by equation (25), directly from the
measured strain path, are shown in the Figure 36 (b) and compared with the predicting
(lines), as in Figure 37 (a). For most cases, equation (25) allows determining with enough
accuracy the stress path at the pole, from the measured strain path. Moreover, the points in
Figure 36 (b) are very close or below the corresponding line. It should be mentioned the case
of material 0.5 2.25 4 with n = 0.10 (black filled triangle in the Figure 36 (b)), for which
the strain path is poorly estimated (this case corresponds to the point in Figure 35, further
away from the trend defined by the fitted power law). In all other cases, the stress path is in
general well estimated, and never is significantly overestimated.

In summary, it turns out that in experimental cases of the bulge test, the yield
criterion and respective parameters of the material under study are not known. But it is
possible to assess the principal strains in the sheet plane by using an optical measurement

system and, consequently, the stress path at the pole by using equation (25).
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Figure 36. Stress path as a function of the ratio ro/reo, for different values of ro (ro = 0.5: black solid lines and
black filled symbols; ro = 0.6: dark grey solid lines and dark grey filled symbols; ro = 1.0: light grey solid lines
and light grey filled symbols; ro = 1.5: black dashed lines and open symbols). The lines in both figures
represent the stress paths predicted from equations (7) and (25), and the symbols represent the stress
paths: (a) numerically measured; (b) determined by equation (25), from the measured strain paths. The
circles, triangles and squares correspond to materials with n = 0.20, 0.10 and 0.35, respectively.

Now, the use of the equation (25) to improve the determination of the work
hardening curve, presuming that the strain path is measured by digital correlation image
technique [21], is analysed. Since the stress path is known, the equivalent stress can be
determined using equations (1) for determining o1 and o» and then equation (11). The
remaining question is the determination of the equivalent strain. This is generally done using
the von Mises criterion. However, as can be seen by comparing, for example, the strain gap
between the corresponding points in Figures 27 (b) and 28 (b), the value of equivalent strain
depends on the yield criteria (see also Figures 24 and 25). In this context, there exists a
simple way to determine the equivalent strain regardless of the yield criterion. In fact, it can
be shown that for linear stress and strain paths, which is approximately the case for the bulge

test (see Figures 16 and 17), the definition of plastic work leads to the following relationship:

0,6 +0,6,=0C €. (26)
The difference in the equivalent strain obtained by using the equation (26) when compared
with equation (9) is negligible (less than 0.3%) for the Hill’48 materials of Tables 3 and 4,
which shows that the slight change of the strain path observed during the test does not
significantly affects this calculation.
In summary, the measurement of the strain path during the bulge test, which can

be performed by means of an optical device, allows to determine the stress path by using
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equation (25), that combined with equation (1) gives the principal stresses and, consequently,
the von Mises equivalent stress (equal to the equivalent stress of the anisotropic yield
criterion; see Figure 19 for von Mises and Hill’48 criteria). Finally, equation (26) allows
determining the equivalent strain. This allows for a very accurate determination of the
hardening curve whatever the anisotropic yield criterion that describes the anisotropy of the
material, as shown below.

Figure 37 (a) shows the hardening curves of materials in Table 3 with ro # roo
and n = 0.20, and the obtained points using the suggested strategy, i.e. using equations (25)
and (26). The respective errors in stress are show in Figure 37 (b). These errors are less than
those in Figures 26 and 27, and quite similar to those in Figure 28, in which they arise almost
entirely from the radius of curvature determination and the use of the membrane theory
approach under bulge test conditions.

In order to better quantify the error in equivalent stress due to the procedure now
proposed, i.e. isolate this error from other sources, the difference in equivalent stress error
between those in the Figure 37 (b) and in the Figure 28 (b) are shown in the Figure 38. This
difference of error, lower than 1.5%, for the materials 0.6_0.7_0.8, 0.6_1.8_3 and
0.5_2.25_4, and lower than 0.5%, for all the other materials, shows the capability of the

proposed methodology for determining the hardening curve.
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Figure 37. (a) Comparison between the hardening laws in Table 3 (lines) and the results obtained with
membrane theory (symbols) using the equations (25) and (26) for the materials with n = 0.20; (b) Evolution
of the corresponding errors in equivalent stress with the equivalent strain.
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Figure 38. Difference of error between Figure 37 and Figure 28, for the materials with n = 0.20 (Table 3).

Similarly to Figure 37 (a), Figure 39 (a) and 40 (a) show the hardening curves
of the materials with n = 0.10 and 0.35 (Table 4), having ro # r9o and the obtained points
using the suggested strategy, using equation (25) and (26). The respective errors in
equivalent stress are shown in Figures 39 (b) and 40 (b). For the case of the material
0.5_2.25_4, the level of error is still relatively high, but lower than that obtained using the
procedure proposed by ISO standard (Figure 33 (b)). The difference in equivalent stress error
between those in Figures 39 (b) and 40 (b), and those in Figure 31 (b) and Figure 34 (b),

respectively, are shown in Figure 41 (identical to Figure 38 but for n values equal to 0.10,

Figure 41 (a), and 0.35, Figure 41 (b)).
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Figure 39. (a) Comparison between the hardening laws in Table 4 (lines) and the results obtained with
membrane theory (symbols) using equation (25) and (26) for the materials with n = 0.10; (b) Evolution of
the corresponding errors in equivalent stress with the equivalent strain.
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Figure 40. (a) Comparison between the hardening laws in Table 4 (lines) and the results obtained with
membrane theory (symbols) using equation (25) and (26) for the materials with n = 0.35; (b) Evolution of
the corresponding errors in equivalent stress with the equivalent strain.
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Figure 41. Difference of error between: (a) Figure 39 (b) and Figure 31 (b), for the materials with n
=0.10 (Table 4); (b) Figure 40 (b) and Figure 34 (b), for materials with n = 0.35 (Table 4).

Other materials with the anisotropic behaviour described by a non-quadratic
yield criterion, the Drucker+L criterion (equations (19), (20) and (21)), and the hardening
behaviour described by the Voce law (equation (22)) are now analysed. Two examples are
selected with flattened and sharp yield surfaces in the region around the equibiaxial stress
path, and so significantly different from the Hill'48 yield surface. The constitutive
parameters of the Drucker+L criterion and the Voce law of these materials are given in
Tables 5 and 6, respectively. The hardening curve corresponds to the determined for the

observed stress path. Figure 42 shows the evolution of the anisotropic coefficient in the sheet

plane and Figure 43 displays the yield surfaces in the space (o-m / o, 50, / 000) .

Table 5. Designation of the materials and the respective parameters of Drucker+L criterion.

Parameters of the Drucker+L criterion
Designation
Ci C2 Cs Cs=0GCs Ce
c=2 0.750 1.547 1.149 1.281 1.450
c=-2 0.737 1.518 1.127 1.383 1.423
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Table 6. Parameters of Voce law and average values of the observed stress and strain paths for the
Drucker+L materials in Table 5.

Parameters of the Voce law Stress and
Designation strain paths

Osat Riat Cy o/ o1 ala

c=2 657.47 348.59 7.01 1.367 | 0.908

c=-2 709.73 376.30 | 7.565 1.665 | 0.773
12
10
8
S 6
4
2

0 L L L L L
0 15 30 45 60 75 90
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Figure 42. Distribution of r« in the sheet plane, for the Drucker+L materials in Table 5: c=2and c =-2.
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Figure 43. Normalized initial yield surfaces in the plane (o-n/o-o0 ;o-yy/aoo) of the Drucker+L

materials with ¢ = 2 and c = -2. The observed stress paths are also shown.
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Figure 44 (a) shows the hardening curves of the materials with behaviour
described by the parameters shown in Tables 5 and 6 and the points obtained by the
suggested strategy. The respective errors in equivalent stress are show in Figure 44 (b).
Figure 45 show the results obtained from the membrane theory (equations (13)) and von
Mises criterion, considering & determined by equation (12) from the measured values of the
principal strains (& # &), as recommended by ISO 16808:2014. In this case the errors are
higher than the obtained with the suggested strategy, for both materials. In particular, the
error can attain about 9%, for the material with ¢ = -2. Figure 46 shows the results obtained
with the membrane theory (equation (1)), taking into account the observed stress and strain
paths; the equivalent stress was determined using the Drucker+L definition and the
equivalent strain using the equation (26). The errors of the suggested strategy (Figure 44 (b))

are quite similar to those in Figure 46 (b) and smaller than 2%, for both cases.
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Figure 44. (a) Comparison between the hardening laws of materials in Table 6 (lines) and the results
obtained with the membrane theory (symbols) using the equations (25) and (26) for Drucker+L materials;
(b) Evolution of the corresponding errors in equivalent stress with the equivalent strain.
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Figure 45. (a) (a) Comparison between the hardening laws of materials in Table 6 (lines) and the results with
the membrane theory (symbols) with o1 = o2 = o-(equation (13)) considering for equivalent strain
determination the measured values of &1 and & in equation (12); (b) Evolution of the error in equivalent

stress with the equivalent strain.
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Figure 46. (a) Comparison between the hardening laws of materials in Table 6 (lines) and the results
obtained with membrane theory (symbols) using the Drucker+L equivalent stress definition and equation
(26); (b) Evolution of the error in equivalent stress with the equivalent strain.

Finally, in order to quantify the error in equivalent stress due to the suggested
procedure, i.e. isolate this error from other sources, Figure 47 show the error difference in
equivalent stress between those in Figures 44 and 46. This difference of error is always

inferior to 2.5%, which shows the capability of the suggested methodology for determining
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the hardening curve, as in case of materials described by the Hill’48 criterion and the Swift

law.
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Figure 47. Difference of errors between Figure 44 and Figure 46, for the Drucker+L materials whose
behaviour is described in Tables 5 and 6.

7. CONCLUSIONS

An extensive numerical study involving materials with various isotropic and
anisotropic behaviours in the sheet plane, described by the Hill’48 criterion, and hardening
behaviour described by the Swift law, with three hardening coefficients, n = 0.10, 0.20 and
0.35, was performed in order to determine the hardening curve and respective errors in stress,
when using the traditional procedures for analysing the bulge test results. These anisotropic
behaviours comprise isotropy in the sheet plane, with ry = r45 = roo, and anisotropy in the
sheet plane, with ro = roo # ras and with ro # reo. Two anisotropic materials, described by the
Drucker+L criterion, and the hardening behaviour described by Voce law are also analysed.

The analyses of the geometry of the cap shows that, at each moment of the test,
the geometry is identical for both orthotropic directions in the sheet plane, whatever the
material anisotropy. This allows simplifying the use of the membrane theory (p1 = o, in
equation (1)), since the radius of curvature is equal for both principal axis, O and O, parallel
to the orthotropic axes, Ox and Oy. Also, the sheet thickness as well as the equivalent stress
and strain are equal, along both orthotropic axes, up to a relatively large distance from the

centre of the cap.
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The principal stresses and strains along both orthotropic axes, and particularly at
the pole of the cap, are equal in the case of materials with ro = r9o, as would be expected, but
different in case of materials with ro # roo. In this latter case, the inability of occurrence of
biaxial stress and strain paths is a natural consequence of the normality condition between
the stress and the increment of strain.

The errors associated with the approach traditionally used, which considers
equibiaxial stress (and eventually strains) paths at the pole of the cap, isotropy and the
simplify equation of the membrane theory, were quantified according to the anisotropy of
the sheet. Moreover, an empirical equation for the circular bulge test relating the stress path
with the strain path at the pole of the cap (o»/c1 = (&2/&1)?) is suggested to be used, regardless
of the yield criterion that better describes the anisotropic behaviour of the material. This
equation is based on Hill’48 results, but it was tested for a non-quadratic criterion, the
Drucker+L criterion. It allows determining the stress path based on the knowledge of the
strain path, which can be assessed by digital image correlation. In this context, the use of the
simplified equation of the membrane theory (equation (13)) can be overcome by using
equations (1) and (25), which greatly improves the accuracy of the estimate hardening curve,
mainly in case of materials with strong anisotropy. It is also suggested an alternative to
determine the equivalent strain based on the plastic work definition, to be used under the

condition that both stress and strain paths are known.
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Innovative Development

3.3. On the determination of the work hardening curve using
the bulge test

This subchapter contains the paper "On the determination of the work hardening curve
using the bulge test", published in International Journal of Mechanical Sciences. In this
study, various material behaviours and die geometries were used in order to develop
analytical models for relating the radius of curvature and sheet thickness with the pole height
during the bulge test. Numerical and experimental validation of the models was performed
using the own and literature results. This approach enables the properly assess the hardening

curve and allows simplifying the experimental procedure.
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Hydraulic bulge test represents nowadays an important means to obtain higher accuracy on material
characterization. One reason is the possibility of using the obtained biaxial stress—strain data to largely
extend the hardening information extracted from the tensile test. The other reason is the use of biaxial
data as input information when determining parameters for current most advanced yield criteria.

This contribution aims to obtain the material stress—strain hardening curve from the bulge test using
a simpler experimental equipment, in which the output data is the hydraulic bulge pressure and the pole
bulge height. This information is used to determine the sheet thickness and corresponding radius of
curvature at the pole of the cap, which is the needed data to calculate the biaxial stress-strain curve, the
stress being determined based on Laplace's equation from the membrane theory, a standard approach for
this kind of analysis.

Analytical models are proposed relating the radius of curvature and the sheet thickness with the pole
bulge height. These models are based in an extensive analysis of different material behaviors, which in
turn are related to characteristic properties of sheet metals, as well as different geometries of bulge test.
Geometric variables include bulge die diameter and the fillet radii located at the entrance of the die. The
analytical formulas also include the material variables associated with the hardening behavior and the
sheet anisotropy, with different interaction and weighting impact.

The extensive study also permits a deeper theoretical understanding of relations among the inter-
connecting variables and their influence on the accuracy of sheet thickness and radius of curvature
determination, which directly influences the obtained biaxial stress-strain curve. This means, for
example, the understanding between sheet thinning evolution or bulge curvature evolution during
bulging and the corresponding relation with material plastic properties, hardening and anisotropy.

The validation of the methodology and the proposed analytical models is performed with experi-
ments, both from developed experimental system and also from literature with different bulge geometric
relations.
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Anisotropic metal sheets

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction The biaxial bulge test, under hydraulic pressure [2], can achieve
relatively high strain values before necking, allowing the definition

Finite element analysis is currently essential in the design stage  of the hardening law up to large plastic deformations. In the bulge

of sheet metal forming components. Its implementation, wide use
and contribution to better predictability in the design of sheet
metal forming processes depends on the accurate characterization
of the material properties [1]. Sheet metal mechanical behavior is
usually described using mathematical models, i.e. constitutive
laws, and for each material, the parameters of such models are
generally determined with resource to tensile and other mono-
tonous strain path tests, such as shear test and biaxial tension.

* Corresponding author. Tel.: +351239790700; fax: +351239790701.
E-mail addresses: luis.reis@dem.uc.pt (L.C. Reis),
marta.oliveira@dem.uc.pt (M.C. Oliveira), abel@fe.up.pt (A.D. Santos),
valdemar.fernandes@dem.uc.pt (J.V. Fernandes).

http://dx.doi.org/10.1016/j.ijjmecsci.2015.11.009
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test, the periphery of the metal sheet is restrained by a drawbead,
which prevents its radial displacement. Hydraulic pressure is then
applied to the metal blank, forming the sheet into a hemispherical
geometry without using a punch, thus, minimizing any influence
of contact with friction. The test conditions promote biaxial strain
paths at the pole of the cap, which is perfectly spherical in a region
close to the pole and inside a circle of constant latitude [3,4]. This
test can be used to obtain the strain limits defining the points of
Forming Limit Curves (FLC's) and to characterize the material
hardening behavior. Normally the region under study is limited to
the area around the pole of the cap, which using circular or
elliptical dies will allow a wide variety of the principal strain ratios
at the pole of the cap [5,6].
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The bulge test has been the subject of growing interest with a
great relevance on the characterization of strain hardening laws of
metal sheets. However, the identification of the parameters of the
hardening law presents some difficulties [7]. Various methodolo-
gies can be considered and several approaches have been devel-
oped and adopted over the years [8]. When determining the strain
hardening law of the material, using the membrane theory, it is
necessary to record the hydraulic pressure and evaluate the radius
of curvature and the sheet thickness at the pole, during the test. As
example of using different methodologies, the determination of
the sheet thickness can be performed based on strain measure-
ments at the pole or using mathematical models, which take into
account the geometry of the test [9,10]. Similarly, the radius of
curvature at the pole of the cap can be determined using direct
evaluation with different points at the pole or indirect evaluation
with mathematical models using total height at the pole [8,10,11].

Regarding the direct evaluation, the use of optical measuring
systems allows the description of the geometry and strain dis-
tributions on sheet surface during the bulge test. However, the
evaluation of the stress vs. strain curves depends on assumptions
and simplifications, whose assessment are still under study. For
example, in a recent study Mulder et al. [12] examine the validity
and the conditions for applying the membrane theory, which
includes issues such as: radii of curvature evaluation, coordinated
system for strain measuring to be used, equibiaxial stress state
assumption in case of in-plane anisotropic materials, existence of
bending stresses and through thickness stress due to the hydraulic
pressure.

This paper presents a numerical study of the hydraulic bulge
test with circular die, using the in-house finite element program
DD3IMP [13,14]. It is assumed that the radii of curvature are
evaluated at the mid-plane of the cap, the coordinated system for
strain measuring is aligned with the orthogonal axes of symmetry
of the sheet and the non-balanced biaxial stress state is deter-
mined with the corresponding strain ratio, which needs prior
knowledge of the shape of the yield surface [12]. In this context,
in-plane isotropic and anisotropic materials were described by
Hill'48 criterion. The aim of the work is to propose an approach for
analysing the results of the circular bulge test, in order to obtain
the stress at the pole of the cap with simple equipment and not
requiring further specific devices to determine the radius of cur-
vature and thickness at the pole. The influence of the mechanical
properties of the material as well as the geometry of the die on the
evolution of the radius of curvature and the sheet thickness with
the pole height is considered in this analysis.

2. Theoretical background

The analysis of the stress state near the pole of the metal sheet
during the bulge test, using either circular or elliptical dies, can be
performed with the aid of the membrane theory [15], as long as it
is satisfied a small ratio between the sheet thickness and the bulge
die, typically values lower than 1/50 [8,16]. Under these condi-
tions, the bending stress can be neglected and assuming that the
thickness stress o3 (=0y) is zero, a relationship between principal
stresses at the pole, the pressure and the geometry of the cap is
given by:
01,02 D
P1 +P2 t @
where o7 and o, are the principal stresses in the sheet surface
(assuming that the principal stress axes (0123) and anisotropy
axes (Oxyz) coincide), p; and p, are the radii of curvature, at half
thickness, in the Oxz and Oyz planes, respectively, p is the
hydraulic pressure and t is the sheet thickness.

In order to experimentally determine the strain hardening
curve, the evolution of the following variables need to be obtained
during the test: pressure, p, the radii of curvature, p; and p,, and
the sheet thickness at the pole, t. The thickness can be determined
based on the knowledge of the initial thickness of the sheet, tg,
and the thickness strain, €3, through the following equation:

t= toexp(—£3). (2)

The strain, &3, can be obtained from the measurement of the
principal strains in the sheet plane, €; and &, based on the con-
dition of volume constancy during plastic deformation:

e3=—(&1+¢&2). 3

Since the radii of curvature are experimentally evaluated on the
external surface of the cap, their correction should be done based
on the following equation [17]:

t
P = Pext _j’ (4)

where p is the radius of curvature at the half thickness of the cap,
and pex is the radius of curvature of the external surface of
the cap.

In the general case, i.e. anisotropic metal sheet, the membrane
theory equation (Eq. (1)), contains two unknown variables, 61 and
0>, Which requires an additional equation for its determination.
For metal sheets obeying to the Hill'48 criterion [18], this addi-
tional equation can be obtained by the plastic stress-strain rela-
tionships, assuming coincidence of the coordinate systems of
principal stress (0123) and anisotropy (Oxyz):

{dazmmwrmw+qm—@n

de; = dA[F(6;, —03)+H(62,—01)]’ ®

where F, G and H are the anisotropy parameters, de; and de; are
increments of plastic deformation in the sheet plane, parallel to
the Ox and Oy axes, respectively, and dA is a scalar factor of
proportionality.

In the bulge test, it can be assumed that 65=0 and, based on Eq.
(5), one can be written:

d€1 _ G1(G+H)—62H

de;,  —o1H+02(F+H) ®)

Consequently, Egs. (1) and (6) allow determining the principal
stresses, 07 and o5, in case of circular and elliptical dies, assuming
that the parameters, F, G and H of the Hill'48 criterion are known.

To calculate the equivalent stress, &, and the equivalent strain,
€, values that characterize the hardening behavior, the following
equations can be used [6,18]:

o =/(G+H)0? +(F+ H)o} —2H1 02, @

g—+/F G82—H83 2+G F&']—H€3 2+H FS]—G&'Z 2.
FG+GH+HF FG+GH~+HF FG+GH+HF

®

In case of isotropic materials, obeying the von Mises yield cri-

terion, the principal stresses, o, and o5, in bulge tests performed

either with circular or elliptical dies, can be calculated using Eq. (1)

and simplifying the Eq. (6), as follow:
de; 01-0.50;

de;  —050,+0y )

Similarly, the equivalent stress and strain can be calculated
using the following simplified equations (von Mises):

G =1/(01)* +(62)* — 06102, (10)
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€= (\/—:;)\/8%4-8%4—8]82.

Finally, in cases of circular die and isotropic materials or ani-
sotropic materials such that, the anisotropy coefficients at 0° and
90° degrees are equal (ro=rgp), the principal stresses are also equal
(61=02= o0), as well as the principal strains (¢;=¢€,= ¢) and
curvature radii (p1=p2= p), which simplifies Eq. (1) as follow:
_pp

2t

In these cases, Eq. (12) is sufficient to determine the principal

stresses in the sheet plane (6,=0,=0), without requiring any
additional equation.

Also, for materials with fully isotropic behavior, Egs. (10) and
(11) can be simplified (von Mises criterion):

an

o 12)

G=cand €= 2¢. (13)

Since the total strain present two additive components, elastic
and plastic, the elastic strain components, £ and &5, can be
removed from the measured strains, € and &,. Assuming isotropic
elastic behavior, the generalized Hooke's law, gives the elastic
strain components as:

1
5 =E[61 —U(02+03)]
o1 . (14
&E=F [o2 —U(01+03)]

Since in the bulge test it can be assumed that o3=0, this
equation can be written:

£ :%(01 —V03)
1 . (15)
& =g(02-vo1)

3. Numerical modelling

In order to perform the study concerning the methodology for
the evaluation of the strain hardening law using the circular bulge
test, numerical models of the test were built, which are defined in
this section. The geometry of the tools considered in the test is
schematically shown in Fig. 1, where Ry, is the die radius, R; the
die profile radius, Rp is the radius of the central part of the
drawbead and Rs the radius of the circular sheet. In fact, the

Deformed sheet metal

Blank Holder

Hydraulic Fluid
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geometry and the dimension of the die to perform the bulge test is
not standardized and different laboratories may use different
dimensions. In this context, various die geometries were chosen.
For example, one of the geometries was built based on experi-
mental bulge test used by [19] which a die radius of Ry;=75 mm
and die profile radius of Ry =13 mm, the radius of the central part
of the drawbead is Rp=95 mm and uses sheets with radius
Rs=100 mm.

Table 1 shows the dimensions of the die profile radius, R;, and
the die radius, Ry, for each studied geometry. Besides of the above
mentioned geometry, referred to as 75.0_13.00, two homothetic
geometries were selected, i.e. with the same relations between R,
and Ry, but different dimensions, a lower dimension being
50.0_8.6(6), and a higher dimension being 100.0_17.3(3). The
additional selected geometries were the die used by Chamekh
et al. [20], designated as 45.5_6.00, and two other geometries
designated as 75.0_6.25 and 105.7_6.35.

In all numerical models the tools were described using Bézier
surfaces, considering only one quarter of the geometry due to
material and geometrical symmetry conditions. However, in order
to simplify the analysis, the drawbead geometry was neglected
and its effect was replaced by a boundary condition imposing
radial displacement restrictions on nodes placed at a distance
equal to Rp from the center of the circular sheet, which has an
initial blank radius of Rs [21]. The contact with friction was
described by the Coulomb law with a constant friction coefficient
of 0.02 [22]. All numerical simulations were carried out with
DD3IMP in-house code [13,14] assuming an incremental increase
of the pressure applied to the sheet inner surface.

The blank sheet discretization was previously optimized [23]
considering the geometry with the die radius of Ryy=75 mm and
the die profile radius of Ry=13 mm. The in-plane finite element
mesh geometry is shown in Fig. 2. The sheet geometry was divided
into four main zones, in order to describe the central region of the

Table 1
Designation of the studied die geometries.

Designation: Ry;_R; Ry[mm] R{[mm)] R1/Rum Rs[mm)] Rp[mm)]
50.0_8.6(6) 50.0 8.6(6) 0.17 66.7 63.3
75.0_13.00 75.0 13.00 0.17 100.0 95.0
100.0_17.3(3) 100.0 17.3(3) 0.17 1333 126.7
45.5_6.00 45.5 6.00 0.13 60.7 57.6
75.0_6.25 75.0 6.25 0.08 100.0 95.0
105.7_6.35 105.7 6.35 0.06 140.9 133.9
Rg =100 mm
R, =95 mm
R, =75 mm

A

\

E
I
[
8
=4

Drawbead

Fig. 1. Bulge test, with the identification of the principal dimensions of the tool according to Santos et al. [7].
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Fig. 2. Geometry of the finite element mesh in the sheet plane showing: (a) the
four main zones (the dimensions are in mm) and (b) a general view of the mesh.

specimen with a regular and uniform grid discretization in the
sheet plane, using quadrangular elements. For the 75.0_13.00
geometry, this corresponds to a total of 5292 3D solid 8 node
elements, using two layers of elements through thickness. The
blank discretizations for other die dimensions were obtained using
a scaling factor for the in-plane finite element size, based on the R
values.

4. Results

Numerical simulations of the bulge test were performed for
materials with several plastic behaviors, using the die geometries
described in the previous chapter. The two next sections concern
the circular die designated as 75.0_13.00 geometry, for full iso-
tropic materials (Section 4.1) and materials with transverse ani-
sotropy (Section 4.2). The last section (Section 4.3) is related with
the study of every different geometry of Table 1, for isotropic
materials.

The materials under study have plastic behavior described by
Hill'48 yield criterion and hardening defined by Swift law [24]:

G=K@E+¢&)", (16)

where K, €9 and n are the parameters of this law, being n the work
hardening coefficient. The value of the parameter &q is assumed to
be 0.005. The elastic behavior is considered isotropic with a
Young's modulus, E=210 GPa, and a Poisson's ratio, v=0.30.

The analysis of the numerical simulation results was performed
in the same way that is usually done experimentally, i.e. using
step-wise measurements, namely, the radius of curvature at the
pole, pex:, is evaluated at several stages during the test, with the
aid of the NXT Defect Evaluator commercial code [25]. This soft-
ware allows the evaluation of surface curvature, based on the
coordinates of points located on the meridian plane. The surface
radius of curvature, pexr, Was analysed only along the Ox axis. In
case of transverse anisotropy, the geometrical and material sym-
metries make equal the evolutions of pe along the Ox and Oy
axes. In case of transverse anisotropy, the results show that the
curvature radius is also equal along both axes, Ox and Oy, and
therefore it is not influenced by material anisotropy, as it was
already reported in [26,27]. The radius of curvature at half thick-
ness, p, is determined using Eq. (4). During the test, the principal
strains in the sheet plane were determined by direct measurement
at the pole of the cap, as it can be experimentally performed using
digital image correlation technique (DIC), for example. This allows
the determination of sheet thicknesses based on the values of the
principal strains at the top of the cap, using Egs. (2) and (3).

Table 2
Materials and corresponding parameters of the Swift hardening law.

Designation oo [MPa] n
100_0.05_Z.Z 100 0.05
100_0.20_Z.Z 0.20
100_0.35_Z.Z 035
200_0.05_Z.Z 200 0.05
200_0.20_Z.Z 0.20
200_0.35_Z.Z 035
300_0.05_Z.Z 300 0.05
300_0.20_Z.Z 0.20
300_0.35_Z.Z 035
24
300_0.35_1.0
300 0.20 1.0
20 300 0.05 1.0
- = =200 035 1.0
16k = = —200_0.20_1.0
_ 200 0.05 1.0 _ .-
£ - = 100035 1.0 --"
= 127 - .= 100020 1.0
_, 100 0.05 1.0
8 r —-— -
4t P A
0 = ¢ 1 1 1 1 1
0 10 20 30 40 50 60

h [mm]

Fig. 3. Evolution of pressure, p, with pole height, h, for sheets of fully isotropic
materials with to=1.0 mm.

4.1. Isotropic materials in 75/13 die ratio geometry

The numerical simulation study of the bulge test is carried out
in this section with the circular die designated as 75.0_13.00
geometry. It is concerned with isotropic plastic materials having
different hardening law parameters. In this way, materials with
different values of yield stress and work hardening coefficient
were analysed, in order to study the influence of these parameters
on the results of the bulge test, particularly the evolutions of the
pressure, radius of curvature and thickness at the pole of the cap,
during the test.

Table 2 shows the parameters of the Swift law for the materials
under study. Three values of yield stress, 6o, were chosen, namely
100, 200 and 300 MPa as well as three values of work hardening
coefficient, n, namely 0.05, 0.20 and 0.35. In order to simplify the
analysis of the results in this section, the following designation is
adopted for the material in each test: "XXX_0.YY_Z.Z", where
“XXX” is the yield stress value, 6o, “0.YY” is the work hardening
coefficient of the material, n, and “Z.Z” is the initial sheet thick-
ness, to. For each material, three different values of thickness were
studied: 0.5, 1.0 and 2.0 mm.

In the following, examples of numerical results are presented
concerning the materials in Table 2. Fig. 3 shows the evolution of
the pressure, p, with the pole height, h, for 1.0 mm thick sheets.
Both parameters of the Swift law, 6y, and, n, influence the pressure
evolution during the bulge test. At the beginning of the test, higher
pressure evolution is related to higher yield stresses. Subsequently,
the level of the curves depends mainly of the work hardening
coefficient, for a given n value.

Fig. 4 shows examples of the evolution of the radius of curva-
ture, p, with the pole height, h, for 1.0 mm sheet thicknesses. At
the beginning of the test, the radius of curvature quickly decreases,
but its rate declines as the pole height increases, such that when
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Fig. 4. Evolution of radius of curvature, p, with pole height, h, for sheets with fully isotropic materials with t,=1.0 mm: (a) general view and (b) detail for values of pole

height greater than 20 mm.
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Fig. 5. Evolution of normalized radius of curvature, p/Ry;, with normalized pole height, h/Ry, for fully isotropic materials in Table 2 and initial thicknesses grouped by the n

values: (a) general view and (b) detail for normalized pole heights greater than 0.2.

the pressure approaches the maximum value, the radius of cur-
vature approaches to the radius of the die (Ry;=75 mm in Fig. 1).
Whatever the values of the yield stress and the work hardening
coefficient, the curves tend to be superposed at the beginning
of the test. But as the pole height increases, the curves tend to
separate from each another, depending on the work hardening
coefficient: materials with higher work hardening coefficient
present a higher radius of curvature for the same value of pole
height. These results indicate that it is possible to define a unique
curve for each value of work hardening coefficient, whatever the
yield stress of the materials. In other words, the successive geo-
metries of the cap, during the test, are identical for materials with
the same value of the work hardening coefficient.

The almost coincidence of the curves at the beginning of the
test is certainly associated with the fact that, at this stage of the
test, the magnitude of the plastic component of the strain is not
significant (relatively to the elastic component), i.e. the geometry
of the cap is still widely influenced by the elastic properties of the
material. For example, prior to the yield stress is attained, only the
elastic properties can influence such geometry. Nevertheless,
the beginning of the test is not an interesting stage regarding the
determination of the work hardening curve, since in experimental
bulge tests the value of radius of curvature at the pole of the cap, p,
is usually not enough accurate.

The results for the sheets with initial thicknesses of 0.5 and
2.0 mm (not represented in Fig. 4 for clarity) are entirely coin-
cident with those of the sheet thickness of 1.0 mm for the same
value of the work hardening coefficient, and so it is also possible to
define a unique evolution of p vs. h, for each value of work hard-
ening coefficient, whatever the initial sheet thickness (and the
yield stress as already mentioned). This is shown in Fig. 5, where p
and h are normalized by the die radius Ry.

The evolution of the sheet thickness at the pole of the cap
during the test was also analysed. Fig. 6 shows the evolution of the
thickness of the sheet at the pole, t, with the pole height, h, for all
materials under analysis and initial sheet thickness of 1.0 mm.
Also, these evolutions can be grouped by the value of the work
hardening coefficient, as for the radius of curvature. The materials
with higher work hardening coefficient present lower sheet
thickness variation, for the same pole height, whatever the yield
stress of the materials.

The same kind of behavior is observed for the other initial sheet
thicknesses (to=0.5 mm and 2.0 mm), providing that the thick-
ness, t, is normalized by the initial thickness of the sheet, to.
Having previous results in mind, it is possible to define a unique
evolution of t/ty vs. h/Ry, for each value of work hardening coef-
ficient, whatever the value of the initial sheet thickness (and the
yield stress, as already mentioned). The results are shown in Fig. 7.



L.C. Reis et al. / International Journal of Mechanical Sciences 105 (2016) 158-181 163

[ S Ty
0.8 =300 035 1.0 1‘!.‘&-
+3000.20_1.0 f’ "~
— 06} 300 0.05 1.0 -
g X200 0.35 1.0 .
< %200_0.20 1.0
041 -
200_0.05_1.0
€100 0.35_1.0
02 F -100 0.20 1.0
100 0.05_1.0
0 e

0 5 10 15 20 25 30 35 40 45 50 55
h [mm]

Fig. 6. Evolution of thickness, t, with pole height, h, for fully isotropic materials

with tp=1.0 mm.
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Fig. 7. Evolution of normalized sheet thickness, t/tp, with normalized pole height,
h/Ry, for all materials presented in Table 2 and initial thicknesses (t,=0.5, 1.0 and
2.0 mm), grouped by their n values.

Table 3
Designation of the materials with transverse anisotropy, the corresponding para-
meters of Hill'48 criterion and the ratio op/co.

Designation  Parameters of the Hill’48 Criterion

F G H L M N obloo
0.7.0.7_0.7_n 0588 0.588 0412 1.500 1500 1412 0.922
1_1_1_n 0500 0500 0500 1500 1.500 1.500 1.000
2.22n 0333 0333 0.667 1500 1.500 1.667 1.225
3.33.n 0250 0250 0.750 1.500 1500 1.750 1.414

In summary, for isotropic materials, the evolution of the nor-
malized sheet thickness and the normalized radius of curvature
with the normalized pole height are only influenced by the value
of the work hardening coefficient and are independent of the yield
stress and the initial thickness of the sheet.

4.2. Materials with transverse anisotropy in 75/13 die ratio geometry

The numerical simulation of the bulge test was also carried out
on metal sheets with transverse anisotropy. Therefore, the aniso-
tropy coefficient r, is constant (equal to and different from 1) in
the plane of the sheet (a the angle between the tensile direction
and the rolling direction). Concerning the die geometry, it is used a
circular die designated as 75.0_13.00. The study on the hardening
behavior includes materials presented in Table 2 and the initial
thickness of the sheet is 1 mm. Table 3 shows the designation
adopted for each material, the corresponding parameters of the
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Fig. 8. Evolution of pressure, p, with pole height, h, for materials with transverse
anisotropy and n=0.05, 0.20 and 0.35 (6p=200 MPa and t,=1 mm).

16 2200 0.35 3 3 3
ul 0200 0352 2 2
2111035
b o 80.7 0.7 0.7 035
7 333020
1 222020
g % 111020
S % 0.7.0.7_0.7.0.20
ol LY 333005
9 222005
al S 111005
-
- 0.7 0.7 0.7 0.05
L -
2 T w o &
0 . . .
0 02 0.4 0.6 0.8

h/Ry

Fig. 9. Evolution of normalized radius of curvature, p/Ry, with normalized pole
height, h/Ry;, for materials with transverse anisotropy and n=0.05, 0.20 and 0.35
(60=200 MPa and tp=1 mm).

Hill'48 criterion and the ratio 6,,/6o (Where oy, and o6, are the yield
stress in biaxial and uniaxial tension). The designation A_A_A_n
corresponds to a material with the anisotropy coefficient, r,, in the
sheet plane such that: rg=r45=rgg, and so the parameters of the
Hill'48 criterion obey to the condition F=G. The parameter n is the
work hardening coefficient. The condition F=G together with the
condition G + H=1, which is assumed for the materials in Table 3,
means that the tensile curves along any direction in the sheet
plane are coincident [28], whatever the value of the anisotropy
coefficient, r,, provided that the parameters of the work hardening
law 6¢ and n are the same.

Fig. 8 shows examples of the evolution of the pressure with the
pole height, for the cases of transverse anisotropy, with yield
stress, 6p=200 MPa and work hardening coefficients, n=0.05,
0.20 and 0.35. The higher the anisotropy coefficient, the higher is
the pressure required to achieve the maximum pole height, for a
given value of the work hardening coefficient.

Fig. 9 shows examples of the evolution of the normalized radius
of curvature, p/Ry, with the normalized pole height, h/Ry, for
materials with yield stress, 6o=200 MPa, and work hardening
coefficients, n=0.05, 0.20 and 0.35. These results are similar to
those of Fig. 5, for the materials with the same hardening coeffi-
cient, n, and so the evolution of p does not depend of the aniso-
tropy parameters. This means that the geometry evolution of the
cap during the bulge test does not depend on the anisotropy
coefficient of the material, and consequently, the evolutions of p/
Ry vs. h/Ry can be superposed regardless of the r, value.
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The evolution of the sheet thickness at the pole of the cap
during the test was also analysed. The values of the thickness at
different moments of the test were determined based on the
values of the principal strains (&, =¢&,) at the top of the cap. Fig. 10
shows the evolution of the normalized thickness of the sheet at
the pole, t/to, with the normalized pole height, h/Ry;, for the
transverse anisotropic materials with three values of work hard-
ening coefficient: n=0.05, 0.20 and 0.35. The results show that the
evolution of the normalized sheet thickness with the normalized
pole height depends, not only on the work hardening coefficient
(see also Section 4.1), but also on the anisotropy coefficient, r,.

The current results show that, unlike the work hardening
coefficient whose value influences the evolutions of the normal-
ized radius of curvature and the normalized sheet thickness during
the test, the anisotropy coefficient only influences the evolution of
the normalized sheet thickness with the normalized pole height.

4.3. Isotropic materials with different die ratio geometries

In this section, numerical simulations of the bulge test are
performed with several die geometries, corresponding to those
presented in Table 1. The material used in these simulations is an
isotropic metal sheet with yield stress, 6o=200 MPa, work hard-
ening coefficient, n=0.20 and the initial thickness is 1 mm.

In the next figures, the designation A_B_C_Ry;_R; corresponds
to a material with the anisotropy coefficient, r,, in the sheet plane
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Fig. 10. Evolution of normalized sheet thickness, t/to, with normalized pole height,
h/Ry, for materials with transverse anisotropy and n=0.05, 0.20 and 0.35
(60=200 MPa and to=1 mm).
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such that: rg=A, r45=B, rqo=C and A=B=C=1; Ry is the measure
of the die radius and R, is the die profile radius.

Fig. 11 shows the evolution of the pressure with the pole
height, for different die geometries. For a given ratio R,/ Ry, the
level of the curves decrease and reach higher values of bulge
height, when the R; (or Ry;) value increases (Fig. 11(a)). Moreover,
for a given value of Ry, the level of the curves pressure vs. pole
height decreases and higher values of bulge height are attained,
when the value of R; increases (compare curves for dies
75.0_13.00 and 75.0_6.25 in Fig. 11(b)), and for a given value of Ry,
the level of the curves decreases and higher values of bulge height
are attained, when the value of Ry, increases (compare curves for
dies 45.5_6.00, 75.0_6.25 and 105.7_6.35, with close values of R;,
in Fig. 11 (b)).

Fig. 12 shows the evolutions of the normalized radius of cur-
vature during the test that slightly depends on the ratio R;/Ry. In
fact, in cases of dies in which the ratio is equal, the results show a
unique trend, whatever the values of Ry, and R;. For the dies with
different ratios of Ry/Ry,, the results are very close at the beginning
of the test; then, depending on the ratio R;/Ry,;, they tend to move
away from each other; finally, they tend to overlap each other at
the end of the test, for high values of the normalized pole height.
The trend shows that the lower the R;/Ry ratio, the lower is the
level of the curves.

Fig. 13 shows the evolution of the normalized thickness during
the test. As for the evolution of the normalized radius of curvature,
the normalized thickness evolution shows the same trend in case
of dies with equal ratio R{/Ry;, whatever the values of Ry and R;.
Otherwise, when the ratio Ry/Ry is the lower the curves have
tendency to move down, particularly for high values of h/Ry.

In summary, the evolutions of the normalized sheet thickness
and the normalized radius of curvature with the normalized pole
height are influenced by the value of the ratio R;/Ry, and not by
the individual values of Ry or R;.

5. Equations for the evolution of p/Ry; vs. h/Ry and &ty vs. h/Ry

The determination of the principal stress, using the membrane
theory (Eq. (12)), needs the evaluation of the radius of curvature
and the thickness at the top of the cap, which requires the use of
appropriate equipment and corresponding data acquisition soft-
ware, which are not always fully available. As alternative, simpli-
fied equipment may be used to obtain only the evolution of the
pressure and total bulge height variables, but in this case the
radius of curvature and the pole thickness evolutions need to be
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Fig. 11. Evolution of pressure, p, with pole height, h, for different dies geometries: (a) homothetic dies and (b) different ratios Ry/Ry.
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Table 4
Parameters obtained for the Eqgs. (18), (20) and (21).

Eq. (18) Eq. (20) Eq. (21)
a 0.411050 b 1.948236 o 1.750625
a; 0.641438 b, 2.419649 I 2196396
as 0.226993 bs 1.272563 G 2.472235
a4 ~1.017913 by 0.230658 Ca 5.829536
bs 0.774585 cs 1125865
Cs 0.230658
¢ 0.774585
R? 0.9991 R? 0.9980 R? 0.9997

evaluated based on these variables. In this section some funda-
mental analytical equations are developed and proposed, relating
curvature and thickness with pressure and bulge height. They will
provide not only the possibility of using a simpler equipment for
hardening curve determination, but specially a better theoretical
understanding of the hydraulic bulge test and the relation among
its main variables and material parameters.

As seen in the previous sections, the evolution of the normal-
ized radius of curvature, p/Ry;, with the normalized pole height,
h/Ry, only depends of the work hardening coefficient, n, being
independent of the yield stress of the material, oy, the anisotropy
coefficient, r,, and the initial sheet thickness, to. But, the evolution
of the normalized thickness of the sheet at the pole, t/to, with the

normalized pole height, h/Ry;, depends on the work hardening
coefficient, n, and on the anisotropic coefficient, r,. In this context,
an approach able to avoid the experimental measurements, and
subsequent treatment, in order to determine the radius of curva-
ture at the pole of the cap during the bulge test, must take into
account the work hardening coefficient of the material, although it
can be independent of the material yield stress, the anisotropy
coefficient and the initial sheet thickness. At our knowledge, in the
literature, the work hardening coefficient is not considered in
equations relating the radius of curvature with the pole height.
Therefore, none of the previously proposed equations adequately
describe the current results. In this context, various types of
equations for radius of curvature determination were fitted to the
results of each group of materials in Fig. 5 (i.e. each n value).
Among the best fits, the following type of power law was chosen,
for its simplicity:

P ()
RM—01<RM> s

where a; and a, are fitting parameters. The results show that the
parameters a; and a, of these equations exhibit a quasi linear
evolution with the work hardening coefficient, n. This knowledge
leads to the choice of the equation, developed from Eq. (17), where

a7)
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the work hardening coefficient is included in the fitting:

p) azn+ay
m:(a1n+a2)<m> , (18)

where a,, a,, az and ay are the fitting parameters of the curve, and
n is the work hardening coefficient of the material. Fitting this
equation simultaneously to the three sets of results of Fig. 5
(n=0.05, 0.20 and 0.35), the following parameters were obtained,
as it can see in Table 4.

In case of the sheet thickness at the pole, its evolution with the
pole height shows a behavior dependent not only on the work
hardening coefficient, as shown in Fig. 7, but also dependent on
the anisotropy coefficient of the sheet, as shown in Fig. 10. At our
knowledge, only the equation by Chakrabarty and Alexander [29]
takes into account the work hardening coefficient when relating
the sheet thickness with the pole height, although the influence of
the anisotropy coefficient, r,, is never considered. The equation by
Chakrabarty and Alexander is written:

2-n

1t (19)

t, 2
o 1+ ()

Since this equation does not adequately describe the results of
the current study, two types of equations, based on the proposed
by Chakrabarty and Alexander but with a higher number of
parameters, were fitted to results of materials with different

values of work hardening coefficient (see Fig. 7) and anisotropy
coefficient (see Fig. 10):

r b3 —x
L I 20
to _1+b](%)b2 (20)
and

_ sy
t 1
to T+ (%)CZ-FC:; (%)64 ’ @D

where x and y are function not only of the work hardening coef-
ficient, n, but also on the anisotropy coefficient, r, =7, such that:

X =bynr+bsn 22)
and
y = CgNT+Cyn. (23)

In fact, the results in Figs. 7 and 10 show that the influence of
the work hardening and anisotropy coefficients on the evolution of
the normalized sheet thickness, t/ty, with the normalized pole
height, h/Ry, is similar (i.e. decreasing of n and r, lowers the level
of the curves t/ty vs. h/Ry), although having different magnitudes.
Moreover, the influence of the anisotropy coefficient on this evo-
lution decreases and seems to disappear when the value of the
work hardening coefficient approaches to zero (see Fig. 10). The
appropriateness of the Eqs. (20) and (21) for describing the evo-
lution of t/to, during the bulge test, was analysed with resource to
the results of tests with different values of work hardening and
anisotropy coefficients, which showed that the fitted exponents
(bs - x) and (cs - y) have a quasi-linear evolution with n and ry;
moreover, as the value of n decreases, the influence of r, value on
the value of the fitted exponents (bs - x) and (cs - y) decreases,
approaching zero. Moreover, the values of the parameters b; and
b,, of Eq. (20), and c3, ¢3, ¢3 and cg4, of Eq. (21), are stable regardless
of the values of n and r,. Fitting Eqgs. (20) and (21) to the results
of Figs. 7 and 10, the corresponding parameters are presented in
Table 4.

Table 5
Parameters obtained for the Egs. (24), (25) and (26).

Eq. (24) Eq. (25) Eq. (26)
a 0.411050 by ~3.460113 ) —3.665349
a; 0.551581 b, 2.547989 e 2.385952
as 0.545831 bs 2.419649 e 2196396
a4 0.226993 bs 1.272563 Ca 2472235
as ~0.356414 bs 0.230658 cs 5.829536
as ~0.956135 bs 0.774585 C6 1125865
¢ 0.230658
cs 0.774585
R? 0.9996 R? 0.9978 R? 0.9992

Although Eq. (21) has a better correlation coefficient than
Eq. (20), the latter is simpler and shows enough accuracy when
applied to the determination of the work hardening curve, as it
will be discussed below.

Finally, the evolution equations for the normalized radius of
curvature and the thickness should take into account the value of
the ratio R;/Rv. Accordingly, the results in Figs. 12 and 13 were
used. The appropriateness of the Eqs. (18), (20) and (21) for
describing the evolutions of p/Ry and t/t,, during the bulge test,
was analysed for all cases of Figs. 12 and 13, which showed that
the fitted parameters a; and as, in Eq. (18) are stable regardless of
the values of Ry/Ry; the same occurs for the parameters b; in
Eq. (20) and c; in Eq. (21). Moreover, the parameters a; and as,
shows a quasi-linear evolution with R;/Ry. This knowledge guide
us to modify the Eqgs. (18), (20) and (21) in order to include the
ratio Ry/Ry. Therefore, Eq. (18) is now written:

Ry
ﬁ_ R_] L a4n+asm+as
Ry~ <a1n+azRM+a3> (RM> ' @4

where ay, a,, as, d4, ds and ag are the fitting parameters. Fitting this
equation simultaneously to the results of Fig. 12, the following
parameters are obtained, as it can see in Table 5.

Eq. (20) now takes the following form:

by —n(bsT +bg)

L ! , 25)

14 (bifbs) ()"

where by, by, bs, by, bs and bg are the fitting parameters. Fitting this
equation simultaneously to the results of Fig. 13, the following
parameters are obtained, as it can see in Table 5.

Eq. (21) now takes the following form:

6 —n(c7T+cs)

t_ 1 , (26)

c [
o |14 (qg—;ﬁq) (R’—IM) N (%)

where ¢y, ¢y, C3, C4, Cs, C, C7 and cg are the fitting parameters.
Fitting this equation simultaneously to the results of Fig. 13, the
following parameters are obtained, as it can see in Table 5.

In the next section, the performance of these equations is
analysed and validated with resource to numerical results and
multiple testing situations.

6. Analysis of the performance of the equations

In this chapter, the membrane theory (Eqs. (1) and (12)) is used
to determine the stresses at the pole of the cap, at several
moments of the numerical bulge test. In order to test the perfor-
mance of the two sets of fitting equations for p/Ry and t/to,
equivalent stress (determined using Egs. (7), (10) or (13)) versus
equivalent plastic strain (determined using Egs. (8), (11) or (13))
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Fig. 15. Evolution of the error in equivalent stress obtained by means of the
membrane theory and direct measurements of p and ¢, as a function of the
equivalent strain in the pole, g, for the case of 1.0 mm thick sheets.

curves are plotted. As a reference, the usual experimental proce-
dure to obtain these curves, which consists on the direct mea-
surement of p and t values during the test, is also analysed.
For both cases, the equivalent strain values are obtained from
the values of £; and &, directly measured at the top of the cap; the
elastic part of the strain tensor was removed, using Eq. (15).
The corresponding work hardening curves are compared with the
hardening curve used as input (H.L. - Hardening Law) in the
numerical simulations. The label "_1a" in the figures corresponds
to the use of Eq. (24), for the radius of curvature, together with Eq.
(25) of sheet thickness, and "_2a" to Eq. (24), for the radius of
curvature, with Eq. (26), for the sheet thickness.

6.1. Isotropic materials

At first, the results of p and t obtained by direct measurement
and presented in Figs. 4, 6, 9 and 10 (corresponding to materials in
Table 2) were used for determining of the stress at the pole of the
cap, at different moments of the test. Fig. 14 compares these
results with the equivalent stress versus equivalent plastic strain
curves with those used as input (H.L.) in the numerical simula-
tions, for the case of 1.0 mm thick sheets. A good correspondence
is observed, for all materials.

Fig. 15 shows the error in equivalent stress obtained from the
results in Fig. 14, defined as Error = (6y. —6umr)/0ur (Where &y
and Gy are the equivalent stresses of the input hardening curve
and the one determined by the membrane theory, respectively).
For lower equivalent plastic strain values, the error in the esti-
mated equivalent stress can be relatively high (mainly in cases of
materials with work hardening coefficient equal to 0.35). In fact,
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Fig. 16. Evolution of the error in equivalent stress obtained by means of the
membrane theory and direct measurements of p and t, as a function of the

equivalent strain in the pole, g, for the case of 2.0 mm thick sheets.
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Fig. 17. Evolution of the error in equivalent stress obtained by means of the
membrane theory and direct measurements of p and ¢, as a function of the
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Fig. 18. Comparison between the hardening laws obtained by means of the
membrane theory and using Eqs. (24) and (25) (symbols) with those used as input
in the FE code (line), for the case of 2.0 mm thick sheets.

for stress values close to the yield stress, the cap has a high value
of the radius of curvature at the pole (see Fig. 4), and so the
associated errors can induce relatively high errors in stress.
Nevertheless, the error in equivalent stress does not exceed 4%,
and for strain values higher than 0.015, the error is always lower
than about 2.5%.

For all cases of isotropic materials and sheet thickness, the
evolution of the error in equivalent stress shows the same trend:
positive for lower equivalent strain values and changing to nega-
tive values for higher values of strain, as shown in Figs. 16 and 17
for the cases of sheet thickness equal to 2.0 and 0.5 mm, respec-
tively. The maximum error in stress, of about 7.2%, was obtained at
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Fig. 19. Comparison between the hardening laws obtained by means of the
membrane theory and using Eqgs. (24) and (26) (symbols) with those used as input
in the FE code (line), for the case of 2.0 mm thick sheets.
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Fig. 20. Evolution of the error in equivalent stress obtained by means of the
membrane theory and using Eqgs. (24) and (25) as a function of the equivalent strain
in the pole, g, for the case of 2.0 mm thick sheets.
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Fig. 21. Evolution of the error in equivalent stress obtained by means of the
membrane theory and using Egs. (24) and (26) as a function of the equivalent strain
in the pole, g, for the case of 2.0 mm thick sheets.

the beginning of the test for the case of the initial sheet thickness
of 2.0 mm (Fig. 16). At the end of the test, the error in stress never
exceeds 1.2%, whatever the material and the sheet thickness
(Fig. 16). For the initial sheet thickness of 0.5 mm, the error in
stress is always less than 1.5%, and after 0.10 of equivalent strain is
even inferior to 0.5%, at the end of the test. The lowest error for the
smallest thickness (0.5 mm) is justified by the fact that very thin
sheet are closer to membrane behavior and membrane theory.
The equations for p/Ry (Eq. (24)) and t/to (Eqgs. (25) and (26)),
proposed in the last chapter, were also used for determining the
equivalent stress at different moments of the test. The following
examples only concern the 2 mm thick sheets that exhibited the
lowest accuracy of results, as in previous cases (see Figs. 15, 16 and
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Fig. 22. Work hardening law used as input in the numerical simulation (line) and
results obtained by membrane theory using direct measurement of p and t (sym-

bols), and using Eqgs. (24) and (25) (symbols “_1a”), for transverse anisotropic
materials (6o=200 MPa, n=0.20 and to=1 mm).
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Fig. 23. Work hardening law used as input in the numerical simulation (line) and
results obtained by membrane theory using direct measurement of p and t (sym-
bols), and using Egs. (24) and (26) (symbols “_2a"), for transverse anisotropic

materials (6o=200 MPa, n=0.20 and to=1 mm).

17). Figs. 18 and 19 show the comparison between the hardening
laws (H.L.), used as input in numerical simulation of the bulge test,
and the results obtained using the membrane theory together
with the Egs. (24) and (25) (Fig. 18), and with the Egs. (24) and
(26) (Fig. 19) for calculation of the equivalent stress, &. Figs. 20 and
21 show the evolution of the error, in equivalent stress
with equivalent strain, which corresponds to Figs. 18 and 19,
respectively.

The comparison of Figs. 20 and 21 shows that, in this last case,
the errors are slightly smaller than the former case. Moreover, the
comparison of these figures with Fig. 16 shows that the maximum
errors obtained using both sets of the fitted equations are lower
than those obtained from direct measurement (Figs. 20 and 21). In
cases of thicknesses of 0.5 and 1.0 mm, the errors obtained using
both sets of equations, although not shown here, lead to the same
conclusion, i.e. the errors are of the same magnitude or slightly
lower (at the beginning of the test) when compared to direct
measurement.

6.2. Materials with transverse anisotropy
The materials with transverse anisotropy in the sheet plane, i.e.

with rg=r4s5=rg9, which parameters of the Hill'48 criterion are
shown in Table 3, were also analysed. The hardening behavior of
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Fig. 24. Comparison of the evolution of the error in equivalent stress obtained by
membrane theory using direct measurement of p and t (symbols), and using Eqgs.
(24) and (25) (symbols “_1a"), for transverse anisotropic materials (co=200 MPa,
n=0.20 and to=1 mm).
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Fig. 25. Comparison of the evolution of the error in equivalent stress obtained by
membrane theory using direct measurement of p and t (symbols), and using Egs.
(24) and (26) (symbols “_2a”), for transverse anisotropic materials (6o=200 MPa,
n=0.20 and to=1 mm).

the materials is described by the Swift law (Eq. (16)), and includes
materials with mechanical properties defined in Table 2 having the
initial sheet thickness of 1 mm.

Figs. 22 and 23 show example of the results of the equivalent
stress versus equivalent strain curves: (i) used as input in the
numerical test; (ii) in which the equivalent stress was obtained
from Eq. (7), using the membrane theory (Eq. (12) and direct
measurement of p and ¢ (iii) in which the equivalent stress was
obtained from Eq. (7), using the membrane theory together with
Eqgs. (24) and (25) (Fig. 22) or Eqgs. (24) and (26) (Fig. 23). The strain
values, to enter into the Eq. (8), were obtained from the numerical
simulations, at the pole of the cap. This procedure will be also
applied in the following sub-sections. Figs. 24 and 25 show the
evolution of the error in equivalent stress with the equivalent
strain, corresponding to the Figs. 22 and 23.

The analysis of Figs. 24 and 25 show that the errors in
equivalent stress when using both sets of equations are similar to
those obtained from the direct measurement of the radius of
curvature and the sheet thickness, except for the case of material
with the isotropy parameter equal to 3. In this case, the direct
measurement of the radius of curvature and the sheet thickness
leads to a slightly lower error until values of equivalent strain of
about 10%. Both set of equations lead to identical results.

Table 6
Designation of the materials, their respective parameters of Hill'48 criterion and
ratio op/oo.

Designation Parameters of the Hill’48 Criterion

F G H L M N oploo
0.6_3_0.6 0.625 0.625 0375 1500 1500 4375 0.894
3.0.6_3 0250 0250 0.750 1.500 1.500 0.550 1.414
1.5_3_15 0400 0400 0.600 1500 1500 2.800 1.118
3.15.3 0250 0250 0.750 1500 1.500 1.000 1.414
0.6_0.7_0.8 0469 0625 0375 1500 1500 1313 0.956
0.6_1.8_3 0125 0625 0375 1500 1500 1.725 1.155

15.2.25_3 0.200 0400 0.600 1500 1500 1.650 1.291
15_2.75_4 0150 0400 0.600 1500 1500 1788  1.349

6.3. Planar anisotropic materials

The equations that describe the evolutions of radius of curvature
and the sheet thickness during the test were also tested in case of
sheets with planar anisotropy. The parameters of the Swift hard-
ening law, for the materials studied in this section, are: yield stress,
00=200 MPa, work hardening coefficient, n=0.20. The elastic
properties of the material are: Young's modulus E =210 GPa and
Poisson's ratio #=0.30. The initial thickness of the sheet is 1 mm.

Table 6 shows the designation adopted for each material, the
parameters of the Hill'48 criterion and the ratio o,/0o (Where oy,
and oy are the yield stress in biaxial and uniaxial tension). The
designation A_B_C corresponds to a material with the anisotropy
coefficient, r,, in the sheet plane such that: ro=A, r45=B and
r9o=C. The selected materials for this study display two different
types of anisotropy such that: (i) ro=rgp # 145, corresponding to
the first four materials in Table 6; (ii): ro # T45 # Tgo, COITE-
sponding to the last four materials in Table 6. The condition G
+H=1 is assumed for the parameters of the Hill'48 criterion,
which means that the work hardening law is equal to the tensile
curve along the rolling direction [28], providing that og, n and &g
are the same.

In order to better describe the anisotropic state of the materials
in Table 6, Figs. 26 and 27 show the evolution of the anisotropy
coefficient, ry, and of the ratio 69 /09 between the yield stress, 69,
for an angle, o, in the sheet plane, and the yield stress along Ox, 63,
as a function of o angle, for materials with ro=rgg # r45 and for
materials with rg # 145 # rao, respectively.

In case of metal sheets with planar anisotropy, the value of 7 in
Eqgs. (25) and (26) is assumed as the normal anisotropy coefficient:

To+2ry5+T9o

r= 4

27)

6.3.1. Materials with ro=r9g # 45

The analysis of the materials with anisotropy behavior having
To=Tg0 # I'ss, iS presented in this section. Figs. 28 and 29 show
examples of the results of the equivalent stress versus equivalent
strain curves: (i) used as input in the numerical test; (ii) in which
the equivalent stress was obtained using the membrane together
with Eqgs. (24) and (25) as in Fig. 28; (iii) and in which the
equivalent stress were obtained using the membrane together
with Egs. (24) and (26) as in Fig. 29. Figs. 30 and 31 show the
evolution of the error in equivalent stress with the equivalent
strain, corresponding to the Figs. 28 and 29.

Figs. 30 and 31 show that the errors in equivalent stress when
using both sets of equations are similar to those obtained from the
direct measuring of the radius of curvature and the sheet thickness
determination, except at the beginning of the deformation, where
the direct measuring of the radius of curvature and the sheet
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Fig. 28. Work hardening law used as input in the numerical simulation (line) and
results obtained by membrane theory using direct measurement of p and t (sym-
bols), and using Eqs. (24) and (25) (symbols with “_1a”), for sheet metals with
To=T9go # I'45 (6o=200 MPa, n=0.20 and to=1 mm).

thickness allows obtaining a slightly lower error in stress (up to
values of equivalent strain of about 0.10). Also it is seen that both
set of equations give identical results.

The errors obtained with the fitting equations and by direct
measurement of the radius of curvature and sheet thickness are
identical during the test for the materials 1.5_3_1.5 and 3_1.5_3; in
the case of the remaining two anisotropic behaviors the error

tends to increase after 0.20 of equivalent plastic strain but
nevertheless, this error does not exceed 3.5%.

6.3.2. Materials with To#T45# T'9o

The results of materials with anisotropy behavior having ro #
T4s # Togo, iS presented in this section. Figs. 32 and 33 show
examples of equivalent stress versus equivalent strain curves,
comparing the results obtained using the direct measurement
with the ones: (i) used as input in the numerical test; (ii) obtained
by the membrane theory together with Eqgs. (24) and (25) as in
Fig. 32; and (iii) obtained by the membrane theory together with
Egs. (24) and (26) as in Fig. 33. Figs. 34 and 35 show the evolution
of the error in equivalent stress with the equivalent strain, corre-
sponding to results of Figs. 32 and 33.

Figs. 34 and 35 show that the errors in equivalent stress when
using both sets of equations are similar to those obtained from the
direct measuring of the radius of curvature and the sheet thickness
determination, except at the beginning of the deformation, where
the direct measuring of the radius of curvature and the sheet
thickness gives a slightly lower error (up to values of equivalent
strain of about 0.10). Again it is seen that both set of equations lead
to identical results.

The errors obtained with the fitting equations and the direct
measurement of the radius of curvature and sheet thickness are
identical during the test for the materials 0.6_0.7_0.8 and
0.6_1.8_3; in the case of the remaining two anisotropic behaviors
the error tends to increase after 0.20 of equivalent plastic strain
but nevertheless, this error does not exceed 2.5%.
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Fig. 29. Work hardening law used as input in the numerical simulation (line) and
results obtained by membrane theory using direct measurement of p and t (sym-
bols), and using Eqgs. (24) and (26) (symbols with “_2a”), for sheet metals with
To=T9o # I'4s (60=200 MPa, n=0.20 and to=1 mm).
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Fig. 30. Comparison of the evolution of the error in equivalent stress obtained by
membrane theory using direct measurement of p and t (symbols), and using Egs.
(24) and (25) (symbols with “_1a”), for sheet metals with ro=rgg#r4s
(60=200 MPa, n=0.20 and to=1 mm).
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Fig. 31. Comparison of the evolution of the error in equivalent stress obtained by
membrane theory using direct measurement of p and t (symbols), and using
Egs. (24) and (26) (symbols with “_2a”), for sheet metals with ro=rg9o # r4s
(60=200 MPa, n=0.20 and to=1 mm).

6.4. Different die ratio geometries

The analysis in this section is performed for two materials, an
isotropic material with designation "1_1_1_Ry_R;” and an

600
500 | ./*/%
-
s
W H.L.200 0.20
400 1 ¥ m 060708
= Y B
E ‘,n x 0.6 0.7 0.8 la
T 300 1 0.6 1.8 3
?‘ 0.6 183 la
200 152253
152253 la
100 e 152754
x 152754 la
O 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6
g

Fig. 32. Work hardening law used as input in the numerical simulation (line) and
results obtained by membrane theory using direct measurement of p and t (sym-
bols), and using Eqs. (24) and (25) (symbols with “_1a"), for sheet metals with ry #
T4s # T9o (60=200 MPa, n=0.20 and tp=1 mm).
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Fig. 33. Work hardening law used as input in the numerical simulation (line) and
results obtained by membrane theory using direct measurement of p and t (sym-
bols), and using Eqs. (24) and (26) (symbols with “_2a"), for sheet metals with ro #
45 # Too (6o=200 MPa, n=0.20 and to=1 mm).
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Fig. 34. Comparison of the evolution of the error in equivalent stress obtained by
membrane theory using direct measurement of p and t (symbols), and using
Egs. (24) and (25) (symbols with “_1a”), for sheet metals with ro # 745 # 9o
(60=200 MPa, n=0.20 and tp=1 mm).

anisotropic material with designation “1.5_2.75_4 _Ry;_R;”, where
Ry is the die radius and R; is the die profile radius. The following
examples use 1 mm thick sheets for the both materials.
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Fig. 35. Comparison of the evolution of the error in equivalent stress obtained
by membrane theory using direct measurement of p and t (symbols), and using
Eqs. (24) and (26) (symbols with “_2a”"), for sheet metals with ro # 7145 # Tr9o
(60=200 MPa, n=0.20 and to=1 mm).
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Fig. 36. Work hardening law used as input in the numerical simulation (line) and

results obtained by membrane theory using Eqs. (24) and (25) (symbols), for iso-
tropic material with different die geometries (6o=200 MPa, n=0.20 and to=1 mm).
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Fig. 37. Work hardening law used as input in the numerical simulation (line)
and results obtained by membrane theory using Egs. (24) and (25) (symbols), for
anisotropic material with different die geometries (6o=200 MPa, n=0.20 and
to=1mm).

In this section, it is only analysed the performance of the
Eq. (24), for the radius of curvature, with Eq. (25), for the sheet
thickness, since this last equation is simpler than Eq. (26) and the
results presented in the previous sections show no significant
differences.
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Fig. 38. Evolution of the error in equivalent stress obtained by membrane theory
using Eqgs. (24) and (25), as a function of the equivalent strain in the pole, &, for
isotropic material with different die geometries (co=200MPa, n=0.20 and
to=1 mm).
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Fig. 39. Evolution of the error in equivalent stress obtained by membrane theory
using Eqgs. (24) and (25), as a function of the equivalent strain in the pole, &, for
anisotropic material with different die geometries (6o=200MPa, n=0.20
and tp=1 mm).

Figs. 36 and 37 show examples of the equivalent stress versus
equivalent strain for the isotropic material and for the anisotropic
material with comparison between: (i) as used in input for numerical
test, the hardening law (H.L.); (ii) with the equivalent stress were
obtained using the membrane theory together with Egs. (24) and (25).

Figs. 38 and 39 show the evolution of the error in equivalent
stress with the equivalent strain, corresponding to Figs. 36 and 37,
respectively.

Figs. 38 and 39 show that, for each material, the error has
almost identical behavior for every different die, whatever the
geometry. Only for the geometry (75.0_13.00), the error evolution
is different from the other die geometry. In case of Fig. 39, the
error for the geometry (75.0_13.00) is slightly higher than the
others at the beginning of the test.

The errors obtained with the fitting equations for the case of
isotropic material is relatively high at the beginning of the test, of
the order of 4.5%, but tends to decrease as the deformation of the
test increase. In case of the anisotropic material, the error at the
beginning is 4.5%, but decreases quickly to 2.5% for a strain of
about 0.05. As the test continues the error tends to increase up to a
maximum of 2.2% in stress. The maximum error in stress for these
materials is about 4.5%, being obtained at the beginning of the test.
At the end of the test, the error in stress never exceeds 3%,
whatever the material and die configuration. Based on this ana-
lysis it seems possible to conclude that it is viable to determine the
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Fig. 41. Yield surfaces in plane (ox; oyy), for the Hill'48 criterion, with r=0.7, 1
and 2, and for the Drucker criterion, with c=2 and —2.

work hardening curve using the proposed equations for different
configuration of dies, whatever the material being considered.

6.5. Other yield criterion and hardening law

In this section, the performance of the equations is tested for
materials whose behavior is described by constitutive models, not
including the Swift law and/or the Hill’48 criterion, in order to test
under which conditions the Egs. (24), (25) (or (26)) can be applied
to these materials. In fact, the behavior of materials such as alu-
minium alloys can be better described by a saturation hardening
law and a non-quadratic yield criterion. The selected constitutive
model includes the Voce law [30] and the Drucker’s yield criterion
[31].

The Voce law does not contain a hardening parameter with
the same meaning as the Swift law, as required for using Egs.
(24) and (25) (or (26)). To overcome this difficulty the Swift law
can be fitted to the experimental results, even though they are
best fitted by the Voce law. In the current example, a Swift law is
fitted to the Voce law, in order to obtain an approximated
hardening parameter, n, to be used in the equations. The Voce

law can be written as:
© = Osat — RsatexXp(—cy€) (28)

where Oy, Rsa and ¢y are materials parameters; the yield stress is
00=0sqt - Rsq. In the current illustrative example the values of these
parameters are: Gsq;=513.17 MPa, Ryq;=272.08 and c,=5.47. The
parameters of the fitted Swift law are: 6,=200.00 MPa; K=577.08
and n=0.20. Fig. 40 compare both laws.

The purpose of testing the use of Egs. (25) (or (26)), in case the
material behavior is not well described by the criterion Hill'48,
relates to the change of the yield surface shape in the region
around biaxial stress (corresponding to the stress paths observed
in circular bulge tests), for a given value of the anisotropic coef-
ficient. To clarify this issue, the Drucker’s isotropic yield criterion is
used with c values equal to 2 and —2, which severely change the
shape of the yield surface in the biaxial region, relative to the
material 1_1_1, (see Table 3) as shown in Fig. 41 for the yield
surface plotted in plane (oxx ; Oyy). In this figure the 0.7_0.7_0.7
and 2_2_2 materials are also shown. For c=2, the shape of the
yield surface in this region approximates (from the outside) to the
Hill'48 criterion with r>1 (2_2_2 material), and for c=-2,
approximates (from the inside) to Hill'48 with r<1 (0.7_0.7_0.7
material). This is in agreement with the pressure vs. pole height
evolutions shown in Fig. 42 for these materials, whose hardening
behavior is described by the Swift law (6p=200.00 MPa;
K=577.08 MPa and n=0.20). Fig. 42(a) shows that the curves are
close to each other, whatever the material. However, the detail of
the middle region of the curves (Fig. 42 (b)) shows that there are
differences between them. In cases of Hill'48 material with r=2.0
(2_2_2 material) and Drucker material with c=2, the curves are
close to each other and their level is lower than 1_1_1 curve. In
cases of Drucker material with c=—2 and Hill'48 material with
r=0.7 (0.7_0.7_0.7 material), the level of the curves is higher than
1_1_1 curve; the curve for c=—2 has the highest level.

The next figures show the stress vs. strain results and the cor-
responding error in stress, obtained by using Eqs. (24) and (25) for
different configurations of the constitutive model (hardening law -
yield criteria): (i) Voce - Hill'48, in Fig. 43; (ii) Swift - Drucker
(with c=2 and —2), in Fig. 44; (iii) Voce - Drucker (with c=2 and
—2), in Fig. 45. For comparison, the error obtained for the tradi-
tional procedure, by direct measurement of the radius of curvature
and strain values are also shown in each figure.

In all cases (Voce - Hill'48, Swift - Drucker and Voce - Drucker)
the maximum absolute value of the error in stress is less than 4%,
which is of the same order as in case of Swift - Hill’48 materials
(see previous sections), although the use of the proposed equa-
tions leads to errors in stress slightly higher than by direct mea-
surement of the curvature radius and strains. Nevertheless, the
results show that small variations in the values of the hardening
and anisotropy coefficients, as those arising from the fact that the
material behavior is not well described by the Swift law and
Hill’48 criteria, does not significantly alter the results of Egs. (24)
and (25). That is, these equations can be used for these materials,
within an acceptable accuracy.

7. Experimental validation

Examples of experimental results available in the literature
concerning the evolutions of radius of curvature and sheet thick-
ness during the bulge test are compared to the equations pre-
viously defined and others from literature (Section 7.1). Moreover,
the bulge test was performed using two materials with the die
geometry 75.0_13.00. This allows the performance analysis of the
proposed equations when determining the hardening curve of
materials (Section 7.2).
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7.1

Results in literature of p and t

The equations for the evolution of the normalized radius of
curvature (p/Ry) and the normalized sheet thickness (t/tg) with the

normalized pole height (h/Ry;), are now compared with some
examples of experimental results available in the literature. In this
context, some existing results for bulge test involving five die
geometries and nine materials are analysed, as shown in Table 7.
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Table 7
Designation of the dies geometries and materials for experimental validation.

Die designation Ry [mm] Ry[mm] Ry /Rum Material (Designation) to[mm] n? T

75.0_1.00 [32] 75.0 1.00 0.01 Mild Steel (MS) 1.00 0.24 1.57
50.0_6.50 [8] 50.0 6.50 0.13 AA5754 Aluminium alloy (AA5754) 1.00 0.35 0.67
50.0_6.50 [8] 50.0 6.50 0.13 AISI 201 Steel (AISI 201) 0.55 0.49 1.10
50.0_6.50 [8] 50.0 6.50 0.13 AA5754 Aluminium alloy at 260 °C (AA5754_260) 1.00 0.31 0.67
50.0_6.50 [8] 50.0 6.50 0.13 AISI 201 Steel at 150 °C (AISI 201_150) 0.55 0.39 1.10
35.0_4.50 [33] 35.0 4.50 0.13 AA2024-T3 Aluminium alloy (AA2024-T3) 0.30 0.15 0.88
45.0_6.00 [33] 45.0 6.00 0.13 Ti-6Al-4V Titanium alloy (Ti-6Al-4V) 1.08 0.15 3.63
35.0_4.50 [33] 35.0 4.50 0.13 AA5083-H111 Aluminium alloy (AA5083-H111) 1.00 0.22 0.84
40.0_7.00 [1] 40.0 7.00 0.18 DC04 Steel (DC04) 0.85 0.23 1.68

2 Determined from the fit of the Hollomon law to experimental tensile test results.

Table 8
Equations from different authors for the evolution of the bulge radius.

Designation Approach Bulge radius
Hill_Ry_Ryq Hill (1950) [4] _ Ry 412
Pext =~ 21

Panknin_Ry_R; Panknin (1959) [34] _ (Ru+R)? ﬁhz —2R,h
== m

Pext

Seven materials were tested at room temperature and two (AISI
201 Steel and AA5754 Aluminium Alloy) were also tested at higher
temperatures.

Equations previously defined by other researchers for evolution
of the radius of curvature and the sheet thickness are also used for
comparison. These equations are shown in Tables 8 and 9, which
are the most commonly used for bulge test. The sheet thickness
using Kruglov equation is determined based on the radius of cur-
vature determined by Panknin equation.

In the next figures, the designation “Eq_Ry;_R; “corresponds to
the results of the Eqs. (24) and (25), for the die with die radius, Ry,
and die profile radius, Ry; the materials designation to which
concern the experimental results are also indicated in Table 7.

Fig. 46-54 show, for different die geometries and materials, the
comparison between experimental and calculated evolution of
the: (a) radius of curvature and (b) normalized sheet thickness.
Regarding the radius of curvature, the Hill's equation deviates
from the experimental results, in all cases. When comparing the
herein proposed Eq. (24) with the one suggested by Panknin it is
not completely evident which one fits better all experimental

Table 9
Equations from different authors for the evolution of the sheet thickness at the top
of the cap.

Designation Approach Thickness at the top of the
cap
Hill_Ry_R, Hill (1950) [4] . 2
=t [l +(h/RM>2}
Chakrabarty_Ry_R; Chakrabarty and 2-n
Alexander (1970) =t [W}
[29]
Kruglov - Panknin_Ry_R; Kruglov et al. (2002) (Rot/rex) 2
[35] =to [m]

results. Anyhow, globally the proposed Eq. (24) is well adjusted to
majority of situations. However, for the thickness evolution at the
pole bulge it is evident the better prediction of proposed Eq. (25),
when compared to other currently available equations. Examples
of good correlation is seen for experimental results of Figs. 48, 49
and 50. The remaining results, although show higher deviation,
express a correct tendency for such experimental evolution.

In summary it is seen that experimental results validate the
herein proposed equations for determination of radius of curva-
ture as well as thickness evolution. To be highlighted is that pro-
posed equation for thickness evaluation is shown to represent a
significant added value, thus contributing to a better accuracy on
material hardening curve determination using bulge test with
simpler equipment.
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curvature and (b) sheet thickness.
7.2. Results of die 75.0_13.00

In this section, the experimental results of the bulge test for
two metal sheets are analysed, one is DP600 steel and the other is
AAG6061 aluminium alloy, with initial sheet thickness equal to 0.80
and 1.04 mm, respectively. The die geometry used is 75.0_13.00
(Fig. 1). Table 10 shows the parameters of the Swift law obtained
by fitting the tensile curves and the anisotropy coefficients, at 0, 45
and 90° with the rolling direction (RD). The average values of the
hardening and anisotropy coefficients are n=0.19 and 7=0.87, for
DP600 steel, and 7=0.13 and 7=0.65, for AA6061 aluminium alloy.

The above proposed equations for the evolution of the nor-
malized radius of curvature and the normalized sheet thickness
with the normalized pole height are compared with the experi-
mental results. Also, equations previously proposed by other
researchers (see Tables 8 and 9), are used for comparison.

Figs. 55 and 56 show the comparison between experimental
and calculated evolution of the radius of curvature (Figs. 55 and 56
(a)) and normalized sheet thickness (Figs. 55 and 56 (b)), during
the bulge test.

As seen in the previous section, the Hill's equation is always
giving higher difference to experimental results. Concerning the
radius of curvature, the Eq. (24) and that suggested by Panknin
give results similar to the experimental ones, at the initial stage of
the test. At the final stage, Eq. (24) gives a more accurate

prediction to experimental results. For the evolution of sheet
thickness at the pole, the accurate prediction of Eq. (25) is in
contrast with the available equations from literature (Table 9).

Figs. 57 and 58 (a) show the results of the equivalent stress
versus equivalent strain curves. The equivalent strain values are
obtained from the direct measurement at the top of the cap. The
equivalent stress is determined by the von Mises criterion
(Eq. (10)) assuming balanced biaxial stress state (61;=0,=0),
where o is evaluated by membrane theory (Eq. (12)) using:
(i) experimental measurement of p and t, during the bulge test and
(ii) the values of p and t are obtained by Egs. (24) and (25).

Figs. 57 and 58(b) show the error in equivalent stress with the
equivalent strain, when comparing the results obtained using
Egs. (24) and (25) with those from experimental measurement.
The errors in equivalent stress when using the proposed equations
is quite small, except at the initial stage of deformation, where the
determination of the radius of curvature and the sheet thickness
can be less accurate.

8. Conclusions
A comprehensive numerical study concerning the bulge test of

metal sheets was performed with materials presenting various
plastic behaviors, namely different values of the yield stress, strain
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Fig. 50. Comparison between the evolution of the experimental results (symbols) and the equations (lines), for the AISI 201 Steel material at high temperature [8]: (a) radius

of curvature and (b) sheet thickness.

hardening, anisotropy coefficients and sheet thickness. Different
die geometries were also used.

This systematic study shows that the evolution of the
radius of curvature at the pole of the cap during the test only
depends on the work hardening coefficient of the material.

The evolution of the sheet thickness depends on both, the work
hardening coefficient and the anisotropy. Both evolutions
are independent of the value of the yield stress and the
initial sheet thickness. The geometry of the die influences both
evolutions.
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Fig. 53. Comparison between the evolution of the experimental results (symbols) and the equations (lines), for the AA5083-H111 Aluminium Alloy material [33]: (a) radius

of curvature and (b) sheet thickness.

These results allowed the development of equations to define
the evolution of the curvature radius and the sheet thickness at
the pole with the pole height, which take into account the material
parameters (hardening coefficient in case of curvature radius, and
also the sheet anisotropy in case of sheet thickness) and the die
geometry. Numerical stress versus strain curves were plotted for

comparing stress obtained by direct measurement of the curvature
radius and the sheet thickness at the pole, as well as the stress
obtained by the proposed equations. In the last case, the errors in
stress rarely exceeded 4%, which is comparable to the ones
obtained with the direct measurement of the curvature radius and
sheet thickness.
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Fig. 54. Comparison between the evolution of the experimental results (symbols) and the equations (lines), for the DC04 Steel material [1]: (a) radius of curvature
and (b) sheet thickness.

Table 10
Swift law parameters obtained by fitting the stress—strain curves in tension and the anisotropy coefficient, at 0, 45 and 90° with the rolling direction (RD), of the materials.
Designation Swift law parameters
0° with RD 45° with RD 902 with RD
oo [MPa] K n r oo [MPa] K n r oo [MPa] K n r
DP600 Steel 392.22 1045.77 0.19 0.62 406.49 1040.11 0.19 1.03 433.02 1066.24 0.18 0.87
AA6061 Aluminium alloy 275.10 489.43 0.13 0.66 270.58 484.95 0.13 0.69 272.22 483.19 0.12 0.65
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and (b) sheet thickness.

the evolution of the experimental results (symbols) and the equations (lines), for the DP600 Steel material: (a) radius of curvature
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(b) Evolution of the error in equivalent stress obtained by membrane theory using Eqs. (24) and (25).

Also, the evolutions described by the herein proposed equa-
tions for the curvature radius and the sheet thickness at the pole
were compared with experimental results obtained in the frame-
work of the current work, for a defined die geometry (75.0_13.00),
as well as results from literature, for various die geometries. In the
former case, the stress versus strain curves are also compared with
those, where the stress were obtained by direct experimental
measurement of the curvature radius and the sheet thickness at
the pole. When the proposed equations are used, the maximum
error in stress is close to 3%, excluding a region at the initial stage
of the test.

These findings indicate the appropriateness of a simplified
experimental methodology for determining the hardening curve
from the biaxial tensile test under hydraulic pressure. Namely, it is
possible to avoid the complex experimental procedure for deter-
mining the stress values at different moments of the test, which
requires a specific device for measuring the curvature radius at the
pole of the cap and the determination of the sheet thickness.
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Innovative Development

3.4. Inverse identification of Swift law parameters using the
bulge test

This subchapter refers to the paper “Inverse Identification of Swift law parameters using
the bulge test”, published in International Journal of Material Forming. It explores the
opportunity to develop an inverse analysis methodology for determining the Swift law
parameters, based on the capability of overlapping the curves of evolution of pressure with
the pole height for materials with the same value of hardening coefficient, regardless of the
values of the others parameters of the Swift law and the anisotropy of the material. This is
achieved by multiplying the pressure and the pole height by factors to be determined. The
inverse identification enables the proper evaluation of the Swift hardening law, simplifies
the experimental procedure and is not exposed to various experimental errors, in particular

those related to the use of the membrane theory.
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Abstract An inverse methodology is proposed for determin-
ing the work hardening law of metal sheets, from the results of
pressure vs. pole height, obtained from the bulge test. This
involves the identification of the parameters of the Swift
law. The influence of these parameters as well as the sheet
anisotropy and the sheet thickness on the results of pressure
with pole height is studied following a forward analysis, based
on finite element simulation. This allows understanding that
the overlapping of the pressure vs. pole height curves of dif-
ferent metal sheets is possible, provided that the hardening
coefficient has the same value, whatever the values of the
remaining parameters of the Swift law, the sheet anisotropy
and the initial sheet thickness. The overlapping of the curves is
performed by multiplying the values of the pressure and the
pole height using appropriate factors, which depend on the
ratios between the yield stresses and the thicknesses of the
sheets, and also on their anisotropy. Afterwards, an inverse
methodology is established, consisting of the search for the
best coincidence between pressure vs. pole height of experi-
mental and reference curves, the latter being obtained by nu-
merical simulation assuming isotropic behaviour with various
values of the Swift hardening coefficient in the range of the
material under study. This methodology is compared with a
classical strategy and proves to be an efficient alternative for
determining the parameters of the Swift law. It aims to be

>J L.C.Reis
luis.reis@dem.uc.pt

CEMUC, Department of Mechanical Engineering, University of
Coimbra, Pdlo II, Rua Luis Reis Santos, Pinhal de Marrocos,
3030-788 Coimbra, Portugal

Faculty of Engineering, University of Porto, Rua Dr. Roberto Frias,
4200-465 Porto, Portugal

Published online: 25 April 2016

simple from an experimental point of view and, for that pur-
pose, only uses results of the load evolution during the test.
The methodology is limited to materials with the hardening
behaviour adequately described by the Swift law.

Keywords Bulge test - Inverse analysis - Swift hardening
law - Numerical simulation

Introduction

The manufacturing of sheet metal forming components, with
complex geometries and tight requirements, obliges the accu-
rate characterization of the sheet metals behaviour. Very often,
high values of strain are imposed in the components by the
forming conditions. Therefore, the adequate characterization
of the hardening law up to large plastic deformation is re-
quired. This is generally accomplished using the bulge test
that achieves strain values not possible in the tensile test, for
example. The traditional methodology, for performing the
bulge test and analysing the results, requires the use of specific
devices, one for assessing the radius of curvature and another
for measuring the strain at the pole of the cap during the test, in
case of mechanical measuring systems [1]. Simultaneously, it
is also necessary to follow the pressure evolution during the
test. The use of optical measuring systems makes it easier the
description of the geometry and strain distributions on the
sheet surface during the bulge test [2, 3]. However, the eval-
uation of the stress vs. strain curves depends on assumptions
and simplifications, whose assessment are still under study.
For example, in a recent study Mulder et al. [4] examine the
validity and the conditions for using the membrane theory,
which includes issues such as the existence of bending stresses
and a through thickness stress due to the hydraulic pressure.

@ Springer
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Fig. 1 Bulge test, with the
identification of the principal
dimensions of the tool [17]

Deformed sheet metal

Ry =100 mm

A
\ 4

R, =95 mm

A

R,, =75 mm

A
\4

Blank Holder

Some equations have been proposed [5—8] in order to avoid
the use of the above mentioned devices, just exploiting the
data concerning pressure vs. pole height and thereby simpli-
fying the implementation and analysis of the bulge test results.
These equations allow determining the equivalent stress and
strain under isotropic condition, relating the radius of curva-
ture and sheet thickness with the pole height. However, this
procedure presents some disadvantages. First of all, there ex-
ists in the literature a multitude of equations to describe the
evolutions of the radius of curvature and sheet thickness at the
pole of the cap with the pole height [9—11], which makes it
difficult to select the most appropriate. The use of some of
them, in general the most accurate, requires the knowledge a
priori of the hardening coefficient of the Swift law, which is
intended to be identified. Although tensile tests can be previ-
ously performed to assess the value of the hardening coeffi-
cient, its value in tension can be different from that in biaxial
stretching. Also, other constitutive parameters such as those of
the anisotropic yield criterion, related with the in-plane de-
scription of the anisotropy, can influence the evolutions of

Fig. 2 (a) Four main zones (a)
adopted to define the finite
element mesh in the sheet plane Y A
(the dimensions are in mm) and
(b) general view of the mesh with
illustration of the thickness strain
distribution predicted for an
isotropic material with the yield
stress of 100 MPa, the hardening 2 .3
coefficient of the Swift law
n=0.20 and the initial sheet ]
thickness of 1.0 mm, for the I
pressure of 3.29 MPa (pole 1 2
height: #=41.65 mm)
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the radius of curvature and sheet thickness at the pole during
the test, as mentioned in recent works [4, 5]. Not always the
equations for the evolutions of the radius of curvature and
sheet thickness with the pole height properly consider the
geometry of the bulge test device, i.e. the die radius and the
die profile radius. In fact, only in rare cases the die profile
radius is considered, as in Panknin model for the curvature
radius evolution, which in turn takes no account for the hard-
ening coefficient [11]. In a recent work, a numerical iterative
method was proposed to determine the stress—strain curve of
the AA7075 metal sheet using pressure vs. pole height results
of circular bulge tests performed at elevated temperatures [5].
This iterative scheme is coupled with the Panknin model for
the curvature radius and explicit integral formulas proposed
by the authors to evaluate the thickness at the pole of the
bulge, taking into account the Lankford’s anisotropy
coefficient.

Few literature is available on inverse analysis procedures
for identifying the hardening law parameters from the bulge
test. Still, it is possible to notice that Chamekh et al. [12]

(b)

o 0.000
-0.044
-0.089
--0.133
-.0.178
£.0.222
.-0.267
-0.311
-0.356
-0.397
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Table1 Materials designation and their parameters of Swift hardening
law

Designation Yo [MPa] K [MPa] n
100_0.05 Z.Z 100 130.3 0.05
100_0.20 Z.Z 288.5 0.20
100_0.35_ Z.Z 638.8 0.35
200_0.05_Z2.Z 200 260.7 0.05
200_0.20 Z.Z 577.1 0.20
200 035 7.2 1277.6 0.35
300_0.05 Z.Z 300 391.0 0.05
300_0.20 Z.Z 865.6 0.20
300 035 ZZ 1916.4 0.35

describe an inverse approach for identifying the constitutive
parameters of a stainless steel, based on artificial neural net-
works. They use the results of pressure vs. pole height, which
are transferred to a neural network. This is trained using
curves generated by finite element simulations of the bulge
test. During the training process, the neural network generates
an approximate function for the inverse problem relating the
material parameters to the shape of the pressure vs. pole height
curve of the bulge test. A circular die geometry is used for
identifying the Ludwick hardening law [13], assuming the
knowledge of the Lankford’s parameters values evaluated
from tensile tests. Afterwards, an elliptical die for an off axis
angle of 0° is used to recalculate the Lankford’s coefficients,
which are validated using an elliptical die with an off axis
angle of 45°. They claim that artificial neural networks can
predict a combination of the material parameters with accept-
able accuracy for most design considerations, although with a
strong exception that is the value of the parameter n of the
hardening law (the experimental and identified values of n are
0.67 and 0.4, respectively). Also, Bambach [14] tried to

24
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Fig. 3 Evolution of pressure, p, with pole height, 4, for sheets of fully
isotropic materials with 75 =1.0 mm
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Fig. 4 Evolution of normalized pressure, p/pmax, With pole height, £, for
sheets of fully isotropic materials with #,=1.0 mm (from the results of
Fig. 3)

implement an identification procedure for the parameters of
the Voce law [15] resorting to objective functions making use,
separately or simultaneously, of results of pressure vs. pole
height, pole strain vs. pole height and pole thickness vs. pole
height. In the studied cases, using virtual computer generated
data, the author concluded that the combination of the first two
types of results significantly improves the identification.
Furthermore, the influence of the values of the constitutive
parameters, i.e. of the hardening law and the anisotropic yield
criterion, on the evolution of pressure with the pole height has
never been explored under inverse identification strategies, to
our knowledge. The current results show that it is possible to
overlap the curves concerning the evolution of the pressure
with pole height and exploit this insight in order to build an
inverse strategy for identifying the parameters of the harden-
ing law. The main aim of this work is to develop and evaluate
the performance of an inverse analysis methodology for the
identification of the parameters of the Swift law [16], just

1F — ——
08 .
./
/
0.6 s ———300 0.35 2.0
z 300 0.35 1.0
< s 300 035 0.5
< ;S - - —- 200 0.20 2.0
04 S _0.20_2.
S 200 0.20 1.0
S 200 0.20 0.5
02t — - —-100_0.05 2.0
S 100 0.05_1.0
2 100 0.05 0.5
0 iz 1 1 1 1 - — 1
0 10 20 30 40 50 60

h [mm]

Fig. 5 Examples of the evolution of normalized pressure, p/pmax, With
pole height, £, for sheets of fully isotropic materials with different initial
sheet thicknesses

@ Springer



Int J Mater Form

Table 2 Designation of the materials with transverse anisotropy and
their parameters of Hill’48 criterion; a fully isotropic material is also

considered

Designation Parameters of the Hill’48 Criterion (G+ H=1)

F G H L M N
0.7 07 0.7 n 0.588 0.588 0412 1.500 1.500 1412
1 11n 0.500 0.500 0.500 1.500 1.500  1.500
222n 0.333  0.333  0.667 1.500 1.500 1.667
333n 0.250 0250 0.750 1.500 1.500 1.750

using the results of the evolution of the pressure with the pole
height. This methodology is limited to materials with harden-
ing behaviour adequately described by the Swift law and aims
to be simple and accurate. Numerical and experimental results
are used for validation.

Numerical modelling

In order to perform the study concerning the methodology for
the evaluation of the Swift hardening law using the circular
bulge test, numerical models of the test were built. The geom-
etry of the tools considered in the test is schematically shown
in Fig. 1, where R),=75 mm is the die radius, R; = 13 mm is
the die profile radius, Rp =95 mm is the radius of the central
part of the drawbead and Rg= 100 mm the radius of the cir-
cular sheet. This geometry was built based on the experimen-
tal bulge test used by Santos et al. [17].

The tools were described using Bézier surfaces, consider-
ing only one quarter of the geometry due to material and
geometrical symmetry conditions. However, in order to sim-
plify the analysis, the drawbead geometry was neglected and
its effect was replaced by a boundary condition imposing

25
------- 333035
—-—-22203 T
- 111035
20 | 0.7 0.7 0.7 0.35 e
333020 -
272727020 o T
111020 -
=15r 0.7.0.7 0.7 0.20 R ---
£ 333005 PR -
= 222005 g -
= 111005 RS
10t 0707 0. .
5 -
0 ’ y
0 40 50 60

Fig. 6 Evolution of pressure, p, with pole height, A, for materials with
planar isotropy and n=0.05, 0.20 and 0.35 (Y, =200 MPa and
to=1.0 mm)
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p/pmax

h [mm]

Fig. 7 Evolution of normalized pressure, p/pmax, With pole height, £, for
materials with planar isotropy and n = 0.05, 0.20 and 0.35 (¥, =200 MPa
and 7p=1.0 mm)

radial displacement restrictions on nodes placed at a distance
equal to Rp from the centre of the circular sheet, which has an
initial blank radius of Rg [18]. The contact with friction was
described by the Coulomb law with a constant friction coeffi-
cient of 0.02 [19]. All numerical simulations were carried out
with DD3IMP in-house code [20, 21] assuming an incremen-
tal increase of the pressure applied to the sheet inner surface.

The blank sheet discretization was previously optimized
[22] such that the sheet geometry was divided into four main
zones, as shown in Fig. 2(a). This enables to describe the
central region of the specimen with a regular and uniform grid
discretization in the sheet plane, using quadrangular elements,
as shown in Fig. 2(b). A total of 5292 3D solid 8 node elements
with two layers of elements through thickness were used.
Figure 2(b) also shows the thickness strain distribution predict-
ed for an isotropic material, at an instant preceding the maxi-
mum pressure, highlighting its axisymmetric distribution.

The constitutive model adopted for the finite element anal-
ysis assumes [23, 24]: (1) the isotropic elastic behaviour

l .
08 |
------- 333035
06 F —-—-222035
3 ---- 111035
< 0.7 0.7_0.7_0.35
], 333020
04 r 222020
111020
0.7 0.7 0.7 0.20
02 | 333005
222005
111005
o ) ) ) 070707005
0 10 20 30 40 50 60

h [mm]

Fig. 8 AsFig. 7, but the values of the pole height, /, are multiplied by an
appropriated factor, allowing the overlapping of curves for each value of n
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Fig. 9 Evolution of pressure, p, (a) (b)
with pole height, £, for three 12 12
isotropic sheet metals with 100_0.20 . 100 0.20
Y5=100, 200 and 300 MPa 10 - — -~ 200 0.20 Phie 10 b -=--=- 200020
(n=0.20 and o= 1.0 mm): (a) s
Curves as obtained; (b) g p — —-300_0.20 e s 300_0.20
Overlapping curves after E X4 - E
multiplying by 3 and 1.5 the s 6 7z T s 6t
pressure values of the curve with : 4 L7 :
Yo =100 and 200 MPa, 4t R 4l
respectively /-/, e

2 F ) {, e 2r

{/
0 ' ' - . 0 ' ' : : :
0 10 20 30 40 50 60 0 10 20 30 40 50 60
h [mm] h [mm]

defined by the generalized Hooke’s law; (2) the plastic behav-
iour described by the orthotropic Hill’48 yield criterion and
the hardening model by the Swift isotropic law.

The Hill’48 yield surface is described by the equation [25]:

2 2
F(O‘yyiazz) + G(Uzzfo'xX)z + H(O‘xxfo'yy) + 2LT§/Z
+2MT}, + 2N,
=7 (1)

where Oy, Oyy, 075, Txy, Txz and 7y, are the components of the
Cauchy stress tensor, in the principal axes of orthotropy, and
F, G, H, L, M and N are the anisotropy parameters of the
material. Y represents the yield stress and its evolution during
deformation ¥ = f (), which is described by the Swift iso-
tropic hardening law [16]:

Y:K(so +§)" 2)

where € is the equivalent plastic strain and K, ¢y and n are
material parameters to be identified. The initial yield stress, Yy,
can be written as a function of K, £y and n, as follows:
Yo=Ke,". The value of the parameter ¢ is assumed equal to
0.005 unless other is indicated. The eclastic behaviour is

Fig. 10 Evolution of pressure, p, (a)

considered isotropic and is described by the generalised
Hooke’s law, with a Young’s modulus, £=210 GPa, and a
Poisson’s ratio, v=0.30.

Results

Numerical bulge tests were performed for two types of metal
sheets: isotropic (section: Isotropic metal sheets) and transverse
anisotropic (section: Transverse anisotropic metal sheets). The
influence of the hardening parameters of the Swift law, the
anisotropy of the material and the sheet thickness on the results
of pressure vs. pole height is analysed. The aim is the search for
features that describe the sheet metal behaviour during bulge
test in a unified way, as much as possible.

Isotropic metal sheets

Bulge tests of metal sheets with various values of initial sheet
thickness, yield stress and hardening parameter were analysed,
in order to study the influence of these parameters on the evo-
lutions of the pressure with the pole height. The plastic behav-
iour of the materials studied in this section is fully isotropic.

with pole height, A, for three 16 16
isotropic sheet metals with b 200_0.20_0.5 200 0.20 0.5
1%=0.5,1.0 and 2.0 mm (1 =020 ----200020 10 .7 M 2200 020 1.0
and Y, =200 MPa): (a) Curves as 12 F 20002020 7 12 F —.—.200 020 2.0
obtained; (b) Overlapping curves n T -
after multiplying by 4 and 2 the E 4 =0T
pressure values of the curve with = 8t 4 E s |
to=0.5 and 1.0 mm, respectively = K4 - =
XN o6 F 7 L - U6t
/ Lo
4 s . 4t
2F 7,7 2 F
R
O 1 1 1 1 1 0 1 1 1 1 1
0 10 20 30 40 50 60 0 10 20 30 40 50 60
h [mm] h [mm]
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Table 3  Designation of the anisotropy of the tested materials and
respective parameters for Hill’48 criterion; the fully isotropic material
(1_1 1) is also shown

Tested materials anisotropy (F+ G=1) Hill’48 criterion parameters

F G H N

0.5_0.5_05 0.500 0.500 0.250 1.000
0.7_0.7_0.7 0.500 0.500 0.350 1.200
111 0.500 0.500 0.500 1.500
222 0.500 0.500 1.000 2.500
333 0.500 0.500 1.500 3.500
4.4 4 0.500 0.500 2.000 4.500

Table 1 shows the parameters of the Swift law for the ma-
terials under study. Three values of initial yield stress, Y, were
chosen (Y, =100, 200 and 300 MPa) and also three values of
hardening coefficient, n, were selected (»=0.05, 0.20 and
0.35). In order to simplify the analysis of the results in this
section, the following designation is adopted for the material
in each test: “XXX 0.YY Z.Z”, where “XXX” is the initial
yield stress value, Y, “0.YY” is the hardening coefficient, n,
and “Z.Z” is the initial sheet thickness, #,. For each material,
three values of initial sheet thickness were studied: 0.5, 1.0
and 2.0 mm.

In the following, examples of numerical results are present-
ed concerning the materials in Table 1. Figure 3 shows the
evolution of the pressure, p, with the pole height, %, for
1.0 mm thick sheets. The parameters of the Swift law, Y,
and n, influence the evolution of pressure during the bulge
test. At the beginning of the test, the pressure increases faster

250

200 ¢

150

c,, [MPa]

100

50

Fig. 11 Initial yield surfaces in plane (0yy; 0yy) of the materials of
Table 3
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for materials with higher yield stresses. Subsequently, the lev-
el of the curves depends mainly of the hardening coefficient.
The results also show that the materials with higher values of
the hardening coefficient have greater pole heights when the
pressure approaches the maximum value.

The analysis of pressure evolution during the test shows
that, for a given n value of the material, the curves p vs. &
overlap each other when the pressure, p, is normalized by the
yield stress of the material, p/Y,. Consequently, the value of
the pressure at a given value of the pole height, and therefore
also for the maximum pressure, is proportional to the value of
the yield stress of the material, and so it is possible to normal-
ize the curves by the maximum pressure value for each yield
stress, i.€. using p/pmax instead of p, as shown in Fig. 4 for the
cases of Fig. 3.

The same kind of behaviour is observed for the other initial
sheet thicknesses (#p=0.5 mm, 1.0 mm and 2.0 mm).
Moreover, the analysis of pressure evolution during the test
shows that, for a given n value of the material, the curves p vs.
h overlap each other when the pressure, p, is normalized by
the initial thickness value, p/fy. Consequently, since the max-
imum pressure is proportional to the initial thickness value, it
is possible to normalize the curves by the maximum pressure
value for each initial thickness, i.e. using p/pm.x instead of p,
as shown in the examples of Fig. 5.

In summary, for isotropic materials with strain hardening
described by the Swift law, the evolutions of the normalized
pressure vs. pole height are only influenced by the value of the
hardening coefficient, i.e. are independent of the yield stress
and the initial thickness of the sheet.

Transverse anisotropic metal sheets

The numerical simulation of the bulge test was also carried out
on metal sheets with transverse anisotropy (also known as
planar isotropy), i.e. with the anisotropy coefficient 7(a) con-
stant in the plane of the sheet (« is the angle between the
tensile direction, TD, and the rolling direction, RD): r(«) =7
and different from 1. The hardening behaviour study includes
materials as in Table 1 (an isotropic material is also consid-
ered). The initial sheet thickness is 1.0 mm. Table 2 shows the
designation adopted for the material and their parameters of
the Hill’48 criterion. The designation A_ A A n corresponds
to a material with the hardening coefficient equal to # and the
anisotropy coefficient, »= r(«), in the sheet plane equal to A.

Table 4 Parameters of

the Swift hardening law Yo [MPa] K [MPa] n
200 260.7 0.05
577.1 0.20
1277.6 0.35
2828.4 0.50
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Fig. 12 Evolution of pressure, p,

with pole height, 4, for sheet 4 4
metals with different transverse
anisotropy and hardening
coefficient n=0.05
(Yo=200 MPa and #,= 1.0 mm): 3r 3r
(a) Curves as obtained; (b) —
Overlapping curves after ﬁﬂ; E
multiplying the pressure and the = 2r S 2F
pole height values by Y —=-=0.5_0.50.5 — —==05.0505
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S TR N R I e 111
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The parameters of the Hill’48 criterion obey to the conditions
F=G and N=F+2H. These conditions together with the
condition G+ H =1, which is also assumed for the materials
in Table 2, means that the tensile curves along any direction in
the sheet plane are coincident, whatever the value of the an-
isotropy coefficient, » = r(c), for a given set of parameters of
the Swift hardening law.

Figure 6 shows examples of the evolution of the pressure
with the pole height, for the cases of planar isotropic materials
(Table 2), with yield stress, Y, =200 MPa and hardening co-
efficients, n=0.05, 0.20 and 0.35 (see Table 1). The higher is
the anisotropy coefficient the higher is the pressure required to
achieve the maximum pole height, for a given value of the
hardening coefficient.

As in the previous section, the curves in Fig. 6 were nor-
malized using p/pmax, as shown in Fig. 7. It can be seen that for
a given hardening coefficient, there is no full coincidence
between curves. The influence of the anisotropy coefficient
on the normalized curves increases when the value of n
increases.

Fig. 13 Evolution of pressure, p,

(@)

Moreover, for each value of n, the curves in Fig. 7 can be
superimposed using a multiplying factor for the value of 7, the
results of which are shown in Fig. 8. The issues related with
this multiplying factor will be analysed in the next section.

In summary, it is always possible the overlap the curves
pressure vs. pole height, by multiplying the pressure and/or
the pole height by conveniently chosen factors, for materials
with equal values of the hardening coefficient of the Swift law.
Conversely, the overlapping is not possible for different values
of the hardening coefficient.

Identification strategy

The results described in the previous section suggested the
development of an inverse strategy for the identification of
the Swift law parameters, using the bulge test. The first step
consists on a forward analysis, in order to study in detail how
the pressure vs. pole height curves can be overlapped, for a
given value of the hardening coefficient. The sensitivity of the

with pole height, /, for sheet 16 16
metals with different transverse o
anisotropy and hardening 14 =7 14 r
coefficient n=0.35
(Yy=200 MPa and f,= 1.0 mm): 12 r , 12 F
(a) Curves as obtained; (b) 10 b i 10 b
Overlapping curves after = & =
multiplying the pressure and the E s | ,»”'l- 050505 E 8 | —==05.0505
pole height values by — 4 e — 0.7 0.7 0.7
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111 111
ar 222 4t S e 222
N 333 . 333
..... 444 w4 4 4
0 . L 0 L L
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Fig. 14 Fpvs. Fh, forn=0.05,0.20, 0.35 and 0.50. The overlapping was
performed such that the isotropic curve is superimposed on the
anisotropic curves, which remain unchanged. For each n value, the
following r values were used: »=0.5,0.7, 1, 2, 3 and 4

results of the pressure evolution during the test to variations of
the hardening law parameters is studied. Also, the sensitivity
of these results to the variations of the yield stress, anisotropy
and sheet thickness, for a given value of the hardening coef-
ficient is analysed. This forward study allowed the develop-
ment of an inverse analysis methodology, applied to the iden-
tification of the Swift hardening law parameters, namely Yy, K
and n of Eq. (2).

Forward analysis

In this forward study, the analysis is focused on the coinci-
dence between pressure vs. pole height curves of:

General Case - GC

Isotropic Metal Sheet

h

Fig. 15 Schematic representation for generating the pressure vs. pole
height curve of any anisotropic metal sheet (General Case - GC) from
the knowledge of the curve concerning an Isotropic Metal sheet with
different yield stress and thickness, in case of equal hardening coefficients
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(1) Isotropic metal sheets with different yield stresses and
thicknesses;
(i) Isotropic and transverse anisotropic metal sheets.

Isotropic metal sheets

The results in Figs. 4 and 5 show that, in case of full isotropic
materials, (i.e. the behaviour can be described by von Mises
yield criterion) with equal values of the hardening coefficient,
the pressure vs. pole height curves can be superposed what-
ever the yield stress and the sheet thickness. In order to super-
pose the curves, a multiplicative factor should be applied to
the pressure, which depends on and is proportional to the
ratios between yield stresses and sheet thicknesses of the ma-
terials. Figures 9 and 10 give examples of such behaviour, for
the yield stress and the thickness, respectively. In these fig-
ures, the cases of metal sheets with Y, =300 MPa (Fig. 9(a))
and 7, =2.0 mm (Fig. 10(a)), are taken as reference, respec-
tively. It should be noted the perfect overlapping of the curves
when the multiplicative factor is applied (Figs. 9(b) and
10(b)). This factor is equal to the yield stresses ratio and thick-
nesses ratio, in Figs. 9 and 10, respectively.

Transverse anisotropic metal sheets

The results in Fig. 7 show that, in case of anisotropic metal
sheets, the use of a pressure factor is not enough to superpose
the pressure vs. pole height curves. Nevertheless, Fig. 8 shows
that the simultaneous use of a multiplying factor for the pole
height allows the overlapping. In this section a detailed study
concerning this aspect is performed.

Table 5  Designation of isotropic materials used for identification and
respective parameters of the Swift hardening law

Isotropic materials Swift hardening law parameters

Y, [MPa] K [MPa] n
100 0.12 1 1 1 100 188.85 0.12
100 0.13 1.1 1 100 199.13 0.13
100 0.14 1 1 1 100 209.96 0.14
100 0.15 1 11 100 221.39 0.15
100 0.16 1 1 1 100 23343 0.16
100 0.17 1 11 100 246.14 0.17
100 0.18 1.1 1 100 259.53 0.18
100 0.19 1 11 100 273.65 0.19
100 020 1 11 100 288.54 0.20
100 021 1.1 1 100 304.24 021
100 022 1 11 100 320.79 022
100 023 111 100 33825 023
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Table 6 Designation of tested
materials used as numerical case
studies and respective parameters

Tested materials Hill’48 criterion parameters Swift hardening law parameters

of Hill’48 criterion and Swift F G H N Yo [MPa] K [MPa] n
hardening law
200 020 3 33 0.5000 0.5000 1.5000 3.5000 200 577.08 0.20
200 0.20 1.5 3 3 0.3446 0.6892 1.0338 3.6185

The sheet thickness is equal to 2.0 mm

The study is focused on the comparison between numerical
curves of pressure vs. pole height, obtained for the full isotro-
py and planar isotropy conditions. Table 3 summarizes the
parameters of the Hill’48 criterion of illustrative cases. The
Hill’48 criterion parameters obey to the condition (F+ G=1),
as is noticeable from Table 3, which means that the yield
surfaces for all materials go through the same point, which
corresponds to equibiaxial stretching (ox = 0yy), as shown

250

6,y [MPa]

200 020 3 3 3
% ——-2000201533

von_Mises
i

0 A
0 50 100 150 200 250
G [MPa)

Fig. 16 Initial yield surfaces in the plane (oyy; oyy) of the materials of
Table 6 and equivalent von Mises material. The stress and strain paths are
also shown as well as the axis (dotted line) of the yield surface of the
material 1.5 3 3. The two open circles denote the coincidence between
the isotropic and the two anisotropic materials

in Fig. 11. Consequently, the biaxial stress vs. strain curve is
the same for all materials and coincident with the Swift hard-
ening law used as input [26]. For each case of Table 3, the
hardening coefficients are n=0.05, 0.20, 0.35 and 0.50, and
the parameters Y, and ¢ of the Swift law are ¥, =200 MPa
and ¢ = 0.005. The full set of parameters of the Swift law are
shown in Table 4. The initial sheet thickness is 1.0 mm.

Figures 12 and 13 show examples of the pressure vs. pole
height curves, for metal sheets with transverse anisotropy (see
Table 3), in cases of hardening coefficient »=0.05 and 0.35
(see Table 4), respectively. Figures 12(a) and 13(a) show the
curves just as were obtained. In case of n=0.05, these curves
are almost indistinguishable. In case of n=10.35, although still
close to each other, the curves are distinguishable. However, the
curves entirely overlap to each other when the values of pres-
sure and pole height are multiplied by appropriate factors, re-
spectively Fp and Fh, as shown in Figs. 12(b) and 13(b), where
the curve for the full isotropic material (1 1 1, i.e. with »=1)
was kept unchanged. Both factors are close to 1, particularly in
case of n=0.05. Their importance within the framework of the
forward and reverse analyses will be discussed below.

A typical procedure for finding the Fh and Fp factors that
applied to the isotropic numerical pressure vs. pole height
curve minimises the difference between this curve and those
of transverse anisotropic materials, which remain unchanged,
consists on using the following least squares cost function:

1

2

q
F(A) = (1/q) [Z (Pp () (3)
i=1

anis iso

where p;""" and p,”°(A) are the values of pressure for aniso-
tropic and isotropic sheet metals, respectively; A is the set of
factors Fh and Fp to be optimised, 7 is the measuring point of

Table 7 Fh and Fp* values that

minimize F(A) and Numerical simulation Fh Fp F(A) Swift law - estimated

corresponding estimated Swift

law parameters for the material Yo [MPa] K [MPa] n

200_0.20_3 3 3 (see Table 6)
100_0.19_1_1_1 1.073 4382 2.62x107* 210.52 576.08 0.19
100_0.20_1 1 1 1.047 4.144 142x107* 202.00 582.85 0.20
100 0.21_1_1_1 1.021 3917 4.19x107° 193.56 588.88 0.21
100022 111 0.994 3.694 1.73x107* 185.50 595.07 022
100023 1 11 0.966 3.476 345x107" 177.39 600.00 023
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Table 8 Fh and Fp* values that

minimize F(A) and Numerical simulation Fh Fp* F(A) Swift law - estimated

corresponding estimated Swift

law parameters for the material Yo [MPa] K [MPa] n

200_0.20_1.5_3_3 (see Table 6)
100.0.19 1 11 1.064 4321 2.17x107* 208.68 571.06 0.19
100 020 1 1_1 1.037 4.084 125x107* 200.20 577.65 0.20
100 0.21_1_1_1 1.011 3.860 429x107° 191.96 584.02 0.21
100022 111 0.984 3.639 1.84x107 183.77 589.51 0.22
100023 1 11 0.955 3.422 3.54x 107 175.63 594.08 0.23

pressure (which corresponds to a certain value of the pole
height, /) and q is the total number of pressure measuring
points. The evaluation of the pressure for equal values of pole
height can be carried out expeditiously using a polynomial
approximation for each curve. In this study all evolutions of
pressure with pole height were fitted using a sixth degree
polynomial to achieve a proper fit of the results (with a min-
imum correlation factor R =0.9999) within a range of pole
height values that excludes the initial part of the curve, more
prone to higher experimental errors, and the final part, which
may be sensitive to numerical parameters such as the mesh
refinement.

Figure 14 plots the results of Fp as a function of Fh, for the
values of the hardening coefficients (n =0.05, 0.20, 0.35 and
0.50) and anisotropy coefficients (»=0.5,0.7, 1.0, 2.0, 3.0 and
4.0) under study. The results in this figure are grouped by the
hardening coefficient and show that this parameter slightly
influences their evolution. In case of n=0.05, the values of
Fp and Fh are slightly higher than 1 and increasing with de-
creasing of the r value, for » <1, and are slightly lower than 1
and decreasing with increasing of the » value, when > 1. On
the contrary, in cases of n=0.20, 0.35 and 0.50, the values of
Fp and Fh are slightly lower than 1 and decreasing with de-
creasing of the » value, when » < 1, and are slightly higher than
1 and increasing with the increasing of » value, when > 1. In
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&

Fig. 17 Hardening curves obtained by the inverse analysis and the
membrane theory and the input numerical curve for the material 200
020 333
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other words, the results in Fig. 14 shows that the values of Fh
and Fp are related with the shape of the yield surface near the
equibiaxial region (see Fig. 11): for sharp yield surfaces, as for
example the material 4 4 4, relatively high values of Fh and
Fp are observed, and for flattened yield surfaces, as for exam-
ple the material 0.5 0.5 0.5, relatively low values of Fh and
Fp occur (close to 1), in cases of the values of the hardening
coefficient are n=0.20, 0.35 and 0.50; the opposite is ob-
served for n=0.05, with the values of Fh and Fp close to 1
whatever the yield surface shape near the equibiaxial region.

The results in Fig. 14 are enough well described by a linear fit:

Fp = 0.566 Fh -+ 0.434 (4)

In fact, this equation allows determining with acceptable
accuracy the value of the parameter Fp knowing the value of
Fh. In Fig. 14, the relative distance between the Fp values at
each point (i.e. at a given Fh value) and the corresponding
value on the trend line is always less than 1 %, whatever the
value of the hardening coefficient and the anisotropy.

Final remarks

In summary, it can be concluded that the evolution of the
pressure with the pole height during the bulge test, depends
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Fig. 18 Hardening curves obtained by the inverse analysis and the
membrane theory and the input numerical curve for the material 200
0201533
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Fig. 19 Evolution of the error in (a)

(b)
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on the parameters of the Swift law, the anisotropy of the ma-
terial, and the sheet thickness. It is always possible to overlap
the curve of the pressure vs. pole height for materials with the
same value of the hardening coefficient of the Swift law, by
multiplying the values of the pressure and the pole height by
factors, Fp and Fh, respectively, appropriately chosen; the
overlapping does not occur for materials with different values
of the hardening coefficient.

In case of isotropic materials (von Mises) with equal values
of'the hardening coefficient, the coincidence between pressure
vs. pole height curves can be obtained by using a multiplying
factor for the pressure, Fp, which is equal to the yield stresses
ratio of the material (at equal thicknesses) and to the sheet
thicknesses ratio (at equal yield stresses); in both cases, the
multiplying factor for the pole height, Fh, is equal to 1.

The curves of pressure vs. pole height of anisotropic mate-
rials can also be overlapped to those of isotropic materials,
providing that the hardening coefficient is equal. In this case,
the Fp and Fh are in general different from 1. For equal values
of the biaxial yield stress and the sheet thickness, the relation-
ship between Fp and Fh is almost independent of the harden-
ing coefficient and suitably described by a linear equation (see
Fig. 14).

The key finding of the forward analysis is summarized
schematically in Fig. 15. This figure describes how to generate
the pressure vs. pole height curve of any sheet metal with a
given yield stress, anisotropy and thickness (General Case -

GC), from the results of an isotropic sheet metal (Isotropic
Metal Sheet) with different thickness and yield stress, for a
given hardening coefficient. The curve of the general case is
obtained by multiplying the pressure values of the curve of the
isotropic sheet metal by the following factors: (¢fGc/fs,) and
(Yogc/Yorso) ratios and Fp (where 7Gc and Yy are the thick-
ness and the yield stress of the general case and #, and Yy,
are the thickness and the yield stress of the isotropic sheet
metal, respectively); and the pole height values of the same
curve must be multiplied by Fh. Under these conditions, the
overall factor, Fp*, to be applied to the pressure is:

Fp* = (toc/tiso) X (Yoce/Yoiso) X Fp (5)

Inverse analysis

Following the previous forward analysis, an approach for
solving the problem of identification of the parameters of the
Swift law consists in using numerical pressure vs. pole height
curves obtained for isotropic materials with various values of
hardening coefficient, in the range of the material under study.
Then, using multiplying factors for the pressure and the pole
height, the best overlapping between the experimental curve
and those numerically obtained, allows assessing the harden-
ing and the yield stress parameters of the material.

Table 9 Fh and Fp* values that

minimize F(A) and Numerical simulation Fh F p* F(A) Swift law - estimated

corresponding estimated Swift

law parameters for the material Yo [MPa] K [MPa] n o

3446 020 1 1 1
100_0.16 1 11 1.096 1.872 1.75x107° 355.43 829.70 0.16 0.005
100 0.17 1 11 1.062 1.762 9.24x107* 340.74 838.68 0.17 0.005
100_0.18_1_1_1 1.031 1.661 343x107* 326.67 847.79 0.18 0.005
100_0.19 1 11 1.002 1.567 9.74x 107 313.16 856.96 0.19 0.005
100_020_1 11 0.973 1.474 2.01x107 299.61 864.48 0.20 0.005
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Fig. 20 Hardening curves obtained by the inverse analysis and the
membrane theory and the input numerical curve for the material 344.6_
020111

The proposed inverse methodology can be detached in four
steps:

(i) Plot the experimental pressure vs. pole height curve for
the material under test.

—— 1 1 1 Inverse Analysis

o 1_1_1_Membrane_Theory

Error [%]

0 0.1 0.2 0.3 0.4 0.5 0.6

&

Fig. 21 Evolution of the error in stress obtained by the inverse analysis
and the membrane theory for the case 344.6 0.20 1 1 1

(ii) Plot the same type of numerical curves of isotropic ma-
terials with selected values of the yield stress and the
sheet thickness, for various values of hardening coeffi-
cient in the range expected for the material under test; the
o value of the Swift law must be kept constant (g, equal
to 0.005 is recommended); the elastic properties of the
material tested, Young’s modulus and Poisson ratio, are
assumed to be known (the typical values for each class of
materials - e.g. steel, aluminium alloys - can be used); a
unique set of numerical curves can be used for a given
class of materials, within a relatively wide range of hard-
ening coefficients, i.e. covering the values usually found
within each class, without having to remake the simula-
tions every time an identification is performed; the
values of the hardening coefficient should be away from
each other 0.01, but if the cost function (see Eq. (6) of the
next step) presents two similar minima values, it is rec-
ommended to test an intermediate value of the hardening
coefficient; the range of pole height of the numerical
curves of isotropic materials used for the inverse analysis
should go up to a strain value higher than twice the value
of the hardening coefficient of the Swift law.

(iii) Estimation of the hardening coefficient of the experi-
mental material under study. This consists on finding
the factors Fh and Fp* that applied to the numerical
curves, with the various hardening coefficient, minimise
the difference between these curves and the experimen-
tal curve of pressure vs. pole height; the following least
squares cost function, similar to Eq. (3), was used:

1
2

q
F(A) = (1/q) lZ (PP (A))? (6)
i=1

where p;** and p;"""(A) are the experimental and nu-

merical values of pressure, respectively; A is the set of
factors Fh and Fp" to be optimised, i is the measuring
point of pressure (which corresponds to a certain value
of the pole height, /) and q is the total number of pres-
sure measuring points.

Table 10 Designation of tested

materials used as numerical case Tested materials

Drucker + L criterion parameters

Swift hardening law parameters

studies and respective parameters

of Drucker + L criterion and Swift C G G Cs ¢ Yo [MPa] K [MPa] n
hardening law
Isot c=-2 0.9577 0.9577 0.9577 0.9577 -2 200 577.08 0.20
Isot c=2 1.0603 1.0603 1.0603 1.0603 2
Anisot ¢=-2 0.8294 1.1139 1.3985 1.4896 -2
Anisot c=2 0.9145 1.2283 1.5421 1.6425 2

The sheet thickness is equal to 2.0 mm

The values of the Lankford” coefficients of the in-plane anisotropic materials are: (i) Anisot ¢=2 — ro=1.33,
r45=2.17 and r9g=2.07; (ii) Anisot c=2 — ro=1.88, r45=15.92 and r9o = 6.99.
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Fig. 22 Initial yield surfaces in (a) (b)
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(iv)

numerical curves used, defines the numerical curve that
can be used as reference, i.e. allows to generate the
experimental curve, following the procedure shown in
Fig. 15. The hardening coefficient of this reference
curve is the identified parameter of the experimental
material.

Estimation of the yield stress of the experimental mate-
rial under study. The Fh value allows determining the
value of Fp (Eq. (4) and Fig. 14), which correspond to
the anisotropy effect on the pressure vs. pole height
curves. Under these assumptions, the yield stress of the
experimental material can be identified as follows:

where Y5P and Yg"™ are the yield stresses and P
and /™™ are the thicknesses, of the experimental and
the numerical reference sheet, respectively. The Fp*
value used in Eq. (7) must be obtained such that the
numerical curve is superimposed on the experimen-
tal curve, which remains unchanged. Finally, as the
value of the Swift law parameter, ¢, is considered
fixed (equal to 0.005 in the current work), the esti-
mated value of K*P in this law (Eq. (2)) can also be
obtained by multiplying K™™" by the same value as
for Yo" (Eq. (7)):

Table 11 Fh and Fp* values that N

minimize F(A) and Numerical simulation Fh Fp F(A) Swift law - estimated

corresponding estimated Swift

law parameters for the material Yo [MPa] K [MPa] n

Isot_c=-2 (see Table 10)
100_0.19 1.1 1 1.018 4.199 1.88x107* 207.97 569.12 0.19
100_0.20_1_1_1 0.990 3.960 8.53x 1077 199.31 575.09 0.20
100_0.205_1_1_1 0.974 3.839 514x107° 194.92 577.53 0.205
100_0.21 1 11 0.962 3.734 9.89x107° 190.90 580.78 0.21
100 022 111 0.934 3512 241x107 182.55 585.62 022

Note: the parameters of the Swift hardening law used as input in numerical simulation 100_0.205 1 1 1 (not
included in Table 5) are: ¥y =100 MPa, K=296.29 MPa, and n=0.205.

Table 12 Fh and Fp* values that .

minimize F(A) and Numerical simulation Fh Fp F(A) Swift law - estimated

corresponding estimated Swift

law parameters for the material Yo [MPa] K [MPa] n

Isot_c=2 (see Table 10)
100_0.19_1_1_1 1.065 4362 2.62x107* 210.46 575.93 0.19
100_0.20_1 1 1 1.035 4.112 1.28x107* 201.73 582.08 0.20
100 0.21_1_1_1 1.007 3.877 5.08x107° 193.27 588.00 0.21
100022 111 0.978 3.651 2.05x107* 184.97 593.37 022
100023 1 11 0.947 3.421 3.90x 107" 176.50 597.02 023
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Table 13 Fh and Fp* values that

minimize F(A) and Numerical simulation Fh Fp" F(A) Swift law - estimated

corresponding estimated Swift

law parameters for the material Yo [MPa] K [MPa] n

Anisot_c=-2 (see Table 10)
100.0.19 1 11 1.035 4232 485x107 207.50 567.82 0.19
100 020 1 1_1 1.012 4.011 1.83x107* 199.21 574.81 0.20
100_0.205_1_1_1 1.001 3.904 6.67x107° 195.17 578.25 0.205
100 021 1 11 0.990 3.802 1.56x107* 191.21 581.73 0.21
100022 1 11 0.969 3.606 458x107* 183.51 588.67 0.22

Note: the parameters of the Swift hardening law used as input in numerical simulation 100_0.205_ 1 _1_1 (not
included in Table 5) are: Y0 =100 MPa, K=296.29 MPa, and n=0.205

KEXp — gnum o (Znum/texp> X (Fp*/Fp) (8)

In order to exemplify this inverse methodology, computer-
generated results are firstly used. The use of computer-
generated results is a simple and efficient way to test inverse
analysis methodologies, since the behaviour of the tested ma-
terial is properly defined, without the errors commonly asso-
ciated with experimental measurements. Subsequently, the
same methodology is applied to experimental cases.

Numerical cases

Table 5 shows the selected Swift law parameters for generat-
ing numerical pressure vs. pole height curves (under isotropy
condition - see step (ii) of the proposed inverse methodology)
used to identify the parameters of the computer-generated re-
sults. The selected yield stress value of all materials in this
table is equal to 100 MPa and the hardening coefficient is
within 7 =0.12 and n =0.23. The numerical simulations were
performed with an initial sheet thickness equal to 1.0 mm.

Hill’48 criterion Table 6 shows the parameters of the Hill’s
criterion and the Swift law for the two tested materials, one
with transverse anisotropy (200 0.20 3 3 3) and the other
with planar anisotropy (200 _0.20 1.5 3 3). The parameters
of the Hill criterion of these materials follow a condition en-
suring that the equivalent stress—strain curve for the stress path
obtained in the bulge test is equal to that for an equivalent von
Mises material, i.e. with the same values of the Swift law

parameters. Figure 16 shows the initial yield surface of both
materials in the (o4; 0yy) plane as well as the equivalent von
Mises material. In case of the material 200 0.20 3 3 3, the
stress and strain paths observed during the bulge test are o,/
oyx = deyy/de =1; in case of material 200_0.20_1.5_3_3,
these paths are respectively: oyy/o=1.129 and
deyy/dey=0.941. Table 5 shows the parameters of the Swift
law of the selected isotropic materials (with »=0.19, 0.20,
0.21, 0.22 and 0.23) used for numerical simulation and iden-
tification of the Hill’48 materials in Table 6.

Tables 7 and 8 show the values of the factors Fh and Fp*
that were applied to the numerical pressure vs. pole height
curves of the materials in Table 5, in order to minimise the
difference between these curves and that of each material in
Table 6. The corresponding values of the objective function
F(A) and the estimated parameters of the Swift hardening law
are also shown in the Tables 7 and 8. The parameters of the
Swift law that minimise F(A) correspond to the material with
n=0.21, for both case studies. Also, the minimum values of
F(A) are similar for both identifications.

In order to visualise the results of the identifications,
Figs. 17 and 18 show the hardening curves as obtained by
the inverse analysis and by the membrane theory [27]. The
analysis by the membrane theory follows the procedure rec-
ommended by ISO 16808:2014 [1]. Therefore, the equivalent
stress is calculated assuming an equibiaxial stress state at the
pole of the cap and using the average value of the curvature
radii in the Oxz and Oyz planes as input in the membrane
theory equation. The equivalent strain is considered equal to
the absolute value of the plastic thickness strain, which is

Table 14 Fh and Fp* values that

minimize F(A) and Numerical simulation Fh Fp F(A) Swift law - estimated

corresponding estimated Swift

law parameters for the material Yo [MPa] K [MPa] n

Anisot_c=2 (see Table 10)
100 0.19 1 11 1.100 4.445 721x107 21031 575.50 0.19
100_0.20_1 1 1 1.073 4203 452x107* 201.79 582.25 0.20
100 0.21_1_1_1 1.048 3.976 2.81x107* 193.58 588.94 0.21
100022 111 1.024 3.763 3.86x 107" 185.67 595.63 022
100023 1 11 1.001 3.563 6.32x107" 178.05 602.25 023
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Fig. 23 Hardening curves obtained by the inverse analysis and the
membrane theory and the input numerical curve for the material Isot
c=-2

determined from the numerical measured values of surface
strains at the pole of the cap, £, and &,, and corrected for the
elastic components, assuming an isotropic linear elastic mate-
rial behaviour. In summary, this corresponds to the use of the
von Mises definitions of equivalent stress and strain under the
assumption of equibiaxial stress state. The corresponding in-
put curves, used in the numerical simulations, of the studied
materials (see Table 6) are also shown in these figures.
Figure 19 compares the errors in stress obtained by the inverse
analysis and using the membrane theory, referred to the input
curves. The errors are similar for both materials when using
the inverse analysis, which is consistent with the fact that the
objective function is equal for the best fitting (see Tables 7 and
8, for n=0.21). The n value obtained by the inverse analysis
(n=0.21 for both materials) are not entirely in accordance, but
are very close to the input value (n=0.20). Moreover, this
does not lead to significant error in the estimate of the hard-
ening curve. For both materials, 200 0.20 3 3 3 (Fig. 19(a))
and 200 0.20 1.5 3 3 (Fig. 19(b)), the inverse analysis gives

600
500
400
£
= 300
[~
200 Isot_c=2_Input
Isot ¢=2 Inverse Analysis
100 |
o Isot_c=2 Membrane Theory
O 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6
£

Fig. 24 Hardening curves obtained by the inverse analysis and the

membrane theory and the input numerical curve for the material Isot

c=2
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Fig. 25 Hardening curves obtained by the inverse analysis and the
membrane theory and the input numerical curve for the material
Anisot c=-2

comparable accuracy than the methodology using the mem-
brane theory.

So far, the value of the parameter ¢, has been considered
fixed and equal to 0.005. In fact, this value is close to the
values found for most cases of identification of sheet metals
able to achieve large deformations, such as those used in deep
drawing. Moreover, the experimental values of the parameter
€o are lower than 0.01, with extremely rare exceptions [28]. In
order to understand the extent to which the value of this pa-
rameter can affect the inverse analysis results, identification
cases with the value of the parameter ¢, lower than 0.01 (and
different from 0.005) were performed. The following illustra-
tive example consists of an isotropic material with 0.5 mm
thick sheet and the following Swift law parameters:
Yo=344.61 MPa, K=865.62 MPa, n=0.20 and £,=0.01
(hereafter referred to as: 344.6_0.20 1 1 1). As this is an
isotropic material, the anisotropy will not affect the identifica-
tion (anisotropic cases were addressed in the previous exam-
ples). Table 5 shows the parameters of the Swift law of the

600
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¢ Anisot_c=2_Membrane_Theory
0 1 1 1 1
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Fig. 26 Hardening curves obtained by the inverse analysis and the
membrane theory and the input numerical curve for the material
Anisot_c=2
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Fig. 27 Evolution of the error in
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selected isotropic materials (with n=0.16, 0.17, 0.18, 0.19
and 0.20) used for numerical simulation and identification of
this material.

Table 9 shows the values of the objective function F(A) and
the estimated parameters of the Swift hardening law. The pa-
rameters of the Swift law that minimise F(A) correspond to
the material with »=0.18. The smallest value of F(A) occurs
for the case 100 0.18 1 1 1,and is equal to 3.43 x 10™*. This
value is higher than the obtained for the previous cases of
identification (slightly higher than 4 x 107> — see Tables 7
and 8), in which the material to be identified has the ¢, value
equal to that of the materials used in identification
(e0=10.005). However, the input hardening curve is well de-
scribed by the inverse analysis results, as can be concluded
from Figs. 20 and 21. Figure 20 shows the input hardening
curve and those obtained by the inverse analysis and the mem-
brane theory and Fig. 21 compares the errors in stress obtained
by the inverse analysis and the membrane theory, referred to
the input curve. Table 9 also shows the values of the factors Fh
and Fp* that were applied to the numerical curves pressure vs.
pole height of the materials in Table 5, in order to minimise the
difference between these curves and that of the material under

study. This leads to an identification value for the Fh factor
equal to 1.031, which is not so close to 1, as expected for the
von Mises identified material. This is due in part (besides
the error inherent to identification strategy) to the difference
in the values of the parameter ¢, of the material to be iden-
tified and the materials whose numerical curves are used for
identification. It turns out that, in general case of identifica-
tion, the £y value of the material to be identified is unknown.
Despite this, the input hardening curve is well described for
values of gy lower than that of the experimental material,
0.01, i.e. using €y = 0.005 to generate the numerical curves
for identification, as in this illustrative case. Finally, it
should be mentioned that the identification can be improved
by using, in a second stage of the identification, values of ¢
greater and lower than 0.005 (separated from 0.0025, for
example) for the materials used in the identification. That
is, the above procedure can be repeated for different values
of €y, and the values of F(A) must be used as guidance for
the final choice of parameters.

Other yield criterion The proposed inverse methodology
makes use of reference numerical tests of isotropic

Fig. 28 Evolution of the error in (a) (b)
stress obtained by the inverse 3 3
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Table 15 Materials studied and anisotropy characterization (7 = (ro + 2r4s + rog)/4 where r are the anisotropy coefficients; the numbers in subscript

indicate the angle between the tensile axis and the rolling direction)

Material to [mm] 745 790 7
DP600 steel 0.80 0.62 1.03 0.80 0.87
AA6061 aluminium alloy 1.04 0.66 0.69 0.56 0.65
materials and the influence of the anisotropy of the material (C2+C3)/3 —C3/3 —C2/3 0 0 0

on the procedure is taken into account by means of the Fh :?g (C3_2 5‘3)/ 3 ( C_fl C/3) /3 8 8 8

and Fp factors. In this context, the inverse parameters iden- L= é (; 1 0 ? c, 0 0 (11)
tification of materials with behaviour described by other 0 0 0 0 Cs 0
criterion than Hill’48 was also numerically performed. 0 0 0 0 0 G

- i 1 iteri + . . . .
The non-quadratic yield criterion Drucker + L [29] was in which C;, with i=1, ..., 6, are the anisotropy parameters;

chosen to test the inverse analysis procedure and concom-
itantly to reinforce the conclusion that the value of the Fh
and Fp factors are related with the shape of the yield surface
near the equibiaxial region (see section: Transverse aniso-
tropic metal sheets) and so their relationship does not de-
pend on the yield criteria. In fact, the Drucker+ L yield
criterion allows flexibility of the yield surface, particularly
in biaxial region, when compared with the Hill’48 criterion,
as shown in the following.

In this subsection, illustrative cases of identification of the
Swift law parameters of materials with isotropic and aniso-
tropic behaviour described by Drucker + L criterion [29] are
shown. The Drucker + L is an extension of the Drucker iso-
tropic criterion [30] to anisotropy:

Etr(sz)r—c Btr(sﬂ}2 = 27(?)6 )

where tr(s) is the trace of the stress tensor s, resulting from the
linear transformation of the Cauchy stress tensor, o, and c is a
weighting isotropy parameter, ranging between —27/8 and 9/4,
to ensure the convexity of the yield surface. When ¢ equals
zero, this criterion coincides with the Hill’48 yield criterion.
The s stress tensor is given by:

s=L:o (10)
where L is the linear transformation operator proposed by
Barlat et al. [31]:

C1=Cy=C3=C4=Cs5=Cg for the full isotropy condition.
This yield criterion includes one more parameter, the param-
eter ¢, than Hill’48 yield criterion, thus being more flexible. In
fact, the Hill’48 criterion cannot fully describe the behaviour
of a material that follows the Drucker + L criterion with the
parameter ¢ different from zero.

Table 10 shows the parameters of the Drucker + L criterion
and the Swift law of the tested materials: (i) two with full
isotropy, one of which with ¢=-2 (Isot_c¢=-2) and the other
with ¢=2 (Isot ¢=2) and also (ii) two anisotropic materials,
one of which with ¢ =-2 (Anisot ¢ =-2) and the other with
c=2 (Anisot_c=2). Figure 22 shows the initial yield surface
of these materials in the (oyy; oyy) plane. For the isotropic
materials represented in Fig. 22(a), the stress and strain paths
observed during the bulge test are oy,/0xx = deyy/dey, = 1; for
the anisotropic materials, the stress and strain paths are repre-
sented in Fig. 22(b). Table 5 shows the parameters of the Swift
law of the selected isotropic materials (with n=0.19, 0.20,
0.21, 0.22 and 0.23) used for numerical simulation and iden-
tification of the Drucker + L materials.

Tables 11, 12, 13 and 14 show the values of the factors Fh
and Fp* that were applied to the numerical pressure vs. pole
height curves of the materials in Table 10, in order to minimise
the difference between these curves and that of each material
in Table 5. The corresponding values of the objective function
F(A) and the estimated parameters of the Swift hardening law
are also shown in Tables 11, 12, 13 and 14. The parameters of

Table 16 Swift law parameters

obtained by fitting the stress— Material Swift law parameters
strain curves in tension, at 0, 45 ] ] ]
and 90° with the rolling direction 0° with RD 45° with RD 90° with RD
(RD), of the materials under study
YO K n YO K n YO K n
[MPa] [MPa] [MPa] [MPa] [MPa] [MPa]
DP600 steel 39222 104577 0.19 40649 1040.11 0.19 433.02 106624 0.18
AA6061 275.10 489.43  0.13  270.58 48495 0.13 27222 483.19 0.12

aluminium alloy
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Fig. 29 Experimental evolution of the pressure, p, with pole the height,
h, for the two metal sheets under study

the Swift law that minimise F/(A) correspond to the materials
with n=0.205 (for Isot c=-2 and Anisot ¢=-2) and with
n=0.21 (for Isot c=2 and Anisot c=2).

It should be noted that, for example, in the case of the
isotropic Drucker + L material with ¢ =—2, with flattened yield
surface, the best fit occurs for a value of the factor Fh less than
1 (Fh=0.974) and in case of the anisotropic Drucker + L ma-
terial with ¢=2, with sharp yield surface, the best fit corre-
sponds to a factor Fh higher than 1 (Fh=1.048). This is in line
with the above mentioned at the end of section: Transverse

anisotropic metal sheets, about the influence of the shape the
yield surface near the equibiaxial region on the value of Fh.

Figures 23, 24, 25 and 26 show the hardening curves as
obtained by inverse analysis and by membrane theory, for
isotropic (Figs. 23 and 24) and anisotropic (Figs. 25 and 26)
Drucker + L materials. The corresponding input curve, used in
the numerical simulations, of the studied materials (see
Table 10) is also shown in these figures. Figures 27 and 28
compare, respectively for the isotropic and anisotropic mate-
rials, the errors in stress obtained by the inverse analysis and
using the membrane theory, referred to the input curves. The
errors when using the inverse analysis are in general similar to
the obtained using the membrane theory.

In conclusion, the results of the inverse identification
performed on materials with isotropic and anisotropic
behaviours, described by the Drucker + L criterion, more
flexible than the Hill’48 criterion, lead to the conclusion
that it can be applied to other yield criteria without loss
of accuracy.

Experimental cases

This methodology is now tested for experimental cases. Two
metals sheets were tested, a DP600 steel and an AA6061
aluminium alloy, with the initial thicknesses #, of 0.80 mm
and 1.04 mm, respectively. The anisotropy and the work hard-

Table 17 Fh and Fp* values that

minimize F(A) and Numerical simulation Fh Fp" F(A) Swift law - estimated

corresponding estimated Swift

law parameters for the material Yo [MPa] K [MPa] n

DP600 (see Table 16)
100 0.18 1 11 1.003 3.130 1.62x107° 390.51 1013.48 0.18
100 0.19 1 1_1 0.973 2.944 7.22x107* 373.76 1022.80 0.19
100_0.195_1_1_1 0.958 2.855 441x107 365.54 1027.17 0.195
100 020 1 1_1 0.944 2.768 6.21x107* 35747 1031.43 0.20
100 0.21_1 11 0.905 2.570 1.16x107° 339.40 1032.59 0.21

Note: the parameters of the Swift hardening law used as input in numerical simulation 100_0.195_1_1_1 (not
included in Table 5) are: ¥y =100 MPa, K=281.00 MPa and n=0.195.

Table 18 Fh and Fp* values that

minimize F(A) and Numerical simulation Fh Fp F(A) Swift law - estimated

corresponding estimated Swift

law parameters for the material Yy [MPa] K [MPa] n

AA6061 (see Table 16)
100_0.12_1_1_1 1.001 2432 9.61x107* 235.24 44426 0.12
100_0.13_1_1_1 0.965 2282 550% 107 22534 448.71 0.13
100_0.135_1_1_1 0.944 2.220 4.85x107* 220.40 450.66 0.135
100_0.14_1_1_1 0.926 2.131 5.63x10°* 21525 451.94 0.14
100_0.15_1_1_1 0.893 1.997 8.88x 107 205.79 455.60 0.15

Note: the parameters of the Swift hardening law used as input in numerical simulation 100_0.135 1 1_1 (not
included in Table 5) are: ¥y =100 MPa, K=204.47 MPa and n=0.135
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Fig. 30 Hardening curves obtained by the inverse analysis, the
membrane theory and by fitting the Swift law to the membrane theory
results, for the DP600 steel

ening behaviours of the materials were characterised in ten-
sion, and the respective parameters are shown in Tables 15 and
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Fig. 31 Hardening curves obtained by the inverse analysis, the
membrane theory and by fitting the Swift law to the membrane theory
results, for the AA6061 aluminium alloy

16, respectively. Figure 29 shows the evolution of the pressure
with pole height, for both materials.

The parameters of the Swift law of the isotropic materials
used in the numerical simulations for identification are indi-
cated in Table 5, as for numerical cases in the previous section.
The numerical simulations were performed with an initial
sheet thickness equal to 1.0 mm. The elastic parameters values
are: Young’s modulus £ =200 GPa and Poisson ratio v=0.3,
in case of DP600 steel; and £=70 GPa and Poisson ratio
v=0.3, in case of AA6061 aluminium alloy.

Tables 17 and 18 show the values of the factors Fh and Fp*
that were applied to the numerical pressure vs. pole height
curves of the materials in Table 5, in order to minimise the
difference between these curves and those for each material
(Fig. 29). The corresponding values of the objective function
F(A) and the estimated parameters of the Swift hardening law
are also shown in the Tables 17 and 18. The parameters of the
Swift law that minimise F(A) correspond to the materials with
n=0.195, for the DP600 steel, and 0.135, for the AA6061
aluminium.

Figures 30 and 31 compare the identified stress—strain
curves by inverse analysis (solid black lines) with those deter-
mined using the membrane theory (symbols), for the DP600
steel and the AA6061 aluminium alloy, respectively. In these
cases, a measurement tactile system was used to estimate the
curvature radius and the strain at the pole [17], which is con-
sidered valid by ISO 16808:2014 [1] for bulge test investiga-
tion. A three point spherometer evaluates the height difference
between the pole and three positions at a fixed radius, in order
estimate the radius of curvature during the test. An extensom-
eter allows following the strain value in the rolling direction,
in a region near the pole of the cap, during the test. The equiv-
alent strain is considered twice the value of the strain along the
rolling direction. In summary, this corresponds to the use of
the von Mises definitions of equivalent stress and strain, under
the assumption of equibiaxial stress and strain states.
Figures 30 and 31 also show the stress—strain curves obtained

Fig. 32 Evolution of the (a) (b)
difference in stress between the 6
inverse analysis and the & 4 Fitted_Swift_Law . 4 Fitted_Swift_Law
membrane theory results and the 4 _° 0 DP600_Inverse_Analysis al? 0 AAG6061 Inverse Analysis
same difference for the fitted P - ;AAA s
Swift law, in cases: (a) DP600 = <§ 5 —_ S N
steel; (b) AA6061 aluminium X2 21, “%gj& s
alloy g © ety
g . Vo N
50 R e
] L d’OQ)
z. gt @k,? o
=8 |- o %’
4 4}
-6 -6
0 0.1 0.2 0.3 0.4 0.5 0 0.05 0.1 0.15 0.2 0.25

™|
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by fitting the Swift law to the membrane theory results (solid
grey lines), leading to the following parameters:
Y9=397.79 MPa, K=1051.48 MPa and »n=0.19
(690=0.0006), for the steel DP600; and Y,=229.76 MPa,
K=457.51 MPa and n=0.13 (¢ = 0.005), for the aluminium
AA6061. Figure 32 compares the difference in stress between
the hardening laws assessed by the inverse analysis and by
fitting the Swift law to the membrane theory results, taking the
experimental membrane theory results as reference, for the
DP600 steel (Fig. 32(a)) and the AA6061 aluminium alloy
(Fig. 32(b)). It must be mentioned that although the experi-
mental stress vs. strain results obtained by the membrane the-
ory only fairly obey to the Swift equation (see fitted Swift law
in Figs. 30 and 31), it can be concluded that the proposed
inverse analysis is sufficiently accurate for determining the
stress—strain curve from the bulge test. Finally, as mentioned
with regard to the last example of the numerical cases in sec-
tion : Hill’48 criterion, the identified parameters can certainly
be improved, by repeating the identification procedure using
values of g, different but close to 0.005, for the numerical
materials used in identification.

Conclusions

This work allows achieving a unified description of the evo-
lution of the pressure with pole height, during the bulge test,
for a given value of the hardening coefficient of the Swift law.
This allowed the development of an inverse analysis strategy
for determining the parameters of the Swift law, just using the
results of pressure vs. pole height. Moreover, it is easily im-
plemented, requiring a few numerical simulations of isotropic
reference materials with various values of the hardening coef-
ficient, in the expected range of the material under test. The
inverse procedure was tested for the cases of computer-
generated and experimental materials. In both cases, the strat-
egy is compared with the classical strategy of analysis of the
bulge test results using the membrane theory, based on deter-
mining the radius of curvature, and the direct measurement of
the strains at the pole. The proposed inverse strategy is easy to
implement and more efficient than classical, since it is not
exposed to experimental errors related to the experimental
evaluation of radius of curvature and strain at the pole of the
bulge and the assumptions and simplifications associated to
the use of membrane theory approach under bulge test condi-
tions, which is usually the major source of errors.

Finally, it should be mentioned that this inverse analysis
methodology to evaluate the parameters of the Swift law, al-
though accurate and easy to apply, does not fully answer to the
issue of determining the hardening law from the bulge test, if
the behaviour is better described by other laws than Swift. In
fact, the behaviour of a number of materials, as for example
certain aluminium alloys, is best described by the Voce’s law

@ Springer

and also other laws with increasing complexity are currently
being used.

Compliance with ethical standards

Funding This research work is sponsored by national funds from the
Portuguese Foundation for Science and Technology (FCT) and by
FEDER funds “Programa Operacional Factores de Competitividade”
via the projects PTDC/EMS-TEC/1805/2012 and UID/EMS/00285/
2013 as well as by FEDER funds “Programa Operacional da Regido
Centro” via the project CENTRO-07-0224-FEDER-002001
(MT4MOBI). One of the authors, P.A. Prates, was supported by a grant
for scientific research from the Portuguese Foundation for Science and
Technology (SFRH/BPD/101465/2014). All supports are gratefully
acknowledged.

Conflict of interest The authors declare that they have no conflict of
interest.

References

1. DIN EN ISO 16808:2014—11 (E) (2014) Metallic materials - sheet
and strip - Determination of biaxial stress—strain curve by means of
bulge test with optical measuring systems. BSI

2. Mulder J, Vegter H, Aretz H, van den Boogaard AH (2013)
Accurate evaluation method for the hydraulic bulge test. Key Eng
Mater 554-557:33-40. doi:10.4028/www.scientific.net/KEM.554-
557.33

3. Keller S, Hotz W, Friebe F (2009) Yield curve determination using
bulge test combined with optical measurements. In: Levy BS,
Matlock DK, Van Tyne CJ (eds) Int. Deep Draw. Res. Gr. Conf.
IDDRG. IDDRG, Golden, Colorado, pp 319-330

4. Mulder J, Vegter H, Aretz H et al (2015) Accurate determination of
flow curves using the bulge test with optical measuring systems. J
Mater Process Technol 226:169-187. doi:10.1016/j.jmatprotec.
2015.06.034

5. LiuK, Lang L, Cai G et al (2015) A novel approach to determine
plastic hardening curves of AA7075 sheet utilizing hydraulic bulg-
ing test at elevated temperature. Int J Mech Sci 100:328-338. doi:
10.1016/j.ijmecsci.2015.07.002

6. Atkinson M (1997) Accurate determination of biaxial stress—strain
relationships from hydraulic bulging tests of sheet metals. Int J
Mech Sci 39:761-769. doi:10.1016/S0020-7403(96)00093-8

7. Hill R (1950) C. A theory of the plastic bulging of a metal dia-
phragm by lateral pressure. London Edinburgh Dublin Philos Mag J
Sci 41:1133-1142. doi:10.1080/14786445008561154

8. Smith LM, Hadad Y, Thotakura R, et al. (2007) Flow stress curves
using new volume measurement method for hydraulic bulge test.
In: AIP Conf. Proc. AIP, Porto, Portugal, pp 637642

9. Chakrabarty J, Alexander JM (1970) Hydrostatic bulging of circu-
lar diaphragms. J Strain Anal Eng Des 5:155-161. doi:10.1243/
03093247V053155

10. Slota J, Spisdk E (2008) Determination of flow stress by the hy-
draulic bulge test. Metalurgija 47:13—17

11.  Panknin W (1970) The hydraulic bulge test and the determination
of the flow stress curves. University of Stuttgart

12. Chamekh A, BelHadjSalah H, Hambli R, Gahbiche A (2006)
Inverse identification using the bulge test and artificial neural net-
works. J Mater Process Technol 177:307-310. doi:10.1016/j.
jmatprotec.2006.03.214


http://dx.doi.org/10.4028/www.scientific.net/KEM.554-557.33
http://dx.doi.org/10.4028/www.scientific.net/KEM.554-557.33
http://dx.doi.org/10.1016/j.jmatprotec.2015.06.034
http://dx.doi.org/10.1016/j.jmatprotec.2015.06.034
http://dx.doi.org/10.1016/j.ijmecsci.2015.07.002
http://dx.doi.org/10.1016/S0020-7403(96)00093-8
http://dx.doi.org/10.1080/14786445008561154
http://dx.doi.org/10.1243/03093247V053155
http://dx.doi.org/10.1243/03093247V053155
http://dx.doi.org/10.1016/j.jmatprotec.2006.03.214
http://dx.doi.org/10.1016/j.jmatprotec.2006.03.214

Int J Mater Form

13.

15.

16.

18.

19.

20.

21.

22.

Ludwik P (1909) Elemente der Technologischen Mechanik. doi:
10.1007/978-3-662-40293-1

Bambach M (2011) Comparison of the identifiability of flow curves
from the hydraulic bulge test by membrane theory and inverse
analysis. Key Eng Mater 473:360-367. doi:10.4028/www.
scientific.net/KEM.473.360

Voce E (1948) The relationship between stress and strain for homo-
geneous deformations. J Inst Met 74:537-562

Swift HW (1952) Plastic instability under plane stress. ] Mech Phys
Solids 1:1-18. doi:10.1016/0022-5096(52)90002-1

Santos AD, Teixeira P, Barata da Rocha A, et al (2010) On the
determination of flow stress using bulge test and mechanical mea-
surement. In: Barlat F, Moon YH, Lee MG (eds) 10th Int. Conf.
NUMIFORM. American Institute of Physics, Pohang, Republic of
Korea, pp 845-852

Alves JL (2005) Drawbeads: to Be or Not to Be. In: AIP Conf. Proc.
AIP, pp 655-660

Alves JL (2003) Simulagdo numérica do processo de estampagem
de chapas metalicas: Modelagdo mecéanica e métodos numeéricos.
Universidade do Minho

Menezes LF, Teodosiu C (2000) Three-dimensional numerical sim-
ulation of the deep-drawing process using solid finite elements. J
Mater Process Technol 97:100-106. doi:10.1016/S0924-0136(99)
00345-3

Oliveira MC, Alves JL, Menezes LF (2008) Algorithms and strat-
egies for treatment of large deformation frictional contact in the
numerical simulation of deep drawing process. Arch Comput
Methods Eng 15:113-162. doi:10.1007/s11831-008-9018-x

Reis LC, Prates PA, Oliveira MC, et al. (2011) Caracterizacdo do
comportamento plastico de chapas metalicas com recurso ao ensaio
de expansao biaxial simétrica. In: Tadeu A, Figueiredo IN, Menezes
LF, et al. (eds) Congr. Métodos Numéricos em Eng. APMTAC,
Coimbra, Portugal, p 54

23.

24.

25.

26.

27.

28.

29.

30.

31

Reis LC, Rodrigues CA, Oliveira MC, et al (2012) Characterization
of the plastic behaviour of sheet metal using the hydraulic bulge
test. In: Andrade-Campos A, Lopes N, Valente RAF, Varum H (eds)
First ECCOMAS Young Investig. Conf. Comput. Methods Appl.
Sci. Aveiro, Portugal, p 67

Rodrigues CA, Reis LC, Sakharova NA, et al (2012) On the char-
acterization of the plastic behaviour of sheet metals with bulge tests:
numerical simulation study. In: Eberhardsteiner J. et al. (ed) 6th Eur.
Congr. Comput. Methods Appl. Sci. Eng. ECCOMAS.
ECCOMAS 2012, Vienna, Austria, pp 4575-4589

Hill R (1948) A theory of the yielding and plastic flow of aniso-
tropic metals. Proc R Soc A Math Phys Eng Sci 193:281-297. doi:
10.1098/rspa.1948.0045

Prates PA, Oliveira MC, Fernandes JV (2015) On the equivalence
between sets of parameters of the yield criterion and the isotropic
and kinematic hardening laws. Int ] Mater Form 8:505-515. doi:10.
1007/512289-014-1173-z

Santos AD, Teixeira P, Barlat F (2011) Flow stress determination
using hydraulic bulge test and a mechanical measurement system.
In: Int. Deep Draw. Res. Gr. Conf. IDDRG. IDDRG, Bilbao, Spain,
pp 91-100

Chaparro BM (2006) Comportamento plastico de materiais
metalicos: identificacdo e optimizacdo de parametros.
Universidade de Coimbra

Cazacu O, Barlat F (2001) Generalization of Drucker’s yield crite-
rion to orthotropy. Math Mech Solids 6:613—-630. doi:10.1177/
108128650100600603

Drucker DC (1949) Relation of experiments to mathematical theo-
ries of plasticity. J Appl Mech ASME 16:349-357

Barlat F, Aretz H, Yoon JW et al (2005) Linear transfomation-based
anisotropic yield functions. Int J Plast 21:1009-1039. doi:10.1016/
j-jplas.2004.06.004

@ Springer


http://dx.doi.org/10.1007/978-3-662-40293-1
http://dx.doi.org/10.4028/www.scientific.net/KEM.473.360
http://dx.doi.org/10.4028/www.scientific.net/KEM.473.360
http://dx.doi.org/10.1016/0022-5096(52)90002-1
http://dx.doi.org/10.1016/S0924-0136(99)00345-3
http://dx.doi.org/10.1016/S0924-0136(99)00345-3
http://dx.doi.org/10.1007/s11831-008-9018-x
http://dx.doi.org/10.1098/rspa.1948.0045
http://dx.doi.org/10.1007/s12289-014-1173-z
http://dx.doi.org/10.1007/s12289-014-1173-z
http://dx.doi.org/10.1177/108128650100600603
http://dx.doi.org/10.1177/108128650100600603
http://dx.doi.org/10.1016/j.ijplas.2004.06.004
http://dx.doi.org/10.1016/j.ijplas.2004.06.004




Conclusions and Perspectives

Chapter 4.

Conclusions and Perspectives

This chapter highlights the main conclusions of the present research work on the

hydraulic bulge test and outlines perspectives of further studies.
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4.1. Conclusions

Although available in the literature for over 50 years, the hydraulic bulge test, used for
characterising the mechanical behaviour of metal sheets, still disclose unknown issues, some
of which were analysed and discussed in this thesis. This was duly taken into account for
this work, particularly given that the prevailing standards for this test are not satisfactory.
The apparent lack of timeliness of the subject, given its so great longevity, is also
contradicted by the recent effort provided for the proper identification of the constitutive
laws parameters, in which the bulge test persists in playing a key role.

This work aims to contribute for the understanding of the hydraulic bulge test,
attempting to establish relationships between variables of the test, in order to improve the
accuracy of the traditional experimental procedure for determining the stress vs. strain curve,
but also to the development of new direct and inverse methodologies for simplifying its
evaluation. It is supported by finite element simulations and experimental results were used
for validation of methodologies. The main conclusions of this thesis are described next.

Firstly, a comprehensive analysis of the geometry and variables of test, with particular
emphasis on anisotropic materials, was performed. This study contemplates materials with
different anisotropy and hardening coefficient. It was concluded that the geometry of the cap
is identical for all directions on the sheet plane, whatever the material anisotropy. This allows
simplifying the use of the general membrane theory equation, since the radius of curvature
is equal for both orthotropic axis. In contrast, the principal stresses (and strains) at the pole
of the cap, although equal for both axes in the case of planar isotropy, are different in case
of planar anisotropy with ro # reo. The errors associated with the traditionally used approach,
which considers the principal stresses (and strains) at the pole cap equal for both orthotropic
axes, were quantified according to the anisotropy of the sheet. Moreover, an equation
specific of the circular bulge test, that relates the stress path with the strain path at the pole,
was proposed regardless of the yield criterion describing the anisotropic behaviour of the
material: (o2/01 = (&/&1)?). This allows to determine the stress path since the strain path is
known, which can be assessed by digital image correlation. In this context, the generally

used simplified equation of membrane theory, which consists in assuming equibiaxial stress
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and strain path, can be overcome and the accuracy of the stress vs. strain curve is greatly
improved, mainly in case of materials with strong anisotropy.

Secondly, analytical models are proposed relating the radius of curvature and the sheet
thickness with the pole bulge height. These models are based in an extensive analysis of
different material behaviours, as well as different geometries of the bulge test. The analysed
geometric variables are the bulge die radius and the fillet radius located at the entrance of
the die. The equations of the models include the geometrical and material variables
associated with the hardening behaviour and the sheet anisotropy. The evolution of the radius
of curvature normalised by the die radius depends on the hardening coefficient of the
material and the die geometry, but it is independent of the yield stress, initial sheet thickness
and anisotropy of the material. The evolution of the sheet thickness normalized by initial
sheet thickness is also dependent on the hardening coefficient and the die geometry, but still
depends on the material anisotropy, while remaining independent of the yield stress and
initial sheet thickness. The validation of the equations was firstly performed using numerical
generated results, which shows that the error in the stress vs. strain curves is similar to that
obtained by traditional procedure by measuring the radius of curvature and principal strain
values at the pole, which requires the use of specific devices and involve more complex
analysis. Moreover, experimental validation was performed using results from literature,
with different bulge geometries, and those obtained in the framework of this thesis, with a
specific die geometry.

Finally, an inverse methodology is proposed for determining the hardening law of metal
sheets, from the results of pressure vs. pole height obtained in the bulge test. This involves
the identification of the parameters of the Swift law, and complements the above mentioned
work. The starting point of this analysis was to realize that it is possible to achieve a unified
description of the evolution of the pressure with the pole height, for a given value of the
hardening parameter of the Swift law, regardless of the yield stress and anisotropy of the
material, and sheet thickness. To achieve this, i.e. the overlapping of such curves, appropriate
multiplying factors must be used for the values of pressure and pole height, depending on
the yield stresses and thicknesses ratios of the sheets, and also on their anisotropy.
Thereafter, a forward analysis study on the influence and sensitivity of these parameters on
the results of pressure with pole height allowed developing the inverse analysis

methodology. This consists on the search for the best coincidence between pressure vs. pole
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height experimental and reference curves, the latter being obtained by numerical simulation
assuming isotropic material behaviour with various values of the hardening parameter in the
range of the material under study. This methodology, when compared with the classical
strategy, proves to be an efficient alternative avoiding the use of complex devices for
measuring the radius of curvature and strain at the pole of the cap, during the bulge test.
Moreover, it is easy to implement and it is more efficient than classical approach, since it is
not exposed to experimental errors related to the evaluation of the strain at the pole of the
bulge and the use of membrane theory approach for assessment of the stress from the radius

of curvature, which is usually the major source of errors.

4.2. Future Perspectives

The work contributes to a better definition of issues of the hydraulic bulge test that
deserve to be further studied, in view of experimental practices and understanding of this
subject. Some few issues that deserve further research are now suggested.

The first refers to identically oriented studies, but now relative to elliptical dies, which
is worth being accomplished, since the low frequency use of these bulge tests is linked to its
experimental complexity and corresponding analysis. The enhanced complexity of this test
comes from the fact that radius of curvature differs according to the direction in the plane,
and the strain and stress paths are not close to symmetrical biaxial, not even in case of
isotropic materials.

Secondly, the inverse analysis methodology herein proposed to evaluate the hardening
law requires to be extended to other hardening laws, besides Swift. The current analysis is
certainly an important step towards this objective.

Lastly, the inverse analysis methodology proposed to evaluate the hardening law
justifies to be assessed in the framework of the latest methodologies for simultaneous
identification of parameters of constitutive laws, including isotropic and kinematic

hardening and anisotropic yield criterion.
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