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1. Introduction and main results.

For J = I, ®(—1;), consider C"** endowed with an indefinite inner product
[-,-] defined by [,n] = (J&,n). Denote by U(r,s) the group of complex
matrices U such that UJU* = J. For n x n complex matrices A, C', consider
the J-tracial numerical range

WE(A) = {tr(CUAU ) : U € U(r, s)}. (1)

The theory of numerical ranges on an indefinite inner product space has

been investigated by some authors (cf. [4, 5, 6, 1, 2] and the references

therein). Our aim is the characterization of (1) for n =2 and r = s = 1. By

adding appropriate multiples of I to the non-scalar matrices A, C, without

loss of generality these matrices may be assumed to have rank one. If C' is a
rank one operator on C""*, there exist non-zero vectors 7, ¢ satisfying

CE=1[6ml¢, VEe ™. (2)

Considering an orthonormal basis {£1, ..., &,} with respect to the definite

inner product (-, -), we get tr(CUAU 1) = [UAU ¢, Jn], and so (1) is written
as

WE(A) ={[U AU, m] : U € U(r, s)}.
In the sequel, we consider the case n = 2 and » = s = 1 and we assume
that A is a rank one operator defined by
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A =€k, VE€ T, (3)

Simple calculations yield [U*AU(,n] = [U¢, k][Un, 7|, where U runs over
the 3-dimensional simple Lie group SU(1, 1), that is, the subgroup of U(1, 1)
constituted by the matrices with determinant 1 (cf. [3]). So, we are concerned
with the description of the set of the complex plane

Wea(A) = {[U¢ x][Un, 7] : U € SU(1,1)}. (4)

In this paper we treat the case 7,(, k,7 are non-neutral vectors, that is,
vectors with nonvanishing norm relatively to the indefinite inner product.
The results obtained in this case, or the methods developed in its analysis,
will be useful to solve the problem when some of the vectors n,(, k, T are
neutral.

Throughout, we use the notation a = tr(A), a’ = tr(AJA*J), ¢ = tr(C),
d =tr(CJC*J).

Our main result is the following.

Theorem 1.1 Let C, A be 2 X 2 complex rank one matrices and let n,(, Kk, T
be non-neutral vectors. The following cases may occur:

(i) If da’ < 0, then WS (A) = C.

(i) If ¢ > 0 and a' > 0, then WZ(A) is a closed connected region limited
by one branch of a hyperbola, or, in the case of degeneracy of this conic, a
closed half-plane.

For d <0 and a’ <0, WZ(A) is given as follows:

(iii) For every & € C2?, if either [C&,CE] > 0 and [AE, AE] > 0, or if
[CE,CE) <0 and [AE, AE] <0, then WZ(A) = C;

(iv) For every & € C2?, if either [CE,CE > 0 and [AE, AE] < 0, or if
[CE,CE] <0 and [AE, AE] > 0, then WZ(A) is an unbounded closed connected
region limited by an ellipse.

Moreover, the above conics are expressed as

(rcos@ + ysinh — \g)? N (—sin @ + y cos f)?
¢ _

o2 52 =1, (5)

where \g = (ca)/2, 0 = arg Ao,
0 = ()22 4 ef2([e — ) — ) ©)
8= (1/2)[|¢1"2(la]? = )2+ [a'[2(|e]” — )7, (7)

being e = —1 and e = 1 for (ii) and (iv), respectively.
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2. Preliminary results.

Proposition 2.1. Let C, A be non-zero rank one operators given by (2) and
(3), respectively. If the vectors n,¢, k, T are mnon-neutral, then W3 (A) is a
closed subset of C.

Proof. For «, 3 € C, consider the matrix U € SU(1,1) whose first and
second rows are («, 3) and (3, @), respectively. By similarity transformations
performed by matrices of SU(1,1), the non-neutral vectors {, 7 may be
replaced by vectors with one vanishing component. So, we may consider
that ¢ = (1,0)T or ¢ = (0,1)T, and 7 = (1,0)T or 7 = (0,1)7. We show
that if |a|] — oo, then |[U(, k|| — oo. Indeed, since x is non-neutral, its
components (k1, k) satisfy |k1| # |ko|. If ¢ = (1,0)7, then [U(, k] = Ria —
Fa3. Analogously, if ¢ = (0,1)7, then [U(, k] = (ki — aks. In either case,
recalling that |a|? — |3]* = 1, we conclude that |[U(, k]| — oo as |a| — oo.
It may be similarly shown that |[Un,7]| = |[n, U !7]| — oo as |a| — oc.

We prove the closedness of WZ(A). Let z, = tr(CU,AU, ), U, € U(1,1),
n € N, be an arbitrary sequence of points in W (A) converging to a (finite)
complex number zy = tr(CUyAU;"). Let Uy = lim, . o U,. By the first
part of the proof we may conclude that Uy € U(1,1), and so the closedness
follows. O

By replacing the inner product [&1, &) by —[&1, €], we may consider that
either (i) ¢ =7 = (1,0)T or (ii) ¢ = (0,1)T, 7 = (1,0)T holds. Substituting
C by UCU™? for some U = diag(1,exp(if)), § € R, we may assume that
the components of n = (11, 72) have a real ratio. Similarly, the components
of k = (ki1,K2) may be also assumed to have a real ratio. The following
possibilities may occur:

(i-1) ¢ =7 = (1,0)", [m| > [n2], [r1] > |ral,
(i—2) (=71= (170)T7 |771’ > ‘772|7 ’”2’ > |/€1|7
(i-3) ¢ =7=(1,0)7, |m2| > |ml, || > |rel,
(i'4) (=7= (170)T7 |772’ > ‘771|7 "%2‘ > |/{1|7
(11'1) ( 071)T7 T = (170)T7‘771‘ > |772|7 "%2‘ > |’L€1|7
(i-2) (= (0,1)", 7 = (L,0)",|m| > [nal, |w1] > [Ka],
(ii-3) ¢ = (0, 1)", 7 = (1,0)", [n2| > |m|, [ra| > |sa,
(11'4) C: 071)T7 T = (17O)T7 |772| > ‘771‘7 |/€1’ > ‘52"
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Proposition 2.2 treats the case ii-1, since we may assume that 7, =1, —1 <
g=m <1, r=-1,-1<k=r <1.

Proposition 2.2 Let A and C be 2 X 2 rank one complex matrices such that
d <0 andd < 0. If [AE, AE] > 0 and [CE,CE < 0 for every & € C?, then
WZ(A) is an unbounded closed connected region limited by an ellipse with
center (ac)/2, whose major azis is contained in the line z = (ac)t, t € R,
being the length of the semi-major axis o and of the semi-minor axis 3 given,
respectively, by (6) with e =1 and (7).

Proposition 2.3 treats the case i-1. In this case, we may assume that
m=1 —-1<qg=n<1, Kk =1, —1 < k= —ky < 1. Moreover, we may
take 0 < k,q < 1.

Proposition 2.3 Let A and C be 2 x 2 rank one complex matrices such
that a’ > 0 and ¢ > 0. If [AE, AE] > 0 and [CE,CE] > 0 for every & € C?,
then WZ(A) is an unbounded closed connected region limited by one branch
of the hyperbola with center (ac)/2 whose principal axis is contained in the
line z = (ac)t,t € R, being the length of the semi-principal azis o and of the
semi-transverse azxis [ given, respectively, by (6) with e = —1 and (7).

Moreover, if a > 0 then (ac)/2 ¢ WA (A) and (ac) € WZ(A). On the other
hand, if « <0 then (ac)/2, (ac) € WS (A). If a = 0, then

WZ(A) = {z € C: R([z — (ac)/2]ac) > 0}.

Proposition 2.4 deals with the case ii-4. In this case, we may consider
m=1-1<g=m<1l,rk=1 —-1<k=—kry <l

Proposition 2.4 Let A and C be 2 X 2 rank one complex matrices such that
d >0 and d > 0. If [A,AE] > 0 and [CE,CE) < 0 for every € € C?,
then WZ(A) is an unbounded closed connected region limited by one branch
of the hyperbola centered at (ac)/2, whose principal azis is contained in the
line z = (ac)t,t € R, being the length of the semi-principal azis o and of the
semi-transverse axis 3 given, respectively, by (6) with e = —1 and (7).

Moreover, if a > 0 then (ac)/2 ¢ WZ(A) and (ac) € WZ(A). If a < 0 then
(ac)/2, (ac) € WZ(A). If a = 0, then Wi (A) = {z € C : R([z — (ac)/2]ac) >
0}.
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If one of the conditions (i-2), (i-3), (ii-2), (ii-3) holds, the condition (a) of
Proposition 2.5 holds. If the condition (i-4) is satisfyed, then the condition
(b) holds. Under these conditions, WZ(A) is the whole complex plane.

Proposition 2.5 Let A and C be 2 x 2 complex matrices with rank one. If
either (a) (a'c’) <0 or (b) a' <0, ¢ <0 and [AE, AE] > 0, [CE,CE >0 for
every £ € C?, then W (A) = C.

3. Proof of Proposition 2.2.
Under the hypothesis of Proposition 2.2, we have

0 0 k1
C_<1 _q), A_<O 0>, 0<qk<l1

We(A) ={(a+qgB)(a+kp):a,feC,laf |6 =1} (8)
= {(cosh t exp(if)+k sinht)(coshtexp(ip)+q sinht) : 0 <t < +00,0 < 0,¢ < 27}.

For fixed t,0, the set of points (coshtexp(if) + k sinht)(coshtexp(i¢) +
g sinht), 0 < ¢ < 2m, is a circle with center

2(t,0) = q sinht (coshtexp(if) + k sinht) 9)

and

and radius (¢, 0) satisfying

R = 1r(t,0)* = cosh®t (k*sinh® t + 2k sinh t coshtcos@ + cosh’t).  (10)
For zy = R(2(t,0)) and yo = I(z(t,0)), we easily obtain

zo = kqsinh®t + ¢ sinht cosht cosé, yy = ¢ sinht cosht sin 6. (11)

If ¢ = 0, then z(t,6) = 0. The continuous function r(¢,60) defined on
0, +00) x [—m, +7] ranges over [mg,+00), mgy being the minimum of the
function 7 (¢, —7) = 3(1 + cosh(2t) — |k|sinh(2¢)). The minimum of r(¢, —),
t >0,is (1/2)(14++1 — k?), because the minimum of f(¢) = cosht—|k|sinht,
t > 0, is attained at 0 < ¢y = arctanh(|k|), and equals v/1 — k2. Thus,
Proposition 2.2 follows for ¢ = 0.

Now, we assume ¢ # 0 and, by changing the roles of k£ and ¢, we also
assume that k& # 0.
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Proposition 3.1 For —1 < k,q <1, kq # 0, let

0 O k1
=1 %) =)
Then:

i) The set WZ(A) is connected, symmetric with respect to the real azis and
also symmetric to the line R(z) = —k q/2.

i) The inclusion relation WA (A) C {z € C : |2 + kq/2| > V1 —k?/2}
holds.

i1) OWZ(A) has no isolated points.

Proof. We claim that the set described by z(¢,6) in (9), ¢ > 0,0 < 0 <
27, is the complex plane. For xy = R(2(¢,0)), yo = I(2(t,0)) there exist
t €10, +00) and @ € [0, 27] such that zy = kqsinh® ¢ + ¢sinh  cosh t cos § and
Yo = ¢sinhtcoshtsinf. Indeed, consider the polynomial function in sinht
given by f(t) = (zo — kgsinh®t)? + y2 — ¢? sinh® ¢ cosh® ¢. Since f(0) > 0 and
lim; ., f(t) = —o0, a value of ¢ may be found for which f(¢) = 0. Then, an
appropriate value of 6 is easily determined and the claim follows.

Taking into account (8), (9), (10) and (11), WZ(A) may be expressed as

WZ(A) = {(z0 +iyo) + v/ R(zo, y0) exp(if) : (z0,10) € R%L0 < 0 < 27},
(12)
We claim that R = R(x,yo) is given by

1
R= 2—q4(q4 + 2k ¢° xo + 2¢° x5 + 2475 + (13)

6%\ /40 + /22 + 41— K22 + (1 — k2)2).
Indeed, eliminating ¢ and ¢ in (8), (9), (10) we get

H(zo,y0,7) = ¢* B> + (—¢* — 2k ¢’ 10 — 2¢° 5 — 26> ) R
+(Kq?xg + 2k q oy + x5+ K ¢* yg + 2k qxoyp + 225 5 + vp) = 0.
Setting R = ﬁ(q4 + 2k ¢ o + 2¢%x3 + 2¢%y3), we find

R = Ri—\q /Ao + kq/2)? + 41— K28 + (1 — k2)g?
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Since R = q%((a;o +kq/2)% + ) + %, performing some calculations we
get the relation

R — R > =~(cosh(2t) — sinh(2t)) > 0,

DN | —

and the claim follows.

The connectedness of W (A) and the symmetries of W (A) with respect
to §(2) = 0 and to R(z) = —k ¢/2 follow from (12) taking into account that
R is invariant under the two transformations yo — —yo and xy + kq/2 —
—Ty — kq/Q

ii) We have
4g* [R(wo, yo) — (o + k q/2)* + )]
>q' (2 K) +4¢ (1= @) ((mo + k q/2)* +4¢° (L — ¢*) )

and the right hand side approaches +o0 as (g + k ¢/2)* + y2 — +00. More-
over,

1— K2
R(wo,90) = {(x0 + ka/2)* + 4} = = + VI = k2 (a0 + k /22 + 4},

Hence

r(wo,0) = \/ (w0 + ka/2)2 + 53 + V1 - B2/2.

and so ii) follows.

iii) By Tarski-Seidenberg’s theorem, OW/(A) is a semi-algebraic set and
lies on an algebraic curve. It consists of some arcs and isolated points. By
Proposition 2.1, the set WCJ (A) is closed in C. If z is an isolated point
of OWJ(A), then z is also an isolated point of WZ(A), contradicting the
connectedness of W (A). Thus, W (A) has no isolated points. O

Next, we determine OW{(A). Since it is the image of the algebraic set
SU(1,1) under the quadratic map U — [U(,k][Un, 7], for n,(, k, 7 non-
neutral vectors, by Tarski-Seidenberg’s theorem we may conclude that
OWZ(A) lies on an algebraic curve. By Proposition 3.1 iii), dWZ(A) has
no isolated points. The number of non-smooth boundary points of W (A) is
finite. Every non-smooth boundary point is the limit of a sequence of smooth
boundary points of W (A). Suppose that Z is a smooth point of OWJ(A) at
which the tangent of W (A) is given by R(z exp(—ify)) = R(Zy exp(—i 0y))
for some 6y € R. We assume that Zy + t exp(i (6p)) ¢ WZ(A) for 0 < t < ¢,



8 H. NAKAZATO, N. BEBIANO AND J. DA PROVIDENCIA

where € is a sufficiently small positive number. By Proposition 3.1 iii), there
exists a complex number xj + i yy for which either i) or ii) holds:

. . . dr Or ,
(1) Zo = xo+iyo+r(xo, yo)exp(i (6p)) and (=, =—) = —(cos(bp), sin(by)),
Oz 8y (z0,%0)
. . . or Or :
(il) Zy = xo+iyo—r(wo,yo) exp(i (fy)) and (=—, —) = (cos(fy), sin(by)).
Oz 83} (z0,%0)
In either case, we have
or or
(gradr)Z‘ ) = (=—)? + (=)? = 1. (14)
(0] Oz (z0,Y0) ay (z0:%0)
We determine the set of points x¢+i yo for which (14) holds. By the implicit
function theorem, we get % = —%, g—; = —Eg%gf;. If (z¢,yo) satisfies

the condition (14), then it verifies
L(x,y,7) = (0H/0x)* + (0H/dy)* — (0H/Or)* = 0.

Eliminating r from the equations H (¢, yo,7) = 0 and L(xg, yo,7) = 0, and
setting M (2o, yo) = 4(1—¢*)2§+4k (1 —¢*)zo+4(1-k*)(1—¢*) yg +k* ¢° —¢*
we obtain

(22 4+ y3) (23 + 2k qg + k2 ¢* + ) x M (29, 10)* = 0.

Since OW{(A) has no isolated points, we may disregard the two candidates
(xo,70) = (0,0) and (zg,y0) = (k¢,0). So, we concentrate on the remaining
candidate, the ellipse M (xg, y9) = 0. We examine the gradient of the function

r(xg,yo) on this ellipse. By the implicit function theorem, we conclude that
OWZ(A) is contained in

_ (xot+kq)(xgt+ys +kqro— ¢ R)
2¢% (223 + 2k qxo + 2y% — 2> R + ¢?)
yo(2xF 4 2k q o + 2y§ — 2> R+ k* ¢°)

q? (222 + 2k qro + 293 — 2> R + ¢?)

The ellipse M(xo,y0) = 0 has the parametric representation

_@ n V1 — k2¢% cos ¢ vo = ¢ sin ¢
2 2/1—¢ 2,/1—¢2

T={z+iy= (29

)

+1 (y() ) : ($anO) S R27 M(x()u yo) = 0}

Ty = , ¢€[0,27T]
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122 M—k2+/1—02+k2 02 sin? . . .
and R = 2oVl 4?1_(1;) CHTGE 0 Be divect computations, it may be
seen that (z,y) € T satisfies the equation

(z+kq/2)° v

=1. (15)

120+ VI RV PP (/2R Vi p)P

By Proposition 3.1, 9WJ(A) is non-empty and every continuous arc in C
joining the point k¢/2 and a sufficiently large number L has a common
point with OWZ(A). Thus, OWZ(A) is given by (15). Since L € WJ(A)
and kq/2 ¢ WZ(A), then WZ(A) is the unbounded set limited by the above
ellipse and Proposition 2.2 follows. [l

4. Proof of Proposition 2.3.

By the hypothesis, we get

(1 —¢q (1 E
C—(O 0), A_<0 O>’ —1<q k<1,

We(A) = {(a+kB)(@+qb) : a, 8 € C, |a’ - |6]* =1} (16)

and so

= {(cosht + k sinht exp(—if))(cosht + ¢ sinht exp(i1))) :
0<t<o00,0<0,v¢<2r}.

Thus, WZ(A) is expressed as the union of the family of circles with center

z=ua+iy=cosh’®t+ k sinht coshtexp(—if), (17)

and radius r such that

R = 1% = ¢* sinh®t (cosh® ¢ 4 k? sinh® ¢ 4 2k sinh ¢ cosh ¢ cos 6). (18)
The functions = = x(¢,0), y = y(t,0), r = r(t, ) satisty the relation

H(z,y,r) = R*—2¢° (2> — 2+ vy )R- k*¢* R+
gt (2t — 227 + 2%+t + 22%% — 2097 + 7)) = 0. (19)
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We prove that the locus of the points z = x(¢,0)+iy(t,0),t > 0,0 < 0 < 27,
is given by

2. (z — (1/2))° . y°
{(z,y) e R*: 2 > 1/2, DI (2 > 1}. (20)

This reduces to show that

{cosht + k sinhtexp(—if) : 0 <t < 00,0 < 0 < 27}
2 2

L )
“{eyer: o -L>1y, 1)

—1 < k <1,k # 0. We consider the map from the cylinder [0, +00) x T! into

C = R? defined by 2(t,0) = x +iy = cosht+ ksinh ¢ cos§ —isinh ¢ sin §. The
set

I' = {cosht + k sinhtexp(—if) : 0 <t < 00,0 <0 <27} (22)

is closed in C and its boundary has no isolated points. Its boundary points

are necessarily critical values of the differential map z = z(¢,#). The Jacobian

of the map is given by 58((:;’3)) =020y 90 — _Lsinht (kcosht+sinhtcosf).

Thus, the critical points (¢, 0) satisfy kcosht 4 sinhtcosf = 0 or t = 0. The
critical points (0,6) correspond to the critical value 1. Now, we determine
the critical values corresponding to kcosht 4 sinhtcosf = 0. Substituting
x = cosht + ksinhtcosf, y = —sinht¢sinf in the polynomial F(z,y) =

.1?2

1-k2

y2
— 3 — 1, we get

k cosht + ksinht cos 0)?
F(m,y)z( 2 ) >0

Having in mind that R(cosh t+k sinh ¢ exp(—if)) = cosht+ksinhtcosf > 0,
we conclude that

2 2

2. X y
ol C {(z,y) € R .:1:>O,1_k2—k2—1}
and
2 @’ y°
FC{(ZE,y)ER w>0,1——k32_E21}

Since 1 is a critical value not belonging to the hyperbola x?/(1—k?) —y?/k* =
1, the connectedness of (22) implies (21).
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Following the proof of Proposition 2.2, we consider the polynomial
L(z,y,r) = [(0H/0x)* + (0H/0y)* — (0H /or)*] /4.

By eliminating r from the equations H(z,y,r) = 0 and L(z,y,7) = 0, we
obtain

(2 +y*) (2 = 1)*+y*) {41~ ¢*) (2~ 1/2)° /(1= k*) = 4(1 - ¢*)y*/k* — 1} = 0.
It can be easily seen that the right branch of the hyperbola
41— ¢*) (v = 1/2)°/(1 = k) = 4(1 - @)y /k* = 1

is contained in the interior of (20), while its left branch lies on the exterior
of the set (20).

We may disregard the two points (z,y) = (0,0) and (z,y) = (1,0). The
equation H(z,y,r) = 0 has two solutions in R = 72, say R;(zo, ), j = 1,2,
R; > Ry. We evaluate the envelopes of the two families of circles (x — x¢)% +
(¥ — %0)* = Rj(wo, y0), where (20,0) satisfy

401 — ¢ (w0 — 1/2)%/(1 — k*) —4(1 — A)y3 /k* =1 =0, 29> 1/2.

We assume that

V1—Fk\1—-q¢>—kq#0, (23)
kv1—q?>—q\1—k%2#£0, (24)

or equivalently, ¢ # k, ¢ # v/1 — k2. In the case /1 — k2y/1 —¢2 — kq > 0,
the envelope corresponding to the bigger radius lies on the right branch of
the hyperbola

(x —1/2) ) % )
(2WT-BVi-F k)P (20— raVIi-E

(25)

In the case 1 — k2y/1 — ¢2 — k¢ < 0, the envelope lies on the left branch

of the hyperbola. The envelope corresponding to the smaller radius lies on
the right branch of the hyperbola

(x—1/2)° ’

_ Yy —
(1/2)(VI=kV1-+ kg [(1/2)(ky/1— ¢ —qV1—k?)] 1(26)
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In the case ¢ = V1 — k2, the hyperbola (25) reduces to the straight line
x = 1/2, being the hyperbola (26) replaced by the straight line y = 0. To
conclude the proof, we notice that

WZ(A) € {rexp(i¢) : 0 <r < oo, -7 < ¢ < ,|¢| < arcsin(k) + arcsin(q)}.
This is a consequence of (16) and of the set inclusion
{(cosht + k sinht exp(—if): 0 <t < 00,0 <60 <27}
C{r+kz:0<r<+4o0,|z| <r}
={rexp(i¢) : 0 <r <oo,—7/2 < ¢ <7/2,|sing| < k}.
Thus, —1 ¢ WJ(A). Since 1 € WZ(A), Proposition 2.3 follows. O

5. Proof of Proposition 2.4.

Under the conditions of Proposition 2.4, we have

We(A) ={(B+ka) (6 +q@) : a, € C,|al* — 8] = 1}. (27)
If g =0 and k # 0, recalling Proposition 2.3 it may be easily seen that

W (A) = {sinh®¢ + k sinht cosht exp(i¢) : 0 <t < 00,0 < ¢ < 27}

— {(z 2.0 _ (x+1/2)*
B Vo N e (T

In the case k = 0, ¢ # 0, a similar result holds. So, we may assume that
q # 0, k # 0. In this case, WZ(A) is the union of the family of circles with
center z(t,¢) = cosh?t + k sinht cosht exp(i¢) — 1, and radius r such that
R(t,$) = r?> = ¢* cosh®t (sinh®t + k> cosh®t + 2ksinht cosht cos¢). The
following relation holds

H(z,y,r) =R =2¢*(x + o+ )R- K* ¢ R (28)
+¢* (z* 4+ 22° + 2* +yt + 227y + 22y + %) = 0.

Using the new variable x; = = + (1/2), this polynomial is written

R —2¢°(z} +y* — (1/4)R—K* ¢ R (29)
' (z1 — (1/2)a3 +y* + 227 y” + (1/2)y* + (1/16)),
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and it can be easily seen that the centers z(t, ¢) describe the set

{(z,y) ER?*: 21 >0 71 IS 1) (30)
) ° Y 2— *

[(1/2)v1 -2 (k/2)
The polynomial H in (29), expressed in the new variable 2 = = — (1/2),
coincides with (20). Moreover, since the sets (20) and (30) coincide, the
result follows as in Proposition 2.3. ]

6. Proof of Proposition 2.5.

In the case (i-2), we may assume that n =1, —1 < g =1 < 1, kg = —1,
—1 < k = k1 < 1. Under these assumptions, we have

Wa(A) = {(B+ka)@+gB) :a,8 € C,|a)* — B> = 1}. (31)

In the case (i-3), we may assume that 7, = 1, -1 < ¢=1m < 1, k1 = 1,
—1 < k= —ky <1, and so

We(A) = {(a+kB)(8 +qa) : a, 5 € C, |a|* — |5 = 1}. (32)

In the case (i-4), we may assume that 7o = 1, =1 < ¢ =m < 1, ko = —1,
—1 <k =~k <1, and we get

W(A) = {(B+ka)(B+qa) : a,8 € C,|a)* — B> = 1}. (33)

By (31), (32), we observe that the cases (i-2), (i-3) are identified under the
exchange of the roles of £ and a by ¢ and @, respectively.
We prove the proposition in the case (i-4). If ¢ = 0, then

W (A) = {sinh?¢ exp(i 0)+k sinht cosht exp(i¢): 0 <t < 00,0 < 6,6 <2}

This set is invariant under the multiplication z — zexp(i ). The continuous
function f : R — [0, +00) defined by f(t) = sinh®¢ + k sinh ¢ cosht, satisfies
f(0) = 0 and lim; ., f(t) = +00. By the intermediate value theorem, for
every positive real number r, there exists ¢ € [0, 4+00) such that f(t) = r.
Hence, W/ (A) = C.

Let —1 <k,g<1and k #0, ¢g# 0. Then
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W (A) = {(sinhtexp(i §) + k cosh t)(sinh ¢ exp(i ¢) + gcosht) :
0<t<-+00,0<0,6¢<2r}.

Thus, W/ (A) is the union of the family of circles centered at

z=ux+iy=qk cosh®t + ¢ sinht coshtexp(i 6), (34)

and with radius r such that

R = r* = sinh®¢ (sinh® ¢ + k? cosh® ¢ 4 2k sinh # cosh ¢ cos 6). (35)
The functions z = x(¢,0), y = y(t,0), r = r(t, ) satisfy the relation

H(z,y,7) = ¢* r*+¢* (=227 2> +2k g 2 — ¢ )r’*+(2*+12) (2> +y> —2k g 2+k* ¢*) = 0.
(36)
The points z = x(t,0) +iy(t,0), t > 0, 0 < 0 < 27w, form the family of
circles with center at ¢ k cosh?t and radius ¢ sinht cosht. Since

{k cosh?t 4 sinht coshtexp(if) : 0 < t < 400,0 < 6 < 27}

= {k/2+k/2 cosh(2t)+(1/2) sinh(2t) exp(i0) : 0 <t < +00,0 < 8 <27} = C,
the points z(t, ) describe the whole complex plane. By eliminating R from
the equations L(z,y,r) = [(0H/0x)? + (0H/0y)*> — (0H/0r)*/4 = 0 and
L(z,y,r) = 0, and setting £ = {4(1 — ¢*) 2* + 4(1 — k*)(1 — ¢*)y* — 4k q(1 —
¢?) x + k? ¢* — ¢*}, we obtain

K(z,y) = (2" +y*)((z = kq)* + y*)E = 0. (37)

We may disregard the two points (z,y) = (0,0) and (z,y) = (kq,0).

Rewriting the ellipse £ = 0 in (37) using the new variable x; = x — k¢/2,
the ellipse is parametrized as

B q2 /1 — k2 B q2 . _
I = QM COS(¢)7 Yy = 2\/1_7(]2 Sln(¢)7 0 < ¢ < 27. (38)

On this ellipse the solutions of the equation H(x,y,r) = 0, are

1 2 2 ) 2 2 2
aTj?ﬁ@_k)@_q)+4¢u—k)u—q)—kqC%@@L

2 _
=
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2 1

=—— N2 —q¢) -4/ (1 - k2 — k* ¢* cos(2¢)}.
T 8(1 _qg){( k q \/ k ) k q COS( d))}
The boundary of W (A) is contained in the curves with parametric equations
B ory ory B Ors orsy
(¥1(6),Yi(0)) = (1 = 5o = ), (Xal), Ya(0) = (1 = 52— 2

We show that these curves do not pass through the origin (z1,y) = (0,0).
Indeed, suppose that (z1 — g;J,y arj) = (0,0), j = 1,2. By the implicit
function theorem, we get

orj x1(k? ¢* + 4¢° R; — 4% — 4y?)
Ory  ¢*rj(—2¢% + k2 2 + 4¢%r; — 422 — 4y?)’
or; y(—k*q* + 4q2Rj — 423 — 43?)

dy  @Pri(—2¢2 + 2?4+ 4¢2 rj — 422 — 4y2)
Since these partial derivatives are proportional to x7 and y, respectively, we
necessarily have

k2 q? +4¢° r? — 4ot — 4y* = —K*¢* + 4q2rj2- — 4ot — 49

This is impossible, since k£ # 0 and g # 0. Therefore, there exist positive
numbers 0 < € < Ly for which

OWS(A) C{x+iy: e <(x—kq/2)* +y* < L3 (39)
In order to show that WZ(A) = C, we consider the function g : R — R
defined by ¢(t) = (sinht + kcosht)(sinh¢ + g cosht). This function satisfies
g(t) € WZ(A) for every t € R and ¢(0) = kgq. Since sinht; + kcosht; = 0
for some t; € R, we have g(t;) = 0 for certain ¢t; € R. The intermediate
value theorem implies that g(t2) = (k ¢)/2 for some t5 € R. If t — 400, then
g(t) — +oo. Then (38) implies that WZ(A) = C.
Next, we prove the proposition in the case (i-2). If ¢ = 0, we clearly have

W (A) = {kcosh?t + sinh ¢ cosht exp(if) : 0 <t < 00,0 < 0 < 27} = C.

If ¢ # 0, WZ(A) is the union of the family of circles with center z = z+iy =
k cosh? t + sinh t cosht exp(if) and r satisfying

R = 1% = ¢* sinh®t (sinh®¢ 4 k? cosh® ¢ 4 2k sinh ¢ cosh  cos ).
The functions x, y, R satisfy the relation
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H(z,y,r) = R*—¢*(20* =2k 2+2y*+1) R+¢* (2*+9°) (2* =2k 2+ k*+y*) = 0.
(40)
By eliminating R from the equations H(z,y,r) = 0 and

L(z,y,7) = (0H/0x)* + (0H/0y)* — (0H/0r)?] = 0,
we obtain
K(z,y) = (2*+y") (2 —k)"+y"){4(1-¢") (2—k/2)" +4(1-k) (1-¢")y"+1-k"} = 0,
and so OWZ(A) is empty. Since WZ(A) is not empty, then W (A) = C.

If (ii-2) occurs, we may assume that 7 = 1, =1 < g =1 < 1, K1 = 1,
—1 < k=—Kk9 <1, and so

WA(A) ={(B+ka)@+aef):a.8eClaf —|5P=1}.  (41)
On the other hand, if (ii-3) holds we may consider o = 1, -1 < ¢ =1 < 1,
ko =—1, —1 < k=K <1, and we get

We(A) ={@+kB)(B+qa): a,B€C,laf — B =1} (42)
By (41), (42), the cases (ii-2), (ii-3) are identical under exchanging the

roles of k and 3 by ¢ and (3, respectively.
If £k =0, then

W (A) = {gsinh®¢ + sinh ¢ cosh t exp(if) : 0 <t < 00,0 < 0 < 27} = C.

If k # 0, then WJ(A) is expressed as the union of the family of circles
centered at z = x + iy = ¢sinh®¢ + sinh¢cosht exp(if) and with radius r
such that

R = r* = k? cosh? ¢ (cosh® t + ¢* sinh® ¢ 4 2¢gsinh ¢ cosh ¢ cos ).
The following relation holds
R? — k2 (22° +2qx + 22 + 1) R+ k* (2 4+ o) (2® + 2qx + k> +4%) = 0.

Replacing k and ¢ by —q and —k, respectively, this equation reduces to (40).
Therefore, OWZ(A) is empty and so WZ(A) = C. O

Final remarks. It may be easily seen that Propositions 2.1-2.4 are unified
in Theorem 1.1.
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In the case (ii), if both C' and A are J-Hermitian rank one matrices, then
W/ (A) reduces to a closed half-line. In the case (iv), if at least C or A is a
non-zero nilpotent matrix, then 9WJ(A) is a circle. The proofs of the results
here presented are rather involved. It would be challenging to obtain easier
proofs, as well as to characterize W (A) for neutral vectors.
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