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Introduction

Recall that a Heyting semilattice (also implicative semilattice [11], or Brouw-
erian semilattice [10]) is a (meet-)semilattice with the (Heyting) operation —
satisfying

aNb<c iff a<b—ec.
We study ideals and complete ideals (see 2.2 below) in these objects, show
that some standard facts about subfitness (an important concept of topology
and logic) hold in this general context, and discuss the question of openness
confronted with completeness.

One of the motivations comes from modelling open continuous maps in
point-free topology. The condition that images of open sublocales under a

frame homomorphism h : L — M are open reduces to the existence of a map
¢ : M — L such that

zApla) =yAola) iff h(x)ANa=h(y)Aa. (Open)
From this equivalence one can easily deduce the famous theorem by Joyal
and Tierney ([9]) stating that
h: L — M s open iff it is a complete Heyting homomorphism,
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that is, if it preserves all joins, all meets and, moreover, also the Heyting
operation (always existing due to the frame distributivity).

The condition (Open) can be viewed as a comparison of two frame congru-
ences

E=A{(z,y) [z ndla) =yAdla)} and F = {(x,y) | h(z) Na = h(y) Na}.

Now under a certain condition (called fitness, weaker then the point-free
variant of regularity), frame congruences coincide iff the classes of the top
element do, and (Open) further reduces to

r A ¢la)=¢(a) iff h(z)ANa=a,

that is,
dla) <z iff a < h(x).

Hence, h is here open iff it is complete, the Heyting part being automatic.

In fact, fitness is not really necessary, and the question naturally arises how
far it can be relaxed. It turns out that for every complete homomorphism
h : L — M being Heyting, it suffices that L is subfit (in spaces, a condition
weaker than T7). We prove a necessary and sufficient condition (formally
weaker than subfitness, but a dividing example is still lacking).

Working in the context of Heyting semilattices makes the results substan-
tially more general. The point is, however, not in generalizing for general-
ization sake (although even this has its merits, making several facts more
transparent). Our main aim is, rather, to prove as much as possible without
using infinite joins or meets (completeness, for instance, is expressed by the
existence of a Galois adjoint, not by preserving arbitrary meets — which do
not have to exist at all).

The paper is divided into five sections. After the necessary preliminaries
(Section 1) we study, in Section 2, the ideals in Heyting semilattices, the
central notion of our investigation. Section 3 is devoted to subfitness and
a formally weaker c-subfitness (the necessary and sufficient condition men-
tioned above); the results are then applied in Section 5 to frames (here we also
show that for Tp-spaces the two conditions coincide, and subfitness is hence
necessary and sufficient for every complete homomorphism being open).
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1. Preliminaries
1.1. We use the standard notions and notation for posets (partially ordered
sets) as e.g. in [3]. We write

M={zeX|z>meM}

and similarly |[M for M C X = (X, <). The least (resp. largest) element, if
it exists, will be usually denoted by 0 (resp. 1).

Monotone maps f: X — Y and g : Y — X are (Galois) adjoint (f on the
left, g on the right) if

fl) <y it z<g(y)
It is a well-known fact that

(x) left (resp. right) adjoints preserve all the existing suprema
(resp. infima).

1.2. A (meet-)semilattice is a poset L = (X, <) such that every couple
{z,y} C X has an infimum, usually called meet and denoted by x A y. If all
the {z,y} C X also have suprema these will be denoted by xV y and referred
to as joins; L is then said to be a lattice.

1.2.1. Convention. We use the symbol sup{z,y} (as opposed to x V y)
in the cases where the suprema do not have to exist. Thus, “sup{a,b} = ¢”
states that supq{a, b} exists and is equal to ¢; or, if 1 exists, “sup{a, b} # 17
states that ¢ and b have a common upper bound ¢ < 1.

1.2.2. If there are suprema and infima of all subsets one speaks of a complete
lattice. Here one has the converse of the (%) above, namely

a monotone map between complete lattices preserving all the
suprema (resp. infima) is a left (resp. right) adjoint.

1.3. A pseudocomplement of an element a of a semilattice L with a least

element is an a* € L such that

xNa=0 iff z<a"

1.4. A non-empty semilattice is a Heyting semilattice if there is a binary
operation — satisfying

aNb<c iff a<b—ec. (H)
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Note that

if a Heyting semilattice has a least element 0, it has pseudo-
complements, namely a* = a—0.

Lattices with an operation — satisfying (H) are called Heyting algebras.
1.5. A few Heyting formulas. In the sequel, the use of (H) is mostly
automatic.

Proposition. In a Heyting semilattice H we have:
(1) a<b—c iff b<a—uc,

(2) a—(bAc)=(a—b) A (a—c),

(3) there is a largest element 1 and a—a =1 for all a,
4)a<b iff a—b=1,

(5) a < b—a,

(6) a—b=a—(aND),

(7) aN(a—b) =aANb,

8) anb=aAc iff a—b=a—c,

9) (anb)—c=a—(b—c).
If H is a Heyting algebra we have, furthermore, that
(10) H is a distributive lattice, and
(11) for every a,b € H, b= (bVa)A (a—Db).
Proof. (1) follows immediately from (H) and the commutativity of A,

) since a— (—) is a right adjoint (recall 1.1).

(2

(3) z <a—aiff x Aa < a, that is, always.

4)1<a—bifa=1ANa<b.

(5) since a A b < a.

(6) by (2) and (3).

(7) a A (a—b) <bsince a—b<a—b,and aAb<aA (a—b) by (5).

(8) follows from (2) and (7).

Q) z<(anb)—cif xNarnb<ciffztNa<b—ciff x <a—(b—c).

(10) (=) A a is a left adjoint and hence preserves all the existing suprema.
(11) b < (bVa) A (a—b) by(5); by (10) and (7), (bVa)A(a—b) = (bA (a—
b))V (a A (a—D)) <0, O
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2. Ideals in Heyting semilattices

2.1. There are two main reasons for working with Heyting semilattices.
First, the central notion of ideal fits to this structure rather than to Heyting
algebras. Second, in the facts about subfitness (Section 3, applied in Section
5) the join does not play any role. Some specific facts concerning Heyting
algebras are discussed in Section 4.

The system of Heyting semilattices can be viewed as a variety of algebras
(if we use the suggestive + for A and -, or just a juxtaposition, for —, it can
be determined by the equations

a+(b+c)=(a+b+¢, a+b=b+a, a+a=naqa,
alb+c)=ab+ac, a+bla+b)=a, at+ab=a+b;
since one of the equations is the one-sided distributivity law the definition

of ideal below is natural: it is a non-void subset S C H closed under + and
such that for s € S and any a € H, as € 5).

2.2. A non-void subset S of a Heyting semilattice H is an ideal if

(I1) s,t€S = sAteS, and
(I2)aceH & s€S = a—seS’.

We speak of a strong ideal if, moreover,

(Istr) the embedding jg : S C H is aright adjoint, that is, there is a mapping
vg : H — S such that

Vae Hse S, vg(a)<siffa<s

(in other words, vgjs = id, and jsrg > id).
A complete ideal has, furthermore, a left adjoint ¢g to vg (hence vg is both
a right and a left adjoint), that is
(Icpl) there is a mapping ¢g : S — H such that

Va€ H,s €S, ¢s(s) <aiff s <wg(a)

(in other words, vgpg < id, and ¢grg = id).

2.3. Observations. (1) Fach ideal contains the top 1 (indeed, let s € S;
then 1 =s—s € S).
(2) Ideals in H are Heyting sub-semilattices of H .
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2.4. Obviously, the intersection of any system S;,¢ € J, of ideals is an ideal.
The complete lattice of ideals of H will be denoted by

IdI(H).
Note that the least element in this lattice is O = {1}.
2.4.1. Proposition. The join of two ideals in |dI(H) is given by

SVT ={sNt|seS, teT}.

Proof. Obviously any ideal U containing S,T" contains S V 1" which is an
ideal (as a— (s At) = (a—s) A (a—t) by 1.5(2)). O
2.4.2. Proposition. If S,T are strong ideals then SV T 1is strong. Thus,
the system N

IdI(H)
of strong ideals is a sub-join-semilattice of |dI(H).

Proof. Set v(x) = vs(x) A vr(x). Thus, for a general x, x < v(z), and for
sNt(se S, teT) we have

v(isNt)=vs(sANt)ANvp(sAt) =sAvs(t) Avp(s) ANt =sAt. O

2.5. Proposition. |dI(H) is a distributive lattice.

Proof. Let S1,S9, T beideals. Then trivially (S1NS9)VT C (S1VT)N(S2VT).
Now let x € (S1VT)N(SyVT). Then x = s1 At = s9 Aty with s; € S; and
ti,t9 € T. Set t =t; ANty. Then x = (51/\t1)/\ (82/\t2) < s; ANt <z and we
have s1 At =x = sy At, and by 1.5(8) t —s1 =t—s9. Thus t—s; € SN 5,
and we have x = (t—s1) At € (S1NSy) VT. O

Note. It has been pointed out to us by P.T. Johnstone that the first short
proof of the distributivity in similar vein, for the case of sublocales in frames,
is due to Dana Scott — see also [§].

2.6. Proposition. Let S, T be ideals (strong ideals, complete ideals, resp.)
in H and let S CT. Then S is an ideal (strong ideal, complete ideal, resp.)
i T

Proof. The statement for ideals is straightforward. Now for the strong case,
let jo: SCH,j :SCT and jr: T C H be the embeddings and let vg, vr
be the adjoints. Thus,

vsjs = 1id, vpjr =1id, jsvs > id and jrrp > id.
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Set v/ = vgjr. Then V'j' = vgjr)’ = vsjs =id, and jrj'v' = jsvsjr > id - jr
and hence (as jr is an order embedding), j'v' > id.
For the complete case consider the left adjoints ¢g, ¢ to vg, vp. We have

vsps = 1id, vror =id, ¢grvg <id and ¢rrp < id.
Set ¢’ = vrodg. Then ¢’V = vrosvsjr < vrjr = id and
V'¢' = vsjrvrgs = vivrjrvrgs = v'vrgs = vsps = id

V'vr = vg since jrj’ = jg, and vpjrvr = v is standard). O
JrJ J J

2.7. Open (principal) ideals. The operation — distributes over meets on
the left, and y — (e — ) = a — (y — x) (recall 1.5(9)). Thus, we have the
principal ideals in H

o(a)={a—z |z € H}
(in the (+,-)-notation of 2.1 of the distributivity a(z + y) = az + ay and the
equation y(ax) = a(yx) we have o(a) = {az | + € H}). Because of their role
in pointfree topology we speak of them as of open ideals. Observe that

o(a)={x | a—zx =2z} (2.7.1)

(use 1.5(9)). Each o(a) is a complete ideal. It is strong (set vy(q) ()
then vj(r) = a—x =z and jr(y) = a—y > y), and we have ¢y, (z
adjoint to V().
2.7.1. Proposition. (1) a < b iff o(a) C o(b).

(2) o(aAb) =o0(a)No(b).
Proof. (1.5(9) used repeatedly)
(1) If a <band x = a—y € o(a) we have

=a—1;
) =alzx

b—zr=b—(a—y)=(0bNa)—y=a—y=x¢co(b).
Let o(a) C o(b) then a— (a A b) is in o(b) and hence
a—(aNb)=b—(a—(aAb)=(aANb)—(aNb) =1
so that a < a A b and finally a < b.

(2) Trivially o(a) No(b) D o(a Ab). Now let = € o(a) No(b). Then x = a—
x =b—x and hence (a ANb)—zr=a—(b—x) =a—x =1x. O
2.7.2. Proposition. For any open ideal 0g(a) in an ideal S C H we have

os(a) =o0(a)NS. Consequently, an open ideal in an open ideal in H is itself
an open ideal 1n H.
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Proof. The first is obvious: we have og(a) ={z |z € S, a—x = z}. Now
in particular o,)(a) = o(a) No(b) = o(a Ab) = o(a), by 2.7.1(2) (a Ab=a
by 2.7.1(1)). O

2.8. Proposition. An ideal S C H 1is open iff it is complete and if vg
preserves the Heyting operation.

Proof. Let S = o0(a) be open. We already know it is complete. Now for
V = Vy(q) We have

ve—y)=a—=(r—y) = (@Nz)=y = (aA(a—z)) =y
(by 1.5(7) and (9)) and proceed, by 1.5(9), ... = (a—2z)— (a—y) = v(z) —

v(y).
Conversely, let S be complete and let v = vg preserve the Heyting opera-
tion. Set a = ¢g(1). Then we have

vs(a—2) = v(g(1) = v(z) = 1—v(z) = v(z)
and hence a —x < v(z). On the other hand,
l=v(z)—v(z)=vv(z)—v(r) =vv(z)—2)

and hence a = ¢(1) < v(z)—z, a Av(x) <z, and finally v(z) < a— 2z, and
hence v(z) =a—ux, and S =v[H| ={a—zx |z € H} = o(a). O

2.8.1. Corollary. Principal tdeals are retracts in the category of Heyting
semalattices.
2.9. Closed ideals. Those are
c(a) =Ta=A{z | z > a}.

¢(z) is indeed an ideal : meet is trivial and if z > a then (by 1.5(5)) y—x >
x > a. In the general case it is not strong, but see 4.2 below.
2.10. For an ideal S set

nS)={reH|z<sel =s=1}, 95 =[(S~{1}).
2.10.1. Observations. (1) In the strong case, n(S) = vg'(1).
(2) For closed ideals, n(c(a)) = {z | sup{a,z} = 1}.
2.10.2. Lemma. If a € n(S) then for every s € S, a—s = s.

Proof. As a N (a—s) < s, we have a < (a—s)— s, hence (a—s)—s =1
and a —s < s, while s < a— s is trivial. U]
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2.10.3. Proposition. The following statements are equivalent:
(1) 5 € ofa),
(2) S C do(a),
(3) a € n(S) (in the strong case, vg(a) = 1),
(4) ¢(a)n S =0.
Proof. (1)=(2) is trivial.
(2)=(3): Let a < s € S. Suppose s & n(S), that is, s € 9S. Then s € do(a)
and there is an x < 1 such that s < x = a—x, hence a = s Aa < z, and

r =a—x = 1, a contradiction. For the statement on the v see Observation
2.10.1.

(3)<(4) is just a reformulation.
(3)=(1) follows from Lemma 2.10.2. O

2.11. Comparing (1) and (4) in Proposition 2.10.3 we immediately obtain
Corollary. o(a) is the pseudocomplement of ¢(a) in IdI(A).

2.12. Properties of vg.

(1) For everyx € H and s € S, t—s = vg(x) —s.

(2) x < vs(x), vs(vs(x)) = vs(x).

(3) vs(z Ay) =vs(z) Avs(y).
Proof. (1)y <z—siffx <y—siff (by (12)) vg(z) <y—siff y <vg(x)—s.
(2) is in condition (Istr) in 2.2.
(3) x Ay < v(xAy), hence x < y—v(xAy), hence v(x) < y—v(xAy), hence
y <v(z)—v(zAy), v(y) <v(z)—v(zAy) and finally v(z) Av(y) < v(zAy).
The other inequality is trivial. [l

Note. The properties in (2) and (3) are the properties of a nucleus as
considered in the case of complete Heyting algebras (frames).

3. Subfit Heyting semilattices
3.1. A Heyting semilattice is subfit (cf. [6], conjunctive in [14],[15]) if we
have the implication

a€b = e sup(a,c) =1 #sup(b,c). (subfit)

(Recall 1.2.1: “sup(a,c) = 1 # sup(b, ¢)” says that a, ¢ do not have a common
upper bound in H other than the top while b, ¢ do.)
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3.2. Theorem. Let H be a Heyting semilattice. Then the following state-
ments are equivalent.
(1) H is subfit.
(2) For a strong ideal S C H, S~ {1} is cofinal in H~{1} only if S = H.
(3) If S is a strong ideal such that S # L then there is a closed ¢(x) # {1}
such that S Ne(z) = {1}.
(4) Each open ideal o(a) is the supremum in |dI(H) of the system

{c(2) | sup(z,a) = 1}.

(5) Each open ideal in H is a supremum in |dI(H) of a system of closed
tdeals.

Proof. (1)=(2): Let b € H and a = vg(b). Let sup(a,b) = 1 and let x > 1
be such that x > b, c. By the cofinality there is an s € S, * < s < 1. Then
s > b and being in S, it is > a. Thus s > a, ¢, hence s = 1, a contradiction
proving that b=a € S.

(2)=-(3): (3) is just a reformulation of (2).

(3)=(4): By 2.10.3, o(a) is an upper bound of the system. Now let S be
a general upper bound; thus, for all x with sup(a,z) = 1, S O ¢(x). Let
¢(y) N (c(a) V.S) = {1}. Then in particular ¢(y) N c(a) = {1} and hence
sup(y,a) = 1, by 2.10.3(4), and ¢(y) C S. Thus, ¢(y) = c(y)N(c(a)VS) = {1}
and by (3), ¢(a)VS = H, and o(a) = o(a)N(c(a)VS) = o(a)NS, and o(a) C S.
(4)=-(5) is trivial.

(5)=(1): If a £ b we have ¢(b) € c(a) and hence o(a) € o(b). If o(a) is a
supremum of a system of closed ideals there is a ¢ such that ¢(c) C o(a), so
that sup(a,c) = 1, while ¢(a) € o(b) and consequently sup(c,b) # 1. O

3.3. From 2.7.2 and 3.2.(5) we immediately obtain
Corollary. An open ideal in a subfit Heyting semilattice is itself subfit.

3.4. Proposition. Let S be a complete ideal in a subfit Heyting semilattice.
Then S 1s open.

Thus, completeness yields in the subfit case the automatic preservation of
the Heyting operation.

Proof. Set a = ¢g(1). Then, first, vg(a) = vs(ps(1)) > 1 and hence, by
2.10.3, S C o(a).
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We will show that S \ {1} is cofinal in o(a) \ 1. Indeed, if 1 # x =a—y
is an element of o(a) then a € y, hence aNa £ yand ¢(1) =a L a—y ==
so that 1 £ v(z), that is, # < v(z) # 1. Thus, by 3.3 and 3.2(2), S = o(a).

0

3.5. Note. In the previous proof, in fact, the subfitness was not used in
formally the full strength. It would have sufficed to replace (subfit) by the
formally weaker

(c-subfit) for a complete ideal S C H, S~ {1} is cofinal in H ~ {1}
only if S = H.
Or, in other words, by
(c-subfit’) for a complete ideal S C H, vg'(1) = {1} only if S = H.

We do not know whether this formally weaker condition is really weaker than
(subfit). It seems to be likely, but we will show that in an important class of
Heyting algebras these two conditions coincide; see 5.3 below.

3.6. Proposition. A Heyting semilattice is subfit (resp. satisfies (c-subfit))
iff for a strong ideal (resp. a complete ideal) S and any open ideal o(a)

0S =00(a) = S=oa).

Proof. < is obvious: apply the formula for a = 1, that is, o(a) = H.

=: By 2.10.3, S C o(a). Since o(a) is subfit (see 3.3), and since 0S = do(a)
makes the subset S C o(a) cofinal, S = o(a) by 3.2. O

3.7. Proposition. A Heyting semilattice satisfies (c-subfit) iff every com-
plete ideal tn H is open.

Proof. We already know that the condition suffices. Now let each complete
ideal be open. By 3.6, to show that it is necessary it suffices to prove that
do(a) = Oo(b) implies a = b. Now if the first holds we have v, (x) = 1 iff
Vo(a) = 1, that is, b—ax =1iff a—x =1, that isa < z iff b < x. [l

4. Intermezzo: The case of Heyting algebras

4.1. In this section we will discuss Heyting algebras H instead of Heyting
semilattices (recall 1.4).

In this case every strong ideal S is again a Heyting algebra, with the binary
join being vg(x V y) and the mapping vg a lattice homomorphism.
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If H is a complete Heyting algebra (frame) then the fact that jg has a
left adjoint says precisely that S C H is closed under arbitrary meets, so
that the condition (Istr) is in fact an extension of (I1) to all meets. S is
then again a frame, with the joins given by vg(\/a;), and vg is a frame
homomorphism (a sublocale, modelling a generalized subspace if a frame is
viewed as a generalized space; the o(a) resp. ¢(a) then model the open resp.
closed ones).

If S is complete, vg is a complete lattice homomorphism. Frame homomor-
phisms (preserving finite meets and general joins) model continuous maps,
and complete Heyting homomorphisms model the open continuous ones (see
also 5.1 below).

4.2. Observation. If H is a Heyting algebra then each ¢(a) is a strong
ideal, with v () =aV x.

4.3. Proposition. If H is a Heyting algebra then o(a) and c(a) are com-
plements to each other in |dI(H) (and in IdI(H)).

Proof. If x € o(a) N¢(a) then x > a and v =a—x = 1. If x € H is general,
then, by 1.5(11), z = (x Va) A (a—=z) € o(a) V c(a). O

4.4. Proposition. Let S C H be a strong ideal in a Heyting algebra. Then
S = e(@) Voly) | vs(x) = vs(y)}.

Proof. Let a € S and let vg(x) = vg(y). Then
r—a=vs(r)—a=vs(y) —ma=y—a
and (recall 1.5(11))
a=(aVz)A\(xr—a)=(aVa)A(y—a)€c(z)Vo(y)

(as y—(y—a) =y—a).

Let a be in the intersection. Then for any x,y with vg(z) = vg(y), a €
¢(z) Vo(y). In particular, a € ¢(vs(a)) V o(a) so that a = x A (a — y) for
some = > vg(a) > a, and y € H. Then by 1.5(3), (2) and (9),

l=a—a=(a—2)N(a—(a—y)) =1A(a—y) =a—y,

and a =z > vg(a). O
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4.5. A Heyting algebra is fit (cf. [6]) if we have the implication
atb = 3¢, aVe=1, c—b#b. (fit)
4.6. Recall the 05 from 2.10.

Theorem. Let H be a Heyting algebra. Then the following statements are
equivalent.

(1) H is fit.

(2) For a strong ideal S and an ideal T,

0T CoS = T C&S.
(3) For each strong ideal S C H,

S = Ho(z) | vs(x) =1}.
(4) For each closed ideal,

fa=({o(z) | ava=1}
Remark. Note that in (2) one will not use even the (I1).
Proof. (1)=(2): Let 0T C S and let b € T, b # 1. Set a = vg(b).

Suppose aVe = 1;if bVe < s € S we have a < s, hence s > aVc = 1. Thus,
bV cé¢ dS and hence bV ¢ ¢ JT. We have, by 1.5(11), b= (bV ¢) A (c—b)
sothat bV e < (¢—b)—be T, and (c—b)—b=1. Hence c—b < b, that
is, c—=b="b. Thus, a < b, and b = vg(b) € S.

(2)=(3): Set T'=({o(z) | vs(z) = 1}. By 2.10.3, S C T. Now let a € IT.
Then there is at # 1,t € T and a < t. Sincet € T' we have v —t =t
whenever vg(z) = 1. Suppose a ¢ 9S. Then vg(a) = 1 and we have a—t = t.
But since a < t we have (1.5(4)) a—t = 1 and a contradiction ¢t = 1. Thus,
JT C 9S and, by (2), T C S.

(3)=-(4) is immediate.

(4)=(1): If Ta = J{o(z) | a Va = 1} then if c—b = b for all ¢ such that
aVc=1 we obtain a < b and H is fit. O]

4.7. Proposition. Let H be a subfit Heyting algebra and let S be a strong
ideal in H that has a complement in |dI(H). Then S is subfit.

Proof. Obviously if Sy is a strong ideal in .S and if S is a strong ideal in H
then S is one in H. Now let S; \ {1} be cofinal in S~ {1}. Let SVT =H
and SNT = {1}. Consider S; VT. If 1 # a € H then in a representation
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a=sAt,seS, teT, eithert#1anda<teSVT, ors#1andwe
have s € S1, s <s; < 1,and a < sy € S; VT. Thus, S; VT \ {1} is cofinal
in H~ 1, hence S;VT = H by 3.2, and S =SN(S1vT)=5SNS; CS; CS.

U]

4.8. Compare 4.7 with 3.3. Also, recall 3.6 and compare it with
“for any two strong ideals S,T', 05 = 0T implies S =T"

that holds for fit Heyting algebras by 4.6(2). We have here a similar statement
for a special T'. It is natural to ask how special the T" has to be. Now, a
particular feature of the open ideal o(a) is that it is complemented, and hence
subfit whenever H is. This may lead to the conjecture that something like the
complementarity might be the required special property. But this statement
does not hold even for closed ideals.

Indeed, consider a Heyting algebra H that is subfit but not fit, and such
that intersections of strong ideals are strong (for instance, the lattice of the
open sets of a Ti-space that is not fit). Then there exists a closed ideal Ta
such that

c(a) =Ta # S = ﬂ{o(a) | xVa=1}.

We will prove that, however, d(Ta) = 05, or, in other words, vg(x) = 1 iff
Vea)() = V a = 1. First, obviously vg < vy since Ta € S. Hence if
vs(z) =1 then xVa = 1. On the other hand, let zVe=1and let z <t € S.
Then in particular s € o(x), that is, r—s=s. Asx < s, x—s =1, and
vs(x) = 1. O

5. The case of spatial frames

5.1. Recall 4.1. A typical frame is the lattice O(X) of open sets of a topo-
logical space X, and if f : X — Y is a continuous map then O(f) = (U —
f71(U)) is a frame homomorphism O(Y) — O(X). Frame homomorphisms
give a good representation of continuous maps since for a large class of spaces
such h : O(Y) — O(X) are precisely the O(f). For more about frames see,
e.g., [7] or [12].

Open homomorphisms h : L — M between frames are characterized, in
among the frame homomorphisms, by the existence of a map ¢ : M — L
such that for all a € M and x,y € L

zApla) =y Ao(a) iff h(x)ANa=h(y) Aa, (Open)
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or equivalently

zA¢a) <y iff h(x)Aa<h(y) (Open’)
from which, by setting x = 1 we immediately infer that ¢ is a left adjoint to
h. In general the existence of a left adjoint does not suffice. From (Open’)
one easily infers

5.1.1. Theorem. (Joyal & Tierney, [9]) A frame homomorphism h : L — M
15 open iff it is a complete homomorphism preserving the Heyting operation.
(Compare with 2.8.)

5.2. Frame congruences on L (that is, equivalence relations preserving all
joins and finite meets) can be equivalently represented by ideals S C L resp.
their nucle: vg, namely

vp(x) =vs,(v) = \/[{y | yEx}, Sp=wvglL].

If the congruence preserves, furthermore, all meets we speak of a complete
congruence.
The open ideals o(a) above correspond to the open congruences

Ay =4 TANa=yAa.
The formula (Open) above says, hence, that

Apa) = {(z,y) | h(z) Na = h(y) Na} = E.
Thus, requiring that a complete congruence be open is expressed by the
implication
A¢(a)1 =Fl = A¢(a) =F.

Applying 3.6 we obtain

5.2.1. Proposition. For a frame L, the open homomorphisms coincide with
the complete frame homomorphisms iff

(c-subfit) for complete congruences E on L,
Fl=1 = FE={(z,z)|xe€lL}.

The condition (subfit) assumes this for any frame congruence. We do not
have a dividing example.

5.2.2. Note. Up to isomorphism, if L is a frame, the vg : L — S are
precisely the onto frame homomorphisms. Thus, the condition above charac-
terizes the L for which all the complete onto homomorphisms are open, too.
This is explained by the following
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Observation. FEach complete one-one frame homomorphism is open (with-
out any condition on the frames involved).

(Indeed, for the left adjoint ¢ to be a one-one homomorphism h : L — M
we have ¢h = id and h¢ > id. Consider the condition (Open’) in 5.1. If
x A ¢(a) <y then h(z) ANa < h(x) Ah(op(a)) < h(y), and if h(z) A a < h(y)
then z A ¢(a) = ¢(h(x)) A d(a) < ¢(h(y)) = y.)

5.3. A subset A of a space X is quasiopen (see [5]) if for every open U the
set T(UN A) (] in the specialization order x <y = x € {y}) is open.

5.3.1. Proposition. ([4]) The congruence
UE,V =y UNA=VNA
i1s complete iff A is quasiopen.
5.3.2. Recall that a space X is Tp (see, e.g.,[1]) if for every z € X there is
an open U > x such that U \ {z} is open. We will need a weaker condition
(%) if there is an = such that {z} # {x} then there is an a such that

{a} # {a} and an open U > a such that U ~ {a} is open.

The role of () in the following theorem is basically in localizing the fact that
in a T space
E4y=FEp = A= B([13],12]).

Theorem. Let L = O(X) and let X satisfy (x). Then the following state-
ments are equivalent.

(1) A frame homomorphism h : L — M is open iff it is complete.
(2) L is subfit.
(3) X is Ty.

Proof. (3)=(2) is trivial and (2)=-(1) we already know.

(1)=(3): Let X not be Ti; choose a as in (%) and set A = X \ {a}. Then
A is not open, but it s quasiopen: if U C X is open then
UNA=U~{a} and either U ~ {a} = U ~ {a} and it is open
itself, or there is an z in {a} NUN A and [(UNA) = U.

Now if UE4X then U~ {a} = X ~\{a} and hence U = X (since it contains

X ~ {a} and X \ {a} is not open). Hence F4X is trivial and if (1) holds

then the whole of E4 is trivial, by 5.2.1. But this is a contradiction since for
the U from (%) we have UFE4(U \ {a}). O
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