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ABSTRACT: We give a proof of the Hélder continuity of weak solutions of certain de-
generate doubly nonlinear parabolic equations in measure spaces. We only assume
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1. Introduction

We consider the regularity issue for nonnegative weak solutions of the dou-
bly nonlinear parabolic equation

O(uP~1)
ot

This equation is a prototype of a parabolic equation of p-Laplacian type. Its
solutions can be scaled by nonnegative factors, but in general we cannot add
a constant to a solution so that the resulting function would be a solution to
the same equation.

The purpose of this paper is to obtain a clear and transparent proof for
the local Holder continuity of nonnegative weak solutions of (1). Our work
is a continuation to [17], where Harnack’s inequality for the same equation
is proved. See also [21], [11], [10] and [24]. However, since we cannot add
constants to solutions, the Harnack estimates do not directly imply the local
Holder continuity. To show that our proof is based on a general principle, we
consider the case where the Lebesgue measure is replaced by a more general
Borel measure, which is merely assumed to be doubling and to support a

Poincaré inequality. In the weighted case, parabolic equations have earlier
been studied in [1], [2] and [20]. See also [8].

— V- (|Vuff?Vu) =0, 2<p< oo. (1)
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This kind of doubly nonlinear equations have been considered by Vespri
23], Porzio and Vespri [19], and Ivanov [14], [15]. The known regularity
proofs are based on the method of intrinsic scaling, originally introduced by
DiBenedetto, and they seem to depend highly on the particular form of the
equation. However, the passage from one equation to another is not com-
pletely clear. For other parabolic equations, the problem has been studied
at length, see [4], [3], [7] and [22], and the references therein.

The difficulty with equation (1) is that there is a certain kind of dichotomy
in its behavior. Correspondingly, the proof has been divided in two comple-
mentary cases:

Casel: 0 <essinfu << essoscu

and
Case IT:  w’u; ~ Cuy.

In large scales, i.e., in Case I, the scaling property of the equation dominates
and, consequently, the reduction of the oscillation follows immediately from
Harnack’s inequality. In small scales, on the other hand, the oscillation is
already very small and thus the solution itself is between two constants, the
infimum and the supremum, whose difference is negligible. Correspondingly,
the nonlinear time derivative term, which formally looks like u”~2u;, behaves
like u; and we end up with a p-parabolic type behavior. However, also in this
case, we still need to modify the known arguments. In particular, the energy
estimates are not available in the usual form and we need to use modified
versions as in [5], [15] and [25].

Our argument also applies to doubly nonlinear equations of p-Laplacian
type that are of the form

O(uP~1)
ot
with A(z,t,-,-) satisfying the usual structure assumptions. For expository
purposes, we only consider (1).
Very recently, a direct geometric method to obtain local Holder continuity

for parabolic equations has been developed in [6] and [9]. Despite the effort,
the general picture remains unclear.

— V- A(z,t,u, Vu) =0,

2. Preliminaries

Let 1 be a Borel measure and € be an open set in R?. The Sobolev space
HYP(Q; 1) is defined to be the completion of C*°(Q) with respect to the
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1/p
= ([l + 19y an)

A function u belongs to the local Sobolev space HP(Q; u) if it belongs to
HYP (Y 1) for every Q' € Q. Moreover, the Sobolev space with zero bound-
ary values Hy”(€; 1) is defined as the completion of C§°(€) with respect to
the Sobolev norm. For more properties of Sobolev spaces, see e.g. [13].

Let t; < to. The parabolic Sobolev space LP(ty,ty; H1?(Q; 1)) is the space
of functions u(x, t) such that, for almost every t, with t; < t < t5, the function
u(-,t) belongs to H'?(Q; i) and

ta
[ [ ur+19apy v < <,
1] Q

where we denote dv = du dt.
The definition of the space Lj (t1,to; HZOC(Q 1)) is analogous.

Sobolev norm

e

Definition 2. A function u € Lj (t1,t; H loc P(Q; 1)) is a weak solution of
equation (1) in € X (1, t9) if it satisfies the integral equality

/tQ/ (\vu\f’ Vu -V —ul! ¢) dv =0 (3)

for every ¢ € C§°( x (t1,t2)).

Next, we recall a few definitions and results from analysis on metric measure
spaces. The measure yu is doubling if there is a universal constant Dy > 1
such that

p(B(z,2r)) < Dop(B(z, 7)),
for every B(z,2r) C €. Here
B(z,r)={yeR?: |y — x| <r}

denotes the standard open ball in R?. Let 0 < » < R < oo. A simple
iteration of the doubling condition implies that

p(B(.R) _ (5)‘“
p(B(x,r)) = \r)

where d, = logy, Dy. A doubling measure in {2 also satisfies the following

annular decay property. For every 0 < o < 1, there exists a constant ¢ > 1
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such that
p(B(xz,r) \ Bz, (L= 0)r)) < cd*u(B(x, 7)), (4)
for all B(z,r) C Qand 0 <9 < 1.
The measure is said to support a weak (1,p)-Poincaré inequality if there
exist constants Py > 0 and 7 > 1 such that

1/p
F s < R (][ Vup du) ,
B(x,r) B(x,r7r)

for every u € H.P(; p) and B(x,7r) C Q. Here, we denote

1
UB(z,r) :][ udp = —/ wdp.
B(z,r) /L(B(.%’,T)) B(z,r)

The word weak refers to the constant 7, that may be strictly greater than
one. In R? with a doubling measure, the weak (1, p)-Poincaré inequality with
some 7 > 1 implies the (1, p)-Poincaré inequality with 7 = 1, see Theorem
3.4 in [12]. Hence, we may assume that 7 = 1.

On the other hand, the weak (1, p)-Poincaré inequality and the doubling
condition imply a weak (k, p)-Sobolev-Poincaré inequality with

d,p
, l<p<d,
e T A (5
2p, p = dy,

where d, is as above. In other words, Poincaré and doubling imply the
Sobolev inequalities. More precisely, there are constants C' > 0 and 7 > 1

such that
1/k 1/p
(f  wmwmelan) " <er(f wara) @)
B(x,r) B(z,'r)

for every B(x,7'r) € 2. The constant C' depends only on p, Dy and Fy. For
the proof, we refer to [12]. Again, by Theorem 3.4 in [12] we may take 7/ = 1
in (6).

For Sobolev functions with the zero boundary values, we have the following
version of Sobolev’s inequality. Suppose that u € H& P(B(x,r); u). Then

1/k 1/p
(][ |lu|”® d,u) <Cr <][ |Vul? d,u) . (7)
B(z,r) B(z,r)

For the proof we refer, for example, to [18].
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Moreover, by a recent result in [16], the weak (1,p)-Poincaré inequality
and the doubling condition also imply the (1, ¢)-Poincaré inequality for some
q < p, that is

1/q
L sl or(f - wupan) )
B(z,r) B(z,r)

Consequently, also (6) holds with p replaced by q. We also obtain the (g, q)-
Poincaré inequality for some ¢ < p.

In the sequel, we shall refer to data as the set of a priori constants p, d,
Do, and P().

Our main result is the following theorem.

Theorem 2.1. Let 2 < p < oo and assume that the measure s doubling,
supports a weak (1, p)-Poincaré inequality and is non-trivial in the sense that
the measure of every non-empty open set is strictly positive and the measure
of every bounded set is finite. Moreover, let u > 0 be a weak solution of
equation (1) in RY. Then u is locally Holder continuous.

We will use the following notation for balls and cylinders, respectively:
B(r) = B(0,r)
and
Qi(s,r) = B(r) x (t — s,t).
For simplicity, we will also denote
Q(s,r) = Qo(s,r) = B(r) x (=s,0).
Recall Harnack’s inequality from [17].

Theorem 2.2. Let 1 < p < oo and suppose that the measure p s doubling
and supports a weak (1, p)-Poincaré inequality. Moreover, let uw > 0 be a weak
solution to (1) in RY. Then there exists a constant Hy = Hy(p, d, Dy, Py, (t —
(s —1P))/rP) > 2 such that

esssupu < Hyessinf u,
Qi(rP,r) Qs(r?yr)

where s >t + rP.

Proof: See [17]. u
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In addition, in [17] it is also proved that all solutions of equation (1) are
locally bounded. In the sequel, we will assume this knowledge without any
further comments.

3. Constructing the setting

Our proof is based on the known classical argument of reducing the os-
cillation, see [4], [7] and [22]. However, the equation under study has some
intrinsic properties which are not present, for instance, in the case of the
p-parabolic equation. In large scales, the scaling property dominates and the
oscillation reduction follows easily from Harnack’s inequality. In this case,
the equation resembles the usual heat equation.

In small scales, in turn, the equation changes its behavior to look more
like the evolution p-Laplace equation. Indeed, when we zoom in by reducing
the oscillation, the infimum and the supremum get closer and closer to each
other. Consequently, the weight u?~2 in the time derivative term starts to
behave like a constant coefficient and we end up with a p-parabolic type
behavior. Resembling this divide between large and small scales, the proof
has to be divided in two cases.

We study the (local) Hélder continuity in a compact set K and we choose
the following numbers accordingly. Let

o < essKinf v and pg > esssupu,
K

and define
Wo = fg — Ho -

Furthermore, choose j, small enough so that
(2Hy + 1)y < wy (9)

holds. We will construct an increasing sequence {yu; } and a decreasing se-

quence {u; } such that

+ - _ i
Hi = Hy = Wi = 0w

for some 0 < ¢ < 1. Moreover, these sequences can be chosen so that
esssupu < p;
Qi
and

essinfu > pu;,
Qz
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for some suitable sequence {Q'} of cubes. Consequently,

essoscu < wj.
Qi

The cubes here will be chosen so that their size decreases in a controllable
way, from which we can deduce the Holder continuity. Observe also that if

(2H0 + l)luj_o < wj,
fails for some jy, the above sequences have been chosen so that

ut
L < 2Hy+2 (10)
K

for all j > 7.

We are studying the local Holder continuity in a compact set K. Our aim
is to show that the oscillation around any point in /K reduces whenever we
suitably decrease the size of the set where the oscillation is studied.

The next step is to iterate this reduction process. We end up with a
sequence of cylinders Q°. For all purposes, in the sequel, it is enough to
study the cylinder Q" := Q(nr?,r) instead of the set K. Indeed, for any
point in K we can build the sequence of suitable cylinders, but since we can
always translate the equation, we can, without loss of generality, restrict the
study to the origin.

The equation (1) has its own time geometry too, that we need to respect
in the arguments. This is important, especially in small scales, when the
equation resembles the evolution p-Laplace equation. We will use a scaling
factor n = 2M(P=2)+1 i the time direction, where \; > 1 is an a priori constant
to be determined later.

4. Fundamental estimates

We start the proof of Theorem 2.1 by proving the usual energy estimate
in a slightly modified setting, which overcomes the problem that we cannot
add constants to solutions, see [5], [15] and [25]. We introduce the auxiliary
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function

uP~1

j((u—k)i) ::l:/k_l (51/(p—1)_]€>i dé"
—£(p-1) [ (ke
(u—Fk)+
=(p—1 k4 &P dE.
o= [ ke
Hence, we have

0 0w
aj((u—k)i)—:t 5 (u—Fk)+.

In the sequel, we will also need the following estimates. Clearly,

(u—k)+
T((u—k);) = (p— 1) / (k + €2 de

< Pkt (k) 2 R

—1
<P s (u=k)}

and

Observe that the assumption p > 2 is used here.
On the other hand,

(u—Fk)_
T((u—k)_) = (p - 1) / (k— &2 de

(p—1)
2

Vv

uP~?(u—k)? .

(11)

(12)

(13)

(14)
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Moreover,
(u—Fk)—
T((u—k)_) = (p - 1) / (k— €2 de

(u—k)_
< (p—1)k"? /0 ¢ d¢ (15)

(u—k)z_

— (p— 1)kP2
(p—1)k 5

Now we are ready for the fundamental energy estimate.

Lemma 4.1. Let u > 0 be a weak solution of (1) and let k > 0. Then there
ezists a constant C = C(p) > 0 such that

esssup/j u—k)+) pdqu/ /\Vu k)+plP dv

t1<t<ta

to
<C’//uki|Vg0\pdu+C/ /juk: Pl(g—‘f) dv,
+

for every nonnegative p € C3 () X (t1,12)).

Proof: Let t1 < 71 < 1 < to. We formally substitute the test function
¢ = £(u—k)+¢P in the equation and obtain

T2 -1
:/ A(\vu|p—2vu-v¢+a(§t )gb> dv

- /” /Q [V (u=k)"2(£V (u—k)z) - V(E(u—k) ") dv  (16)

—k)igﬁp dv.

Now the first term on the right-hand side can be estimated pointwise from
below as

IV (u—k) "2 (£V (u—k)z) - V(E(u—k)=¢")
> |V(u=k)£l"" = p|V(u=k)l" " (u—k)=| Del,
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and the last term is estimated further by Young’s inequality as
— |V (u—k)<P o (u—k)£| D]
> —2[V(u—k):Pe? - Clu—k)LIDP

Thus we have

To T2 p—1
1/ /\V(U_k)isﬁ\pdVi/ /8(u )(U—k‘)igopdy
2 T1 Q T1 Q 8t
<c / / (u—k)2 | Vol? d.

Using (11) and integrating by parts,

// “pl —kiappd—//at (u—k))¢? dv

{ / T (e, t)—k) )" (x, 1) du] t:ﬁ

—p/ /j u—k)+ gop_—du
So we obtain

| TGt )=k 2)e )+ / | wtkrar

(17)

<¢ [ (utmn)-Dae e n)de+C [ [ w-bivras oy

+C//juk (%f) dv.

Now we can drop the second term from the left hand side, let 7y — ¢1, choose
T such that

/j((u(a:,Tg)—k)i)go (x, 1) du > —esssup/ J(u—k)x)Pdp  (19)
Q t1<t<ty

and estimate the limits of integration on the right hand side of (18). On the
other hand, we can also drop the first term on the left hand side of (18) and
let 1 — t; and 79 — t3. Summing the estimates for both terms gives the
claim. |
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Let us denote

P (u) i= W(H, (u—k)s,¢) = (1“ ( n H;}iki(u—ku));

The following logarithmic lemma is used in forwarding information in time.

Lemma 4.2. Let u > 0 be a weak solution of equation (1). Then there exists
a constant C' = C(p) > 0 such that

ess sup / @22 () P dpp < / B2 (u) (2, ) () di
Q

t1<t<to
to
+c/ /w VPVl dv

esssup/gkp_Qwi(u)gppd,u§/up_2¢i(u)(:c,t1)cpp(:c) di

t1<t<to Q

and

to
e / /Q |y P Vol dv

Above, p € C°(Q) is any nonnegative time-independent test function.

Proof: Choose
0
ba(0) = (U ()"

in the definition of weak solution and observe that

(¥1)" = (1 + ) (¥L)* (20)
The parabolic term will take the form

tg t2
g / / / (sY/®P=V) ds dv
/t'l / tl at kp— 1 )
= / / 1/ (p—1) )ds dﬂ]
fp—1
t1
to
= p—l // ¢irrp_2drd,u] :
L QJEk ty




12 T. KUUSI, J. SILJANDER AND J.M. URBANO

Now an integration by parts gives

/k bu ()2 dr = /k (W2(r))'r2 dr?
— o [ ()" — (p - 2) / GRS drg?
—2 (w2 — (p— 2) / Y2 (1) drg?.

In the plus case, we have

[onm
k

> Y4 (u)u! 2P — % (u) (uP ™ — kPP
= (p— DY (kP 2¢”

and trivially
[ oo ar < ey
k

since p > 2. Similar estimates are true also for the minus case.
On the other hand, by using (20) together with Young’s inequality, we
obtain

[VulP*Vu - Voi = [VulP*Vu- V((¢i(u))¢")
> |VulP(1+¥1) (¥)) " — 2p|Vul g 0PVl

1 _
> Va1 + ) (0% — Cou (9 )PPV,
almost everywhere, from which the claim follows. |

We will need the following notations in the next lemma, which is the most
crucial part of the argument. Let

T r

+ + _
§+W, QF =B, x TF = B(r,) x (t* —~y5rk )

ry =

and
Ar = {(z,t) € Q, : Lu(z,t) > +k, },
forn=0,1,2,....
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Recall the definitions y” — p; = w; = o'wy, where p;7 > esssupg u and
p; < essinfgi u, for i > 1. Observe, however, that we have to choose
pd < esssupu and [y > essinfu,
K K

where the infimum and the supremum are taken over K instead of Q°. This
is because we need the argument to be independent of the initial cylinder
Q". Now we are ready to prove the fundamental lemma everything depends
upon.

Lemma 4.3. Let 0 < ex < 1, (k), be an increasing sequence and (k, ), a
decreasing sequence, both of nonnegative real numbers. Suppose u > 0 is a
weak solution of equation (1),

E4W;
(u— k)i < etw; and R TSR
In addition, assume further
1
and
<2k, n=1,2,... 22
ILLZ n

for the minus and plus cases, respectively. Then there exist constants
C_ = C(Dy, Py,Cy,p) >0 and Cy = C(Dy.Py,p) > 0 such that

V(A?LEH) n—+1 V(AT:Lt) 2opln
Qe ST (v@z)) (23)

for everyn =0,1,2,.... Here K is the Sobolev exponent as in (5) and

_ _ 2—p/K
Iy = i k) : ~E ExWi p2 +1
7E \Erw; kit

Proof: Choose the cutoff functions ¢ € C(QF) so that 0 < ¢F < 1,

pf=1inQ;,, and

OQp(n—H)

Contl (990?1:

ot

V| < (24)

and ‘ ~E

Denote in short

vy = (u—kyp)+, k,=kf,  c=¢e4
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and
Qn:BnXTn:an An:Aia VZ’Yia (Pn:@rjzt'
By Hélder’s inequality, together with the Sobolev inequality (7), we obtain

][ W20-2/R)4 g,
Q7L+1

< v(Qn) ][ W20P/R R P (D[R4 gy,

1-p/k p/k
o (f ) ™ (] o)
T, B, B,

1-p/k
<C'r? (ess sup][ V2P du) IV (v0n)|F du.
Tn Bn QTL

(25)

Here, we applied the doubling property of the measure v giving

V(Qn)
) =

We continue by studying the term involving the essential supremum. By
the assumption

1
> — k-~
u_CO "

and (14), we obtain

(k) < PP (u— k7)) < Clh )P T (u— ky)).

- = p o n
On the other hand, the lower bound (13) gives immediately
(u—ky )} < Clh) T ((w— k).

Using these estimates together with the energy estimate, Lemma 4.1, yields

ess sup][ V2P dp < O(k,)* P ess sup]Z T (vn) b du
TTL Bn Tn Bn

<clopruf (ive + gaer (%) ) v
@n +

Furthermore, the estimates (12) and (15) imply
T (u=kn)+) < CURTP 2 (u=kn)i,  T((u—kn)-) < Clhy)" "> (u—ky)2.
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For the plus case, we used (22). Next, using (24), we arrive at

if (vz\wn!pw(vn)wz—l (%) )dv
Qn ot +

n (kn)p—2
< (C2 p]l <v£ + TUTQL dv (26)

<o (10 (2) ) a3

where the last inequality follows from the fact that (u—k,)+ < eiw;. Thus,
we conclude

ew; \ 7 v(A,)
ess sup][ V2P dp < C2"(ew;)* | ( ) +1 : (27)
B,

T, kn V(Qn)

Furthermore, since

][ |V (vpon) P dv < C |an|pgoﬁdu+0][ VPV p,|? du,
Qn Qn

n

applying again the energy estimate and (26) leads to

P dy ()P 1 EwWi o v(Ay)
IV ()P <O () (1+7( = )um' 29

Qn
To finish the proof, note first that
(= k)X gm0y 2 (1 = k)£ X (it a0}
>[Fvir =
22_(”+2)5iwi.

It then follows that

][ UQ(l—p/K;)—f—p dy > (2—(n+2)€wi>2(1—p//€)+p I/(An-kl)‘ (29)
QnJrl ! B V(QTH'l)

Inserting estimates (27), (28), and (29) into (25) concludes the proof. _

Remark 4.1. If we have the extra knowledge that (u — &, )_ = 0, almost
everywhere in B(r) at a given time level, we can choose the test functions to
be independent of time and the cylinder (), so that the length in the time
direction stays constant, and the bottom of the cylinder stays at the given
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time level. In this case, by choosing a time independent test function, the
right hand side of the energy estimate simplifies so that we can get rid of the
term +1 in the formulation and

erw; \P 2 ol
+Wy
F;t - <Vi< L+ ) )

in (23). This will get us the required extra room in the end of the first
alternative of Case II.

Furthermore, in the previous lemma, we chose the radii of the cylinder as

r r
Tn = 5 + on+1’

However, the factor 2 in the denominator can naturally be replaced by any
greater number.

We start the proof by considering Case I. Here, we use the previous lemma
only in the plus case. Consequently, the first case does not depend on the
constant (.

We recall a lemma on the fast geometric convergence of sequences from [4].

Lemma 4.4. Let (Y,,), be a sequence of positive numbers, satisfying

Y, < CHY T (30)
where C;b > 1 and a > 0. Then (Y,,),, converges to zero as n — oo provided
Yy < ¢Vepte®, (31)

On several occasions in the sequel, we use this lemma, together with the
fundamental estimate Lemma 4.3, to conclude that a ratio of the form

_ (A

V(@)
converges to zero and consequently that v(AE) — 0 as n — oo. This will
ultimately lead to a reduction of the oscillation which is our final goal.

Once a recursive inequality of type (23) has been established, the conver-
gence to zero of v(AE) follows from the condition

Ya

+
V(A‘i) < ag,
v(Qy)
with ,
&(ﬂ]: _ Fll/(l—p/fi)0;1/(1—p/’@)+1—(1—p/ﬁ) : (32)
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where the constants Cy and I'y. are the constants from the previous lemma.
Note that an explicit value of af only follows after fixing C and T'y.

5. The Case 1

Now we assume that (9) holds. Our aim is to show that the measures of
certain distribution sets tend to zero and that the local Holder continuity
follows from this.

We start by studying the subcylinder Q(r?,r) C Q(nr?,r). Let 4+ = 1,
e =271 and

+_ W0 W
ku =15 =~ guer
Observe that, after fixing these quantities, the constant «f can be fixed as
well.
We will study two different alternatives which are considered in the follow-
ing two lemmata, respectively.

Lemma 5.1. Let Ay > 1 be sufficiently large and let u > 0 be a weak solution
of equation (1). Furthermore, assume

v ({(x,t) € B(r) x (—r?, —:—Z) cu(x,t) > py + %}) = 0. (33)

Then there exists a constant o € (0,1) such that

essosc uU < owy.
Q((5)")
Proof: By the choices preceding the statement of this lemma, we have
(u—kD, <eiwo.
The assumption (9) implies
Ho = Ho +wo < 2wp.
Thus

Plug these in Lemma 4.3 to deduce

V(A:;Ll) n-+1 V(A;Lr)
Q) = (u(cm

)2—1)/.%
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On the other hand, by (33) we have the trivial estimate

+
V(ii) <l< ag
v(Qp) — A

choosing Ao > 1 sufficiently large. By Lemma 4.4 we conclude that

V(4D
Q) "

as n — oo. This implies

wo
esssup u < pg — —.

a((5)5) 1

So, if this alternative occurs, we choose

and

These choices yield

1
€SS 0SC U < <1 — —> wo
Q((3)") 4

as required, with

For the second possibility, we have the following lemma.

Lemma 5.2. Let u > 0 be a weak solution of equation (1) and suppose

rP

v ({(x,t) € B(r) x (—r?, —)\—2) cu(x,t) > py + %}) > 0. (34)

Then there exists a constant 0 = o(Hy) € (0,1) such that

essosc U < owy.

() %)
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Proof: By assumption (34), we have

~ ., wWo
esssup  u 2> g + —

B(r)x(~rv,— ) 2

Now we can use Harnack’s inequality (Theorem 2.2), together with the Case
[ assumption (9), to deduce

1
ess iyf u>— esssup u
Q((s5) 55) 0 B(r)x (-, —42)
Mo | @o
- _|_ -
— Hy 2H,
0 w w
>y 4 Ee o 0

. wo
> .
= o TS @H, + 1)

Observe that the constant Hy depends on Ao, but this does not matter since
Ao depends only on the data.
Now, if we end up in this alternative, we choose
_ _ wo
M=ot S 2 Hy + 1)

and

w = pg
We also obtain

essosc U < wy — 0 = owy,
Q((%)p%) 2Hy(2Hy + 1)
with
1
= SmeH T 1)

as required. n

6. The case 11

In Case II the equation looks like the evolution p-Laplace equation. In
this case, we need to use the scaling factor 7 in the time geometry of our
cylinders. The difficulty is now that we cannot use the Harnack principle
anymore, as the lower bound it gives might be trivial. Indeed, the infimum
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can be larger than the lower bound Harnack’s inequality gives. On the other
hand, we have the following kind of elliptic Harnack’s inequality.

Suppose that jo is the first index for which assumption (9) does not hold.
Then we have

wjy < pyy < (2Ho + 2)pj,- (35)

Clearly, this Harnack’s inequality is valid also for every subset of the initial
cylinder @;, = Q(nr?,r) and, consequently, for every j > jo.

Recall, that w;, = ow;,—1 and

Wj _ _
g S S M+ (L i -
2—0
< (2= 0)wjp-1 S ———wjp.
Thus, we obtain
o < O i, <1

(2H0—|—2)(2 —0') -2 — 0 Wj,
and, consequently,

p—2
Q <( “ )MW”,T) cQ|G <@> nrt,r | CQur”, ),

2H0 + 2 wjo

where C = oP72/(2 — 0)P~2. We will consider the cylinder
_\ P2
Q=q|a (”—f) nrtr
Wio

By the above calculation, we have shrunk the cylinder by a factor which is
controllable by the data.
In the sequel, we will denote

_\ b2
e (“-J) | (37)
Wiy
Recall the definitions

Qfl[ = Q- ('yirﬁ, rn) = Bp X T, = B(ry) x (" — 'yirg, t*)
and

AF ={(z,t) € Q : +u > +k; ).

n
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Now the proof will follow the classical argument of DiBenedetto, see [4]
and [22], and is again divided into two alternatives. In the first one, we
assume that there is a suitable cylinder for which the set where wu is close
to its infimum is very small. In the second alternative, we assume that this
does not hold true.

6.1. The First Alternative. We first suppose that there exists a constant
ap € (0,1) (to be determined in the course of the next lemma, depending
only on the data) such that

~ Wy, ~
v ({(,t) € Qp s u < g, + 20} < aonl(@p),
for a cylinder
Qy = Qu(0r" 1) C Q(MP=2H1gpr 1y,

Our aim is to use Lemma 4.3 to conclude for the reduction of the oscillation.

Lemma 6.1. For every s > 3,
({06 () 5) e <+ 2)

< OB 32)2” (Q((2)3))

where 0 is as in (37).

Proof: We start by using Lemma 4.3, with the choices

_ r r - ]0 Jo
Tn_§ on+1’ ki, 'LLJ0+T+27L+2’
e_=1/2 and v~ = 6#. We also need the assumption (35) to deduce that
1 1, 1. _
= CO( + 2(2H0 + 2):“30) =, (:ujo + 2wjo) > Eokn ) (38)

with Cy = 3(2Hy + 2). This knowledge is needed in Lemma 4.3. Now, after
fixing e_, 77, k,, and Cj we can fix «y, see (32).
We also obtain, using (35) and (37), the bounds

02 1 [k, \'TP o2
< — L < —(2Hp+ 2
O Ty (5%‘0> ¢, el
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and thus we can conclude

= ()

By the assumption of this alternative, together with the lemma of fast
geometric convergence (Lemma 4.4), we have u > k almost everywhere in

Qw(0(r/2)P,r/2). Thus

(u—k)_ =0

e

almost everywhere in Q- (6(r/2)?P,r/2). Let

to < —0 (%)p (39)

be a time level such that this is true for almost every x € B(r/2).
Now our goal is to apply Lemma 4.2 with

and consequently

oY _ Y
and
H, =esssup (u—k)_,
Q
where QQ = Q(nfrP,r). Choose ¢ € C§°(B(r/2)) independent of time such
that 0 < <1, ¢ =11in B(r/4) and

C
V| < —.
T

In the set {u < pu; + =0}, we have
P? > (s —3)*°In*2,

and, on the other hand,

. —2
Y <(5s—2)In2 and |¢'\2—pg(%)p .
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The use of these estimates in Lemma 4.2 gives

()P (s = 3)*In* 2 p({w € B(r/4) s u(z,t) < pij, + Wiy

28

)

to<t<0

< esssup / uP =A% (u) (1) P () dp
B(r/2)

< / B2 () (2, )P ()
B(r/2)

0
e / / P PPV lP dp dt
t() B(’I’/2)

AL,
2Mwj,

< -2 (5 )p_zemB(r/zl))

2)‘1/1._ P2
<C(s—2)In2 <TJO> p(B(r/4)),

for almost every t € (fp,0). Observe that, in the third inequality, we
plugged in n = 2M@=2+1 The claim follows by integrating this estimate
over (—0(r/4)?,0).

|

We conclude this alternative with the following two lemmata.

Lemma 6.2. Let u > 0 be a weak solution of equation (1) and assume (35)
holds. Then

W ‘ NP T
u > s+ QS‘fl a.e. in @ ((9 (—) —) :

8/ '8
where s depends only upon the data, and 0 is as in (37).
Proof: Let
T r
=3t e

Q, = B, xT = B(r,) x (ty,0),
where t( is, as in the previous lemma, such that
P
(u—k)-(z.t0) =0, 1 <—0(5) .
for a.e. x € B(r/2). Moreover, define

Wi + Wiy
s+1 s+n+1"
2 2

k, =, +
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In this case, we obtain

(u—k,)- <te_wj,, where e_= >
Observe also that v~ = —ty/r? < nbh = oM (p—=2)+1g,
We will substitute these in Lemma 4.3 and, taking into account Remark 4.1
and estimate (38), we conclude as before that

Y(Ani) _ <2A1<p2>)1p/“ <V<A;>>2‘p/“
V(@) = 25(=2) v(Q;)

Now choose s > A;. Then, by Lemma 4.4, we have v(A.)/v(Q,) — 0 as
n — oo, provided v(A;)/v(Qy) is small enough. On the other hand, by
choosing s large enough, Lemma 6.1 guarantees that v(A;)/v(Q,) can be
chosen to be as small as we please.

This gives

_ Ldjo . r
u > s+ Sot1 a.e. in @ <|t0\, é)
and hence the lemma is proved.
|

Lemma 6.3. There exists 0 < o < 1, depending only upon the data, such
that

eSS 0SC U < owj,-
Q%) %)
Proof: By the previous lemma,
W
essinf w > p; + e
+17
Q(0(5)"5) C7
for some s > 1, which depends only upon the data and A\;. Observe that
here we used the knowledge
p
ws o)

If this alternative occurs, we again choose
w.
- - jo
Hjo+1 == Hj, + 9s+1

and

+ 7t
Fjo+r1 = Hijy-
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Finally, we get
1
essosc U< |1 ——|w;
Q(@(%)p,g) ( 28+1> Jo
as required, with
1

23+1 ’

oc=1-—

Remark 6.1. Here the choice of s is possible only after \; has been de-
termined in the second alternative. Nevertheless, both of them are a priori
constants which can be assigned explicit values depending only upon the
data.

6.2. The Second Alternative. In the second alternative, the assumption
of the first alternative is not true. In this case, for every cylinder Q- (67, r) C
Q(nbr? r), we have

v ({(z,t) € Qu(6r?,r) : u(z,t) > 1, + =y
v(Qu (017 1))

where o 1= o is the same constant as in the first alternative. This implies
that, for every t* € (—(n — 1)6r?,0), there exists a time level ¢, with

< (1 — Oéo), (40)

0
t*—erpgtogt*—%rp
for which
_ I —ap
i ({x € B(r) : u(z,to) > ky }) < ) ao,u(B(fr’)). (41)
2

Indeed, otherwise we would have

v ({(x,1) € Qu(0r?,7) : ulw,t) > ky })

E/t p({z € B(r) :u(z,t) > ky }) dt

*—0rp
> (1= ag)v(Qr(0r", 1)),

which contradicts (40).
This alternative is also based on Lemma 4.3. We choose \; in the definition
of kT large enough so that we can force v(Ag) to be small compared to v(Qg).
We start with forwarding the information of (41) in time.
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Lemma 6.4. There exists s* > 0, depending only upon the data, such that

3060
Wiy <11
p({re B uw.0) > - 32 }) < —arn(BE):
2
for almost all t € (ty,0).
Proof: Let
W + Wi
€= 25+n’ ’ujo o 25
and

H = esssup (u—k),

where s and n will be chosen later and @ := Q(fnr?,r). Our aim is again
to use Lemma 4.2 to forward the information in time. We will need some
estimates for doing this.

Recall the definition

) = WU (0) o) = s e o)

Trivially, we have

“io
Y, (u) <In ( 3;0 > =nln?2

2s+n

and, on the other hand, in the set
Wi

-t
{’LL > 1= Hjo — 25—|—n}’
we get
“Yig
Qsl—iPn + 25-&971

The last estimate we need is

1 P Wi, \ P2
/ 2—p < < 2p—2 ( .70) )

Let now ¢ € C§°(B(r)) be a cutoff function which is independent of time
and has the properties 0 < <1, p =11in B((1 — §)r) and
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where 0 < 0 < 1 is to be determined later.
Apply Lemma 4.2 with these choices to conclude

(n—1)*In?2 - p({z € B((1 = 6)r) : u(z,t) > 1})

< esssup | R0 dy

to<t<t*

<[ @) vwenees

t*
L oR / /B el Pl dp
to r

p—2
27 2 “3; 1 —ag
< n”1ln“(2) — a —ag MB(r) X {to})
wy—et) 1Ty

; (5) omtso)

for almost every ¢t € (tg,t*). Observe, that in the third inequality we
used (41).
Now, by the annular decay property (4), we have

u{z €B() < ula,t) > 1))
< w(B(r)\ B((1=20)r)) + p({x € B(1 —0)r) : u(x,t) > 1})
< Couw(B(r)) +p({x € B(1 —0)r) : u(x, t) > 1}).
For the first term, we choose 6 small enough so that
Qo
ol
16 (1- 22
2
and for the second term we use the previous estimate. Indeed, by choosing
s and n large enough so that

1—ay n? < 1 )p_2 < 3o
0 (5 — 1)2 1 = ap
120 m—1)2\1- < >
5 2 811 5

Co“ <
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and

Cn 1 P2 < o
(hl 2)5P(n — 1)2 25 —1 - 16 (1 . @) ’
2
we get the claim for almost every ¢ € (o, t*) with s* = s + n. Recall that

o
0P <ty < tF — 7074’.

Finally, since the above holds for every cylinder Q- (07", 1) C Q(n0rP,r), we
can conclude that for almost every

Oar? o
> _pfrP p_ _(_ _ 20) g,
t > —nor’ 4 0r 5 (n—l—l 2)0r,
we have
1— 30[0
u{x € B(r) s u(w,t) > 1}) < ——g-p(B(r).
2

Remark 6.2. Now we can choose 7 so large that the previous lemma holds

for almost every t € ( — %0ij 0), ie.,

(07} Q
2 = 2

and hence

But this is always guaranteed for Ay > 1 and p > 2.

We are ready to prove the final estimate, which, together with Lemma 4.4,
gives the reduction of the oscillation. Let

CU‘O
Eg(t) = {513 € B(T) : u(x,t) > M}; _ 2_]9

and 0
_ U . + Wi
E,={(z,t)€Q (?rp,r> pu(r,t) — pg > EYRE
Then we have the following lemma.

Lemma 6.5. For every ag € (0, 1), there exists Ay > 0 such that
v(En)
V(Q(Yr.m))

> 0.
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Proof: Denote

o+ Wi

h = Hjy — 28—1?1
and o,
_ 4+ J

k - :ujo 2_807

where s > 0 will be chosen large. Let also

h —k, u > h,
v=<u-—k, kE<u<h,
0, u < k.

By the previous lemma, we can choose s large enough, namely s > s*, so
that, for almost every t € ( — %erp , 0), we have

p(x € B(r) :v(x,t) =0}) = u({x € B(r) : u(x,t) < k})

> o iBE) % {1})
> “Lu(B(r).

Thus, for almost every t € ( — %erp : 0), we obtain

v (£) :]{3( )X{t}vdﬂ < <1 - Z> (h — k)

and, consequently,
h—k = vpg(t) = F(h = k).

Using the (g, ¢)-Poincaré inequality for some ¢ < p (see (8) and the remark
after that), yields

(h — kY (Ey 1 (1)) < (i) / O

7))

< C’rq/ \Vol?dp = CTq/ \Vul?dpu,
B(r)x{t} Es(t)\Es11(t)

for almost every t € ( — Wy ). The constant (4/ag)? above was absorbed
2

into the constant C'. Now we integrate the above inequality over time to get

(h— k)i (Eeyy) < O / IVl dv.
ES\E5+1
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Next, we introduce a cutoff function ¢ € C3°(Q(nr?, 2r)) such that 0 < ¢ <
1, o=1in Q (%erp,r) and

V| <

¢ .
r 7}97’1’
Now Holder’s inequality gives

a/p
(h— k) (FEsq) < Crf (/ |Vul? d1/> V(E,\ Eyuq)m9P
E

s\Es+1

q/p
< Cri (/Q( oo |V (u—k)|P? du) V(E\ Eyiq)' 70/
nore,2r

By choosing Ay > s > s* in the definition of n large enough, the first factor
on the right hand side can be estimated by Lemma 4.1 and (12) as

[ Wk
Q(norp 2r

)
<c[ (kR
nor? 2r
—‘ dv

el N (U= ORE
Q(nbre,2r) ot

C ((wi\r2 ()"

< = | (22 4 = / u—k)? dv
rP <( 2 ) 779 Q(T]&TP,QT)( )+
C [wi\P no

< — (=L —P :

_Tp<25> ”<Q(2T’r>>

In the last inequality we used the doubling property of the measure v.
We obtain

() v <0 () v (@ (o)) v e

Finally, summing s over s*,..., A1 — 1 gives

/(p—q)
oo (o)) (o)

Oy
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C no
v(Bx) < (A1 — 3*)(pfq)/py <Q (?Tp’r)) '

Choosing A\; large enough finishes the proof. |

and hence

Lemma 6.6. Suppose that (40) holds. Then there exists 0 < o < 1, depend-
ing only upon the data, such that

€8s 0sC U < oWy,

QUyrr)
Proof: Let
Qn = B(ra) x (=771}, 0),
r r
=5 T on+1
and AF as before. Substituting v+ = 2?29 ¢, = 1/2M and
Wio Wi

+ o+ .
kn = Hyj, IA1+1 QA +n+1

in Lemma 4.3, and using (35) to bound

Lt O\ P2
( "> < (2Hy + 2)P 2,

1< L
T \erwy,

Y

yields

2—-p/Kk

v(An) _ oo (u(@) v
V( rer+1> B V(@)

By the previous Lemma, we can choose \; large enough so that

V(A7)

v(Qy)
is as small as we please. Consequently, by Lemma 4.4, we obtain
Wig

+
esssup u < Wi, — 1’

Q(%(3)"5)
for some Ay > 1, which depends only upon the data. So if this alternative

occurs, we choose
+ Wio
P = Ky, IA1+1
and
Hy = My
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We also obtain

as required, with

Now the Holder continuity follows by standard iterative real analysis meth-
ods, see chapter III of [4], or [22].
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