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We consider spherical jellium clusters with up to 200 electrons as a testing ground for density functional
approximations to the exchange-correlation energy of a many-electron ground state. As nearly-exact standards,
we employ Hartree—Fock energies at the exchange-only level and the diffusion Montd ) energies
of Sottile and Ballong2001) at the correlated level. The density functionals tested are the local spin density
(LSD), generalized gradieniGGA), and meta-generalized gradiemeta-GGA approximations; the latter
gives the most accurate results. By fitting the deviation from the LSD energy of closed-shell clusters to the
predictions of the liquid drop model, we extract the exchange-correlation surface energies and curvature
energies of a semi-infinite jellium from the energies of finite clusters. For the density functionals, the surface
energies so extracted agree closely with those calculated directly for a single planar surface. But for the
diffusion Monte Carlo method, the surface energies so extracted are considerablydodeve suspect more
accuratg than those extrapolated by Acioli and Ceper(@996 from their DMC supercell calculations. The
errors of the LSD, GGA, and meta-GGA surface and curvature energies are estimated, and are found to be
consistently small for both properties only at the meta-GGA level. These errors are qualitatively related to
relative performances of the various density functionals for the calculation of atomization energies: the proper
self-interaction correction to the LSD for a one-electron atom is in the curvature ef@ar@yis in meta-GGA
not in the surface energis it is in GGA. Additionally, a formula is given for the interpolation and extrapo-
lation of the surface energy,. as a function of the bulk density parametegr
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I. INTRODUCTION AND DENSITY FUNCTIONAL are neutralized by a positive background of uniform density
THEORY
n=3/47-rr§.

Kohn—Sham density functional thedrjs now perhaps
the most widely used method of electronic structure calculaln the spherical jellium model of a metallic cluster, this back-
tion in both condensed matter physics and quantum chemiground is contained inside a sphere of radius
try. This self-consistent field theory would yield the exact 3
ground state energl and spin densitiea(r) andn (r) if R=TsN™™.
the exact density functiondk,d n,.n,] for the exchange- 1o ground-state enerdy and spin densitiea=n.(r) and

correlation energy were known. The original local spin den- n,(r) can be found by solving the self-consistent Kohn—
sity (LSD) approximation is still widely used for solids, gham equations

while more elaborate approximations have been develope
for the more rapidly-varying electronic densities of atoms 1y2

and molecules. While empirically constructed functionals (=2 v (DHudnln +oengn L) die(r)

can achieve the highest accuracy for limited classes of sys- =€ ,0i,(1), (D
tems such as molecules, nonempirically constructed func-

tionals tend to have a wider and more nearly universal rang atomic units wheré =m=e’=1. The potential due to the
of application® Much remains to be done to test the func- Positive background charge is

tionals already developed, and to develop better ones.

Spherical jellium clustefsare simple test systems which -~ ﬁ -~ (L)T (r<R)
display both slowly- and rapidly-varying density regions as 2R R
well as a wide range of density values. Although not very vi(r)= (2)
realistic, they are simple enough to be explored by wave N
function methods like diffusion Monte Carl®MC), which I (r>R).

provide nearly-exact solutions to the many-electron Schro
dinger equation. In the jellium mode\ interacting electrons The Hartree potential is
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n(r’

u([n];r)zJ’d‘?r’—,( ) : 3) EycGGA[”w”L]:Jdsrfxc(”mni’V”Tvvnwﬁlﬂ)’
[r"—r] (10)
where the total electron density ig(r)=n(r)+n(r)

—3 n.(r). and which makes use not only of the GGA ingredients but also of

the orbital kinetic energy densities,

occup

Ny(r)= Ei EGIE (4)

1 occup
(=5 2 |[Viin(D* (1

The ; ,(r) are the occupied Kohn—Sham one-electron orbit- ) .
als. The exchange-correlation potential is the functional deYVe Will consider the Perdew—Kurth—Zupan—BlaiRKZB)
(Ref. 9 meta-GGA, which is constructed in a largely non-

rlvative, empirical way but has one empirical parameter fitted to mo-
SExJn;,n|] lecular atomization energies in its exchange component. Like
vy ’nl];r)zén—(r)' (5)  the PBE GGA, the PKZB meta-GGA correctly reduces to
7 LSD in the limit of a uniform density.
Finally, the total energy is Part of our purpose is to test these functionals in compari-

son with the recent fixed-node diffusion Monte CalliMC)

_ E 5 3 calculations for closed-shell jellium spheres of Sottile and
E- 2 (thiol =5V |¢i0>+f drn(rjv..(r) Ballone® These DMC calculations, which follow and com-
plete previous work?! are essentially exact apart from fixed-

3 _ node and statistical errors. Because they are made for finite
+ Ef d*rn(r)u([n];r)+ 5 R Exdninil, (8 systems, they are of course free from the size-extrapolation
) ) errors that may be present in DMC results for infinite
where the B1?/5R term is the electrostatic self-energy of the semi-infinité systems. Our remaining purpose is to extract

occup 1

2

positive background. o accurate jellium surface energies from these DMC results,
The local spin densityl SD) approximatior is since the “exact” values are controverstai:®In Sec. Il, we
will discuss the size effects that arise in jellium spheres, and
EicSD[nT ,nl]:J d3r n(r)e;’g'f(nl(r),nT(r)), (7)  Will explain how we perform our calculations and how we
extract surface energies. In Sec. Ill, we will present our re-

where ex0'(n;,n;) is the exchange-correlation energy pe

electron of an electron gas with uniform spin densities
andn; . By construction, LSD is correct for slowly-varying
n.(r). We have adopted the parametrization éb?”(nl Ny)
of Perdew and Wan¢1992,* based upon the released-node
diffusion Monte Carlo calculation of Ceperley and Aldlésr
the uniform electron gas.

To better describe realistic density variations, semilocal orl. SIZE EFFECTS AND EXTRACTION OF THE SURFACE
fully nonlocal density functionals have been developed. The ENERGY
most popular of these is the generalized gradient approxima-
tion (GGA), which makes use of the density gradient,

p Sults. Our conclusions will be summarized in Sec. IV.

Our focus is of course on the exchange-correlation contri-
bution to the total surface energy. The exchange-
correlation surface energy,. is not only the part or that
must be approximated, but its magnitude is typically some-
what greater than that af.

The energy of a largeN— ) neutralN-electron jellium
sphere(and each of its kinetic, total electrostatic, exchange,
and correlation componentss given by the liquid drop
ESCGA[nT,nL]zf & fo(n,.n;.¥n,,Vn,), (8  model(LDM),!

4
ELDM =?R3a+47TR20+ 27Ry

of of
o, GGA oy 2ixe o xc
Ve ([ny,n L) an, (ﬁ(VnU))' 9
We consider two versions of GGA, corresponding to differ- = "N+ 47 30N+ 271 (yN3, (12

ent choices for the functiori,.; the semiempirically con- .
structed Becke—Lee—Yang—Pafr functional and the where @, o, and y are parameters describing the volume,

; ; if
nonempirically-constructed Perdew—Burke—Ernzerhoisurfacea' and curvature energies respectively, afd
(PBE) (Ref. 8 functionals. Of these, only the latter correctly = (47s/3)a is the energy per electron of the uniform elec-
reduces to LSD in the limit of a uniform densitW(, tron gas. The surface energy of jellium was formulated
=Vn,=0). within the LSD in Ref. 15 and the curvature energin Ref.

The PBE GGA satisfies more exact constraints onl6- The energy per electron from EG2) is then
Exdn,,n;] than LSD does. Even more exact constraints can ELOM
E)ne]e?:_tgge: O?yM%ggta—generallzed gradient approximation = cunif 4 Lh_rrgal\rllsJr 271 yN—23, (13)
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The LDM neglects quantum energy oscillations due to 18

shell structure which are important for the small clusters ] ——LSD density
(N=<200) we shall study. The true energy per electron is not GGA e GGA density
a smooth function ofN, like Eqg. (13), but an oscillating 124 N ~ Uniform background
function with local minima at the shell-closing magic- 4, N
numbersN=2, 8, 18, 20, 34, 40, 58, 92, 106, ... . This £ LSD r=4.0
oscillation arises from the structure of the Kohn—Sham or-% 084 N=20
bitals, which are functionals of the density. For the sequencea g4/ .
of closed-shell structures, the oscillation is presumably abou'€ %ff
the same in LSD as it is at any higher level of theory, and so %47 &, v LSD
cancels out of the difference. Thus our LDM equation for the — 4,] e
closed-shell clusters, including the smaller ones, is T e * GGA-T~
*3 2 4 6 8 1 12 14 16
E E-P r (bohr)

— (eunif_ 6';,?,{;92) + 47”.5(0__ O_LSD) N—1/3

N N
FIG. 1. Electron density from self-consistent density functional

+2mr(y— y-SP)N 2, (14)  calculations in the local spin density approximation or LSD and in
the generalized gradient approximation G@RE) for a jellium
where we have allowed for the possibility that the bulk en-sodium ¢s=4.00) sphere with 20 electrons. Inset: relative differ-
ergy per electron may differ from the PW92 paramerizationences of GGA and LSD densities. Note that GGA favors density
used in our LSD calculation§Our key assumption behind inhomogeneity slightly more than LSD does.
Eq. (14), confirmed below for jellium spheres, appears to be

true as well for carbon fullerenes; see Fig. 3 of Ref]. 17 change slightly, but in about the same way, leaving our con-
When we apply Eq(14) in this article, we will always apply  cjysions unchanged. For the single planar surfacer of
it to _the exchange-correlation componentl_i;)ﬁ.e., toE,.. =4.00 jellium, using the LSD and GGA density profiles, the
Since the LSD surface energy-°°(r¢) is known from  gyrface exchange-correlation energies are in PBE GGA 252.5
independent calculations for the single planar surfdcéwe  ang 243.5 ergich and in PKZB meta-GGA 265.6 and
can extract the surface energyat any higher level of theory 257 5 erg/cr, respectively. Similar small shifts are found
(including GGA, meta-GGA, and DMCby calculating the i the surface energies we extract from jellium spheres.
energies per electron beyond and within LSD and then fitting e are interested in the closed shell clusters, in which the
the d;fference as a function i to Eq. (14), treatinge™  electron density is naturally spherically symmetric and spin-
— epwoz: — 0>, and y— »"SP as the fit parameters. But unpolarized. When we occasionally consider open-shell clus-
since the quantity"— egio,is also known at least approxi- ters, we construct a spherically symmetric spin-independent
mately (and vanishes within PBE GGA and PKZB meta- Kohn—Sham potential in the following way: We replace the
GGA), we actually constrain this parameter and find onlyspherical harmonic factoy,,,(9, ¢) by Y= 147 in each
o— oS0 and y— 5P by fitting. Kohn—Sham orbital of Eq(4), and we replace,(r) and
The logical consistency of Eq14) depends in part upon n (r) by n(r)/2 in the exchange-correlation potential of Eq.
the assumption that the electron density changes little fronis). Occupying the Kohn—Sham orbitals according to Hund’s
LSD to any higher level of theory. Figure 1 shows that theryle, we find a spherically-symmetric but possibly spin-
GGA (PBE) density of a spherical jellium cluster is in fact polarized LSD density on which we calculate the LSD,

very close to the LSD density. This is not a surprising con-GGA, or meta-GGA energy. In addition to those calculations
clusion: it also holds for the LSD and GGA densities of

atoms and moleculé€,and for the LSD and DMC densities

of ?_prt])?“?auemu?hCIUStergQ I diff bet =4.00) spheres wittN=18 and 20 electrons. The LSD calculation
abié [ shows the very small energy ailferences between, fully self-consistent. The GG#®BE) calculation is done fully

fully self-consistent GGA and “post-LSD” GGA, .in which self-consistentl(SC-GGA and also post-LSOPLSD-GGA), i.e.,
the GGA energy is evaluated for the LSD density. The en-

. using the LSD density.
ergy effects of full self-consistency beyond post-LSD are

TABLE |. Comparison of energies for jellium sodiunry(

typically negligible*®*® Thus, in the rest of this work, we Energy(hartred

calculate GGA and meta-GGA energies on LSD densitiesy LSD SC-GGA PLSD-GGA
and we extract the DMC exchange-correlation energy by

subtracting the LSD kinetic and electrostatic energies froni8 E —1.2361 —1.2481 —1.2478
the DMC total energy. Since the DMC total energy is varia-18 Ex —1.8724 —1.9726 —1.9669
tionally insensitive to the small difference between the DMC18 E. —0.5388 —0.4569 —0.4560
and LSD density profiles, we are effectively comparing the

exchange-correlation energies predicted for the same LSRo E —1.3858 —1.3980 —-1.3977
density by various density functionals and by DMC,; this is a20 E, —2.0663 —2.1688 —2.1628
valid comparison. If we used instead the self-consistent GGAg E. —0.5967 —0.5131 ~0.5121

density profiles, all our exchange-correlation energies would
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TABLE II. Total energies of jellium spheres with 20 electrons  TABLE Ill. Total energies per electron of jellium spheresrat
for different background densities. The results of the density func=4.00 for different magic clusters. The results of the density func-
tional approaches are compared to the fixed-node diffusion Monté&onal approaches are compared to the fixed-node diffusion Monte
Carlo or DMC values. Mean absolute differendémad”) from Carlo or DMC values. Mean absolute differendémad”) from
DMC are presented in the last row. In this and subsequent tableBMC are presented in the last row. Note that the DMC energies are
and figures, all the density functionals are evaluated post-(&8D probably a little higher than exact energies, because of the fixed-
defined in the caption of Tablg.IWe show results for LSD, two node error.
GGA’s (BLYP and PBE and one meta-generalized gradient ap-

proximation(PKZB). EnergyN (hartreg for r4=4.00

N LSD BLYP PBE PKZB DMC

Energy(hartreg for N=20

r.(ohy LSD  BLYP  PBE  PKZB DMC 2 —0.0617 —0.0591 -0.0635 —0.0638 —0.0641

8 —0.0672 —0.0594 -0.0681 —0.0684 —0.0674
0.30 99.175 99.056 98.967 99.134 99.107 18 —0.0687 —0.0589 —0.0693 —0.0692 —0.0684
0.50 38.279 38.284 38.136 38.233 38.170 20 —0.0693 —0.0591 —0.0699 —0.0698 —0.0690
1.00 7583  7.7057 75078  7.5465 75197 34  -0.0704 —0.0594 -0.0709 -0.0707 —0.0700
2.00 —-0.177 0.0117 -0.2096 —0.1987 -0.1927 40  -0.0702 -0.0588 —0.0707 —-0.0705 —0.0697
3.25 —1.2956 —1.0917 —1.3121 —1.3095 —1.2938 &g —0.0718 —-0.0600 —0.0722 —0.0720 -0.0713
4.00 —1.3858 —1.1826 —1.3977 —1.3970 —1.3800 92 —0.0727 -0.0603 —0.0730 —0.0729 -0.0721
5.62 —13183 —1.1244 —1.3249 —1.3259 —1.3095 106 -0.0717 —0.0591 -0.0720 —0.0718 -0.0710
mad 0.039 0163 0036  0.025 mad ~ 0.0007  0.0099  0.0009  0.0007
dReference 10. *Reference 10.

for spheri(_;al jeIIiu_m clusters, we have also _performed p_OSt'dependence of the exchange energy upon the density is
LSD density functional calculations for the single planar Je"strong nonlocal, and much of this nonlocality is captured by
lium surface®® the meta-GGA.
Reference 2 showed that the PKZB meta-GGA accurately
Ill. RESULTS AND ANALYSIS describes the surface exchange energy of a semi-infinite jel-
. o lium. Table VI shows that the exchange-only total surface
The energies of neutral jellium spheres Witk=200 were  ghargy s also accurately predicted by the meta-GGA, in
calculated within LSD, GGA, and meta-GGA, as eXpla'”edcomparison with Hartree—Fock valu®s.
in Sec. | and II. , , Figure 3 shows the deviations from the LSD of the PBE
Table Il shows the total energids for spheres WithN  GGA and PKZB meta-GGA exchange-correlation energies
=20 electrons, for several values of the background densnEXC_ The GGA and meta-GGA deviations are similar for
parameter. In comparison with DMC, the least accurate <30 pyt the meta-GGA deviations are considerably smaller
results are found. with the BLYP GGAA_/hlch predicts an  ihan the GGA ones at largét. While the PBE GGA correc-
incorrect correlation energy for the uniform gasnd the  ions 1o LSD have a slight tendency to stabilize open shells
most accurate resulten averageare found with the PKZB g |ative to closed ones, the PKZB meta-GGA corrections

meta-GGA. Table Il show&/N vs N, the raw data of our  have a much stronger tendency to do so for the larger clus-
analysis, ar=4.00. ters.

~ Table IV displays the errors of the various density func-  Eigure 4 shows how the shell-structure oscillations in
tionals for the total energy per electr&@iN, averaged over E,./N— e

| / unit damp out asN—o (N~Y3-0) for jellium
the closed-shell clusters with<2N<106. Again the BLYP spheres, and how this energy difference approaches

errors are much larger even than those of LSD. The PBE
GGA errors are slightly smaller than those of LSD, and the TABLE IV. Mean absolute deviations from fixed-node DMC

PKZB meta-GGA errors are significantly smaller. values(Ref. 10 of the total energies per electron in various density

Table V displays the relative errors in the correlation €M functional approaches. The values are averages over nine magic

ergies, averaged over the closed-shell clusters. Here we seg8qiars withN electronsN=2. 8. 18. 20 34. 40. 58. 92. and 106.
clear improvement when we pass from LSD to GG?BE) o

or meta-GGAPKZB). The improvement from LSD to GGA |(E—EPMC)/N| (hartreg

(PBB) was not so evident in Table Il because of the strong, LSD BLYP PBE PKZB

cancellation of error between exchange and correlation®

which occurs in all the density functionals, but especially in1.00 0.0034 0.0093 0.0023 0.0010

LSD. 2.00 0.0015 0.0103 0.0013 0.0006
By subtracting the correlation from the total energy, we3.25 0.0008 0.0101 0.0010 0.0007

obtain an exchange-only total energy that can be comparegoo 0.0007 0.0099 0.0009 0.0007

to the Hartree—FockHF) energy. Figure 2 shows that this 5.62 0.0006 0.0092 0.0007 0.0007

exchange-only total energy is much closer to the HF totahyerage 0.0014 0.0095 0.0012 0.0007

energy’ in the PKZB meta-GGA than it is in LSD. The
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TABLE V. Average relative deviations of correlation energies, TABLE VI. Exchange-only total surface energies—o. in
within various density functional approaches, from DMC valuesLSD, GGA (PBE), and MGGA (PKZB), compared with the
(Ref. 10. Averages were taken over magic cluste¥s: 2, 8, 18,  Hartree—Fock (HF) surface energy (1 hartree/bdhkrl.557

20, 34, 40, 58, 92, and 106. x10° erg/ent).

(E.— EDMCy/gDMC o— o, (erglen?)
re LSD BLYP PBE PKZB rs LSD PBE PKZB HE
1.00 43.2% —20.7% 9.0% 9.7% 2.07 —894 —1442 —1316 —1273
2.00 36.8% —28.1% 10.1% 10.2% 2.30 —314 —729 —640 —674
3.25 31.7% —35.4% 9.1% 8.7% 2.66 34 —248 -192 —215
4.00 29.4% —38.8% 8.2% 7.7% 3.28 147 -14 13 5
5.62 26.8% —43.6% 7.6% 6.7% 3.99 125 30 44 40
average 33.6% -33.3% 8.8% 8.6%  4.96 80 27 34 35

aReference 21.

Amro N~ as predicted by Eq13). _ _ o
The key figure in this work is Fig. 5, which shows how S t_he LSD surface exchange-corr(_alatlon energy of jellium,
the PBE, PKZB, and DMC jellium surface exchange-Wh'Ch we have calculated for a single planar surface. By
correlation energyr, and curvature energy,. are extracted addingo &5~ o P from the fit of Fig. 5 tooys”, we obtain
by fitting the left-hand side of Eq14) to the parabola of the the third column,ofe=™, which agrees closely witirk>®
right-hand side for the sequence of closed-shell clusters calculated for a single planar surfa@eurth column. This
cludingN=2 and 8. In this fit, ex' — eunt, 5, is properly ~ Procedure is repeated for PKZB, which again shows close
constrained to zero for PBE and PKZB. But the fixed-nodeagreement betweeml«“®™ and o5 ¥“®, and then for DMC.
DMC energie¥’ to which we fit must tend in the limiN While o2MC™ is rather close tar<?®, both are much
— to values higher than the released-node DMC enetgiedower thanzr)'?c""C from the planar surface DMC calculation
of the uniform gas which PW92 represents. For DMC, weof Acioli and Ceperley? We interpret this as further evi-
take ell= U4 eg?gB, the Ortiz—Ballon& parametrization dence that the surface energies of Ref. 12 are significantly
of the fixed-node energy of the uniform gasTable VII).  too high, and that the PKZB surface energies are essentially
We also tried another parametrizafidiof the same energy, correct, as suggested in recent wotk"3*
which did not affect our conclusions. In Fig. 5, we observe The close agreement betweef® ™ andot<*® in Table
that the PKZB meta-GGA is much more like DMC than the VIII (and the similar agreement for PBfives us some con-
PBE GGA is, both in initial slope @~ **=0 and in curva-  fidence in ouroo'®™ values. However, the accuracy of
ture. From the fits, we findr,— o> (which is used to DMC fit is probably somewhat less than the precision of
construct Table VIIJ and alsoy,.— y%" (Table 1X). Note ~ PKZB fit, for several reasong1) We have to assumgeq.
that the curvature energy,. is much lower in PKZB and (14)] that corrections to the liquid drop model cancel out of
DMC than it is in LSD or PBE. the difference between the beyond-LSD and LSD energies.

Table VIl is the key table of this work. The first column While this assumption has been confirmed to remarkable ac-

-0.036 0.00

PKZB - LSD
-0.038- o\ r=4.0 5,05

-0.040- e

@
-0.0421 i

-0.02+

/0

=

(7]

o
(hartree)

.\.\.
-0.034
-0.044] __4a~  MGGA (PKzB)

e &
“ -\./ \ - W 5044 PBE-LS\D\&S
-0.046- / HF N
g Mﬂ

(E-E,)N (hartree)
»
. E LSD
“n
»
o

-0.048 ; . T -0.05 T T T
0 50 100 150 200 0 50 100 150 200
N N
FIG. 2. Hartree—FockHF) total energies per electrdiRef. 20 FIG. 3. Deviation of the exchange-correlation enefgy in

compared to LSD and meta-generalized gradient approximation dPBE or PKZB from its LSD value for=4.00 jellium spheres up
MGGA exchange-only total energids—E, for jellium spheres to N=200, using LSD densities. The open circles in PBE-LSD and
(r¢=4.00). The values shown are for magic clusters With 8, 20, open squares in PKZB-LSD show the values for clusters with
34, 40, 58, 92, 138, and 196. closed shell§magic clusters
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FIG. 4. Deviation of the exchange-correlation energy per elec- N

tron, E,/N, from its uniform-gas value", for LSD densities.
Minima of this quantity tend to occur at closed-shell magic num-
bers. Comparison of LSD, GG#BE), and MGGA(PKZB) values

for jellium spheresi(;=4.00) with the respective liquid drop model
(LDM) values, 4rr§aXCN’l’3 (including only the surface energy
oy and not the curvature energy

FIG. 5. Energy deviation from LSD of GGAPBE), MGGA
(PKZB), and DMC for jellium spheres with;=4.00 bohr. The full
lines are parabolas fitted to the liquid drop model via Bdl), as
explained in the text. The open circles are input valuedNfer2, 8,

o ) 18, 20, 34, 40, 58, 92, and 106. The first derivative of each parabola
curacy for PBE and PKZB, it is not necessarily true to theat N~3=0 gives the corresponding fit correction to the LSD sur-

same extent for the difference between DMC and L&D. face energy, while the second derivative at ay'® gives the
The DMC energies for the jellium spheres contain fixed-nodeorrection to the LSD curvature energy. As explained near the end
and statistical errors. Very small relative errors in the totalof Sec. Il, all the exchange-correlation energies, including that of
energy become much larger errors in the surface en€3gy. DMC, are effectively evaluated on the same LSD density.
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TABLE VII. Correlation energies per electron of the uniform
electron gas in the Perdew—Wa(®W92 and Ortiz—BallongOB)
parametrizations. HerAe?B is the deviation from the PW92 pa-

PHYSICAL REVIEW B6, 075115 (2002

TABLE IX. Deviations from LSD of the curvature energy of
jellium in various density functional approaches and in DMC fit, for
LSD densities. For an estimate ¢tS°, see Table VIII of Ref. 16.

rametrization, which may represent the fixed-node error.

Yye— Y20 (millihartree/bohy

€2 (millihartree) re BLYP PBE PKZB DMC fit
rs PW92 oB? AeQ®
1.00 -1.78 —1.49 —4.36 -5.85
1.00 —59.774 —58.028 1.746 2.00 -0.76 -0.33 -1.04 -1.15
2.00 —44.760 —43.346 1.414 3.25 -0.29 -0.09 -0.35 -0.35
3.25 —35.489 —34.601 0.887 4.00 -0.17 -0.05 -0.21 -0.26
4.00 —31.866 —31.258 0.608 5.62 -0.06 -0.02 -0.09 -0.20
5.62 —26.408 —26.276 0.132

“Reference 22. functionals should produce no relative errordg., and we

expect that the sophisticated RPAwould show the most

The bulk limit € used in Eq(14) should be the true limit ~ correct approach to this limit. The;— limit is strongly-
of E/N asN—c. While we know the exact bulk limiei"  correlated, so the PKZB meta-GGA might be most
for the PBE and PKZEE,./N, we only have an estimafe  trustworthy? in that limit.
for DMC, albeit an estimate acceptable to the second author Surface energies,. are typically calculated for a few
of Refs. 10 and 22. We suspect that this third problem is th&alues ofr 5. Itis thus useful to have a formula to interpolate
most severe one for our DMC fit. It should be even moreand extrapolate to otheg. We propose one which has four
severe for the DMC surface energies of Ref. 12, where apfit parameters;
parently the bulk limit was taken to be a released-node DMC
energy, inconsistent with the fixed-node DMC energies
evaluated there for finite cells; this choice would overesti-
mate the surface energy. For further discussion of the role of
the bulk limit in surface energy calculations, see Refs. 25 an¢ynere
26.

We believe that the most accurate jellium surface energies

A
(1+B x+Cx2+D x3)’

(15

UXC( r S) = 712
rS

available are the RPA (Refs. 13,24,2)values, which pro-
vided the “exact” standard in Ref. 2. In RPA, the ex-

x=(1+rg?—1.

The smalle limit [~rJ "2+ 0(r; 3] of Eq. (15) follows

change energy and the random phase approximation part bf; applying the density functionals to the Thomas—Fermi

the correlation energy are treated exactly, and only the cordensity profile (3/4rr3)f(x/r?), treating Inrg as a constant.
rection to RPA is treated in a nonempirical generalized graThe |argek limit of Eq. (15) [~r 5+0(r; )] was cho-

dient approximation(An alternative correction to RPA is
also under stud§??9

In the r¢—0 limit, the exchange-correlation energy be-

sen because it gave a good fit, and is consistent with a lim-
iting density profile (3/4rr§)g(rsx); however, it may only
reflect the disappearan¢€able Il of Ref. 31 of the density

comes exchange-dominated and the density becomes slowly;j otside the positive-background edge in this limit. A for-

varying on the scale dofs. In this limit, each of our density

TABLE VIII. Jellium surface exchange-correlation energigs

mula like Eq.(15) for €2™(r) (but including Inrg contribu-
tions) was presented in Ref. 32. Table X confirms that this
simple formula works well. When fitted in the range 2.07

evaluated for LSD densities. Values calculated directly for a single<r < 4.00, it makes an interpolation error €f0.1%, while
planar surface are compared to those extracted from finite jelliungg extrapolation error to the wider range €.8,<6.00 is

spheres via “fits” like those of Fig. 5. The DMC values,e
+0come)— (OLsp— OxcLsp) that we estimated fromoe and

o¢omc) from Table V of Ref. 12 were 3153, 1342, 711, and
394 erg/crﬁ for rg=2.07, 2.66, 3.25, and 3.93, respectively; these

were interpolated to =2.00 and 4.00 using our E(L5).

oy (erglent)

rs LSD PBEfit PBE PKZB fit PKZB DMC fit DMC
1.00 40928 40068 40276 41637 41463 41196

2.00 3357 3263 3263 3420 3400 3347 3566
3.25 568.6 550.0 549.5 5785 5764 574.1 711
4.00 261.7 252.6 2525 2659 2656 272.8 372
562 700 674 674 711 71.3 83.7

8Based upon Ref. 12.

only 1% or less[Note that Eq(15) can be rearranged so that
A, B, C, D can be found by solving four simultaneous linear
equationg,

The parameters for Eq15) are shown in Table XI. Note
that the parameteA is nearly the same for LSD, PBE,
PKZB, and RPA-, as expected, since all these functionals
have the same correct small{imit. On the other hand, the
parameteA for DMC or DMC fit is rather different, reflect-
ing the greater imprecision of those surface energies.

IV. CONCLUSIONS

The BLYP GGA, which gives accurate energies for atoms
and molecules, is unsatisfactory for jellium clusters because
it does not yield the correct correlation energy for a uniform
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TABLE X. Jellium surface exchange-correlation energigs, for LSD densities. The symbol * denotes
interpolated and extrapolated values calculated from(lE5). The parameters were found using the known
surface energies at=2.07, 2.66, 3.28, 4.00.

oy (erglent)

Is LSD LSD* PBE PBE* PKZB PKZB* RPA-? RPA+*
0.80 91706 92444 90617 91555 92891 93917 93398
1.00 40928 41291 40276 40715 41463 41933 41718
2.00 3357 3357 3263 3267 3400 3404 3413 3414
2.07 2962 2962 2881 2881 3004 3004 3015 3015
2.30 2019 2019 1960 1961 2047 2047 2060 2059
2.66 1188 1188 1151 1151 1204 1204 1214 1214
3.00 763.9 763.9 739.1 739.0 774.4 774.4 781 782.1
3.25 568.6 568.5 549.5 549.5 576.4 576.4 582.4
3.28 549.5 549.5 531.1 531.1 557.1 557.1 563 563.0
4.00 261.7 261.7 252.5 252.5 265.6 265.6 268 268.0
5.00 111.5 111.2 107.2 107.1 113.2 113.0 113 113.0
5.62 70.0 70.0 67.4 67.4 71.3 71.3 70.6
6.00 53.6 53.8 51.6 51.8 54.6 54.8 54 53.9

8Reference 24.

electron gas. Table Il shows how the BLYP GGA improvesfitting both a— &SP and o—o*SP to (E—ESP)/A as a
asr,—0, i.e., as the 20-electron cluster becomes a Ca'8tomfunction ofL. Givena, an alternative accurate way to extract
(with a self-interacting nucletisBut the LSD, PBE GGA, ¢ from slab calculations is also knowh.

and PKZB meta-GGA are all rather accurate for jellium clus-  The correction to the LSD energy can be remarkably

ters. The most accurate density functional results overall argimple and insensitive to details of the electron density. That
those of the meta-GGA, which satisfies the most exact conys the idea behind our Eq14), and also behind the way
straints and works best for a wide range of systems includingattsson and Kol proposed to correct LSD or GGA sur-
atoms, molecules, solids, and surfates. face energies. For metal surfaces, wave vector anafySis

We have presented and confirmed a mettgl (14)] for e{)rovides a partial explanation for the success of this idea, but

the extraction of accurate surface and curvature energi & applicability may be much wider, as found here; see also
from the energies of finite clusters. The same method pr Sig. 3 of Ref. 17 for closed-shell fuilerenes '

sumably would work even better for the extraction of surface g .
) i . : When we extract the jellium surface energy from the dif-
energies from planar slabs of finite thickness, since for slab

the curvature energy term of E@.4) would be absent. For a ?usion Monte Carlo energies of jellium sphefésye obtain
closed-shell slab of background thickneksand cross- in Table VIII values that are close to those of the PKZB

sectional area, we could write meta-GGA and slightly higher than those of LSD. Unlike
Refs. 12 and 21, but like Refs. 13, 24, and 10, we find no
E ELSD evidence that the density functionals are seriously in error for
A A =(a—a"SP)L+2(oc—o*%P), (16)  the surface energy. We have also proposed a forrfietp

(15] for the interpolation and extrapolation of the
TABLE Xl. Parameters of Eq(15) used to calculate interpo- rs-dependence of t.he surface energ){. This formula §hou|d be

lated and extrapolated valué€s of Table X and DMC fit of Table used_ for extrapolatlon_only when the inpmi(r) are highly

VIII. For the smallt limit of o, we independently estimaté preC|se,_ as they are in our LSD, PBE, PKZB, and RPA

—50000£500 erg/cr by linearly extrapolating¢— or¢)r/2asa  calculations.

function of rg to rg=0, usingo from Table | of Ref. 31 and the Our analysis brings the jellium surface energies from the

Thomas—Fermiry¢ from Eq.(8.15 of Ref. 33. Note that the DMC  diffusion Monte Carlo method into much closer agreement

fit parametrization, fitted at,=2.00, 3.25, 4.00, and 5.62, shows a with those from three sophisticated methods which produce

singularity forrg>12. values foro,. that agree within 1%j1) the PKZB meta-

generalized gradient approximatiéii2) a GGA short-range-

param-  LSD PBE PKZB  RPA- bMC correlation correction to the random phase approximation
eter fit (RPA+);?* and(3) a wave-vector-interpolatiofWV!) long-

A 50695 51936 51565 52227 47875 range correction to the PBE GGA for exchange and
B 0.74651 0.89526 0.74719 0.87924 0.35215 correlation:®

C —0.57888 —0.66994 —0.56519 —0.79810 0.09153 According to Table VIII, the PBE GGA surface energies

D 0.25146 0.27742 0.24187 0.34685-0.10819 are slightly lower and thugessaccurate than the LSD sur-

face energies. In fact the PBE gradient corrections to LSD
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improve the energies of small clusters while worsening thos@roper self-interaction correction to LSD for a one-electron
of large clusters, as can be seen in Fig. 5. atom is in the curvature energy, not in the surface energy.
To better understand this situation, let us recall that théThese observations are also consistent with the performance
cohesive or atomization energy,, and the monovacancy of the density functionals for the atomization energies of real
formation energye,,. of a simple monovalent metal are, solids and of moleculed.We would then also expect accu-

respectively;* rate vacancy formation energtés’ from the PKZB meta-
GGA.
Ecor=4mr 0+ 27t 5y, (17 To some extent, we can understand why the functionals
5 perform as they do. The negative second-order gradient co-
Evac= 4TI 50— 27T 5y, (18 efficient for exchange is too large in PBE and other GGA's

the energies to create the positively-curved surface of affy @most a factor of two, making, and thuso, somewhat
atom or the negatively-curved surface of a monovacancy. LéP? 10W. The PKZB meta-GGA, which has the correct first-
us focus on Eq(17). In LSD, o is nearly correct buy is too principles gradient coefficient, improves the surface energy
large, leading to bulk overbinding of atoms, i.e., to a coheds @ result. The PKZB meta-GGA also improves the_curva_—
sive energy that is too large. In PBE GG#,is lower and ture energy, probably.because of its use of the e.xtra ingredi-
less accurate than in LSD, whibeis not so different from its ents, (r) and rl(r).ZSmce the secs%nd-order gzjrad|ent expan-
LSD value, so these errors in E6L7) tend to cancel, pro- SIon 0f 7 includesV®n as well asn>* and|Vn|*/n terms, it
ducing an accurate cohesive energy for the wrong reason #j @S0 fair to say that the prediction of the right curvature
PBE GGA. In PKZB meta-GGA is slightly higher and €Nergy requires the use of the Laplacian of the density.
thus more accurate than in LSD, whike is significantly
lower and more accurate than LSD, producing the right co-
hesive energy for the right reason. Because the bulk of a
monovalent metal should be treated accurately by any of We are grateful to F. Sottile and P. Ballone for providing
these approximations, the error of the cohesive energy itheir results prior to publication and useful discussions. This
essentially the self-interaction error, i.e., a failure of the func-work was supported in part by the National Science Founda-
tional to describe properly a one-electron density. Thus théion under Grant Nos. DMR-9810620 and DMR-0135678.
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