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ABSTRACT: Given a basis of pseudoidentities for a pseudovariety of ordered semi-
groups containing the 5-element aperiodic Brandt semigroup B>, under the natural
order, it is shown that the same basis, over the most general graph over which it
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and Weil has infinite vertex rank.

KEYWORDS: semigroup, pseudovariety, semigroupoid, pseudoidentity, dot-depth,
concatenation hierarchies.

AMS SuBJECT CLASSIFICATION (1991): 20MO07, 20M05, 20M35.

1. Introduction

Three concatenation hierarchies of rational languages have been considered
since the 1970’s: the dot-depth hierarchy introduced by Brzozowski [10], the
Straubing- Thérien hierarchy [31, 32], and the group hierarchy presented in
[18]. All these hierarchies may be regarded as being indexed by half integers,
that is numbers of the form n or n41/2 where n is a non-negative integer, and
where each level is obtained in the following way: the languages of level n +
1/2 are finite unions of products of the form LyayL; . .. a, L,, where Ly, . .., L,
are languages of level n and ay, ..., a, are letters, and the languages of level
n + 1 are members of the Boolean closure of the class of languages of level
n + 1/2. Thus each hierarchy is completely determined by its level zero.
The dot-depth hierarchy B,, has the finite or cofinite languages of A* as a
basis, the Straubing-Thérien hierarchy V, is based on the languages () and
A*, and the level zero of the group hierarchy G, is obtained by taking the
group languages. These three hierarchies are infinite and strict (see [11]).
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The main problem, which is open in almost all cases, is whether each level is
decidable. In fact, this problem was solved (positively) for n < 3/2 [29, 8, 9]
and some partial results are known for the level two [23, 33, 34, 38] in case the
Straubing-Thérien hierarchy. For the other two hierarchies, the membership
problem is known to be decidable for n <1 [16, 17, 18, 14].

Some of the early results concerning the dot-depth and Straubing-Thérien
hierarchies are deep theorems of I. Simon. The problem of the effective
characterization of the locally testable languages was solved independently by
McNaughton [19] and by Brzozowski and Simon [12]. This characterization
implies that locally testable languages are of dot-depth one. The graph-
theoretic arguments which were implicitly in these works have had a strong
impact on language and semigroup theories, namely in Knast’s and Tilson’s
results. Knast [17] obtained a complex theorem on graphs and achieved an
effective characterization of the whole class of languages of dot-depth one.

Inspired by work of Simon [29], Knast [17, 35], Thérien and Weiss [36], and
Straubing [32], Tilson [37] developed a theory of (small) categories as algebras
over graphs and showed its importance to study semigroups. In particular,
his Derived Category Theorem turned out to be a powerful tool to deal with
semidirect products of pseudovarieties of semigroups [7, 25]. In the profinite
context, Weil and the first author have used the derived category theorem
to describe a basis of pseudoidentities of the semidirect product V x W of
pseudovarieties of semigroups from a basis of semigroupoid pseudoidentities
of the pseudovariety gV of semigroupoids generated by the semigroups of V
viewed as one-vertex semigroupoids. The proof of this result, that has come
to be known as the basis theorem has a gap, as has been observed by Rhodes
and Steinberg, but the theorem stands in case W is locally finite or gV has
finite vertex-rank.

Since each level of the considered hierarchies is a positive variety of lan-
guages, the variety theorem [13, 22] guarantees a one-to-one correspondence
between the level n of each hierarchy and a pseudovariety of ordered monoids
(or semigroups in case of the dot-depth hierarchy). The problem of decid-
ability for a level n of the hierarchies is now reduced to know wether the
pseudovarietyies B,,, V,, and G,, are decidable, where B,,, V,,, and G,, denote
respectively the pseudovarieties of ordered semigroups (monoids) associated
to B,, V,, and G,. There are interesting connections between V,, B, and
G,: B, =V, %Ll (n > 0) [31], where LI is the pseudovariety of locally trivial
semigroups, and G, =V, * G (n > 0) [22], where G is the pseudovariety of
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all finite groups. It is not immediately clear if these results reduce the study
of one hierarchy to another. However, it is known that, for an integer n, B,
is decidable if and only if V,, is decidable [32].

For a pseudovariety V of finite ordered semigroups ¢V denotes the pseu-
dovariety of all finite ordered semigroupoids whose finite one-vertex subsemi-
groupoids with at least one edge lie in V, and ¢V is the pseudovariety of
ordered semigroupoids generated by the ordered semigroups of V viewed as
ordered one-vertex semigroupoids. A basis of pseudoidentities of ordered
semigroupoids which defines ¢V can be easily obtained from a given basis
for V. However it is not so easy to compute a basis of semigroupoid pseu-
doidentities for gV given such a basis for V. Based on results of Reilly [26],
Azevedo, Teixeira and the first author [5] proved that the problem may be
systematically treated when the pseudovariety V of semigroups contains the
5-element aperiodic Brandt semigroup Bs.

In section 3, we show that a similar approach works in case V is a pseu-
dovariety of ordered semigroups containing the ordered inverse semigroup Bs.
Indeed, given a basis > of pseudoidentities of V, then the set consisting of
the pseudoidentities of 3 over the most general graphs over which they can
be read is a basis for the global of V.

In section 4, we use our result and techniques introduced in [6] to show
that the pseudovariety V% of ordered semigroups, which corresponds to the
level 3/2 of the hierarchy of Straubing-Thérien, has infinite vertex rank.
Initially, as suggested by J.-E. Pin, our goal was to investigate, using the
“basis theorem” for semidirect products, the decidability of the pseudovariety
of finite semigroups G3 = V3 * G, which corresponds to the level 3/2 of the
group hierarchy. The 1nﬁn1ty of the vertex-rank of Vs renders this problem
out of reach for the currently known range of Vahdlty of the theorem.

2. Preliminaries

We recall in Subsections 2.1 and 2.2 some definitions and results concerning
ordered semigroups and semigroupoids, free profinite semigroups and semi-
groupoids, and pseudovarieties of ordered semigroups and semigroupoids. For
more details the reader is referred to [21], [4] , [15] and [25]. Subsection 2.3
introduces basic facts about inverse semigroups and a version in the “ordered
semigroups context” of a result of Reilly [26].
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2.1. Ordered Semigroups. An ordered semigroup S is a semigroup equipped
with a partial order relation < such that, for all x,y,z € S, * < y im-
plies zz < yz and zx < zy. A homomorphism of ordered semigroups
¢ : (9, <) — (T, <) is a semigroup homomorphism such that, for all z,y € S,
x < y implies p(x) < p(y). Semigroups are viewed as ordered semigroups
under the equality order relation. An ordered semigroup (.5, <) is an ordered
subsemigoup of (T, <) if S is a subsemigroup of 7" and the order on S is the
restriction to S of the order on T'. If there is a surjective homomorphism of
ordered subsemigroups ¢ : (S, <) — (7T, <), we say that (7, <) is an ordered
quotient of (S, <). The product of a family (S;, <;);es of ordered semigroups
is the ordered semigroup ([];.;S:, <) where the multiplication is defined by

iel
(5i)icr(ti)ier = (siti)icr
and the order is given by
(8i)ier < (ti)ier if and only if, for all i € I, s; <; t;.

Throughout this paper X represents a non-empty set and X ! a set disjoint
from X and in one-to-one correspondence z — ! with X consisting of
formal inverses of elements of X. For x € X*, we let (z71)7! = 1.

Let X be the free semigroup on a finite set X. Then (X, =) is an ordered
semigroup and it is the free ordered semigroup on X.

A topological semigroup is a semigroup endowed with a topology such that
the multiplication is continuous. Finite semigroups are viewed as discrete
topological semigroups. For a finite set X, we say that a topological semi-
group is X-generated if a mapping n : X — S is given such that n(X)
generates a dense subsemigroup of S.

For a finite set X, the projective limit of X-generated finite semigroups
is denoted by X, and it is called the free profinite semigroup [4]. This
semigroup is compact, totally disconnected and X-generated via the natural
mapping ¢ : X — XT. One may show that X has the following universal
property: every homomorphism ¢ : X — S into a finite € semigroup S can
be extended to a unique continuous homomorphism ¢ : XT — S such that
ot = . Moreover, the topological structure of X X+ is metrizable, that is X X+
may be endowed with a metric d such that d induces the given topology of
X+ [4, Proposition 7.4].

Note that the subsemigroup generated by ¢ X is (isomorphic to) the free
semigroup X so we may assume that X is a subsemigroup of X,
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Let u,v € XT. We say that a finite ordered semigroup (.5, <) satisfies the
(pseudo )identity u < v if, for every continuous homomorphism ¢ : Xt - S :
we have p(u) < ¢(v).

A pseudovariety of ordered semigroups is a class of finite ordered semi-
groups which is closed under taking finite ordered subsemigroups, finitary
products and ordered quotients.

Pin and Weil have extended Reiterman’s theorem [27] to pseudovarieties of
ordered semigroups [24]. For a set F of pseudoidentities, we denote by [[E]

the class of all finite ordered semigroups which satisfy all pseudoidentities of
E.

Theorem 2.1. Let V be a class of finite ordered semigroups. Then V is a
pseudovariety of ordered semigroups if and only if there exists a set E of
pseudoidentities over finite sets such that V = [E].

2.2. Ordered Semigroupoids. A graph is a set G = V(G) U E(G) consist-
ing of two sorts of elements, vertices and edges, endowed with two operations
a,w : E(G) — V(G) which give respectively the beginning and end ver-
tices of each edge. For a,b € FE(G), we say that a and b are coterminal if
ala) = a(b) and w(a) = w(b), and they are consecutive if w(a) = a(b). A
path in a graph I is a finite sequence a; ... a, of edges of I' such that a; and
a;41 are consecutive, for ¢ = 1,...,n — 1. For vertices ¢,d € V(G), G(c,d)
denotes the set of edges s € F(G) such that a(s) = ¢ and w(s) = d; in case
¢ = d we put G(c) = G(¢,d). Graphs with one vertex may be identified with
their sets of edges. A graph homomorphism is a mapping ¢ : G — H between
two graphs respecting sorts and operations. A subgraph H of G is a graph
contained in G such that the inclusion H — G is a graph homomorphism.

By a semigroupoid we mean a graph S endowed with a partial associative
multiplication on E(S) given by: for s,t € FE, st is defined if and only if
w(s) = a(t) and, then, a(st) = a(s) and w(st) = w(t). If S admits a local
identity at each vertex, then we say that S is a category.

A congruence T on a semigroupoid S is an equivalence relation on FE(.5)
which is compatible in the following sense: for all z,y € E(S),

(i) if (x,y) € 7 then z and y are coterminal;
(ii) if (z,y) € 7 then x, z are consecutive edges, then (zz,yz) € T;
(iii) if (z,y) € 7 then 2,z are consecutive edges, then (zz, zy) € T.
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The quotient semigroupoid S/T has V(S/7) = V(S) and E(S/7) = E(5)/T,
with the induced maps a and v and composition of edges.

We say that the semigroupoid S is an ordered semigroupoid if it is equipped
with a compatible partial order relation < on E(S5).

For a finite graph T, the free semigroupoid T'" on T" has as vertex-set V/(T')
and as edges the non-empty paths on I'.

A homomorphism of ordered semigroupoids is a map ¢ between (.S, <)
and (T, <) which respects sorts, operations and the partial order, that is,
o(r) < ¢(y) whenever z < y. A homomorphism of ordered semigroupoids
@ : S — T is full if the restriction of ¢ to each hom-set S(vq,v2) is surjective,
@ is order-faithful if for every two coterminal edges z, vy, ¢(z) < ¢(y) implies
r <y, and it is said to be a quotient if ¢ is full and |y (g) is bijective. Note
that, if S is a semigroupoid and 7 is a congruence on S, then the canonical
homomorphism n : S — S/7 is a quotient homomorphism.

An ordered semigroupoid S is said to divide an ordered semigroupoid T' if
there are an ordered semigroupoid U, a quotient homomorphism U — S and
an order-faithful homomorphism U — T

A pseudovariety of ordered semigroupoids is a class of finite ordered semi-
groupoids containing the one-element semigroup, which is closed under taking
divisors of ordered semigroupoids, and finitary direct products and coprod-
ucts. The pseudovariety of all finite ordered semigroupoids is denoted by
OSd.

An ordered semigroup S is viewed as an ordered semigroupoid by taking
the set of edges S with both ends at an added vertex. Conversely, for an
ordered semigroupoid S and a vertex v of S, the set S(v) of all loops at
vertex v constitutes an ordered semigroup called the local semigroup of S
at v.

The pseudovariety of ordered semigroupoids generated by a given pseu-
dovariety V of ordered semigroups is called the global of V and is denoted
gV. Note that gV is the smallest pseudovariety of ordered semigroupoids
whose ordered semigroups are precisely those of V. The largest such pseu-
dovariety is called the local of V and is denoted ¢V; it consists of all finite
ordered semigroupoids such that all local semigroups are members of V. A
pseudovariety V of ordered semigroups is said to be local if gV = ¢V.

A topological semigroupoid S is a semigroupoid endowed with a topology
where a, w and edge multiplication are continuous. Finite semigroupoids
equipped with the discrete topology become topological semigroupoids.
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A topological semigroupoid is profinite if it is a projective limit of finite
semigroupoids; its topology is said to be the profinite topology. For a finite
graph I', a topological semigroupoid S is said to be I'-generated if there
exists a graph homomorphism ¢ : I' — S such that ¢y is injective and the
subgraph of S generated by ¢(I') is dense.

We deno’ge\ by T+ the projective limit of all I'-generated finite semigroupoids.
Note that I'T is a F—gene/r\ated semigroupoid via the natural mapping ¢ : [' —
['". The semigroupoid I'* has the usual universal property: for every homo-
morphism ¢ : I' — § into a pr/o\ﬁnite semigroupoid there exists a unique
continuous homomorphism ¢ : I't — 5 such that ¢ = ¢. Moreover, we
may endowed 't with a metric d such that the topology induced by d is the
profinite topology [15].

By a V-pseudoidentity over a graph I' we mean a pair of the form (z < y,I')
where x and y are coterminal edges of T+, A finite ordered semigroupoid S
satisfies the pseudoz’dgztz'ty (x <y, I') if for each continuous homomorphism

of semigroupoids ¢ : ['t — S, we have p(z) < p(y).

2.3. Inverse semigroups. A semigroup S is inverse if, for every s € S
there is a unique inverse s~! € S such that ss™'s = s and s !ss™! = 571

The natural order on a inverse monoid S is defined as follows
z < y if and only if & = ey for some e = €* € S.

A inverse semigroup endowed with the natural order is an ordered semigroup
and it is said to be an ordered inverse semigroup.

Inverse semigroups considered as algebras with the binary operation mul-
tiplication and the unary operation of inversion form the variety Z defined
by the equations

1 1

cr iz =2, () =2, zolyy ! = gyt

Then there is a free inverse semigroup over X denoted by Flx. It is well
known that
Flxy ~(XuXHt/r
where 7 is the congruence on (X U X 1) generated by the set
{(ww " u, ), (wutzz7t zz 7 luw™) s w2z e (XUXHTL

Let w € (X U X Y* The content of w, c(w), is the set of z € X such
that either z or z=! occur in w. A word w is said to be reduced if w does not
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contain factors xz™! or z7lx forany x € X. fw=1y;...y, (y; € XUX)
is reduced then 1 and every word y; ...y, (1 <7 < m <n) are segments of
w, and 1 and every segment of w which begins at y; are initial segments of
w. A word w € FIlx is canonical if

w = alal_l e anaglg

where aq, ..., a,, g are reduced words, g =1 or g = a; and

'61{b : b is a initial segment of a;} = {1,a1,...,a,}.

1=
If the word w = aja;'...a,a; g is canonical, then S(w) = {a4,...,a,} and
r(w) =g.

Theorem 2.2. [28] Let Kx be the set of all canonical words of (X UX )T,
For u,v € Kx, define u = v if and only if S(u) = S(v) and r(u) = r(v).
Then Kx, with multiplication

u-v = canonical form of uv

15 the free inverse semigroup over X.

Let I be a finite set. The set [ x I U {0} with multiplication given by

Ny i,7), ifi=j
(6, )@, J") = { ((), o)therwise

and 0a = a0 = 0, for any a € I x I U {0} is the I x I aperiodic Brandt
semigroup and is denoted by B or Bj;. All aperiodic Brandt semigroups are
inverse.

Let B be the subvariety of the variety Z of all inverse semigroups generated
by BQ.

Note that homomorphisms of inverse semigroups respect the natural order
on inverse semigroups.

The following is well known.

Lemma 2.3. Let I be a finite set. Then By belongs to B.

Let a € F'Ix have canonical form
a = alal_l . .anaglg.
Reilly [26] defines two relations «y, and §, on Y = X U X! as follows: let

e (z,y) € v, if and only if z,y € S(a) or there exists u € FIxy U {1}
such that ur~ly € S(a) or uy~tz € S(a).
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e ), is the reflexive and transitive closure of ~,.

Since 7, is a symmetric relation it follows that ¢, is an equivalence relation.
Ifa=ap...am fori=1,...,nand g =g;...g with a;;, gx € Y(a), then
we put s(a) = a;1d, and

s(a) ifg=1,
e(a) =

g 10, otherwise .

Note that, for all 4,5 =1,...,n, aj1,a;1 € S(a) so (ai1,a;1) € d,.

We say that a variety V of inverse semigroups satisfies u < v, with u,v €
FIx if, for every homomorphism ¢ : FIxy — S € V, we have pu < pv.

The following result generalizes the necessary condition of Theorem 3.3 of
26].

Proposition 2.4. Let a,b € Flx. If B satisfies b < a then the following
conditions hold.

(1) c(a) € c(b),

(1) 6 C O,

(i) s(a) C s(b),

(iv) e(a) C e(b).

Proof: Let us show that c¢(a) C ¢(b). If there is x € c(a) which is not in
c(b) then, taking a homomorphism ¢ : FIy — By given by p(x) = 0, and
e(y) = (1,1) for every y € X\{x}, we have ¢(a) = 0 and p(b) = (1,1),
which contradicts our hypothesis.

Let I = Y/§, and let us define § : X — By such that 0x = (26, 2715;).
Then there exists a homomorphism 0:FI x — By which extends 6.

Since B satisfies b < a, by hypothesis, and B; € B by Lemma 2.3, we have
b < Oa. A

First we will show that 6b # 0. Suppose that b = bib;"...b,b lg is a
canonical form of b and, for each ¢, b; = b1 ... b;, is the reduced form of b;.
Let 1 < j < p;. Since by ... b j+1 € S(b), it follows that (bi_jl, bij+1) € T C .
This allows us to obtain

~

0(bijhiji1) = (0bi5)(0bij11) = (bijop, by} 0)(bi 410, by} 10b)
= (bijéb; b;j1+15b) 7é 0.
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By [26, Lemma 2.2], this implies that 6b; # 0 for every i, thus é(bibi_l) #0,
and so
O(bb ") = (0bi) ... (Obip)(0by) " ... (Oby) "
= (bi10p, bi16p)
= (s(b),s(b)).
If g # 1 then g is an initial segment of b; so b = ég #0. If g =1 then
0(b) = 0(b1b; )O(baby ") .. O(bmby') = (s(b), s(b)) # 0

Since b < a and Ab # 0, we have fa = 0b.

Let us show that 6, C ;. Let x,y € Y for such that (x,y) € 7,.

Suppose that a = a;y . . . a,h is a canonical form of @ and let a1 = aqy . . . a1y, (ay1; €
X UX ™) be the reduced form of a;. If z € S(a) then 8(zztaa™!) = (aa™)
which implies that xzd, = a11,. So, if z,y € S(a), we have

5175(, = a115b = yéb.

Suppose now that there exists u € FIy U{ 1} such that uz~'y € S(a). We
have O(uzly(uzly) la) = fa and fa # 0 so

0 # 0(zy) = (210, 263) (Y, y ' 0p)
which implies that xd, = yd,. This shows that ~, C 43, thus o, C d.
Let us show that s(a) C s(b) and e(a) C e(b). Since a = b # 0, it follows
that a110, = b110p, then s(a) C s(b).
Suppose that g = ¢;...¢9, and h = hy ... hs are reduced forms of g and h,
respectively. If g # 1 and h # 1, then

0% 0b=0g= (9104, 91"0) - - - (00, g, ") = (9101, g, ")
Similarly, fa = (h10y, h;16). Since fa = Ob, we have g0 = h;l6, so
e(a) C e(b).

If g=1and h # 1 then fa = (hi6y, h;10,) and 0b = (by10y, b110y). Since

fa = Ob, we have h;'6, = b6y, thus e(a) C e(b). The case g # 1 and h = 1
is similar. Finally, if g = 1 = h then e(a) = s(a) C s(b) = e(b). n

3. Pseudoidentities satisfied by the global of pseudova-
rieties containing B,

In this section we extend some results of section 5 of [5] from pseudovarieties
of semigroups to pseudovarieties of ordered semigroups.
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Let X be a finite set and u € X . Let pu be the equivalence relation over
Y = X U X! generated by the relation

{(z7%,y) : xyis a segment of u}.

Since segments of/lgngth 2 can be recognized by finite semigroups, the cor-
respondence u € X+ — p, € P(Y?) defines a continuous map, where P(Y?)
is viewed as a discrete space.

The content of u, c(u), is theggt of x € X such that x is a factor of u, that

is u = uyxus for some uqy, us € X*.

Definition 3.1. [5] For u € Xt and Y = X UX"L, let A, be the graph
defined by

V(AL = Y/pu
Au(xpu,ypu) = {z:2€ X, (2,2) € pu, (27, y) € pu}-
Note that each z € X gives at most one edge.

Lemma 3.2. Let X be a finite set. If u € X then p, = 0,.

Proof: Suppose that u = x1...2z, with x; € X, i =1,...,n. Then

w=[o... 2y(21. .. 2,) " (wizy D [wize(2122) 7Y .
o () Yy,

is a canonical form of u € FIx.

Let z,y € X. If 27y is a segment of v in X, then 27! = z; and y = ;4
for some i. For v = z1...2; 1 € Flx, we have va~ly € S(u) so (z,9) € Va.
It follows that p, C 9,.

[t remains to show the inverse inclusion. Let us take (x,y) € v,. If z,y €
S(u), then = y = x1, so (x,y) € py. If there exists v € FIx U {1} such
that vz 1y is in reduced form and vaz~ly € S(u) then va~ly = z1... 2,1 for
some i and then z7 1y is a factor of u. If there is v € FIx U {1} such that
vy 'w = x1... x4 then y 'z is a factor of u. Thus v, C pu. ]

For a finite set X and u € X T, we denote by t1(u) the unique letter which
is a suffiz of u, that is, u = ujt;(u) for some u; € X*. Dually, 7;(u) is the
unique letter which is a prefix of u, which means that u = i;(u)u; for some
u; € X*.
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Theorem 3.3. Let X be a finite set and u,v € XT. The following conditions
are equivalent.
(a) By satisfies u < v.
(b) We have p, C pu, (i1(u),i1(v)) € py and (t1(u) "1, t1(v)™1) € pu.
(¢) There is a graph homomorphism 6 : A, — A, such that
(1) O(i1(v)po) = i1(u)pu and O(t1(v)~'py) = t1(u) " pu, and
(ii) for every z € Ay(xpy,ypy), 0(z) = 2.

Proof: First, we prove that (a) is equivalent to (b). Recall that u and v are
limits of sequences of words, say (u,) and (v,), respectively. By continuity
of p, i1 and ¢;, we may assume that, for every n, p, = pu, pv, = Pv, t1(uy) =
i1(u), i1(v,) = i1(v), t1(u,) = t1(u) and t1(v,) = t1(v).

As B, is finite, there is p such that, for each n > p, By satisfies the pseu-
doidentities u = u,, and v = v,. By Lemma 3.2 and Proposition 2.4, if B,
satisfies the inequality u, < v, then the condition (b) holds for u, and v,.
Thus if By satisfies u < v then the condition (b) holds.

To prove the converse, let 7 : X+ - B> be an arbitrary continuous ho-
momorphism of ordered semigroups. If n(u) = 0, the minimum of By, then
obviously n(u) < n(v). So, assume that n(u) # 0. By continuity of , we may
assume that n(u,) = n(u) for every n. It is clear that condition (b) holds for
uy, and v,. Our goal is to show that n(u,) = n(v,) and thus n(u) = n(v), by
continuity of 7. In these conditions, we may assume that u,v € X ™.

Suppose that zy is a segment of v. Since p, C p,, then there are an index
n and zq, 2o, ... 29, € X such that the words

20”1y R2%1, R2%35 - - -5 22nR2n—15 <2n<2n+1;
are segments of u, where zp = x and 29,41 = y. If n(z;) = (ri,s;) with
ri,s; € {1,2}, then n(u) # 0 implies that sg =1 = sg =r3 ="+ S, = T2 11.

Since v is a word, it follows that n(v) # 0, and so n(u) and n(v) lie in the
same [J-class. Furthermore, in this case a similar process may be used to
show that (i1(u),i1(v)) € p, implies that n(u) and n(v)) are R-related, and
(t1(u)~1, t1(v)"1) € p, implies that n(u) and n(v) are L-related. Hence we
have n(u) = n(v).

Let us show that (b) is equivalent to (c¢). Suppose that condition (b) holds.
Since p, C p,, we may define a map ¢ : A, — A, by

p(zpy) = xpy,  for xp, € V(Ay),
o(z) = z, for z € Ay(zpy, ypy).
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It is clear that ¢ is a graph homomorphism. By (b), it is immediate that
p(i1(v)py) = i1(v)pu = i1 (u)pu and @ (t1(v) "' py) = ti(v) " pu = t1(u) ' pu.

Suppose that § : A, — A, is a graph homomorphism which verifies the
conditions of (c¢). For x € ¢(v), we have

z € Au(zpu; x_lpu)a z € Au(0(zpy), 0($_1pv))

and z gives at most one edge in A,, then xp, = 6(zp,). It follows that, if
(z,y) € py then 0(zp,) = 0(yp,), that is xp, = yp,. Thus p, C py.

If z € i1(v)p, then xp, = O(xp,) = O(i1(v)py) = i1(w)py so i1(v)p, C
. . . _1 _1
i1(u)py. Similarly, we have t1(v) ™ p, C t1(uw) ™ pu. ]

For u € )/(:, let ¢, : A, — X be the natural graph homomorphism, where
the finite set X is viewed as a graph with one Vertex/.\Then /t&ere is a unique
continuous homomorphism of semigroupoids p, : A}f — X* such that @,
extends ¢, that is the following diagram commutes.

(bu -
A, 2 AF

wut l@

X —X+

By Proposition 2.3 of [2], @, is faithful. We define the content of w € lef as
being the content of p,(w).

Lemma 3.4. Let u € X+ and let ©u be the faithful homomorphism of semi-
groupoids described above. Then @, restricted to FE(AF) is injective and

u € pu(a) for some o € Zlgf(il(u)pu, t1(u)"1py)).

Proof: Let ¢ = ¢,. Note that, if w = ay...a, (a; € X) is a finite path on
A, then p(w) =w € X™.

Let us show that ¢ is injective. Suppose that ¢(w;) = ¢(ws) for some
Wy, wy € E(;@) Let (s,) and (r,) be sequences of finite paths on A, which
converge to wy and wy respectively. Since the functions a, w and content are
continuous, we may assume that a(w;) = a(s,), a(ws) = a(r,), w(wy) =
w(sn), w(ws) = w(ry,) for all n, and c(wy) = c(s,) and c(ws) = ¢(ry,). As @
is continuous, the sequences of words (¢(s,)) and (p(r,)) converge to ¢(w,)
and @(wsy), respectively. Since i; and ¢; are continuous, we may assume

that i1(2(sn)) = i1(P(wr)), () = in(P(wz)), t(P(sn)) = ta(P(wr)) and
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(( i1(¢(rn)), and
t1(P(sn)) = ti(P(wr)) = ta(P(wa)) = t1(@(rn))-

It follows that a(wr) = a(s,) = i1(P(sn))pu = 11(P(Th)) pu = alry,) = a(ws)
and, similarly, w(w;) = w(ws). This shows that w; and wy are coterminal
hence w; = ws, since ¢ is faithfl/ll.

Finally, we show that u € ¢(A;). Suppose that u = a; . ..a, with a; € X.
For each i < n, a;a; 41 is a segment of u so (ai_l, ait1) € pu, so that a; and a;4q
are consecutive edges, that is w(a;) = «a(a;41). Hence u may be viewed as a
finite path and ¢(u) = u, as we saw above. If u is the limit of a sequence (uy,)
of words then, by continuity of the functions involved, we may assume that
C(un) - C(u)a Zl(un) - Z‘l(u)a tl(un) - tl(u) and Pu, = Pu (SO Aun = Au) for

—

all n. By compactness of A, there is a subsequence of (u,,) which converges

S
=
N——
N—
I
~
=
VY
>
VS
S
v
N—
N—
I
>

to some @ € A (iy(u)py, t1(u)1p,). As ¢ is continuous and $(u,) = u, for
all n, we conclude ¢(@) = wu. _

By Lemma 3.4, for a given u € )/(:, there is a unique @ € E(AA;) such that
©u(t) = u so we will abuse the notation and denote @ by w.

Let u,v € X+ and let 6 : A, — A, be a homomorphism of graphs. By the

universal property of A} there exists a unique continuous homomorphism 6
such that the following diagram commutes.

¢v -
A, — AF

9[ |

A Al

Corollary 3.5. Let u,v € X+ such that By satisfies u < v. and let , be
the homomorphism of graphs described in Lemma 3.4. Then there exists a
unique edge v' € Ay, (i1 (u)py, t; (u)py) such that p,(v') = v.

Proof: By Lemma 3.4, there is (a unique) o € A,(i1(v)py, t] *py) such that
©o(0) = v, where p, : Af — X+ is a homomorphism of semigroupoids
described in Lemma 3.4. By Theorem 3.3, there exists a homomorphism of
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graphs 6 : A, — A, which satisfies

0(ir(v)po) = ir(wpu, Ot (V)pu) = 7 (w)py (1)
0(z) = z, for every z € E(A,) . (2)

Since c(u) 2 c(v) = E(A,), and ¢,(2) = z = p,(0(2)), for every z € E(A,),
the following diagram commutes.

— é —
+ —> A+
A'U Au

,\ l@
Pu

—

X+
Let o/ = 0(7). Then v' € Ay(iy(w)pu, t7(w)py), by (1), and

Pu(v) = 2u(8(0) = 2u() = v.
To complete the proof it is suffices to note that @, is faithful. m

Taking into account Lemma 3.4 and Corollary 3.5, we will abuse notation
and denote 0(?) by v.

Let S be a semigroupoid. If |V (S)| > 1 then the consolidated semigroup
Sea 18 the set S.g = E(S) U {0}, with the multiplication defined by

ss', if ws=as,

ss =
0, otherwise ,

and Oa = a0 = 0, for every a € S,4. If |V(S)| = 1 then the consolidated
semigroup of S is S itself, viewed as a semigroup.

If S is an ordered semigroupoid, then S.; is an ordered semigroup under
the order given by s < s if s < s in S, and 0 < a for every a € S.4 in case
0 Sy .

The following lemma is adapted from [5].

Lemma 3.6. Let u,v € X+ and suppose that the ordered semigroup Bs
satisfies the pseudoidentity v < v. Then a finite semigroupoid S satisfies
(Au,u <) if and only if Seq satisfies u < v.

Proof: By Theorem 3.3 there exists a graph homomorphism 6 : A, — A, that
satisfies condition (1) of Corollary 3.5. Thus, by Lemma 3.4 and Corollary

3.5, u and v represent edges of A} from i1(u)p, to t1(u)"tp,. Hence (u <
v, Ay) is indeed a semigroupoid pseudoidentity.
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Let S be a finite semigroupoid and let (u,,) and (v,) be sequences of words of

—

X" converging respectively to u and v in X+. We may assume that i;(u,) =
il(u), tl(un) = t1<u>, il(vn) = il(U), tl(Un> = tl(v), Aun = Au, Avn = AU,
Seq satisfies u = u,, v = v, and S satisfies (u = u,, 4,) and (v = v,, A,), for
all n. This reduces the proof to the case u,v € X ™.

Suppose first that S.,; = u < v and consider an arbitrary semigroupoid
homomorphism ¢ : AT — S. Define a homomorphism 1 : X* — S by
taking n(z) = ¢(z), for each z € X.

Since u and v may be viewed as paths from i1(u)p, to t1(u)1p, in A,, then
¢(u) and @(v) are paths in S, so n(u),n(v) # 0. Since n(u) < n(v), it follows
that ¢(u) < ¢(v). This shows that S = (u < v, A,).

Conversely, suppose that S &= (v < v,A4,) and let n : XT — S, be an
arbitrary homomorphism. If n(u) = 0 then n(u) < n(v).

If n(u) # 0 then n(u) may be viewed as a path in S. Let us construct
a graph homomorphism ¢ : A, — S such that p(z) = n(x) for every z €
E(A,). Let zp, be a vertex of A,. If z ¢ c(u) Uc(u)™! then zp, = {x} and
there is no z € E(A,) such that a(z) = zp, or w(z) = zp,. Suppose now
that =,y € c(u) Uc(u)™! and (x,y) € p,. If 2,y € X then x = y or there
are a positive integer n and zq,..., 29, 1 € X such that, for k =1,...,n, the
words

29k —172k—2, 22k—172k

are segments of u, where zyg = x and 29, = y. Since ¥(u) # 0, it follows that

V(zop—122k—2), V(2op—1221) # 0.

50 1)(29k—1292k—2) and 1(z9_122) may be viewed as paths in S. Thus a(n(zg)) =
w(1(21)) = a(n(22)) = w(1(z5)) = ... = (1220 1)) = a(1(z20)), 50 a(n(z)) =
a(n(y)). Similarly, if ¥ € X and y € X! then a(n(z)) = w(n(y™)), and

z,y € X! implies that w(n(z™!)) = w(n(y~1)). This shows that

{am@» itz € X

plzpu) = win(z™)), ifz7teX

and p(x) = n(x), for each x € F(A,), defines a map ¢ : A, — S. Moreover,
it is immediate that ¢ is graph homomorphism. Let ¥ : AT — S be the
unique semigroupoid homomorphism which extends ¢. As S = (u < v, Ay),
we have B(u) < p(v). Since n(w) = p(w), for every edge w of Al we have
n(u) < n(v). This proves that S.q satisfies u < v. n
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Theorem 3.7. Let V be a pseudovariety of ordered semigroups containing
By. If V = [[(ui < vi)ier] then gV = [[(u; < vy, Au,)ier]]-

Proof: For i € I, let V; = [lu; < v;]]. In the proof of Proposition 1.2 of [25]
has been shown that S € ¢V, if and only if S.; € V;. Then, by Lemma 3.6,
S € gV, if and only if S satisfies (u; < v;, Ay.), that is gV; = [u; < v, Ay,).
Since S € g([;c; Vi) if and only if S¢q € V; for every @ € I if and only if
S € gV, for every i € I if and only if S € NiergVi, we have g((,c; Vi) =
Nicr 9Vi and the result follows. m

4. The category C),

In this section we apply similar techniques of those which can be found, in
the context of “unordered” semigroups, in [6]. They will serve to show that
the pseudovariety of ordered semigroups V = [[u®vu® < u“ : ¢(v) C ¢(u)] has
infinite vertex rank.

For n > 2, let C,, be the category generated by the graph I',, described by
the diagram of Figure 1

Y1, €1 Y2, €2 Y3, €3 Yn—1,€n—1 Yn,y En
(). ), ) (), 0)
Ty,

F1GURE 1. Underlying graph for the category C,

subject to the following list £, of relations, where z; = z;...x,21... 2,1
(1 <i < n), and the index addition is performed modulo n.

0. ex; =2, = x565, 1 <1 <,

L. ey =y = yie;, 1 <1 <mn,

2.2 =¢;, 1<i<n,

3.yf:yi2, 1< <n,

4. ZZZ:Ziyz':yz'Zz‘:Zi, 1 <1 <n,

9. ZiTiTit1 = TiTit1, 1 <1< n,

6. (yizi .. -%—1%‘-1)2 =YTi... . Yi1Ti—1, 1 <1< n,
7. (xiYis - - -wzzlyi)z = TiVYirl---TiYi, 1 <1< n,
8. yfﬂﬁiyiﬂxiﬂ =T;Tiv1, 1 <1< n,

9. xi—lyixiyz‘a_l =z 17, 1 <1 <n,

10. y%xny% = T2,
2 2 _
11, yixny121 - - - YnTpy] = Tpi-
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To simplify notation, for hereon, when writing an expression of the form
€i0;...€j0; or €;...¢€j, we mean that the omitted factors, represented by the
dots, are taken for the indices describing the shortest path from ¢ to j in the
cyclel - 2... —-n—1.

It is immediately verified that the edges of C), have the form

w=ez.. .Mz, (1 e el z,) el .xj_lsg.sﬂ)
k=1

for some 7,5 € {1,...,n}, s > 0 and sik) € {e,yr,y?}, for k=0,...,s +1
and t = 1,...,n. The following is easy to establish as a consequence of the
definition of z; (note that z;z; = x;2;11) and rule (4) of L,,.

Lemma 4.1. Let i,j € {1,...,n}. For w € C,(i,7), ziw = zx;... T =
wzj. |

We endow (), with the following relation: if u, v are coterminal edges of C),,
we set

u<wv if U=V Or U= Zy(u)Ta(u) " ** Tw(u)—1-

Note that the relation < is a partial order. By Lemma 4.1, the partial order
< is compatible with multiplication (on the left and on the right), and so
(Cp, <) is an ordered category.

For 1 < i < n,let A; = {0;,1;}, and put A = UAZ" Let P, be the
i=1

semigroup (A U {0})"/T where T is the congruence generated by the set

consisting of the following list £/ of relations, where 2; denotes 1;1; and
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Aa; =0, 1<i<n, j#i, jAi+1
B.0a; =0=a0, 1 <1 <n,

2. 0,0, =0, 1<i<n,

A G=¢lLi=1G=¢, 1<i<n,

5. (i0i410i42 = 0;0410;42, 1 <@ <'n,

6. (12 . 11'_102')2 = 12 . 12'_102', 1 < 1 < n,
7/. <Oi1i+1 ce 12)2 = Oili+1 ce 12‘, 1 S ) S n,
8. 2i1i410i42 = 0,0;410;42, 1 < i < m,

9. 0;-11;2i11 = 0,-10;0,41, 1 <3 < n,

10. 2,2, = 0,1,

11. 2,17 ...1,21 = 0,(5.

Note that, if u,v € AT\OY and (u,v) € T then there are 7,5 € {1,...,n}
such that i1(u),i1(v) € A; and t1(u), t1(v) € A;.

Let us define the norm of w € A*, denoted ||w]| in the following way: if
w = a; € A; then ||w| = 1, if w = wywy with wy, ws € AT then

lw ]| + |lwal| — 1, if t1(wy),d1(we) € A; for some @
Jw| =
lwi]| + [Jwal], if ti(w1) € Aj, i1(we) € A; for some i, j with i # j.

Note that ||w|| counts the minimal number of factors in a factorization of w
into elements of A;.

We also define the norm of uY € P,\{0Y}, denoted by ||uY||, as being the
minimum of the set {||w| : w € uT}.

An edge w of the category C,, can be completely described in terms of of
Yi,--.,Yn and ey, ..., e, as it is made precise in the following.

Lemma 4.2. Let y : 'Y — A" be the homomorphism of semigroupoids
defined by

x(e) =0i,  x(yi) =1 x(x:) = 0:0i41,
and let n : T'F — C,, be the canonical projection. Then the following hold.
(a) The homomorphism x restricted to E(T')) is injective.
(b) For all paths u,v in Ty, if m(u) = ni(v) then (x(u), x(v)) € Y.
(c) x(I')7) € AT\OT.
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Proof: (a) Let uw and v be paths in T, such that x(u) = x(v). Let us show
that u = v.

If x(u) € A for some i € {1,...,n}, then u =e;...65 and v = ;...
with s,t > 1 and ¢;,0; € {e;,y;}, for 1 < j < sand 1 < k < ¢ Since
Ix(ei)| = |x(y:)| = 1, it must be s =t and x(g;) = x(9,) for 1 < j < s. But
this implies that €; = 9; for 1 < j < s, and consequently, u = v.

Let £ > 1. Suppose that ||x(u)|| = k£ + 1. It follows that the paths u and

v contain k — 1 edges from the set {z; : i =1,...,n}, that is
u=wzw "™ .z w ™ and v = WOz’ Y L r e w TR
for some 1 < i < n, and w, W' e A;F for j =4,...,i+ k. Since x(u) =

x(v), it must be x(w") = y(w'Y)), and so w') = w'U), for every j, as it is
shown above. So we conclude that u = v.

(b) Let w and v be paths on I'), such that n1(u) = n1(v). Suppose that
u = v is the rule (m) of £,, for some m € {0,...,11}. If 1 < m < 3 then
x(u) = x(v) is the rule (m') of £],. If m = 0 then (x(u),x(v)) € T by rule
(2"). If 4 <m < 11 then (x(u), x(v)) € T by rules (1'), (2') and (m’).

Suppose now, without loss of generality, that v may be obtained from u
applying a single rule p = ¢ of £,, that is u = uMpu® and v = vMqu®,
where u(? (¢ = 1,2) are appropriate paths in I';,. Since x is a homomorphism,
T is a congruence, and (x(p), x(q)) € T, it follows that (x(u), x(v)) € T.

(c) Let u be a path in T',. Since x(u) € (A7 ... A )" A ... A] for some
1 <1i,j <n, we cannot apply rules (A) or (B) to x(u), so x(u) ¢ 0Y. _

We note that in the proof of the Lemma 4.2(a), we show that if u is a path
in T',, and y(u) may be factorized as y(u) = v/V0,0;410/® for some ¢, then
there are appropriate paths u(!) and u® such that v = uMzu®.

Let 9 : AT — P, be the homomorphism defined by n:(u) = uY. Note that
1 is surjective. By Lemma 4.2(b), there is a homomorphism of semigroupoids
v : C,, — P, such that the following diagram commutes.

I‘;LLLAJr

g lm

Lemma 4.3. Let ¢ : C,, — P, be the homomorphism of semigroupoids de-
fined above. The following hold.
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(a) Yip(c,) 5 injective,
(b) v(E(C,)) = P,\{0}, where 0 also denotes 0.

Proof: (a) Let us show that g (c,) is injective. First, we consider a new list
L of rules which contains rules (A) and (B) of £, and all rules x(p) = x(q)
where each p = ¢ is a rule of L£,,. It is easy to see that the relations of the
list L] also generate the congruence Y.

Let u and v be paths in I, such that ¢ (n;(u)) = ¥(n1(v)), that is (x(u), x(v)) €
T. Note that x(u), x(v) ¢ 07, by Lemma 4.2(c). Let us show that n;(u) =
m(v). If x(u) = x(v) is a rule of L] then, there is a rule p = ¢ of £,, such
that x1(u) = x1(p) and x1(v) = x1(q). By Lemma 4.2(a), we have u = p and
v = q. Since n1(p) = m(q), it follows that n;(u) = m(v).

Let us assume, without loss of generality, that x(v) may be obtained from
x(u) by applying a single rule x(p) = x(q) of L, say with i1(x(p)) =i and
t1(x(p)) = j for some i and j. This means that we may factorize y(u) =
w'Da'x(p)t'u'® and x(v) = W'Wa'x(p)b''® where t; (v’ = 0;_; or v/V) is
the empty word, a’ € A}, V € A}, and i1(u'®) = 0,41 or w'® is the empty
word. Let us assume that |u/(M|, [«/®)] > 1. The others cases are similar.

Ifd € A and ¥V € A;r, by the definition of x, we must have y(u) =
u”(l)Oi_lOia”X(p)b”OjOjHu”(2) and x(v) = ”(1)Oi_lOia”X(q)b”OjOjHu”(Q), with
a" € Aj and V" € A}. Arguing as in proof of Lemma 4.2(a) we obtain paths
a and b in T',, such that yx(a) = a” and x(b) = 0”. As it is observed above
there are appropriate paths uV) and «® such that u = u(l)xi_lapbxju@) and
v =uWr;_jagbz;u®. Since ni(p) = ni(q) it follows that ny(u) = ni(v).

If @' is the empty word then i1(x(p)) = i1(x(q)) = 0;. Since x(u) and x(v)
do not have segments of the form 0;_10;a;,1 with a;;1 € A; 1, then p and ¢
must begin with the same edge e;, that is p = ¢ is the rule (2) of £,,. Without
loss of generality, we may assume that

X(w) = 0" M0;_10;0,6'0,10"®  and  x(v) = «" V0,410,604 1u"?
with &' = b"0; € A70;. So there are appropriate paths b, u!) and u(® such
that
U= u(l)xi_leibxiu@) and v = u(l)xi_lbxiu(z).
By rule (0) of £,,, we have n;(u) = n1(v). If ¥ is the empty word, the same
argument serves to prove that n(u) = n(v).

(b) Let us show that ¥(E(C,)) = P,\{0}. Let w be a representative of
a Y-class of P,\{0}. Suppose that |w|| = k + 1. By rules (1’) and (2’),
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w is Y-related with the word v which is obtained from w by introducing,
between consecutive letters b; € A; and b;,1 € A;y1 such that b;b;,q1 is a
segment of w, the segment 0,0;,1. It is obvious that ||v|| = k£ + 1 and so we
may write v = U(i)0i0¢+1v(i+1) .. .OHk_lOHkU(”k) with v(") € Al. Proceeding
as above, we are able to find paths u(") such that x(u(") = v"). It follows
that v = y(u@2;u™V . z; 1 u). Finally, we have ny(w) = ma(v) =
no(x (D2 xRy = h(n (uD 2™ |z ulHR)), ]

Note that the homomorphism ¢ defined in Lemma 4.3 does not induce a
homomorphism (C,).q — P, since y;y;41 = 0 in (C},)eq while ¥ (y;)¥(yiv1) =

Throughout this paper we are almost always identifying each T-class with
a representative of that Y-class.

Let v/, v' € P,. We let v/ <’ if either ' = 0 or there exist u,v € C,, such
that ' = ¥(u), v = ¢¥(v) and u < v. Taking into account the definition of
<in C,,, we obtain v’ < v if and only if v’ = 0 or there are 7,5 € {1,...,n}
such that i1 (u'),41(v") € A;, t1(v'),t1(v") € A; and

/ / /
w =C(0iy1...0; or uw =v.

By Lemma 4.3, the relation < is a partial order compatible with multipli-
cation. Therefore (P,, <) is an ordered semigroup and ¢ : C,, — P, is an
order-faithful homomorphism of semigroupoids.

For i,j € {1,...,n}, let P,(i,7) be the set

{w c Pn\{O} : Ole] = w}

If i = j, then we write P,(7) instead of P, (i,7). Note that P,(7) is a submonoid
of P, with identity 0;.

Some basic properties of the relation T are stated in the next lemma.
Lemma 4.4. Let 1 <i,5 <n, we P,(i), t € P,(i,j). Then

CL) Czt = Ci0i+1 RN Oj = OZ RN Ojflc‘j = th,

b) Gw = G = wg;,

¢) W0i4+10;42 = 0;0;110i42 and 0;_20; 1w = 0,-20;10;,

d) 1,0i111i42 = 0;0;41049.

Proof: All the properties can be easily proven from the definition of P,. To
illustrate this, we prove c¢) and d).
c) We have

w0;410i12 = w0;0;410;42 = W(0;410i42 = (041042 = 0;0;410;42,
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by rule (5’) and (b). The other equality is similar.
d) By rule (1) and (c), we have

1;0;411iv2 = 1,0,410;421; 420 = 0;0;410;421i42 = 0;0,410;40. =

For i =1,...,n, let B; = 071,07 and C; = A71;A71;A;. The next result
describes two rational languages recognized by the natural homomorphism
from A" to P,.

Lemma 4.5. Let 1o : AT — P, be the homomorphism defined in Lemma 4.3.
Let Ly and Lo be the rational languages

Ll = (Bl U OT)BQ ce Bn(Bl ce Bn>*Ai|_ and
Ly = (BiUO)By...By(By...B,)Cy...Co(By...B,)* (B UO).

Then ny 'ne(L;) = Ly, fori=1,2.

Proof: Let L € {Ly, Ly} and w € L. Then we cannot apply rules (A), (B),
(47), (57), (8), (9), (10’) and (117) to w. On the other hand, if we apply rules
(1), (27), (3"), (6’) and (7’), then we obtain another word of L.

Now, if u € 1; 'nm2(L) then there exists w € L such that (w,u) € Y, hence
u € L. The inclusion L C 1, 'ny(L) is clear. n

A word u € AT is said to be a factor of w € P,\{0} if there are u;, us € A*
such that w = (wjuuy)Y.
For a,b,c,d € {0, 1,2}, we define the following elements of P, (1):

wl(a, b) = CL112 c. 1nbl, and wQ(C, d) = 6122 ce 2nd1.

Some other elements of P,(1) may be obtained as products of w(d’,b") and
wy (', d") for some o', 0, d € {0,1,2}:

w = O0ily... 1,11 ... 1,00 = w (0, 1)y (0,0),
ws(a,d) = ails...1,21...2,d; = wi(a, Dws(1,d),
wy(c,d) = c129...2,11 ... 1,d; = wo(c, 1)wy(0,d), and
ws(a,d) = als... 1,21...2,11 ... 1,dy = wi(a,0)ws(2, 1)wy(0, d).

Corollary 4.6. Let a,d € {0,1} and b,c € {0,1,2}. In P,(1), we have
(a) ws(a,d) # G and wa(c, d) # G,

(b) wi(a,b) # (1 and wi(a,b) # we(c,d),
(c) If 2; is a factor of wy(a,b) theni =1 and b = 2.
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Proof: (a) The word ¢; € A" is not in Ly and the word ws(a,d) belongs
to Ly so ws(a,d) # ¢, in P,(1), by Lemma 4.5. On the other hand, we
have ws(a,d) = wy(a, b)ws(c,d)wy(a’,d) for some b,a’ € {0,1,2} such that
b+c=2and d+ a = 1. Hence, if wy(c,d) = ¢4 then ws(a,d) = (i, by
Lemma 4.4(b), and the latter we have already shown to fail.

(b) Since the word wy(a, b) belongs to L; and the words ws(c, d) and (; are
not in Ly, we have wy(a,b) # wo(c, d) and wy(a,b) # (1, by Lemma 4.5.

(c) If 2; is a factor of wy(a,b) then there are u)) u® € A* such that
wi(a,b) = uM2;u® in P,(i). Since the word w(a,b) belongs to L;, the
same happens with the word uM2;u?, by Lemma 4.5. So it must be i = 1,
2ul?) € 2/ A% and b= 2. m

Fori=1,...,n,let F; ={0;,1;,2;}.

Lemma 4.7. Let m be a positive integer. The number of T-classes which
contain words w such that ||w| < m is finite.

Proof: Suppose that wY # 0. Then by rules (1), (2’) and (3’) there are
i,je{l,...,n}and aword u € (F;...Fj_1)*F;... Fjsuch that ||wY| = |lul|
and (w,u) € T. As the set {u € (F;... F;_1)*F;... Fj : |[u]| < m} is finite,
the lemma follows. u

In the following, we characterize all elements of P,(1).
Notice that, for every b € {0,1,2}, k =1,3,5, and [ = 2,3,4,5,

wk(27 b) = Cl = wl(bv 2)

In the set {0,1,2} we define an operation @ in the following way: for
te{0,1,2},let 0pt=t=td0, 11 =2and 2@t =tH2=2. Then
{0,1,2} is a commutative monoid with zero 2 and identity 0.

Lemma 4.8. The monoid P,(1) consists of the elements
017 117 217 gl; wl(aa b)a ’UJQ(C, d>7 wlu w3(a7d)7 ’U}4(C, d)7 w5(a,d) (3)

with a,d € {0,1} and b,c € {0,1,2}, where 0y is the identity and (; is the
zero.

Proof: Let M be the set of the elements (3) of P,(1). From the definitions
of P, and P,(1), and Lemma 4.4(b), we obtain the following equalities: for



GLOBALS OF PSEUDOVARIETIES OF ORDERED SEMIGROUPS 25
every a,b € {0,1,2} and ¢ € {1, 2},

0w =w0; =w, Gw =w( = (1, forevery w € M,

a1by = (a ® b)1, crw’ = wi(c,0), w'e; =wi(0,¢)

crwi(a,b) = wi(a @ ¢,b) and wy(a,b)cy = wi(a,b® c),
for 1 <k <5.

Let a,d,d’,d € {0,1} and b,c,b',c € {0,1,2}. Then we may establish the
following partial multiplication table

wi(a,b) ws(c, d)
/ : / /

wi(a', ) wlgj/: 11)2719}1:65 CL@:CLL a}ﬁ b@:bgé ! ws(a’, d), if @ c=2
(1, otherwise G1, otherwise
wy(d,b), ifd a=1,b7#2

(1, otherwise

wi(0,0),ifa=1,0#0
w’ w,ifa=1,0=0

(1, otherwise

ws(a',b), if d @a=1,b#2

(00)) (Cla d/) Cl

w3(0, d), if c=2
(1, otherwise

/ /
ws(a', ) (1, otherwise G
! wy(c,b) ifd ©a=1,b#2
wi(e,d) (1, otherwise G1
7 YT —
ws(d, d) ws(a',b) if d Da=1,b+#2 3

(1, otherwise

TABLE 1. Partial multiplication table

Since w', ws(a’,d’), wy(c,d) e ws(a’,d") can be written as products of
wi(a,b) and wsy(c,d), the above shows that M is closed under multiplication
and thus M is a monoid.

Let uY € P,(1). By rules (1%), (2’), and (3’), there is a word v €
(Fy...F,)*F;such that v = win P,(1), so we may assume that u € (F ... F,)*F}.
Note that ||u|| = kn + 1 for some £ > 0. If £ = 0 then v = a; with
a € {0,1,2}, thus u € M. Suppose that ||u|| =n+ 1, and v # {; in P,(1).
Then u = ay(c®)y - - (¢™),by with a,b, ¢ € {0,1,2} for 2 < i < n. If there
is j such that ¢) = 0 then 0;_;0;0;,, is a factor of u, so u = (; in P,(1), by
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Lemma 4.4. Tt follows that all ¢; are non-zero. If ¢) = 1 then
u=wi(a,b) =ai1(1)z...(1),b
with a € {0,1}, by rules (6"), (7’) and Lemma 4.4. If /) = 2 then
u=ws(a,b) = ai2y...2,b;.

By rule (9’), it must be b # 2.
If £ > 1, then u may be written as a product of factors of P, (1) with length

n + 1, namely factors of the form (7, wi(a,b) and wo(c,d). By the first part
of the proof, P,(1) = M. m

The following lemma is a consequence of Lemmas 4.7 and 4.8.
Lemma 4.9. For alli,j € {1,...,n}, the set P,(i, ) is finite.

Proof: If w € P,(i,j) then either ||w|| < 2n or w = ww'v with ||ul, ||[v]] < n
and w’ € P,(1). Since P,(1) is finite by Lemma 4.8, it follows that P, (i, j)
is finite, by Lemma 4.7. |

Lemma 4.10. Let u € P,(1)\{21}. If there is 1 < i < n such that 2; is a
factor of u then u? = (.

Proof: First we claim that w has a factor of the form 2; if and only if w € K
where
K = {21, (1, wi(a,2),ws(c,d), ws(a,d),
wy(c,d),ws(a,d) : a,d € {0,1};b,c € {0,1,2}}.

In fact, it is clear that all elements of K have a factor 2; for some ¢ €
{1,...,n}. On the other hand, if w ¢ K then w € {0, 1;,w',wi(a,b) :
a,b € {0,1}}. It is obvious that 0; and 1; do not have the factor 2; and,
by Corollary 4.6(c), there is no i such that 2; is a factor of wy(a,b) (with
a,b € {0,1}). Finally if w" has a factor 2; for some i then the same happens
with 13w = w;(1,0), which contradicts the above.

Now, using table 1 given in the proof of Lemma 4.8, it is easy to verify that
w? = ¢ for every w € K\{21}. m

Lemma 4.11. Suppose uY € P, (k) \ {C:}. Then 2; is a factor of uY if and
only if 2; is a segment of the word u.

Proof: Since uY € P,(k) \ {¢x}, none of the rules (A), (B), (4), (%), (8),
(9"), (107), (11'), may be applied to an element of the congruence class uY.
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For the remaining rules, it suffices to observe that, if one side has 2; as a
segment, then so does the other. |

The next result plays a useful role in the sequel.

Lemma 4.12. Let 1 < j < n and w € P,(5)\{2;}. If thereis1 < i <mn
such that 2; is a factor of w then w® = (;.

Proof: If j =1 this is a consequence of Lemmas 4.10 and 4.4. Suppose that
j # 1. Let uY € P,(j) such that the word 2, does not belong to uY. Since
2, is a factor of uY, there are words u), u® € uY such that uV2,u? € Y.
We may write the word uM2,u? as v(Mv@y® with vV € Aj AR 0P €
(Af .. AD)*Af, and v® € A7 .. AT It is obvious that 2; is a segment of
v 1@ or v s0, by Lemmas 4.4 and 4.10, and rules (1°), (2’) and (4’) we
have

Y = (vW0,0@ 031
= (v (@B M4y M0, )@ BT
— (U(I)CW@)U(?’))T = (T,
which completes the proof. |

As a consequence of Lemma 4.12; the unique idempotents of P, (i) which
contain 2; as a factor are 2; and (.

Lemma 4.13. The set of idempotents of B,(i) is {u’ : u € P,(i)}. Moreover,
for every u € P,(i)\{0;,1;,2;}, we have u® = (1 or u = a;l;y1 ... 1;_1b; with
a+b=1.

Proof: Let w € P,(i). If there is j such that 2; is a factor of u then either
u? = u=2; or u’ = (;, by Lemma 4.12.

If there is j € {1,...,n} such that 0;0,,10;12 is a factor of u® then
u? = (; by Lemma 4.4, and so v? = (. If «? does not have factors of
the form 2; or 0;0,410,4+2 then either u € {0;,1;} or there is a word v €
a;ilivr ... L 1(1;. .. 1;21)*b;, for some a,b € {0,1} with a + b = 1, such that
u = v in B,(i). In the first case, u® € {0;,2;}, and in the latter case,
u3 =Uu= aili—H . 1n11 .. 12'_1192' n Pn(l), by rules (1’), (67) and (7’)

Finally, suppose that ||u|| > 1, u does not have factors of form 2, u* does
not have factors of the form 00441042, but there is j such that 2; is a factor
of u?. Under these conditions, there is a word v € a;1;11...1;_1(1;...1;_1)*b;,
for some a,b € {0,1,2} with a +b € {1,2}, such that v = v in P,(3).
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Let us show that a + b cannot be 1. Indeed, if a + b = 1 then v =
v* = a;lip1.. 1,11, 1;1b; in P,(4), and so there are words 1;...1; ja!
and b/1;11...1,01, with a +a =1 and b+ b = 1, such that

11 R 12'_10,;-1)[),2'12'_,_1 ce 1n01 = wl(l, 0)

in P,(1), by rules (1), (6"), and (7). Now, by Lemma 4.4, since u® = 1% = v
in P, (i),

wi(1,0) =1;...1; qavbilyyg ... 1,0
=11... 1 1aulily ... 1,
=011y ... 1; 1a;(u®)®bi141 ... 1,0
=1y... LiqaGbilipr ... 1,00 = ¢,

which contradicts Corollary 4.6. If a + b = 2 then u? = v = (;, by rule (&)
and so u® = ¢;. This shows that {u®: u € P,(i)} is a set of idempotents. It
is immediate that this set contains all idempotents of P, (7). u

In the following we list the idempotents of the monoid P, ().
Corollary 4.14. Let 1 < i < n. Then the idempotents of P, (i) are
0;, 2i, G and a;lipq ... 1,11...1;_1b; (4)
with a +b = 1.

Proof: By rules (17), (27), (3"), (47), (6") and (7’), and definition of P, (i), the
elements of (4) are idempotents. By Lemma 4.13, (4) lists all idempotents of
P,(i). |

We recall that V denotes the pseudovariety of ordered semigroups defined
by the pseudoidentities

uou < u”

where ¢(v) C c(u). It is clear that By € V so, by Theorem 3.7, the global of
V is defined by the pseudoidentities of the form

(uou” < u¥; Ayopus ),

with ¢(v) C c(u). We next prove that C), fails a specific pseudoidentity of
this form.

Proposition 4.15. Let n > 2. Then C,, does not belong to gV.
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Proof: Consider the graph I';,, described in Figure 1 and let v = y121 . .. ypxn
and v = y%xl - y,zlajn be finite paths in I'. Note that the graphs A,v,,~ and
[',, are identical up to the name of the vertices. Since c(v) C ¢(u), it follows
that gV satisfies the pseudoidentity (u“vu® < u*,I',), by Theorem 3.7.

Let us show that C,, fails this pseudoidentity, and consequently, C,, does
not lie in gV. Arguing by contradiction, suppose that C,, satisfies the pseu-
doidentity in question. Evaluate the graph I',, in C), through a graph homo-
morphism which maps the edges x; and y; of I',, to the corresponding edges
x; and y; of the category C,. We obtain two edges u and v of (), such that

() = ¢(u) = wi(1,0)  and  Y(uvu”) = Pluvw) = ws(1,0),

where 9 is the order-faithful homomorphism defined in Lemma 4.3. There-
fore we must have ws(1,0) < wy(1,0). By definition of < in P,, it must
be either ws(1,0) = ¢ or ws(1,0) = wy(1,0). Since ws(1,0) # (1 by
Corollary 4.6(a), it remains ws(1,0) = wy(1,0). As a consequence we have
¢ = ws(1,0)wy(2,0) = wi(1,0)wy(2,0) = ws(1,0), which contradicts Corol-
lary 4.6. |

The following result is a decisive property of C,, related with the pseudova-
riety gV.

Proposition 4.16. Let I' be a finite graph and let u,v be loops at the same

vertex ofﬁ such that c(v) C c(u). Then every subcategory of C,, with n — 1
vertices satisfies (u®vu” < u”,T).

Proof: Let T be a subcategory o/f\C’n with n — 1 vertices. Let u and v
be loops at the same vertex of I'* such that c¢(v) C c¢(u). By Lemmas
4.3 and 4.9, C,, is finite and so there are edges u' and v’ of I'" such that
u=1u and v = ¢' in T, and we may assume that u and v are edges of I'".
Let n : I'" — T be a homomorphism of semigroupoids and let ¢ be the
order-faithful homomorphism defined in Lemma 4.3. We denote by ¢ the
homomorphism ) o i as depicted in the following commutative diagram:

r+— 17—~

I
P,

First, we recall that, by Lemma 4.13, p(u¥) = p(u?). Since vdvu? is a

path in ', we have ¢(uvu®) # 0. Let k = a(nu), so k € {1,...,n}. Since
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T has n — 1 vertices, there is j € {1,...,n}, with j # k, such that, for all
x € c(u), neither i1(¢(z)) nor t1(p(x)) belongs to A;. If p(u®) = (. then
p(udvu®) = . If o(ud) # ¢ then, by Corollary 4.14, the idempotent o(u?)
satisfies the relation

o(u?) € {0k, 2%, aplppr ... L1y .. 1p1by ia+b =1}

If o(u?) € {0k 2} then p(udvu®) = @(u?) since c¢(v) C c(u). Suppose
that o(u?) = aplppr-- 111, .. 1x_1by, with a + b = 1, and p(udvu?®) #
(x. By Lemma 4.13, ¢(u®) = ¢(u) and, by Corollary 4.6(c), ¢(u) has
no factors 2; for every ¢« € {1,...,n}, since there are ¢’ and b such that
L. Lpmrapp(u)bi ey - .. 1,00 = wi(1,0). Hence for every « € c(u) there is
no i € {1,...,n} such that 2; is a factor of ¢(x).

Now, by Lemma 4.11, 2; is a factor of p(uvu) if and only if 2; is a segment
of every representative of the Y-class p(uvu). Since @(uvu) is a product of
factors of the form ¢(x), with x € ¢(u), none of which has 2; as a factor by
the preceding paragraph, the only way 2; may appear as a factor of p(uvu)
is if uvu has a factor zy, with x,y € c(u), such that t;(p(z)) = 1; = i1(0(y)).
Since j is a not a vertex of 7', this cannot happen for ¢ = j. Hence 2; is not
a factor of p(uvu).

Let z=14... 1k,1bkgp(v)ak1k+1 1,14 € Pn(l) Since

Cr # p(uvu) = agplpyr ... 1pzla .o Tx 10y,

then z # (; and 2; is not a factor of 2, so z € {1;,w;(1,1)} by Lemma 4.8.
Therefore p(uvu) = aglpyr ... 11119 .. 1x_1bg, by rules ( "), (67) and (77).
We showed that gp(u?’vu?’) = ( or p(udvu?) = p(u?). It follows that
o(uPvu’) < p(u?) in B,. As 1) is an order-faithful homomorphism, we con-
clude that T satisfies the pseudoidentity (u“vu® < u“,T"). |

We say that a pseudovariety of semigroupoids has wvertez-rank or v-rank
n if n is the smallest non-negative integer such that W admits a basis of
pseudoidentities over graphs with at most n vertices. If no such integer n
exists, then we say that W has infinite rank.

We may now prove the main result of this section.

Theorem 4.17. The pseudovariety V has infinite v-rank.

Proof: Let us assume that V has finite rank r, that is, ¢V admits a base of
pseudoidentities Y over graphs with at most r vertices. We claim that the
category C,1 belongs to gV. Indeed, when we verify the pseudoidentities
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in X, we only work with subcategories of C,,; with at most r vertices. By
Proposition 4.16, such subcategories belong to gV, hence C. ., satisfies the
pseudoidentities of ¥ and then it lies in gV, which is in contradiction with

Proposition 4.15. |
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