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ON THE DOUBLY SINGULAR EQUATION ~v(u); = Ayu

EURICA HENRIQUES AND JOSE MIGUEL URBANO

ABSTRACT: We prove that local weak solutions of a nonlinear parabolic equation
with a doubly singular character are locally continuous. One singularity occurs in
the time derivative and is due to the presence of a maximal monotone graph; the
other comes up in the principal part of the PDE, where the p-Laplace operator is
considered. The paper extends to the singular case 1 < p < 2, the results obtained
previously by the second author for the degenerate case p > 2; it completes a
regularity theory for a type of PDEs that model phase transitions for a material
obeying a nonlinear law of diffusion.
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1. Introduction

Questions of regularity concerning partial differential equations that are
either degenerate or singular, or both, have been addressed quite intensively
in the last two decades. The understanding by DiBenedetto (cf. [7]) of the
crucial relation between the structure of these PDEs and the geometry in
which they have to be analyzed set up a vast research programme that is
still far from being completed.

One interesting family is that of equations of the form

v(u); — div a(z, t, u, Vu) = b(z,t,u, Vu) in D'(Qr),

where v is a maximal monotone graph and a and b are measurable functions
satisfying the usual appropriate structure conditions. The equality is to be
interpreted in the sense of the graphs, i.e., for a choice v € y(u). To fix ideas,
let us restrict our attention to the case

a(x,t,u, Vu) = |Vu|’ ?Vu ; b(z,t,u, Vu) =0
that is, to the equation for the p-Laplace operator
vu=20u, veEy(u); p>1. (1)
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2 E. HENRIQUES AND J.M. URBANO

When ~ has a single jump at the origin, this equation generalizes to a non-
linear setting the modelling of the classical Stefan problem that corresponds
to the case p = 2 and describes a phase transition at constant temperature
for a substance obeying Fourier’s law. There is a vast literature concerning
the Stefan problem: see [14] or [16] and the references therein.

The table below sums up what we already know, from the point of view of
the local regularity properties of weak solutions of (1), in terms of the range
of values p can assume (the case p = 2 obviously corresponds to the Laplacian
as principal part in the equation) and the number of jumps of the maximal
monotone graph v; the original reference for each result is also indicated:

range for p | # of jumps of ~ regularity paper
p=2 one continuity [1] and [4]
p=2 several continuity [10]
p>2 none Holder continuity 6]
p>2 one continuity [18]
1<p<?2 none Hélder continuity 2]

Our objective is to enlarge the table, treating the case 1 < p < 2 in the
presence of one jump and showing that local weak solutions are locally con-
tinuous.

To be precise, consider a bounded domain Q ¢ R, with a regular bound-
ary 012, fix a time interval (0,7, for some 7' > 0, and denote with Qp =
Q% (0,7T) the space-time domain. Consider the maximal monotone graph H
associated with the Heaviside function

0 if s<0
H(s)=1<¢ [0,1] if s=0
1 if s>0

and let y(s) = s + AH(s), where A is a positive constant (physically, the
latent heat of the phase transition). The equation

vu=2u, vey(u); l<p<2 (2)

has a double singularity: since p < 2, its modulus of ellipticity |Vu|P~2 blows
up at points where |Vu| = 0, and, concerning the time derivative, we have
what can be heuristically described as 7/(0) = oo.
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For strongly elliptic/parabolic equations the technique used to obtain re-
sults on the continuity of weak solutions (including quantitative information
on their modulus of continuity) is based on energy (and logarithmic) esti-
mates. These are essential to set forward an iterative argument consisting of
showing that, for every point in the domain, we can find a sequence of nested
and shrinking cylinders such that, as the cylinders shrink to the point, the
essential oscillation of the solution in the cylinders converges to zero. This
iterative argument was introduced for strongly elliptic equations by DeGiorgi
in [3], revisited by Moser in [15], and adapted later by the Russian school to
the parabolic case (cf. [12]). It is essential to the reasoning that the equa-
tion is strongly elliptic/parabolic so that the integral norms appearing in the
estimates are homogeneous.

In the case of (2), that has a double singularity, this homogeneity is lost.
On the one hand, the singularity in the principal part gives rise to a power
p < 2 in the energy estimates. On the other hand, dealing with the maximal
monotone graph involves a regularization procedure and the proof that the
family of approximate solutions is equicontinuous. The consequence of esti-
mating uniformly the regularization of the maximal monotone graph is the
appearance of a third power (power 1) in the energy estimates. We are thus
dealing with three powers (1, p and 2) and we have 1 < p < 2.

The technique introduced by DiBenedetto to deal with singular (and degen-
erate) parabolic PDEs is called intrinsic scaling. The main idea consists in
looking at the equation in its own geometry, i.e., in a geometry dictated by its
singular (or degenerate) structure. This amounts to rescale the standard par-
abolic cylinders by a factor depending on the oscillation of the solution. The
procedure, which can be called accommodation of the singularity /degeneracy,
allows for the recovering of the homogeneity in the energy estimates if written
over these rescaled cylinders. It can be said heuristically that the equation
behaves in its own geometry like the heat equation.

In the case of three different powers, the price to be paid for the recovering
of the homogeneity in the energy estimates is a dependence on the oscillation
in the various constants that are determined along the proof. Owing to this
fact we will no longer be able to exhibit a modulus of continuity but only
to define it implicitly independently of the regularization. This is enough to
obtain a continuous solution for the original problem, via Ascoli’s theorem,
but the Holder continuity, that holds in the case v(s) = s, is lost.
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We anticipate that the choice of the right intrinsic geometry is the main
difficulty of the problem. To fully understand what is at stake, let us observe
that a bridge between the singularity in time and a degeneracy in space can be
made through rewriting equation (2) in terms of v only, taking into account
that u = y~!(v) and y~! is now a well defined function, such that yv~!(s) =0
for 0 < s < A. It is clear that the time singularity in the u-equation becomes
a space degeneracy for the v-equation. Now, the existent literature shows
that a singularity in the principal part of an equation requires a rescaling
in the space variables while a degeneracy requires a rescaling in the time
variable. In the case of equation (1) with p > 2, that was treated in [18],
we were in the presence of two types of degeneracy and that explains why
a rescaling in time was enough. Also, in the case 1 < p < 2 but with no
jumps (i.e., for v(s) = s), there is only a singularity, so a rescaling in space
suffices (see [7, Ch. 4]). Here, we have the equivalent of both a singularity
and a degeneracy in the principal part and so we need both rescalings; it is
the first time, to the best of our knowledge, that an intrinsic scaling has to
be performed simultaneously in the space and time dimensions, although in
[10] a similar procedure has been adopted but keeping the natural space-time
homogeneity.

The technical implementation of the proof consists in the study of an al-
ternative. In the first part of the alternative, we deal with the singularity in
time (degeneracy in space) so what dominates the geometry is the scaling in
time; the type of partition of the cylinders that is considered is a reflection
of this fact. In the second part of the alternative, everything takes place
above the singularity in time, the singular character of the principal part
thus being the dominant factor; it comes with no surprise that the type of
partition considered there is a partition in space.

2. Regularization and local estimates

The proof that local weak solutions of (2) are locally continuous consists
in defining an approximated problem and showing that the sequence of ap-
proximate solutions, which can be shown to be uniformly bounded, is also
equicontinuous. The use of Ascoli’s theorem completes the reasoning. We
will not be concerned with problems of existence of the weak solution for
boundary value problems associated with (2) or the convergence of the se-
quence of approximate solutions to the weak solution. This problem was
treated in [17] (see also, the now classical, reference [13]).
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Let 0 < € < 1 and consider the function
Ye(s) = s+ AH.(s) |
where H, is a C'* approximation of the Heaviside function, such that
H(s)=0 if s<0; H(s)=1 if s>e,

H!(s) >0, s € R and H. — H uniformly in compact subsets of R\ {0} as
¢ — 0. The function 7, is bilipschitzian and satisfies

1<9l(s) <1+ AL, s€eR, (3)

where L, = (’)(%) is the Lipschitz constant of H,. Its inverse 3. = v, ! satisfies

0<

< fG(s) <1 . 4
T SO <1, seR (4)

The approximated problem consists in finding a function
0. € H' (0,T; L*(Q)) N L™ (O,T; W&”’(Q)) N L>®(Qr)

such that, for a.e. t € (0,7),
| atene+ [ 19apeve ve=0. veewi@). ©
Qx{t} Qx{t}
We assume that the approximate solutions satisfy the uniform bound
10ellz0r) < M

It is easily seen that (5) corresponds, in the sense of distributions, to an
equation of the type

w — div a(z, t,u, Vu) =0,
with u = v.(6.) and a(z,t,u, Vu) = |VB(u)|P>VB(u), that satisfies the

structure conditions

1\
V> P
a(z,t,u, Vu) - Vu > <1 n )\Le> |Vul

and
la(z, t,u, Vu)| < |VulPt.
As a consequence of this fact, we conclude (using the theory developed in

[7]) that the approximate solutions are Holder continuous. But the constant

Cole) = (1+1AL€ )P~1 deteriorates when ¢ — 0 and, in this way, nothing is
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obtained in the limit. We will next obtain a series of estimates that are inde-
pendent of the approximating parameter € and will allow us to show that the
approximate solutions are continuous independently of the approximation.
The main result of this paper then follows from Ascoli’s theorem.

Theorem 1. The sequence (0.). is locally equicontinuous, i.e., for each 0.,
there exists an interior modulus of continuity that is independent of €. There-
fore equation (2) has, at least, one locally continuous solution.

Let us start with some notation. Given zy € R, define the N-dimensional
cube

[xo + K| == {x © max |z; — x| < p} .

1<i<N

Given the pair (zg,t9) € R¥*!, define the cylinder
[(z0, t0) + Q(7, p)] = [0 + K] X (to — 7, %0) -

The energy and logarithmic estimates that we are about to present will be
written for a cylinder with “vertex” at (0,0). It is easy to obtain analogous
estimates for a cylinder with “vertex” at a generic point (zg, tp).

Consider a cylinder Q(, p) C Qp, and piecewise smooth cutoff functions &
in Q(7,p) such that 0 <& <1, |[V{| <ocoand £ =0, ¢ K,. Let k < M
and ¢ = —(0. — k)_¢? in (5). Integrating in time over (—7,t) for ¢t € (—7,0),
the first term gives

[/ oo -n-e)- [ f o ( [ s ds> o
. /pr{t} </0(0f—k> k= s ds) C,,_/K]X{_T} </0<0€—k) k= 5)s ds) e

p

W /_ t /K ,, ( /0 e A (k = s)s ds) s

l — k)P — _ P
25 Gk 20y [ ek

K,x{-1}

) [ t / R0



DOUBLY SINGULAR PDE 7

since we have, recalling (3),

(0—k)- (0c—Fk)_ 1
/ Yk —s)sds > / sds==(0, — k)%
0 0 2

(e—k)— (e—k)—
/ Yk —s)sds < (0. — k)_/ Vi(k —s) ds
0 0

= (0 = F)-[7e(k) = 7e(0)] < 2(M + A) (6 — k)

Concerning the other term, we have

/i/KpIVGJMWE.V[—(eE_k)gp]_/i/ V0, — k)"

//we P20,V [ 6~ -]

// V(60— ) - //e—k ver,

using Young’s 1ncquahty. Since t € (—7,0) is arbitrary, we can combine
estimates (6) and (7) to obtain

and

Proposition 1. Let 6. be a solution of (5) and k < M. Then there exists a

constant C, that is independent of €, such that for every cylinder Q(r,p) C
QT7

0 0
sup / (6.~ k7€ + / / V(6 — k)€ < C / / (6 — k) |VEP
—7<t<0 J K, x{t} -rJK, -TJK,

0
- _ -1
+C/K/}X{_T}(96 /f)—fp—i—C’/_T /Kﬂ(eE k)_¢rlg, . (8)

Remark 1. This estimate and the ones to follow in this section were first
obtained in [18]. We reproduce them here for the sake of completeness. It is
obvious that they are the same irrespective of the value of p being greater of
less than two.

The second and third terms in the right hand side of (8) involve a power
1 that is due to the fact that 4/, is not uniformly bounded above near the
singularity. When k£ > ¢, we are above the singularity and the energy estimate
reads



8 E. HENRIQUES AND J.M. URBANO

Proposition 2. Let 0. be a solution of (5) and k > €. Then there exists a
constant C, that is independent of €, such that for every cylinder Q(t,p) C
QT;

0 0
s [ o—wpes [ [ wo-werse [ [ o-owe
—7<t<0 J K, x{t} -7 JK, -7 JK,

0
+C (0. — k)2€EP +C /_ /K (0. — k)2ertg, . (9)

Kpx{-1}

Next, we obtain logarithmic estimates. Let a, b, ¢ be real constants verify-
ing 0 < ¢ < a. Define the nonnegative function

+ a
w{u,b,c}(s) <hl { (a+c)—(s—b)x }>+

m{m} if bresssbE(ateo)

) <
0 if s = bte
whose first derivative is

AV
o

(W) () =

and second derivative, off s = b+ ¢, is

0 it ssbtc

(wi,b,c})” = {@i’b"*)/}Q >0 .

Now, given a bounded function u in a cylinder Q(7, p) and k € R, define
the constant
H, .= ess sup (u—k) .

' Q(7.p)

The following function was introduced in [5] and since then has been used
as a recurrent tool in the proof of results concerning the local behaviour of
solutions of singular and degenerate PDE’s:

U (HE (w = )sc) = Vi) 0<e<Hy . (10)
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We will write it as ¢*(u), omitting the subscripts whose meaning will be
clear from the context. This function is essential in the derivation of the
following logarithmic estimates (see [18] for the details):

Proposition 3. Let 0. be a solution of (5), k € R and 0 < c < H,_;. There
exists a constant C > 0, that is independent of €, such that for every cylinder

Q(T7 p) C QT;

s [ [ v@iw yoor e ay

Remark 2. In this estimate there is a dependence on e through .. We will
see later how to get over this difficulty.

Proposition 4. Let 6. be a solution of (5), k > € and 0 < ¢ < Hy ,. There
exists a constant C' > 0, that is independent of €, such that for every cylinder

Q(T> p) C QT;
sup [0+ (0] € < / [v+(6)) €

—r<t<0 J K, x{t} Kpx{-1}
0
+C/_ /K GO [T @) IVEP . (12)

3. The intrinsic geometry

The study of the interior regularity of the approximate solution, namely
showing that it is continuous independently of ¢, requires the choice of a
geometry that somehow reflects the two singularities in the equation. This
means that, instead of working with the standard parabolic cylinders, we
have to consider cylinders whose dimensions are suitably stretched in a way
that is directly related to the structure of the PDE. In order to simplify the
notation, from now on we drop the subscript € in ..

Given R > 0, sufficiently small such that

0 (R, R%) cOr
define
+ +

,L[::cssir}fG; u=esssup 0 ; w::cssoslcez,u —u
Q(R,R?) Q(R,RY) Q(R,R?)
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and then construct the cylinder
) w\ (1-p)(2—p) w\ P2
Q (apR’, coR) ap = (Z) ; co = (E) ; (13)

where A = 2° and B = 2%, for some s,5 > 1 to be chosen. Observe that for
p =2, a9 = ¢y = 1, and these are the standard parabolic cylinders, reflecting
the natural homogeneity of the space and time variables.

We assume, without loss of generality, that w < 1 and also that

w > max{ARﬁ , BRﬁ} . (14)

Then Q(agR?, cyR) C Q(R, R?) and

essosc O <w. (15)
Q(aoRP coR)
Remark 3. If (14) does not hold then the oscillation is comparable to the
radius (in a way given by the reverse of the above inequality) and there is
nothing to prove. Note also that (15) is not verified for any given cylinder,
since its dimensions have to be defined in terms of the essential oscillation
of the solution within it.

We now consider the cube K, p partitioned in disjoint subcubes, each one
of them congruent to K4 g, with d, = (#)1’_27 for n, to be determined:

&+ Kyr , 7€Kpw, Rw):=cR-dR=ILdR
B e nx+1
Ll_(W) —1, B>2*Jr
=

5

R 4R
FIGURE 1. Partition in space of Q(aoR?, coR).

Since we may arrange L to be an integer, we can look at K, g as the disjoint
union, up to a set of measure zero, of LY cubes of the above type. Then we
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may regard the cylinder Q(agR?,coR) as the disjoint union, up to a set of
measure zero, of LY subcylinders of the type [(7,0) + Q(aoR?, d. R)].
We next consider subcylinders of [(z,0) + Q(agR?, d. R)] of the form

@0+ Qurnar).  d=(2)""

which are contained in [(Z,0) + Q(aoR?, d.R)] assuming that A > 2 and
t € Z(w) := (—apR” + dRP,0) . (16)

coR ' 'd*R
FIGURE 2. Partition in space and time of Q(aoR?, coR).

The proof of the equicontinuity relies on the study of two complementary
cases and the achievement of the same conclusion for both, namely the re-
duction of the oscillation. For a given constant vy € (0,1), which will be
determined later only in terms of the data and w, we assume that either

the first alternative
there exists ¢ € Z(w) such that, for all 7 € Kgy,,

(1) € [(2,8) + Q(AR?, d.R)] : 0(x,t) < p~ +%

< 17
Q(dRr,d.R)| <w {7
or
the second alternative
for every t € Z(w), there exists T € Kg(, such that
)€ [(z,0) + QAR d.R)] : O(x,t) > ut —
1) €100 + QURNLB) 0> =8|

|Q(dR?, d.R)|
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4. The first alternative

Assume that (17) holds in [(Z,?) + Q(dR?,d.R)|, where [T + K, g| is any
subcube of the partition of K.z and ¢ is the same in all these cylinders.
Since K, is the disjoint union, up to a set of measure zero, of subcubes of
the form [z + Ky g], the first alternative implies that there exists a cylinder

of the type [(0,%) + Q(dRP, coR)] in which

[(2,1) € [(0.0) + QUR" wR)] - B(x.t) <p +3[ _
|Q(dRP, coR)| B

(19)

Lemma 1. There exists a constant vy € (0,1), depending only upon the data
and w, such that if (17) holds for some t € T(w) and all T € Kg(yy,

ooty > +2 ae(ni)e [(o,f) +Q <d <§>p,c0§)} (20

Proof. According to what we have just remarked, (19) is in force. After
translation, we may assume that ¢ = 0. Define two decreasing sequences of
numbers

R R
Ri=g 4o, h=w +5 450
and construct the family of nested and shrinking cylinders @, =Q(dR?, coR,,).
Write the energy estimate (8) for the functions (6 — k,,)_, over @, and for

smooth cutoff functions 0 < &, < 1, defined in @,,, and such that
gn =1 in Qn+1 ; £7L =0 on aan

n=0,1,2...

2n+2 (n+2)p

|v§n| S LU_R 5 0 < atgn S QdRp
Since (0 — k,,)- < %, we get

sup / (0 — k) fp // V(0 — kn)-&nl”
—dRD<t<0 (OR,,X{t}

p2n+2
S 5 CpRp // X[o<kn] +C 2 dRp // X[6<kn]
w p2(n+2)p 1 —p
<c(3) & {o+d }// Xio<l -
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Now observe that, since 1 < p < 2, and (6 — k,,)
(0 — kn)?

w (1-p)(2-p)
> (%) (
2

= (0 — k)" PEP (0 — ke, )PEP (G — k)P

0 — k)PP (0 — k) = d(0— k)" (0 -

0 — k).
Introducing the level
kpi1 < kn = % < ky ,
we have
/ (0 ka)2€l > d / (0 — k)" (0 — k)P €2
Kogin Koghn

>d (b~ k)" [ o-Rre
K,

coRn

w\pE-p) [ 1 \PEP _
()
2 oan+3 KcoRn( )
Consequently,

_ 1/9 p(2-p) ( )
sup / (0 — k)P &8 + = (—) 9 (n+3)p(2—p) / IV (0 — k)&l
—dRh<t<0 J Koy, x {t} d \w o.
w\p 2(n+2)p ) wNP(—-2)
- < o(n+3)p(2—p) w —p
SC(Q) i > {(2) % +<

p(p—2)+(1— p B
2) // 0<kb]
WO\ P 2(37p)pn ) 2 p(2—p)
:C(_) 2T opevse | (2 2 / /
2) Ry B o)), ek

C

2(3=p)pn 2 p(2-p)
< SN gz ) (£ 5 / /
~ w <2) dRP B + , Xlo<k
since w < 1.

Consider the change of variables

Co d
and define the new functions

é(y, Z) - 9(1’,t) ) gn(yv Z) - fn(% t) :
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Denoting the new variables again by (z,t) and defining
0
A, = / Al e, At) = (e e Kn, ¢ 0,t) < k) |

Rn
the above inequality reads

o 9\ P(2-P) I
sup / (0 — kp)P &8 + <—> o(n+3)p(2-p) // V(0 — kn)_fn}p
—RP<t<0 JKp, w (R%.R,)
C /NP 2(3—p)pn 9 p(2-p)
< Z (L) 2 9p(2+3(2-p)) il )
T w <2) Rp 2 B +20 4

Recalling once again that w < 1, and the choice of &,,, we conclude that

_ (3—p)pn p(2—p)
1605 Boa e = & (5) gzt { () 2

Now, on the one hand, we have

_ - _ P 1
0~k > kn — kp1)P Ansr = <£> —A,
//Cg(Rerl anrJrl) ( )_ - ( +1) +1 2 2[)(7L+3) +1

and, on the other hand, using Corollary 3.1 of Chapter I of [7],

// 6 k)
Q(RﬁJrlanJrl)

SC|{§</}:]QQ( n+1> n+1)|NL+p H é /;’ ||

< CAfLVT” ||(§ - ]%n)—HVVP(Q(Rﬁ“,Rnﬂ))

Combining these two inequalities with the previous one, we get

p(54+3(2— p(2-p) ,
App1 < comren { <3> + 2} old-pon 4 N5
w

n+1 R71+1

Rp B

Defining
A7L
Yo = e
|Q(R, Ry

and noting that

_p_
|Q( n’ )| e 2N+2pRp
|Q( n+1» rL+1)| N
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we arrive at
p(2—p) »
}/n-&-l < g z + 2 2(4_p)pn}/n1+#+_p .
T w B

Using a lemma on the fast geometric convergence of sequences (see [7, page
12]), we conclude that if

—(N+p)

p(2—p) P :
o (£ f) e
w

then Y,, — 0 as n — oo. Since

5\ P27) T (ra\epw N -
- +2p 2[5 125 §2p{1+2p},

if we take

N+p ) 2 Nip

4 P -1 4
Y, < C—NT+2—P(4—p)( » WTQ_% {1 + 2NT+} = CwNT+ =1 (21)
we obtain Y,, — 0 as n — 0o, which implies that A, — 0 as n — oco. But
0
/ reKp : 97(:):,t)</uf+§) dt

Y, = =& 7
’ [Q(R?, R)]

so (21) is our hypothesis (19). Since R, \ g and k, \, p~ + 9, having
A, — 0 as n — oo, means that

(z,1) € Q <<§>p§> L B(x,t) < u‘+%' =0

that is, going back to the original variables and function,

B t) >+, ae (0,0)€Q (d <§>p,005> .

4 2 2

|
Consider now the time level —t, = ¢ — d(%)p. From the conclusion of
Lemma 1, we have

w
Oz, —t,) > p + 1 ae. r €K n.

We will use this time level as an initial condition to bring the information up
to t = 0, and therefore to obtain an analogous inequality in a full cylinder
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of the type Q(7, cop). A first step in this direction is given by the following
result.

Lemma 2. Assume that (17) holds for some t € T(w) and for all T € Kg,).
Given 1n € (0,1), there ezists 1 < s; € N, depending only upon the data and
A, such that, if B > 2%, then

_ w
:EGKCU% DOz, t) < p +§’<V1’K60§

, Vt € (—t,0) .

Proof. Consider the cylinder Q(t., cog) and write the logarithmic estimate
(11) over this cylinder, for the function (6 —k)_, with k = =+ and ¢ = 55
(n to be chosen). Defining

k—0<H,, =esssup (0 —Fk)_ <

w
< J—
Q(ts,co g) 2

RS

(that we may assume strictly positive, otherwise there is nothing to prove), we
then choose n sufficiently large so that 0 < ¢ < H, g Then the logarithmic
function ¢~ = (), introduced in (10), is well defined and satisfies the
estimates

P <In(2") =nln2, because

1 o
—\/|2—p —
)] (H(;k—}—G—k—O-c)
p(2-p)
(p—1)(2-p) 1
= (H, 00—k
( ok T +C> (H&k+9—k+c>

- <£><p—1><2—p) 1 P<H>:d_1 gn+2\ P2=)
< (3 - - 7

sincec§H§k+9—k+c§H;k<§and0<p—1<1.
Take as a cutoff function z — ¢(z) (independent of ¢), defined in K, &,
and satisfying

O§§§1 in K,E
(,()2
§=1 in K. n
4
Ve <7 -
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The logarithmic estimate takes the form
0
o [ wrese [ [ vl
K g -

—t,<t<0 t, JK
* 5y * (:0%

K. r
2

Co =

2n+2 ) p(2—p) 4P
[

T
since 0(x, —t.) > k in the cube K r which implies that 1~ (z, —t.) = 0, for

v € K 5. Recalling that ¢, < agR”, and taking B > 272 we get

<Cnln2d! (

w

sup / (1/1_)25”SCA(”_I)@_p)n’Kco%
K

—t,<t<0

(50§
We estimate from below the left hand side of the above inequality integrating
over the smaller set

w
on+2

{x €K,n @ 0(z,t) <p +

In this set, £ =1 and

since Hy; — 9 < 0. Then, for all t € (—t,,0),

< CAP- p)m)%%

Choosing n > 1 + %A@_l)(g_p) we get CAP-DEZ-p) oinr < v and the result

)LL’EKCU% DO(xt) <+ u ’

27L+2

is proved for the choice s; = n + 2.
|

Remark 4. Note that the dependency of s1 on w, if it occurs, occurs through
A; it will be shown that A can be determined independently of w. Observe also
that the € dependency appearing in the logarithmic estimate was overcome.

We are now in position to prove the main result of this section, namely

Proposition 5. There exist constants vy € (0,1), depending upon the data
and w, and 1 < s1 € N, depending only upon the data and A, such that, if
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(17) holds for some t € T(w) and for all T € Kg(,), then

w R
Oz, t) > p +— STl ae. (r,t)€Q (t*760§> : (22)

Proof. Consider the decreasing sequence of real numbers

R R
Rn = g =+ ﬁ )
and construct the family of nested and shrinking cylinders @Q,, = Q(t., coRy),
where t, is given as before. Write the energy estimates (8) for the functions

(0 — ky)- over Q,, with

n=0,1,...

w

k ’u + o5t 251+1 + 9s1+1+n ’

and choosing piecewise smooth cutoff functions &,(x) defined in K. g, and
satisfying, for n =0,1,2,...,

0 S fn S 1 in KCOR,,,

fn =1 in KCQR

n+1

27L+4
|v§n| S ﬁ .
Since, for alln =0,1, ...,
Oz, —t.) > p~ —|—% > ky for z € KLU? D Kenr,

we have

/ (0(7 _t*) - kn)_ f{; =0,
K,

0Rn
and consequently the energy estimates read

—1.<t<0 J KRy,
p 2(n+4p
< C// 9 kn |v§n|p < C 251 CpR‘U // 0<kn]

Reasoning as in thc proof of Lemma 1, we estimate from bclow the left hand
side in the following way: letting

kn+1 + kn

< ky
2

k7l+1 < kn =
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then, since 1 < p <2, (0 — k,)- < 5% and ¢, < apR”, we have

w\ @=pe-p) (B ¢, s w\pE-p _
0—k, 2 > (_) 2 * (_) 9(n+3)p(p-2) 0 —k, P
( )7 — \251 t. (%)p 251 ( )7
w \ 1=p)2-p) sw\ @-1)2-p) s w \P(2-Pp) t -
> 9P (_) (_) (_) o 43)p(p=2) __*_ (g _ | VP
- 231 A 231 (g)p( )
951 (r—1)(2-p) w\p(2-p) t -~
>9 (2 (_) o t3)p(p=2) =g _ L yp
> (%) B @
ty -
> capg(n+3)p(p—2) (6 — k)"
()
if we choose B > 2°1 and s; such that
P
s1 > logg A+ ——+——.
-2 -p)

Therefore the above integral inequality takes the form

_ ) Ryp _
Sup / (9 — k”)ligﬁ + 082(7%‘"3)7)(271))@ // |v(0 - kn)ffn}p
K tJ Jaq,
p

~t.<t<0 J K. g,

WP 2(3*]))pn o (E)
<o(Z gisp) 2 / / .
= 281> (]_g)p t* Q X[9<k"]

n

Introducing the change of variables

T R\" t
= — z = J— N
Y 007 2 t*

and defining the new functions

é(yvz) - 9($,t) ) gn(y) - gn(x) )

we write the inequality in the new variables (again denoted by (z,t)), ob-
taining

sup / (0 — k)" €0 + 082("+3)p(2_p) // ’V(é — ]%n)—én}p

_(%)P<t<0 Q((%)I)7Rn>

w \p 2B-ppn
<O(5) =2 / / X<,
951 (g)p QR [O<k,]
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Defining

0

An:/ Aut) dt . Aut) = [z € Kn, : B(at) < k)
_(%)p

and recalling the definition of ¢y and that w < 1, we arrive at

o W p2(d p)pn ara
10 = F) 5oz m, gc(%) WW PA, .

Now, since

w\? 1 _
(E) WA7L+1 = (kn - k7l+1)pAn+1

<[/ (= F)” < CATT 5= F) Py
QL) Ryi1) || HV (QU(%)?,Rnt1))

we get
9(4=p)pn 5

(5)

Define Y,, = Q# Due to the fact that

An+1 S C

QUER, R (RY
Q@ R <2>

we get the algebraic inequality
Yo < C20Pmy, N5

: — I o p(4—p) (A2 _ :
S0, as before, if Yo < C7 » 2 » ) =y thenY,, — 0asn — oco. Using
Lemma 2 for this value of v; we conclude that there exists 1 < s; € N such
that

_ w
’IEGK%% < +%’<V1‘K60§

, Vt € (—t4,0) .

To conclude, note that
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Iz

0
)p/ )x €K, n @ 0(z,t) <p” + % dt
—t
* < v
. (D)[K,, a -

(

~ [ro

soY, ,A, — 0asn— oo. Since R, \, % and k;, \, i~ + 5157, We obtain

- w R
O(x,t) > p + Jot1 ae. (x,1)€qQ <t*,cog> .
|

Corollary 1. Assume that (17) holds for some t € Z(w) and for all T €
Kr(). Then there exist constants vy € (0,1), depending only upon the data
and w, and oy € (0,1), depending only upon the data and A, such that

ess osc 0 < opw . (23)
Q(F)"co)

Proof. The proof is trivial, recalling that

_ R\” R\”
—t,=f—d|= —d(=
(5) <=(3)

from which follows (t*, cog) oQ (d(%)p, cog).

5. The second alternative

If the first alternative does not hold then the second alternative is
in force. We will show that, in this case, we can achieve a conclusion similar
to (23). Note that the constant vy has already been determined and is given
by (21).

Lemma 3. Fizt € Z(w) and T € K,y for which (18) holds. There exists a
time level

tye |f—dRrrE— %dRP] (24)

such that

- w 1 -y
vl Karl 0ot > i = 5] < (150 ) 1Kun

= (25)
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Proof. Suppose not. Then, for all t € [t — dRP, T — 2dR"],
w

’(J:,t) € [(#,0) + QUR"d.R)] : 0(a,t) > "~

-2 dRr w
2/ ’:EG[:E#—KL;*R] : 0(x,7)>u+——’ dr
t—dRp 2

1—V()
> (1)

which contradicts (18).

(1 _ %) dR” = (1 — ) |Q(dR”, d,R)|

|

This result tells us that, at the time level ¢, the portion of the cube [Z +
K4, g] where 6(z) is near its supremum is small. In what follows we prove
that the same happens at all time levels near the top of the cylinder [(Z, ) +

Q(dR?,d.R)).

Lemma 4. There exists 1 < so € N, depending only upon the data and w,

such that
140 2
< (1 - (5) ) |Ka.R| (26)

Proof. Assume, without loss of generality, that £ = 0. Consider the loga-
rithmic estimate (12) written over the cylinder Ky g X (o, t), for the function
(0 — k)4, with & = p* — % and ¢ = 5:%5 (n. to be chosen). Assuming that
the number n, has been chosen, we determine the length of the cube K4 g

by choosing
w \P2
d = <2n*+1) '

In the definition of ) take

T €T+ Kag] : 0(z,t) >pt — %

for all t € (to,1).

0—k<Hj = esssup (0—k)s <
’ Ka, rx(to.t)

| &

Assume that H,, > 0 and then choose n, large enough so that 0 < ¢ =
gt < Hy.. Since Hj} — 0 + k 4 ¢ > 0, the logarithmic function ¢* is well
defined and satisfies the estimates

Hy,

€ [o]E

YT <n,In2, since = 2™
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p(2-p)
Y E (r-1)(2-) 1
[(w)} _<H9’k 9+k+c) Hf, —0+k+ec

2n*+1 p(2—p)
<dt ( ) =d'd,

w

for the non trivial case 8 > k + c.
Take as a cutoff function x — £(x), defined in Ky, g, and satisfying

0<¢&<1lin Kynp
§=1in Kq_gy4,p , for some o € (0,1)
V¢ < (odR)

The logarithmic estimates read

o [ @)es) @)e
to<t<t J Kq, px{t} Ka,rx{to}

7 2 p
so [ [t [wn)] " ver
to v/ Ka.r
and therefore

sup / (z/z+)2§p < ni(n2)* |z € Kgr : O(x,t) >k +¢
Ka, rx{t}

to<t<t

C _ _
+W€RP Ty ln2 d 1d€ ’Kd*R’ (t — t())

1- *
< {ni(mm? (1—”0> +c”—}|Kd*R| ,
-2 ob

23

using Lemma 3, the estimates for ¢ presented above, and the fact that t—ty <
dRP. In order to bound the left hand side from below, we integrate over the

smaller set

w
S = {x € Kq-oya,r @ 0(x,t) > p" — 2n*+1} C K(i—o)d.Rr
where £ =1 and ¥ > (n, — 1) In 2, since

+ + w w
Hy), Hyy —5+3 w

= > 21 hecause H(jk —=<0.

2

+ w w + w w
H@J‘; ) P H(97k ) + P
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2
X 1-— C
|S|s{( . ) ( ’iff)+ ,}le*R
Ny — 1 -3 NnyoP

Consequently, for all ¢ € (¢, %), we have

We obtain

w
27L*+1

)xeKd*R:H(:):,t) >pt— ) < |S|+|Kd*R\K(1—o)d*R

<|S|+ No|Kg.r|

2
Ty 1—uy C
< N Kl
_{<n*—1> <1—%)+n*01’+ U}' o7l

Choose ¢ so small that No < %Vg and then n, so large that

C -\
<§y2 and < n > 3(1_%>(1+y0)5ﬂ.

n*al’_80 Ny — 1

With these choices we obtain

n w 0\ 2
x € Kgpr : Oz, t)>p —2n*+1‘§ 1—(5) |Ka,g| , Yte (to,t)
and the result follows with so = n, + 1.
|

Remark 5. From the choice o < 8%1/02, we see that, in order to satisfy the

first condition, it suffices to choose the number n, such that

Ny Z CVO_Q(IH_I)

)

where C' is a constant depending only upon the data. From the second con-
dition on n, we get

B+VB
B—-1"
and, since > 1 (and assuming, without loss of generality, that vy € (0, %)),
2 4 4
B+ VB < b = +2< 5 +2
G6—1 -1 w(l-—1yw) v

and it suffices to choose

Ny >

4
Yy
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So n, 1s to be chosen such that
_o, 4
Ny > HlaX{CVU 2<p+1)7 — + 2} )
)

Recalling that vy = C’w%, we choose
2(p+ (N +p)
p

ng > Cw™@ | a=

and n, depends upon the data and w.

Remark 6. This result determines the value sy and consequently d., which
represents the size of the subcubes [T + Kg4,r| making up the partition of the
full cube K. g; it has a double scope: we determine a level and a cylinder
such that the measure of the set where 0 is above such a level can be made
small on that particular cylinder.

Remark 7. In the proof we assumed that H > 0. If H} = 0 we argue as
in the next section, with § = (6 — ™)L,

Since for the different values of ¢ we may get cylinders with different axes,
we start by expanding the negativity to a complete cylinder in space and then
use the fact that ¢ is an arbitrary element of Z(w) to get a reduction of the
oscillation in a smaller cylinder centered at the origin. In order to do so, and
since the location of T within the cube Kpg(,) is only known qualitatively, we
will assume that z is the centre of the larger cube [Z+ Ky z] which we assume
to be contained in K Ri Indeed, if that is not the case, there is nothing to
prove since

w < C(B,p) RT |
We then work within the cylinder
[ + Kseor] x (to,1)

which is mapped into Q4 = K4 x (—47,0) through the change of variables

T —T t—t
= — :4p — .
4 2COR ’ : <t—t0>

With this same mapping, the cube [z + K4 g] is mapped into K},, where
ho = 3 (E)Q_Z) < 1. Define the new function

2 (B 5 6 <2w>
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and observe that # < 0 and that, for the new variables and function, (26) is
now written in the form

1 2
y€ K ¢ 0(y,2) <—§' > () 1Kul . vae(-4,0). (@)

5.1. An equation in dimensionless form. The new function satisfies,
in the sense of the distributions, an equation similar to that satisfied by 6,
namely (denoting again the new variables by (x,t))

Oe(0) — C div (|VO[P°VH) =0  in D'(Qu) (28)
where 7, is such that 7/(f) = ~/(#) and

1 27\ ¥ (T — 1)
-y De-p) [ 2 0
“=mv (BP) R

Since tg € [t — dRP,t — 2dR?],

1 on.+p—1 2-p v 1 on.+p—1 2—p
ﬁ( By ) 5@( BP) ‘

In order to simplify the calculations we will assume, for the time being,
that

Ce

e (0) € C (—47,0; L' (Ky)) (29)
and will remove this assumption later. The weak formulation of (28) is then

given by
A7 (0)p + C/ Vo' vE-Ve =0,
K4 K4

for all t € (—47,0) and for all p € C(Q4) N C(—47,0; W, (K,)).

Due to the fact that the equation is weakly parabolic and 6 is a solution,
(0 — k)4 is a sub-solution and then, for all admissible test functions ¢ > 0,

I [0—k)]o+C | |VE—k)"" VO k),-Ve<0,
K4 K4
for all t € (—47,0). In this inequality we take
&
(=k(1—08)— (0 —k)4)"

Y= 1
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where k and § € (—1,0) are to be chosen and £(z,t) = & (x)&(t) is a piecewise
smooth cutoff function defined in ()4 and satisfying

0<E<1T inQy; €=1inQe; €=0 ondyQy;

V& <15 0<0:6<1;

and the property that the sets {z € Ky : & (v) > —k} are convex for all
ke (—1,0). Set

. )
=i (= ) 20 (50)

and _

_ (0—F), ]

0) = d 31

¢/€( ) /0 (—k’(l — (5) — S)p71 S ( )
and observe that
1. for k,6 € (—1,0), the functions ¢, 1 and ¢y are well defined since
B —k+kd if 0<k
—k(1—=0)—(0—k)y = >0;

kS —0 if 0>k
2. the graph v has a jump at 6 = 0 so the corresponding graph 7 has a

jump at § = —p* (£) < 0. If we choose n, such that —u™ (£°) <

—1, that is,
> 1 < u )
n. > logy | —
2 o

then, for k& € (—1,0), the function (6 — k), is above the singularity in
time and ¥ = 1.
Therefore, for n, > max{Cw‘“JogQ (ﬂ%)} and k,0 € (—1,0), the weak
formulation presented above reads
o0~ Ko+ C [ V@1 VE -, Vo0, (@)
K4 K4

for all t € (—47,0).
The first term of (32) can be estimated from below as follows

OO —k)p = | Oop(0)e

K, Ky
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d _ _
= 2 a0 -p | aoe s
K4 K4
d o Cy
> = (9)er —
= @) or(0)§ .
using the conditions on £ and the fact that
_ 1 _ ,
ou(0) = 5 (k- 0)) 7" = (—k(1—08) = (0 — k))* "}
o Lk arr< 2l kse(-10)
2 _ p 2 _ p ) ) ) *

For the second term we have

[ I8 0-0. w0, v

N p/K4 <—k(1 — 6)5— = I<:)+>p_1 V(0= k). [" V(00— k), - VE

o= [ (—ku'Y(g)_—?JL kﬁ)pfp |

Recalling the definition of v, we have
V(0 — k).
—k(1—=0)—(0—k);
and, using Young’s inequality (p is to be chosen), we get from the identity
above

Vr(0) =

V(0 — k) [P 2V(0 — k)y - Vi

> -1 [1-o7] [ [va@re-p [ ver.

Taking p = 21)1;117 recalling the conditions on ¢ and the bounds on C, we
finally get

d _ - _ C
G e o [ vuare <2 (33)

where Cy = Cy(p, N, n., B,w, data) and C; = Cy(p, N, n,, B). Note that, for
all t € (—47,0),
[We(8) =01 N[ =1 = |[§ < kN K| > [[6 < k] N K| > 7%
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: 1 5 w2 (2:2\N(2-p)
using (27) for k = —5 and 1y = (70) (f) > 0. We can then apply
Proposition 2.1 of Chapter I of [7] to conclude that

AJwaW$ZC e c-cwp)

and consequently

Lemma 5. There exist constants Cy and Cy, that can be determined a priori
only in terms of, respectively, p, N,w,n., B and the data and p, N,n., B such
that J

- . b (0)EP + Cy /K 4 YrO)Er < Cy . (34)

This integral inequality will be used to prove an auxiliary proposition which
is an important tool in obtaining the sought expansion of “negativity”. In-
troduce the quantities

Y, := sup / &, n=0,1,... (35)
K4ﬂ[§>—\6\"]

—4P<i<0

Proposition 6. The number v being fized, we can find numbers 6, o, de-
pending only upon the data, w and v, and independent of €, such that, for
n=20,1,2,..., either

Y, <v

or
Y;Hrl < max{u, O-KL} .

Proof. Take k = —|d|" in (34), where 0 € (—1,0) is to be chosen. From
(35), it follows that for every p € (0,1) there exists tg € (—4%,0) such that

nﬂ—pg/‘ (k). n=012 .. (36)
Kan[f>—|5]+]

After fixing n € N and ty € (—4%,0), one of the following two situations

holds: either
<¢;¢44®3>@020 (37)

(/L4¢5n<éx?) (to) < 0. (39)

or

4
dt
a

dt
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In either case we may assume that Y,, > v (otherwise the result is trivial).
Assume that (37) holds. Then

| #a@etm<c,

for a positive constant C', independent of €. Perform an integration over the
smaller set
{ze Ky O(x,to) > —|5]”+1} ,

= () oo (50

S (1—=0
/ (- to) <Cln? (—) .
Kan(f(.1o)>— 1341 —20
Using (36) and taking, without loss of generality, p € (0, §), we obtain

Yn+1§%+01np<1_5> )

-2
We take |§] so small that
1-9 v
Chh?|[—)<Z
" <—25> =92

1
ol =—0< —— 5
2exp (2)r — 1

and the proposition is proved assuming that (37) holds.
Now assume that (38) holds and define

ty := sup {t S (—4p7t0) . % </K ¢6H(9_)£p> > O} .
Then

| ow@etn < [ o)

o ds
) /K </0 X“M”)*”](Iéln(l—a)—s)p—1>gp(*’f*)

where

Then

that is

€ (0,1)
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' e Y
- /K </0 R 8>5 ()

/1 |5’n(2*];) (/ 5‘0( )> d
_ _lojme e by 5.
o (1—=20—=35)P"1 \Jk,ni@+ism), >slo1)

We estimate from above the integral in brackets, for s € [0,1]. On the one
hand we have, using the definition of Y},

K4N[(6+]5|) 4+ >5]5|"] K4n[o>—|8]"]

On the other hand, from the definition of ¢, we first get
| ey <c
Ky

and then, integrating over the smaller set

KN [(0+0]")+ > s[o]"] ,

gp(,’t*) S Cln—P <17_5>

we obtain

/Km[(ewn)p-w"] 1-d—s

o 1=
w’iwnw) > In <m> .

Then, for all s € [0, 1]

/ (- ) < min {Ym Cln? (i)} .
Kan[(0+[8]")+>s(]"] 5.

Let s, be such that ¥V, = C'In"? <1—15_—65*>7 ie.,

since, in this set,

Cc\L
exp ()7 — 1
exp (ﬁ)z’

For 0 < s < s,

1-4¢ 1-96
—p - —
C'ln (1_5_S>>Cln (1—(5—3*> Y,
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and for s, <s<1

1-9¢ 1—-96
-p < - -y
C'ln (1—5—5) <Cln (1—5—5*> Y,

/1 |5|n(2—P) (/ é‘p( )> d

S el I . S

o (1 =0—=5)7"1 \Jkin(@+ism), >slol]

5u |5|n(2—p) /1 |5’n(2—p) B 1—-46

< | /Y Tt T

—/0 T—s—sp @t | gt 55 ) *
1

A
o (1—086—s)p1

1 1 C 1—-6
_ - _ _ InP{__- -
[t a5 o)

Our next goal is to obtain an estimate from below, independent of Y;,, for
the second integral on the right hand side of this inequality. We start by
noting that,

Then

Cexp (9 -1
oy =E ————7—

C =
exp ()7
since we are assuming that Y,, > v, and for s, < s <1

0§1—£lnp<17_5> )

= |

sy > op(l—96),

Y, 1—-6—s
Therefore
! 1 C 1-6
S TR 2
/s* (1_5_3),,1{ v, (1—6—s>}d5
! 1 C 1—46
> — {1 —-——In?P|{—
_/00(15)(1—5—8)”_1{ Y. <1—5—5>}d8
1 _
G ()
oo(1-5) (1 =36 — )Pt v 1—6—s
We obtain

5 (2-p) ' 1
[ o @ <oy, | [ as
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1 1 C 1—-6
_ _ -p
/go<1_5)<1—6—s>p1{1 . (1—6—s>}d8]
1-16] 1 1 1
/o 05 _sp1 ™ {‘/1_5 05 _sp1 ™

! 1 C 1-96
- -p
+/(7(,(16) (1—5—5)”_1{1 Vln <1—5—5>} dSH

1—|4]
= |6"® Py, [1 — f(é)}/0 (T—5_spt ds

= 6" Py,

where

16| 1 B ! 1
f<5>/0 P ‘/_sm -

! 1 C 1-6
(=2 ) L
+/Uo(15) (1—5—5)1’—1{ v . <1—5—s)} 5

In order to obtain a lower bound to f(d) note that

C 1-96

i ) <s<ll—-=<m?(——" ") >o:
(i) for op(1 —0) <s<1,1 Vln (1—(5—S>_0’

20y, _q
(ii)UOSUlzexp(yzcl )

exp (57)7
c. _ 1-96 1
(111)for01(1—5)§5§1,1—;l p<1_5_5>2§

Then

! 1 1/t 1
- — _ds+ —/ s
/15 (1—=3d—s)pt 2 Joy—g) (L =6 — s)p~t

- ﬁ (é(“s)” 5= 01— o) (—25)“>

> 5 (30— - (202 )
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and consequently

1 0oy [ =20\
102 50 - - (725)
Choosing 6 € (—1,0) such that

—25\*" 1
Gt?) =3(1-a)?

1
1) 2 21—
and then, for 0 =1 — 1(1 —07)* 7 € (0,1),

= op 19} |5’n(2—p> J
n . < —_ .
/[(4 ¢*‘5‘ (9)5 ( 7t0) — 0-}/71/0' (1 _ 5 _ S)pfl §

To estimate from below the integral over K4, we integrate over the smaller
set KyN[0(-,t0) > —|5|"™] to get, using (36),

/ G5 (0)EP (-, to) > / . G151 (0)E7 (-, o)
Kan[B(.t0)>—6]7+1]
16" +8 1
= : — ds | &°(-, ¢t
/Km[t?(.,to)>—5"“] /o (Jo]*(1 =) — s)pt (. to)
/ e )> /1—6 |5|n(2*p> J
> ot — s
- < Kan[0(-to)>—|8]m+1] ’ 0 (1—=0—s)pt

-l gnep)
rL+1 P)/ | | ds .

(1—0—s)p 1
This and the previous estimate yield, since p is arbitrary in (0, §),
KL+1 S UY;L )

we get

which completes the proof assuming that (38) holds.

We now remove assumption (29). If (29) does not hold we have to make
use of the discrete time derivative in order to obtain the weak formulation of
(28). This means that, for all ¢t € [-4” + h, 0], and h > 0 we have

t t
/ at(é)gwrc/ |VOP2VE-Ve=0,
t—h K4 t—h K4
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for all admissible testing functions ¢, where C' is a positive constant inde-
pendent of e. Being (6 — k)4, with & € (—1,0), a sub-solution of (28) and
taking ¢ as before, we obtain, for all ¢t € [—4” 4+ h,0] and h > 0,

¢
Cyh 6)cr — 6)&r + C HOLRS
oh > /K4x{t} ou(0)€ /KM{t_h} or(0)E" + 1/t_h o Yi(0)§

Dividing by h and letting h — 0 we get an integral inequality similar to (34):

(5) [ w@e+a [ woe<c
T Ky Ky

where

dy D .13 l P 0\ ¢P
(EJ ]QWW)-—h%%mh{AMM¢A®£ [;“H&WWK]-

Define the set

S~{te«ﬂﬂ>z($)_wamﬁzo}

and let ¢y be given as in (36). If ty € S, we proceed as in (37). If ¢y ¢ S, take
E:Sup{tE(—ﬁlp,to) : tES}StO
If ¢ = tg, consider a sequence (t,)n, t, € S, such that ¢, — ty. Since t,, € S

we get
[ uwesc.
Kyx{t,}

Then
| wwoes<c
K4 X{to}
and we proceed as in (37). If ¢ <ty we have
| wwe<c
Kyx{t}

. ¢k(§)§p(x7t0) < . ¢k(§)£p(x7t_>

and we work as in (38).
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5.2. The expansion of “negativity”. From Proposition 6, we get by
iteration

Y, < max{v,o"Yy} , n=12...
and since
Yim swp [ gl <K
—4r<t<0 J K4n[0(.,t)>—1]
we obtain
Y, < max{v,o"|K4|} = max{v,oc"2"| K|} , n=12...

Take n = ng € N so large that ¢"2" < v. Then
Y, < max{v, 0" 2V | K|} < max{v, v|Ks|} = v| K| .

Recalling the definition of Y;,, as well as the choice of £, we obtain

Yo > sup / () > [re Ky : B t) > |5 |
—4r<t<0 J KyN[A(.,t)>—|5|"0]

for all ¢t € [—2P,0], and therefore
|z € Ky O(x,t) > —|6]™| < v|Ka|, Vte[-2°,0].

We have just proven the crucial result towards the expansion of “negativ-
ity” to a “full” cylinder in space, namely

Lemma 6. Given v € (0,1), there exists 6* € (0,1), depending only upon
the data, v and w, such that

|z € Ky @ (z,t) > =0 < v|Ky, Vit e [-27,0] . (39)

To prove the main result of this section, we need to make use of another
auxiliary result, which proof is a trivial modification to sub-solutions of the
proof of Lemma 4.1 of [7, Ch. 4]. Indeed, being above the singularity in time,
we are dealing only with powers p and 2 in the energy estimates. The proof
is included here for the sake of completeness.

Lemma 7. There exists v, depending upon the data, N and p, and indepen-
dent of w and €, such that if 0 is a sub-solution of (5) in [(Z,t) + Qr(m1, ms)]
satisfying

€ss 0sC 0 <w
[(#,8)+Qr (m1,m2)]
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and
w -
(x,t) € [(Z,1) + Qr(m1,ma)] = O(z,t) > pu* — om < 7 |Qgr(my, ms)|
then
w _
O t) S p* = gor s Vo) € [0+ Qulmi,my)] |
where m = my + ma, my,ms > 0 and
W\ B2
QR(ml,mg) = Kle X (—27"2(‘”72)R‘D,0> N dl = (2m1) i

Proof. Assume that (7,%) = (0,0) and construct the decreasing sequence of
numbers

R R
R7L:§+—2n+1’ n:071,2’...
and the families of nested and shrinking cubes and cylinders
Kn = Kle”, 3 Qn = QR,,,(mla m2) .

Consider smooth cutoff functions 0 < ¢, < 1, defined in @, and satisfying
the following set of assumptions

fn =1 in Qn+1a fn =0 on aQn

Vel < Z(80) 7, 0.< 8ig, < 20 PmZy
and write the local energy estimate (9) for the functions (6 — k,,)+, with
w w

o om+1 B om+1l+n ’

kyp=put n=0,1,2,...

over the cylinders @,,, with £ = &,. Noting that, when (6 — k,,)4 is not zero,
w
0 — kn < - )
( )+ - om

the right hand side of the inequality is estimated from above by

2P 2—p)m w2
CﬁQ( p)ma (2_m) // X[(0—ky)+>0] -

To estimate from below the left hand side introduce the level

kn < ]f_n kn +2kn+1

k7l+1 .
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Then, for all ¢ € (=22 RP 0), we have

n’

/ (9 - kn)%—fﬁ = / (9 - kn)%:p(@ - kn)[i "
K, K,
w 2—p —\p .
> (W) /K (0 — kn)i 60

n

//| V(6 — k) // V- k).l e

Collecting results, and dividing by (2m+”+3) , we obtain the estimate

_ p 2 _
Pep Pep
sup / (G_k‘”)-&-gn 27n+n+d // 9 k”)Jr} n
—2m2(P=2) Rb <t<0 J K,

2er+(2 p)ma w2 p 9
- CT <2n> (2m+n+3 / / [(0kn)1>0] -

Introduce the change of variables

2-p

w7
— b — 9(2-p)ma
y—<2m1> T, z=2 t,

which maps the cylinder @, into Q,, := Kg, x (—RP,0), and define new
functions

and

é(yv ) = 9('7; t) gn(ya ) = fn(x t)

Then we get (denoting the new variables agaln by (z,t))

_ _ _, P
p¢eP 2) p
—ISI}E?<O /I;R (9_ kn)Jrgn + <2m+n+3 QmQP // | gn
2271
27,, // [(0—kn)+>0] *

_ mi+n+3\ 2P
(7&} 3),, Somar-2) _ (2 ) >1
9ImAn+: w -

since 0 < 2—p < 1,w < 1, and m; > 0. Recalling the V¥ norm and defining
A= |(z,t) €Q, : Oz, t) >kl ,

we obtain from the inequality above,

16— sl < o (52) A,

Note that
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since {, = 1in @, ;. Now, on the one hand we have

16 = k)&l = AR
n+1 - n // 9>kb+1 = (W) An+1 )

and on the other hand, using [7, Corollary 3.1; p. 9], we have

H(@ — k”)JFHi, Qi) = Cl [(0 — k) > 0] |N+p H (0 — k) +§nH T
< CAT - Fill
n+l
Then o
A7l+1 < 02 A:fﬁ
and, dividing this inequality by |@Q,,,|, and taking Y;, := ‘%"",
n ' ra) 1+—1’—p
Yo < Syt [@a 70
e |Qn+1|

Since for n =0,1,2,...
AR R R
— = — 9ON+4p | ————
’Qn+1| [(2Rn+1)NR§JL+1] 1

we arrive at

R < Nt RP

n —

n-+

pn 1+Nﬁ»_p
Yn+1 < C4 Ya .
If we take
D=4t
where o = NLJFP, we can apply a lemma on the fast geometric convergence

of sequences and conclude that Y,, — 0 when n — oco. But this means that

A, — 0 and since
w

R .
Rn \ 5 ) kn / no—= gm+1

this implies that

O t) S i =g (0,t) € [(@D) + Qglmi,my)|

and the proof is complete.
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We are now in a position to prove the main result of this section.

Proposition 7. Assume the second alternative holds. There exists s3 >
S such that

O(x,t) < p* — % , a.e. (z,t)€Q (% (%)p,CQR> . (40)

Proof. Note that we are done if we prove that (40) holds in the cylinder

- (3 (1) )| 2022 cn)

independently of the location of T in Kg(,. We will prove that there exists
s4 > 1 such that

i) < —2i L ae ()€ Q=K x (=1,0)
and then use the fact that ¢ is an arbitrary element of Z(w) to get (40) for
the cylinder [(:Z', 0)+@Q (a—; (%)p , QCOR)] and a proper choice of A.

In Lemma 6, take v = 7 from Lemma 7 and determine the corresponding
0* = 0*(7). Then use Lemma 7 for R =2, u™ =0, w = 1, my = 0 and my
such that 272 = §*(7), over the cylinders

[(0,0) + K x (=27207227,0)] = [(0,) + Qa(0,m2)]
as long as they are contained in ), that is, for ¢ satisfying
—2P 4 2PN < F< 0.
Then

(2.0) € [(0.0) + Qa(0.mo)] ¢ Bat) > o

for each one of the cylinders [(0,7) + Q2(0,ms)] (since (39) holds for all t €
[—27,0]). Therefore we conclude that

< 7|Q2(0, ms)|

O(x,1) < ae. (z,t) € [(0,8) + Q1(0,my)] = Ky x (£ —2mP=) )

- 2m2+1 ’

for all € [—2F 4 2m2(P=2)2P (]. Since —2F 4 2m2(P=2)2p — 2m2(P=2) < 1 we
get
_ 1

O(x,t) <

S —W s a.c. (.T,t) S Ql .
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Returning to the initial variables and function we arrive at

w _ — E—to —
O(x,t) < pt — T ae. (x,t) € [T+ Koqr| X (t T ,t) .

Since ty € [f—dRp7f—§dRp]7we have
_ E—to — R p — 140 R p
=% e[t d<4>7t 75
and then

w - 140} R P
Q(I,t) S ,u+ — St ) a.e. (l’,t) € K(;OR X (t — Ed (Z) ,t)

since [ + Kaer] D Keor, independently of the location of 7 € Kg(,).
Now we just have to make use of the arbitrary choice of ¢ in (16) to conclude
that

w 17 R\"
O(z,t) < “+_2m2+32 . ae (x,t) € KerX <—(a0 —d)RP — gd <Z> 7O> :

Take A such that

A (p—1)(2-p)

<§> =059, (41)
Then

a
d T 2w

and consequently

P
O(x,t) < pt — % , ae. (zr,t)eq <% <§) ,C()R>

taking s3 = mgy + s9.

2p+1 p p
0 u@_(ao_d)m_@d@) ) (E)

An immediate consequence of Proposition 7 is

Corollary 2. Assume the second alternative holds. Then there exists
o1 € (0,1), depending only upon the data and w, such that

essosc 0 <ow. (42)
Q(%(%)p;COR)
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Remark 8. Note that we have only imposed two conditions on A: A > 2
and (41). So we can take

A =2 mew > 9
and conclude that A is independent of w.

Remark 9. As far as B is concerned, we have
B > 2% and B >2%

where, recalling the choice of A, s1 satisfies

p p+1
s1 >logg A+ ——m—— =14 —"———
B R O R R D CR)
and
s >34 2 qven _ 34 Corroven
1%} 1%}
and
_ w
S9 > max{l + Cw ™1+ log, <—+>} :
1
Summarizing:

A= oo m > 9

Ty > max{C’uf‘”,log2 (}%)} . a= 2(p+1)(N+p)

B> max{2”*+1,251} .

6. The main result
As a consequence of the alternative, one of the Corollaries 1 or 2 must hold

and, consequently, we obtain

Lemma 8. There exists a constant 0 = o(w) € (0, 1), depending only upon
the data and w, such that

essosc 0 <o(ww .
Q(d(%)”-ﬁog)
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Proof. Let o = max{oo,01}. Since £ < & < R and (41) is in force

() <3 (3)

and the result follows.

|
We next define recursively two sequences of real positive numbers. Let
R
wp = o(w)w an 1 )
where
-1)2-p)
Clw) = <§> 8a(w)( - W)B(wl)z_pa(w)% > 8.
Defining
, , wi\ (1-P)(2-p) wr \7?
Ql = (CLlR‘f,ClRQ ) with a); = (Z) s Ccl = B(a}l)
and noting that
po_ ﬂ) (1-p)(2-p) RP
alfy <A Clwr)?
B < )(171))(2*1)) R\! o(w)*?
- 8 ) B(w)P2-7)

and
p—2
w1 R
R p—
o <B(W1)> C(wr)
B (w)P*Q <R) 1
— \n Q (>-1)2-p)
PN (g
< cE
S 08
we get
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and, consequently,

essosc 0 < essosc O <o(ww=w .
o Qd(%)" %)
The process can now be repeated starting from @Q; since (15) holds in this
cylinder. We then define the following recursive sequences of real positive
numbers
and
Wnp41 = U(wn)wn Ry = C('f;;;l)

and construct the family of nested and shrinking cylinders
2\ (1-P)(2-) a \P2
QTL - (anR‘fp Can) ; with ap = <WZ> 3 Cn = (B(ijn)> 3

where n = 0,1, ... The next result is now standard (see, for example, [18] for
a proof) and yields as a consequence the proof of Theorem 1.

Theorem 2. The sequences (wy), and (R,), are decreasing sequences con-
verging to zero. Moreover, for everyn =10,1,...

Qni1 C Qn and CSSQOSC 0<w, .
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