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1. Abstract

The economy of stiffeiied shells vs. the unstiffened version depends on loading, type of stiffening and stiffener profile. The stiffening
18 econémic when the shell thickness can be decreased in such a measure that the cost savings caused by this decreasing is higher
than the additional cost of stiffening material and welding. The present work deals with cylindrical shell columns fixed at the bottom
and free at the top subject to axial compression and hanizontal force acting on the top of the column. The shell is stiffened outside
with stringers welded by longitudinal fillet welds. Half rolled I section (UB) stiffeners are used to reduce welding cost.

The cost function to be minimised includes the costs of the materials, forming of shell elements into the cylindrical shape, assembly,
welding and painting, The design variables are the shell thickness, number and profile of stiffencrs for the stiffened shell, but only the
first type of variable in the unstillened case.

Randomness is considered both i loading and material properties. A level I reliability method (FORM) is employed. Individual
reliability constraints related with shell buckling, stringer panel buckling and the limitation of the horizontal displacement of the
column top are considered. The overall structural reliability is obtained by using Ditlevsen method of conditional bounding, The
costs of both the stiffened and unstiffened shells designed to ensure a stipulated probability of failure will be compared with the
solutions obtained for a cade based method, which employs partial safety factors. Results dre given illustrating the influence of the
constraint on the horizontal displacement.
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3. Introduction

The cost optimization of stiffened cylindrical shells depends on several parameters as follows: load (axial compression, bending,
external pressure or combined load), type of stiffening (ring-, stringer- stiffeners or orthoponal stiffening), stiffener profile (flat,
rolled 1, halved rolled I, L-, hollow section or trapezoidal). 1t has been shown that ring-stiffening can be economic in the case of
external pressure [1], [2]. In the present study a column fixed at the botiom and free on the top is investizated, subject to an axial
compression and a horizontal force acting on the top of the column. It has been shown that a shell stiffened outside with stringers can
be ecenomic, when a constraint on horizontal displacement of the column top is active [3].

The cross-section of the stiffened shell is constant along the whole height. Constraints on local shell buckling, on stringer panel
buckling and on horizontal displacement are taken into account. The cost fuaction to be minimized includes the cost of material,
forming of shell elements into cylindrical shape, assembly, welding and painting,

Stresses and displacements can be computed given the deterministic parameters of loads, geometry and material behaviour. Serre
structural codes specify a maximum probability of failure within a given reference period (lifetime of the structire). This probability
of failure is ideally translated info partial safety factors and combination factors by which variables like strength and load have to be
divided or multiplied to find the so called design values, The structure s supposed to have met the reliability requirements when the
limit states are not exceeded, The advantage of code type level [ methed (using partial safely factors out of codes) is that the limit
states are to be checked for only a small number of combinations of variables. The safety factors are often derived for components of
the structure disregarding the system behaviour. The disadvantage is lack of aceuracy. This problem can be overcome by using more
sophisticated reliability methods such as level II (first order second order reliability method, FOSM [4] and level III (Monte Carlo)
reliability methods. In this work FOSM was used and the sensitivily information was obtained analytically. A branch and bound
strategy coupled with a entropy-based algarithim is used to solve the reliability-based optimisation. The entropy-based procedure is
employed to find optimum continuous design variables giving lower bounds on the decision tree and the diserete solutions are found
by implicit enumeration. Results are given comparing deterministic and reliability-based sclutions. The influence of the constraint en
the horizental displacement is:also illustrated. In order to demenstrate the cconomy of the stiffensd shell, the unstiffened vetsion is
‘also optimized.

4. Prablem formulation

The investigated structure is a supporting columnn loaded by an axial and horizontal force (Fig.1). The horizontal displacement of the
top is limited by the reasons of serviceability of the supported structure. Both the stiffened and unstiffened shell version is optimized
and their cost is compared to each other. In the stiffened shell oulside longitudinal stifferers of halved rolled Isection (UB) are used.
The cost function 15 formulated according the fabmcation sequence.



Figure 1. A column constructed as a stiffened ¢ylindrical shell loaded by a compression force N and a horizontal force # . Cross-
section and a detail of the cross-section with outside stiffeners of halved rolled I-section. The horizontal displacement of the top (i)
is limited.
Given data are as follows: column height L, shell radius R, factored axial compression force -, factored horizontal force Hy,
yield stress of steel 7, cost factors for material, fabrication and painting &,k .4 ;. The unknowns are the shell thickness t as well
as the height # and number #; of halved rolled F-section stiffeners. The characteristics of the selected UB profiles are given in Table
L.

Table 1. Characteristics of the selected rolled UB profiles (Profil Arbed {5])
UBProfile | h B t, |1, | 45 | I,x107
mm | mm | mm | mm | mm I
152x389%16 1524 | 88.7 |45 |77 | 2032 | 834
168x102x19 | 1778 | 1012 [4.8 |79 | 2426 | 1356
203x133x25 | 2032 | 1332 | 5.7 | 7.8 | 3187 | 2340
254x102x25 | 2572 | 101.9 ) 6.0 | B4 | 3204 ) 3415
305%x102x28 | 308.7 | 101.8 1 6.0 | 8.8 | 3588 | 3366
356x127x39 | 3534 | 1260 | 66 | 10.7 | 4977 | 10172
406x140x46 | 4032 | 1422 { 6.8 | 11.2 | 5864 | 15685
457x152x60 | 454.6 | 1529 | 81 | 13.3 | 7623 | 25500
533x210x92 | 533.1 | 2093 | 10.1 | 15.6 | 11740 | 55230
610x229x113 | 6076 | 2282 | 11.1 | 17.3 | 143%0 | 87320
686x254x140 | 683.5 | 253.7 | 124 | 19.0 | 17840 | 136300
762x267x173 | 762.2 | 266.7 | 14.3 | 21.6 | 22040 | 205300
B38x292x194 | 840.7 | 2924 | 14.7 | 21.7 | 24680 | 279200
914x305x224 | 9104 | 304.1 | 159 | 23.9 | 28560 | 376400




5.The unstiffened shell
5.1 Constraints

5.1.1 Shell buckling

The sum of the axial and bending stresses should be smaller than the critical buckling stress
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The elastic buckling stress for bending is

2Bt Z
omp = Cpll.5- 50— I

10.92

Cp =yl+ (en)?

¢ R 03
=05 14+-—
b St 300:)

5.1.2. Horizontal displacement
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where M represents the bending moment and is given by,
M=HgLiyyiiviy =1.5Hp = 0.1N g

6. The stiffened shell

6.1. Constrainls

6.1.1. Shell buckling (unstiffenied curved panel buckling)
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Note that the residual welding distortion factor].5-508=1 when £>9mm. The detailed derivation of it is treated in [6].

6.1.2. Stringer panet buckling
I addifion to overall buckling, panel buckling must be considered in the stiffened shell
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1 so 18 the moment of inertia of a cross section containing the stiffener and a shell part of width S, (Fig. ). For a stiffener of halved
rolled I-seciion it is
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Since the effective shell part 8, (Fig. 1) given by DNV involves an iterative procedure, the simpler method of ECCS was chosen [7].
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6.1.3. Horizontal displacement
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¢ 1s the varied between 400 and 1000 (Table 2).

The exact calculation of the moment of inertia for the horizontal displacement uses the following formulae (Fig. 1):
The distance of the center of gravity for the halved UB section 18
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The moment of inertia of tlie halved UB section 1s expressed by
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The moment of inertia of the whole stiffened shell cross-section is
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7. Cost function
Fabrication sequence;
(1) Fabrication of n,=5 shell elements of length 3m without stiffeners. For one shell element 2 axial butt welds are needed
(GMAW-C) (kg ). The cost of forming of a shell elemerit into the cylindrical shape is also included ( £ 5y ).
(2) Welding of the whole unstiffened shell from n,, elements with 1, -1 circumferential butt welds ( & 74 ).
(3) (only for stiffened shells) Welding of », stilfeners to the shell with double-sided GMAW-C fillet welds. Namber of fillet
welds 15 2n; ( Ky )
The material cost is

Kpg = Kpninse V] + K prapng L2 (1)
Vi = 3000x2Rm, p = 785510 kgpem = dkp = 1,08/ min, K ) =1.087 kg. (32)
The cost of torming of a shell element into the cylindrical shape according to [3] is

Fo
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where @) is a difficulty factor expressing the complexity of the assembly and k is the number of elements to be assembled

k=21 = 2Rmx3000,© = 2 (35)
Kpp ~kp [@Jnﬁzpm +13%0.1 520x10_3r1"935'8x4x2RnJ (36)

Kpy=k F(@,ﬂn: +1)piy +1.3x0.3394x10 a%ﬁZLn_s) (37)

The fillet weld size a,, =03t a,,pun =3mm,

Vo =ng V) +ngd i (38)
The cost of painting is
Kp =kp(dRaL)kp =14.810758 ) mm® (39)
for the unstiffened shell and
Kp =kp(4Ral+ngdy L12ykp =14.4x107587 pm? (40)

in the stilfened case, where the stiffener surface to be painted is
Apl2=h+2b {41y
The total cost is

K=K, +n K, +n K +Kp+K +K, (42)
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8. Reliability-based optimization
A failure event may be described by a functional relation, the limit state function, in the following way

F={g(x)=0} (43)
The probability of failure may be determined by the following mtegral

pr =11 (44)
g2(x)<0

where /(%) is the joinf probability density function of the random variables . This integral is, however, non-trivial to solve. Various
miethods for the selution have been proposed including munerical infegration techniques, Monte Carlo simulation and asymptotic
Laplace expansions [8]. Numerical integration technigues become inefficient for increasing dimensions of the vector x. Monte Carlo
simulation techniques may be used, but in the following the focus will be on the first order approximation to FOSM (FORM), which
are consistent with the solutions obtained by asymptotic Laptace integral expansions. In the case the limit state function g (x)is a
tinear function of the normmally distributed basic random variables x the probability of failure can be written in ternis of the linear
safety margin M as:

Pr = Pla(x)2 0}= P(M <0), (45)
which reduces to the evaluation of the standard normal distribution function
Pp =0(-4) (46)

where ﬂ is the reliability index given as
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The reliability index has the geometrical interpretation as the smallest distance from the line (or the hyperplane) forming the
boundary between the safe domain and the failure domain. The evaluation of the probability of failure reduces to simple evaluations
in terms of mean values and standard deviations of the basic random variables.

When the limit state function is not linear in the random variables x, the linearization of the limit state function in the design point of
the failure surface represented in normalised space u. was proposed in [4],

u; = (xi- —Hy )/ Ty (48)

As one does not know the design peint in advance, this has to be found iteratively in a number of different ways. Pravided that the
limit state function is differentiable, the following simple iteration scheme may be followed:

o =—'6g(ﬂa)/6u{§5‘g(ﬁa)2 /6u1:| (49)
=
Glpey, fay..ba,) (50)

which will provide the design point u* as well as the reliability index 8.

The reliability assessment requires an enumeration’ of the reliability indices associated with limit state functions to evaluate the
structural syslem probability of failure. Collapse modes are usually correlated through loading and resistances, so an exact evaluation
of the probability is mmpractical, or even impossible to perform numerically. For this reason, several investigators considered this
problem by either finding bounds for pr or approximating solutions. In general, the admissible failure probability for structural
design is very low. A first estimate of py can be found through well-known first-order bounds proposed by Carnell [9]:

A‘{I‘Z?'[Pr(zk)]spﬁ‘gk:?})r[zkso] (51)

The lower bound, which represents the probability of oecurrence of the most critical mode (dominant mode) is obtained by assuming
the mode failure events Zito be petfectly dependent, and the upper bound is derived by assuming independence between made
failure events. Hence, approximation by Cornell's first-order upper bound is very conservative becanse it neglects the high correlation
between failure modes. Improved bounds can be obtained by taking into account the probabilities of joint failure events such as
FF, N, Jwhich means the probability that both events Frand £ will simultaneously oceur. The resulting closed-form solutions for
the lower and upper bounds are as follows:

pr 2 (R )+ _%WX[[P(E) E]]P(Fmﬁf)]:o} (52)

Pr < §P(F,)_ §MaxP(F,-nFj) (53)
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The above bounds can be further approximated using Ditlevsen's method of conditional bounding [10] to find the probabilities of the
Joint events, This is accomplished by using a Gaussian distribution space in 'which it is always possible to determine three mutnbers
A\ B and the correlation coefficient py for each pair of collapse modes 7 and F .

A different approximate method which avoids caleulating conditional probabilities resulting from conditions leading to failure via
pairs of failure modes is the PNET [11], This method also requires the evalvation of the coefficients of correlation between any two
failure modes i and } and is based on the notion of demarcating correlation coefficient pj assuming these failure modes with high
correlation (p; ; = pg) to be perfectly correlated and those with low correlation (p, ; < pg)to be statistically independent. This
method is not very convenient because the solutions will be heavily dependent on the assumed demiarcating coefficient py. A
discrete reliability sensitivity analysis is derived and used in the optimization algorithm,

9. Optimization Strategy



9.1 Branch and Bound

The problem is non-linear and the design variables are discrete. The solution procedures which can be adopted can be characterized
as deferministic (enumerative strategies, culting planes, tunnelling methods), stochastic (randem research, simulated annealing) or
based on analogies with biology (genetic programming, evolutionary method). Given the small number of discrete design variables
an implicit branch and bound strategy was adopted to find the Ieast cost solution.

The two main ingredients are a combinatorial free with appropriately defined nodes and some upper and lower bounds to the
optimum solution associated the nodes of the tree. 1t is then possible to eliminate a large number of potential solutions without
evaluating them, A partial solution is said to be fathomed if the best completion of the solution can be found or if if can be
determined that, no matter how sections are assigned to the remaining free members it will be impossible to find a [easible
completion of smaller cost than the previously found. If a partial solution is fathomed this means that all possible completions of the
partial solution have been implicitly enumerated. When the last node 15 fathemned the algorithm ends up with the optimum design.
Backtracking in the tre¢ 1s performed $o that nio solution is repeated or omitted from consideration.

The number of levels in the combinatorial tree equals the number of discrete design variables. A strong branching rule was emploved
at the top of the tree to fix the number of stiffeners. Each node can be branched into ne new nodes, each of these being asseciated
with continuous design variables representing the shell thickness t and stiffener height h. This requires using continuous values close
to the geometric characteristics of an UB' section, (Aﬁ,b,!_,-,.rw), which are approximated by curve-fitling functions wiitten as a
function of h. The stiffener height is also obtained from a curve fifting of the heights k. Care has to be taken to find geometrical
properties leading to vonvex underestimates of the aclual UB section, so that the solution obtained by using the real UB geometric
characteristics is more costly than the solution given by using continuous approximations, In the second level of the tree the branches
correspond lo different stiffener UB profiles. The corresponding minimuom continuous shell thickness is evaluated. The resulling
minimum discrete solution becomes the incumbent solution {upper bound).

The combinatorial tree up to level 2 has each node identified with an underestimate. Any leaf of the tree whose bound is strictly less
than the incumbent is active. Otherwise 1t is designated as terminated and need not to be considered further. The B&B tree is
developed until every Jeaf is terminated. The branching strategy adopted was breadth first, consisting of ¢hoosing the node with the
lower bound.

9.2 Optimum design with continuous design variables

For solving each relaxed problem with continnous design variables the simultancous minimization of the cost and constrails is
sought. All these goals are cast i1 a normalized form. For the sake of simplicity, the goals and vartables described in the following
deal with stiffencd shells. If a reference cost Ko is specified, this goal can be written in the form,

gl h)=kl,n)/Ky-1<0 (51)

Anecther two goals arise from the constraint on overall buckling and single panel buckling:

et h)=(a'a.+crb)y’crcp -1<0 (55)
g3("=h)=coa+o-b)/amp_150 (56)

The remaining poal deals with the limitations of the horizontal displacement:

g-i(t’h):wh/waﬂaw_lso (57)
The objective of this Pareto optimization is to obtain an unbiased improvement of the curent design which can be found by the
unconstrained minimization of the convex scalar function [12]:

s fa)=%.1n[§exp elale h))} (58)

=

This form leads to'a convex conservative approximation ol the objective and constraint beundaries. Accuracy increases with p.
The strategy adopted was an iterative sequence of explicit approximation models, formulated by taking Taylor series approximations
of all the geals trunicated afler the linear term. This gives:
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This problem has an analytic solution giving the desipn variables changes df and k. Solving for a particular numerical value of
£oforms an iteration of the solution to problem (58). Move limits must be imposed on the desipn variable changes to guarantee the
accuracy of the approximations., Given the small number of design variables an analytic solution is available. During the iterations
the control parameter p, which should not be decreased to produce an improved solution, is increased.

10. Numerical results and discussion
Numerical data:

Ny =340008N, f, =355MPa, R =1850mm L. =15m.
M =HFL/}"M;}’M = l.S;HF =U.LNF

Consistent with the traditional limil state design (level 1 approach), design stresses of =355 MPa were considered. With a safety
factor for structural steel of 1.11 and an assumed coéfTicient of variation of 0.10 this corresponds to mean values of 470 MPa, Design
and mean values of the loading are 34000kN and 20000kN, respectively, These are given by assuming a safety factor of 1.28 and
eoefficient of variation of 0.20.

Although the randomness of Young modulus alse plays an important role in the struetural reliability, this was not considered here for
the sake of simplicity. Inx this example the probability of failure will be connected with the buckling stresses throughout the structure,
the stringer panel buckling and the horizontal displacement of the shell induced by loadings.

A maximumn probability of failure pr< 1.0E-4 (beta larger than 3.72) was established. In the stiffened shell the shell buckling and
siringer panel buckling modes are highly correlated and the highest probability of failure is representative of both modes. The
correlation between these modes and the horizontal displacement is weaker, about (0.6 meaning the second order bounds pyare around
6% more than the higher mode result. The optimization is performed using the procedure described. The results are summarized in
Table 2 and 3.

Table 2. Results of the optimization for stiffened shell.

| Deterministic Reliahility-based Design
¢ U | p | Pr Cost UB e |t pr Cost
min : 3 min 3
500 | 305 [19 |20 | 4.1E-5 53729 168 1% ] 20 1.0E-4 51887
600 [ 457 |18 | 18 1.2E-4 54450 457 16 | 19 8.5E-5 55019
700 610 |19 | 14 1.79E4 56501 686 14 | 16 92E-3 38111
800 1914 |10 | 16 1.53E4 60347 838 13 | 15 7.8E-5 61480
900 | 914 | 14 | 13 | 2.04E4 63616 914 14 | 14 8.2E-5 65599
1600 |1 914 | 17 12 | 2.0E4 68569 914 17 ) 13 8 8E-5 70548
Table 3. Results of the optimization for the unstiffened shell. Positive cost differenice means savings due to stiffening
Deterministic Reliability-based design
qﬁ £ mumn 2y Cost Cost diff % | ¢ Pr Cost Cost diff %
- LS | stiffunstif | mm |9 & $ stifffumstil
500 22 0484 49483 -7.9 24 8.8E-5 53676 3.5
600 25 1.1E-4 55796 25 26 2.6E-3 57932 5.2
700 26 L.3E4 64442 14.1 30 6.7E-3 66647 14.6
800 33 1.5 | 73367 215 34 5.2E-5 75644 23.0
200 37 1.6E-4 82584 29.8 38 6,7E-5 84935 294
1000 4] 1. 8E-4 92101 34.3 42 7.8E-5 04528 34.0

Cable 4. Reliability based designs obtained by specifying different pe

[ pe<1E3 o< LE=5
UB | » z Cost Cost diff | UB n, |t Cost Cost  diff
" lmm | § Stff % mm $ ST %
500 152 | 17 19 48574 6.4 168 19 | 22 56021 8.0
600 | 457 | 19 | 16 | 51152 7.0 457 115 | 21 58392 | 6.1
700 | 610 | 17 | 14 | 54054 7.0 914 |6 |21 61273 | 54
800 | 914 |9 |16 | 58036 556 914 | 11 |17 64667 | 52
900 | 914 |13 | 13 | 61305 65 838 | 19 | 13 69615 | 6.1
1000 | 914 | 16 |12 | 66259 28 914 | 18 | 14 74842 | 6.0




Table 5. Reliability based designs obtained by specifying different ¢.ov. for the loading

[ cov=0.15 cov =025
¢ |UB | n |t Cost Cost diff | UB | m, |1t Cost Cost diff
" m | $ stiff % mum $ stiff %

1500 | 152 [ 19 | 19 | 49194 -5.2 152 18 | 20 55063 6.1

600 | 406 | 19 | 17 | 50895 | -7.5 533 18 | 17 57579 4.7

700 | 838 | 5 19 | 53396 -8.1 838 10 | 18 61455 5.8

800 | 762 | 12 | 15 | 57094 -7.1 914 13 |15 65279 6.1

200 [ 914 | 11 15 | 60658 -7.5 914 17 | 13 70548 6.1

1000 | 914 | 15 | 12 | 63948 9.3 914 19 ] 14 77153 9.3

For deterministic loading the unstiffened shell is' more economic if the allowable horizontal displacement is limited to L/500,
although this solution is associated with a high probability of failure. For all the remaining designs the stiffened shell is cheaper.

The comparison between reliability based designs and deterministic solutions in the stiffened shell shows that the former are usually
less economical for smaller horizontal displacement, ‘but safer. For L1004, /900 and L/700: 3% more costly but at least twice
safer; L/ 800: 5% more costly but twice safer, L/600: 1% heavier but 40% safer. L/500; 3% cheaper, but less safe. Table 2 shows that
the design is made safer mainly by increasing the thickness. The reliability-based design employs smaller stiffeners if the limnit state
associated with the maximum displacement is not likely (L/500 and 1./600.).

The deterministic solutions are also the reliability-based optimum designs when the specified maximum probability of failure is the
same value ss calculated in the 5™ column of Table 2.

Table 4 and 5 deal with the changes in the refiability-based optimum design when different probahility of failure and coefficient of
variation for the loading are specified. The designs show thal when the limit state related to displacements is approached (L/1000 and
L/900) the number and size of stiffeners increase,
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