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algebra L over a commutative and associative G-graded algebra A, where G is an abelian
group, can be decomposed into the orthogonal direct sums L =, I; and A= @je] Aj,
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17A60 and that any I; is a graded Lie-Rinehart algebra over Aj. In the case of maximal length, the
17B60 aforementioned decompositions of L and A are through indecomposable (graded) ideals,
17B70 and the (graded) simplicity of any I; and any A; are also characterized.
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1. Introduction and first definitions

On one hand, Lie-Rinehart algebras were introduced by Herz in [17] and subsequently their theory was developed along
the papers [29,30]. It is noteworthy that this concept can be regarded as a Lie [F-algebra which is simultaneously an
A-module, where A is an associative and commutative IF-algebra, and both structures are well-related. Let us note that
one can find also the notion of Lie-Rinehart algebra in Jacobson’s work when studying certain field extensions but also
this notion can be found, under different names, in differential geometry and differential Galois theory, see for instance
[18]. In particular, along Huebschmann’s work Lie-Rinehart algebras were considered to be the algebraic counterpart of Lie
algebroids defined over smooth manifolds and this work has been developed through a series of articles (see [20-22]).

Along the last years, Lie-Rinehart algebras have been considered, in general, in many areas of Mathematics, from a geo-
metric viewpoint (see for instance [26]) and of course from an algebraic viewpoint [12,13,24]. In particular, many authors
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have studied thoroughly Lie-Rinehart structures in connection with symplectic geometry, Poisson structures, Lie groupoids
and algebroids and other types of quantizations [17,25-27,32,33]. Throughout the last years have been studied also some
generalizations of these algebras such as restricted Lie-Rinehart algebras [14] or 3-Lie-Rinehart superalgebras [7]. Conse-
quently, one can assert that Lie-Rinehart algebras constitutes a fundamental tool in many topics of research in mathematics.

On the other hand, gradings appear elsewhere in the theory of Lie algebras, for example in the Cartan decomposition
of a finite-dimensional complex semisimple Lie algebra (see for instance [1,6,10,15,16,19,23]). Also, graded modules have
attracted the attention of many researchers in the last years (see [2,4,5,8,28,31]). The concept of graded Lie-Rinehart algebra
will allow us to study, under a unique structure, a graded Lie algebra which is also a module over a graded associative
algebra.

In the current paper, for G an abelian grading group, we introduce the class of graded Lie-Rinehart algebras (L, A)
being A an associative G-graded algebra. We study the structure of the aforementioned algebras which can be considered
to be a natural extension of graded Lie algebras. Let us note that our techniques consist mainly of introducing notions of
connections over the elements of G. Additionally, for the maximal length case, we show that the decompositions of L and
A obtained are by indecomposable (graded) ideals. Likewise, the (graded) simplicity of such ideals is also characterized.

Our paper is organized as follows. Firstly, in Section 2 we develop connection techniques within the context of Lie-
Rinehart algebras (L, A) and after, we apply all of these techniques to the study of the inner structure of L. Secondly, along
Section 3 we get a decomposition of A as direct sum of adequate ideals. In Section 4, we relate the results obtained in
Section 2 and 3 on L and A to prove our above mentioned main results. The final section is centered in the case in which
all of the non-zero homogeneous spaces are one-dimensional, that is, we are dealing with graded Lie-Rinehart algebras of
maximal length. For this class of algebras we prove that the given decompositions of L and A are by means of the family
of their indecomposable (graded) ideals and the simplicity is characterizated.

We begin by recalling the definition of Lie-Rinehart algebra. First, look at the next observation.

Remark 1.1. Let IF be an arbitrary base field and A a commutative and associative IF'-algebra. A derivation on A is a IF-linear
map D : A — A which satisfies

D(ab) = D(a)b +aD(b) (Leibniz’s law) (1)

for all a,b € A. The set Der(A) of all derivations of A is a Lie [F-algebra with Lie bracket [D,D’] = DD’ — D’'D and an
A-module simultaneously. These two structures are related by the following identity

[D,aD'1=a[D, D1+ D(a)D’, forallae A and D, D’ € Der(A).

Definition 1.2. A Lie-Rinehart algebra over an associative and commutative IF-algebra A (whose product is denoted by juxta-
position) is a Lie [F'-algebra L (with product [-, -]) endowed with an A-module structure and with a map (called anchor)

p: L — Der(A),
which is simultaneously an A-module and a Lie algebra homomorphism, and such that the following relation holds

[v,aw]=alv, w]+ p(V)(@w, (2)

for any v, w € L and a € A. We denote it by (L, A) or just by L if there is no possible confusion.
Example 1.3. Any Lie algebra L is a Lie-Rinehart algebra over A :=1F as a consequence of Der(F) =0.

Example 1.4. Any associative and commutative IF-algebra A gives rise to a Lie-Rinehart algebra by taking L := Der(A) and
p = ldper(s)-

A subalgebra (S, A) of (L, A), S for short, is a Lie subalgebra of L such that AS C S and satisfying that S acts on A via
the composition

S < L2 Der(A).
A subalgebra (I, A) of (L, A), I for short, is called an ideal if I is a Lie ideal of L and satisfies

p(D(ALCI. (3)

Next, we present the class of graded algebras within the context of Lie-Rinehart algebras starting by recalling the defini-
tion of a graded algebra.
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Definition 1.5. Let G be an abelian multiplicative group with neutral element 1. An algebra A over an arbitrary base field
F is G-graded or just graded if A = @gzccAg satisfying AgAg C Agg, for g, g’ € G, where we are denoting by juxtaposition
the respective products on A and G.

To introduce the concept of graded Lie-Rinehart algebra look at the Remark 1.1 and consider a graded associative algebra
A =gcc Ag- Then the Lie algebra Der(A) is naturally graded as

Der(A) = @D (Der(A))y

heG

where (Der(A)) :={D € Der(A) : D(Ag) C Agy for all g € G}. Then Remark 1.1 and Example 1.4 give us that L := Der(A) =
®gec(Der(A))g is a Lie-Rinehart algebra over A = ®gccAg satisfying ApLg C Lyg and p(Lg)(Ap) C Agp.

Definition 1.6. Let G be an abelian grading group whose product is denoted by juxtaposition. We say that (L, A) is a
G-graded Lie-Rinehart algebra, or just a graded Lie-Rinehart algebra, if L is a G-graded Lie IF-algebra and A is a G-graded
(associative and commutative) IF-algebra satisfying

Ath C th, (4)
P (Lg)(An) C Agh, (5)
for any g,h € G.

Note that split Lie algebras, graded Lie algebras and split Lie-Rinehart algebras are examples of graded Lie-Rinehart
algebras. Therefore, the present paper generalizes the results obtained in [3,9,10].

Example 1.7. Consider the [F-algebra of dual numbers

A:=F[§] =F /(%) = {ky + k& : k1, ky € F,£2 =0},

This is a Z-graded commutative and associative algebra. Indeed, A = Az ® A with A5 =F1, A; =F&. We can endow to
A with the Lie algebra structure L given by the bracket

lk1 + ko&, ky + Ky&] == (kiky — kak)E

for ki + ko€, Kk + ki€ € A, which is also Zj-graded as L =L @ Lj where Ly =TF1, L =F&. Then L is a Lie-Rinehart
algebra over A with anchor map p : L — Der(A) given by p(ki + k2&) := ady, being ady, (k] + k3§) := [kq, k} + ky€] for
kq —I—kz%' [S L,k’l —I—k/Z%' € A.

We denote by ¢ and A¢ the corresponding G-supports of the grading in L and A respectively, being

Yo :={geG\{1}:Lg #0} Ag:={heG\{1}: Ay 0}

Thus, they can be expressed as follows

L=Lio (P L) A=ho (P ).

gexg heAg

Along this paper (L, A) is a G-graded Lie-Rinehart algebra with restrictions neither on the dimension of L, A nor the
abelian group G, nor on the base field [F.

2. Connections in X . Decompositions

Let G be an abelian grading group and (L, A) a G-graded Lie-Rinehart algebra. We define EE] :={g~1: g e X¢). Likewise,
we define Agl :={g~': g € Ag}. Furthermore, the above definitions allow us denote

25 :=3cUz;! and Af:=AcUAC.
Definition 2.1. Let g, g’ € . g is said to be X-connected to g’ if there exists {g1, g2,...,8&n} C Eg u Aé such that
i.g1=g

ii. {g1,8182,...,8182---8-1} C Ei
iii. g1g2---gnelg, (&) 1)
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It is said that {g1,..., g} is a X¢-connection from g to g’.

The next result shows that the X;-connection relation is of equivalence. Although its proof is quite similar to that of
[10, Proposition 2.1], we add an outline of it.

Proposition 2.2. The relation ~ defined in ¢ by g ~ g’ if and only if g is X¢-connected to g, is of equivalence.

Proof. {g} is a X;-connection from g to itself and therefore g ~ g.
If g~ g and {g1,..., g} is a g-connection from g to g’, then

-1 -1 -1 + +

{81--8n 8y + 8158 T EGUAL

is a T¢-connection from g’ to g in the case of g1 ---g, = g/, and

g7 gl gn g1, @2 CSEUAE

in the case of g1 --- g, = (g’)~!. Therefore g’ ~ g.
Finally, suppose g ~ g’ and g’ ~ g”, and set {g1, ..., g} for a ;-connection from g to g’ and {g’y,..., g’} for a Z¢-
connection from g’ to g”. If m > 1, then {g1,..., &, &5, ..., & m} is @ X¢-connection from g to g’ in the case of g1---gn =

¢, and {g1,...,8n, &5 ..., &'} in the case of g1--- g, = (g/)"". If m=1, then g’ € {g/, (g')~"} and s0 {g1,..., gn} is A
Y c-connection from g to g”. Therefore g ~ g” and ~ is of equivalence. O

On account of Proposition 2.2 the X;-connection relation defined in X¢ is of equivalence, hence we can consider the
quotient set

Xg/~={lgl: g€ Zc},

becoming [g] the set of elements in X which are X¢-connected to g. Thus, our purpose now is to associate an (adequate)
ideal Ig of the Lie-Rinehart algebra (L, A) to each [g].

Lemma23.Ifg €[gland g",g'g" € ¢, then g”, g'g" € [g].
Proof. Analogous to the proof of [10, Lemma 2.1]. O

For [g], with g € X, we define
L[g],] = ( Z A(g/)fng/ + Z [L(g/)—l s Lg/]) C L4
g'elginAg g'elgl
and
Vng = @ Lg/.
g'elgl

Thus, we can consider the following (graded) subspace of L,
lig):=Lig11 ® Vig).
Proposition 2.4. For any [g] € ¢/ ~, the following assertions hold.

1) Mgy, Iig1] C Iig)-
ii) Aljg C Ijg).

Proof. i) We have

g1, i)l = [Lig11 @ Vigl, Ligl1 © Vigll
C g1 Ligial + g, Vigll + Vg, Ligta] + [Vigr, Vigll (6)

Let start by taking into account the second summand in (6). If there exist g’ € [g] such that A(gn-1Lg is non-zero,
Equation (4) leads to A(yy-1Ly C Ligry-1g C Ly. If some g’ € [g] satisfies [L(gy-1,Lg] # 0, we get as in the previous case
[L(g/)q ,Lg] C L1. We have [Ligy1, Lg’] C Ly C Vig1. Analogously, we get [Vg, Lig),1] C Vig) and we conclude for the second
and third summand in Equation (6) that
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[Lig1. Vigll + Vgl Ligla] C Vig)-
Let consider now the fourth summand in (6). Given g’, g” € [g] we get [Lg, Lgr] C Lggr. If g'g” =1 we have [Lg, Lgr] C

! !

Lig,1. Suppose g g" € X¢, then by Lemma 2.3 we have [Lg/, Lgr] C Lgrgn C Vig).
Finally, for g’, g” € [g] the first summand of (6) remains

o Agrily+ Y lg Lyl Yo Agnilg Y [Lgn Lign ]

g'elglNAc g'elgl g’elglNAc g’elgl

> Bale Agyilgl+ Y [Agyilgs Ly Lignal]
g.g"clglNA¢ g'clglnAc.g"<lsg]

+ > el Agale [+ Y [llg Lyl g Lgn]] (7)
g'elgl.g"€lglNAg g'.8"¢€lgl
For the first summand in (7), if there exist g’, g” € [g]N Ag such that [Ag)1Lg, Agn-1Lgr1# 0, on account of Equation
(2) and Equation (5) we get
[L(gr)—lg/, A(g//)—l Lg”] C A(g//)—l [L(g/)—lg/, Lg//] + ,O(L(g/)—lg/)(A(gH)—l )Lg//
C A(gu)q Lg// C L[g] 1

If there exist g’ € [g] N Acg, g” € [g] such that the second summand of (7) is non-zero, Equation (2) and Equation (5)
allow us to assert the following expression

[A)-1Lg [Lgr Lign-11] = Agn-1[[Lg Lgn-1], Ly | + p([Lgr, Lgry-1D(Ag)-1)Lg
C A(g/)—l Lg' C L[g]q]

Similarly, the proof of the third summand of (7) can be obtained.
Let consider now the fourth summand in (7), the bilinearity of the product and Jacobi identity lead to

> g Ligy11 [Lgr, Lign11] €

g.g"€lgl
> (e [Ligrr g Lgn-1]] + [ Lyt [La g Ligna1]])
g.g"elgl
> (g L1+ gy Lgl) © D g Lgy1] = Ligia.
g'elgl g'elgl

Therefore all summands in (7) are contained in Lig) 1, and therefore all summands in (6) are included in Ijg as desired.
ii) Note that

AI[gJ=(A1@(@Ak))(( Z Ag)-1Lg + Z (Lig)-1. Ly ) S Lg’)'

keAg glNAg g'elgl

Next, we divide our study into six cases:
e For g’ € [g] N Ag, since L is an A-module we get

A] (A(g/)—‘] Lg/) = (A‘]A(g/)—1 )Lg/ C A(g/)—l Lg’ C L[g]"l. (8)
e Suppose g’ € [g], by Equation (2) we get

Aq [L(g/)q s Lg/] C [L(g/)—l R A1Lg/] + ,O(L(g/)q)(AﬂLg/.

Since A1Lg C Ly we get [L(g/)q,Ang/] C [L(g/)—l,Lg/]. Also, taking into account Equation (5) we obtain ,o(L(gf)q)(Al) C
A(gy-1- If Agn-1 # 0 (otherwise is trivial), (g~ € A therefore p(L(g)-1)(A1)Lg C A(g-1Lg with g’ €[g]N Ag. Hence,

Aq [L(g/)—l s Lg/] C L[g],]. 9)
e Set g’ € [g], from the action of A over L it follows
A]Lg/ C Lg/ CVig- (10)

e Consider k € Ag, g’ € [g]N Ag, using that A is commutative and L is an A-module,

Ak(A(g/)q Lg/) = (AkA(g/)q)Lg/ = A(g/)q (AkLg/) C A(g/)q Lkg/ C Ly
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If Ly # 0 (otherwise is trivial), we have k € ¢ and then with the Z¢-connection {g’, k, (g’)~!} we have k € [g]. That is,
Ly C V[g]. (11)
e For k € A, g’ € [g] using Equation (2) and Equation (5) we obtain
AklL(gy-1, Lg1 CLL(g)-1, AkLg ]+ p(Ligh-1)(Ap)Ly
C [L(g/)q S Lkg/] + Ak(g’)*l Lg/ C Ly
As in the previous case, if L, # 0 we get k € ¢ and k € [g]. That is,
Ak[L(g/)q s Lgl C Vg (12)

e For k € Ag, g’ € [g] we obtain AgLy C Lyg. If kg’ € E¢, by using the Xg-connection {g’,k} we get g’ ~ kg’, and by
transitivity kg’ € [g], which allows us to assert

Aglg C Vig). (13)

From Equations (8)-(13), assertion ii) is proved. O
Proposition 2.5. Let [g], [h] € X/ ~ with [g] # [h]. Then [I{g), Ij;] = 0.
Proof. We have

Uigr: Il = [Lig11 @ Vigp Ling,1 @ Vingl
C[Ligr,1- Limpal + [Lgy1 Vingd + [Vigls Lingal + [Vig)s Vil (14)

Consider the above fourth summand [V g, V1] and suppose there exist g’ € [g] and h’ € [h] such that [Lg/, Ly] #0. As
g’ # (W)~ necessarily, then g’h’ € ¢. Since g~ g’ and g’h’ € =¢, by Lemma 2.3 we obtain g ~ g’h’. In a similar way we
can prove h ~ g'h’, which leads to g ~ h, obtaining then a contradiction. Hence [Lg/, Ly'] =0 and so

[Vigl, Vil =0. (15)

Consider now second summand in (14) and suppose there exist g’ € [g] N Ac and h’ € [h] such that [A(g/)—l Ly +
[Lig)-1:Lg] L] # 0. Then, [A(gn-1Lg, Ly] or [[Lign-1.Lg]. L] is non-zero. In the first case, by Equation (2) we have
the following

[A(g/)q L, L] = A(g/)—l [Ly, L]+ ,O(Lh/)(A(g/)fl)Lg/
C A(gr)—l Lh/g/ + Ah/(g/)—l Lg’.

If either Ly # 0 or Ay (g1 7 0 with the X¢-connections {g’, I, (2"~ 1Y or {g/, ' (g’)~1}, respectively, we conclude g’ ~ I,
that is, [g] = [h], which constitutes a contradiction. In the latter case, by using Jacobi identity we can assert the following

[[L(g/)fl 5 Lg’]a Lh’] = [[Lg/’ Lh’], L(g/)—l] + [[Lh” L(g/)fl], Lg’]
and by Equation (15) we get

[Lgs L] = Ly, Ligy-11=0.
Hence [[L(g/)—] ,Lg'],Ly] =0 and we show

[Ligl, 1, Vingl =0. (16)

Analogously can be proved for the third summand [V/g], L{z;,1]1 =0.
Finally, the first summand [Lig) 1, Liky,1] in (14) is

Z A(g/)ng/ + Z [L(g/)—l ,Lg', Z Agy-1Lw + Z [Lpy-1. Lh/]] C

g'elglNAc g'elgl he[hlNAg he[h]
3 (Agy-ilg- Awlnl+ D [Agyrilgs s L]
g'elglnAg,elhlNAg g'elglnAg,helh]
+ Z [[L(g/)q JLgr], A(h/)—th’] + Z I:[L(g/)fl s Lg ], [Lpy-1s Lh’]] (17)
g'elgl,h'elhlNA¢ g'elgl.h'elh]

6
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For the first summand in (17), if there exist g’ € [g]NA¢,h’ € [h(]N A¢ such that [Agy-1Lg, Agy-1Li] # 0, then Equation
(2) and Equation (5) lead to
[Ag)-1Lgs Awy1 L] C Ay -1[A g1 Ly Ll + p(Agy-1Lg ) (A -1) L
< Ay (A1l Ly 1+ p(Li) (Agy1)Lg )
+ p(Agy-1Lg ) (Agry-1) Ly
C Ayt (A<g’)-1 Livg + An gy Lg’) + A1 Agan-1 L
CAwy-1Ag) by + Aan-1 Awg) i Le + Ay Agwn - L

If Agy-1Ag)-1Lwg is non-zero, considering then the connection {g’, 1, (g1} we conclude [g] = [h], which consti-
tutes a contradiction. Similarly, if A -1 A (gy-1Lg OF Agy-1Aggyy-1Ly is non-zero, then by means of the X¢-connection
{g/,h(g)~ 1} or {H, g’(W)~1}, respectively, the same contradiction is obtained.

For g’ € [g],h’ € [h] N Ag in the third summand of (17) using Equation (2) we obtain two summands. For the first
summand we use Jacobi identity and Equation (15), and for the latter we apply Equation (5) and that p is a Lie algebra
homomorphism, having then

(L1 Ll Ayl | = Agey [ Ilign 1. L b L |+ p(ULgy-1. Ly DAy
< Ay [y wd g+ [[Lgrs Ll Ligy1])
+ p([L(g/)—] . Lg/])(A(h/)—l )Lh/
C [p(Ligy1). (L) ](Apy-1)Ly
< (p(Ligy1) (pLg) A1) )L
+ (L) (g Agy ) )L
C (,O(L(gr)fl)(Ag/(h/)71)>Lh/ + (/O(Lg’)(A(g’)*l(h’)’l))Lh/

If (0(Ligy-1)(Agry-1))Lw or (0(Lg)(Ag)-1y-1))Ly is non-zero considering the Tg-connection {(g")~', g’(h')~'} or

{g’, (g)~ ()™}, respectively, we get [g] = [h].
The proof for the second summand in (17) is analogous.
Consider now the fourth summand in (17), on account of the bilinearity of the product and Jacobi identity we obtain

> [iLgy-1: Lyl g1, Lyl] C
g'elgl.h’elh]

> ([t Lo o iel]] + [Lgs [Ligyt a1 L] €
g'elgl.h'elh]

> ([t Lo Lima] |+ [ Lo [Ligy1- Lina]])

g'elgl

and by Equation (16) we also conclude that this fourth summand is zero. Therefore, Equation (17) vanishes and then

[Lig),1, Linp1]1 =0. (18)

In conclusion, from Equations (14)-(18) we get [Ijg}, I|)] =0. O

Let us note that we consider the usual regularity concepts in the graded sense. Thus, given a generic G-graded algebra
A = BgecUg an ideal I of A is said to be a graded ideal if it splits as | = @geclg, Where Iz :=1N %Az, and satisfies
[Ig,Ig] Clge, for g, g’ € G. We also say that a Lie-Rinehart algebra (L, A) is gr-simple if [L, L]0, AA#0, AL#0 and its
only graded ideals are {0}, L and Kerp.

Theorem 2.6. The following assertions are verified.
i) Forall [g] € X¢/ ~, the linear space Ijg) = Lig),1 @ Vg is a graded ideal of L.

7
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ii) If L is gr-simple then all the elements of £¢ are ¢ -connected. Furthermore,

=( X ApLe) (X g Lel).

ge¥cNAg gel;

Proof. i) We get [I[g], L1] C I|g) and Propositions 2.4-i) and 2.5 allow us to assert
gy, L1= [I[g]aLl (P Ly)e (P Lh)] C Ig,
g'elgl h¢lgl

so Ijg) is a Lie ideal of L. It is easy to check that by Proposition 2.4-ii) we also have that I[g; is an A-module. Finally,
Equation (2) leads to

pUigD(AL C gy, AL+ Alljg), L] C [l1g), LT+ Aljg) C l1g)
and we conclude Ijg) is an ideal of L. Since by construction Ig is graded, we obtain the required result.

ii) The gr-simplicity of L implies Ijg) € {Kerp, L} for any g € X¢. If some g € X¢ is such that Ijg) =L, then [g]=X
Otherwise, if Ijg) = Kerp for all g € X¢ is [g] = [h] for any g, h € X¢, and again [g] = X¢. Therefore in any case X¢ has all
its elements Xg-connected and Ly = (deicmc Ag-1Llg) + (dezc[l_g—l , Lg]) which concludes the proof. O

Theorem 2.7. Let (L, A) be a graded Lie-Rinehart algebra. Then
L=U+ Z I[g],
lgleXg/~
where U is a linear complement of (dezcmc Ag-1Lg) + (X gexclLg1, Lgl) in Ly, and any I;g) C L is one of the graded ideals
described in Theorem 2.6-i). Moreover, [Iig), Ijy}] = 0 provided that [g] # [h].

Proof. We have Iz is well-defined and, by Theorem 2.6-i), an ideal of L, being clear that
L=Lo(PL)=U+ > Iy
gexg [gleXc/~

Finally, Proposition 2.5 gives [Ijg), g1 =0 if [g] #[h]. O
For a Lie-Rinehart algebra L, we denote by Z(L) := {v el:[v,L]=p(v)= 0} the center of L as in reference [34].

Corollary 2.8.If Z(L) =0 and L1 = (X g5 nac Ag-1Lg) + (X ges [Lg-1. Lgl) then L is the direct sum of the graded ideals given
in Theorem 2.6-1),

L= @ Iig).
[gleXc/~

(Observe that [Ig), Ijn)1 = 0 provided that [g] # [h].)

Proof. Since L1 = (Y ycx.nac Ag-1Lg) + (X ges [Lg-1, Lgl) We get
L= > g
(gleXc/~

In order to verify the direct character of the sum, take some v € Ijgj N (Z[h]eEc/N,[h];é[g] Ijm). Since v € Ijg), the fact that
[I1g). In] = O provided that [g] # [h], gives us

I:V, Z I[[—,]] =0.
[hleXc/~,[hl#[g]

Analogously, as v € Z[h]e):c/~ [h#[g] Iiny we get [v, Ijg1] = 0. Therefore [v, L] = 0. Now, Equation (2) allows us to conclude
p(v)=0.Thatis, ve Z(L) =



E. Barreiro, AJ. Calderén, R.M. Navarro et al. Journal of Geometry and Physics 191 (2023) 104914

3. Connections in the G-support of A. Decompositions of A

Along this section we introduce an adequate notion of connection among the elements of the G-support Ag for a
commutative and associative [F-algebra A associated with a G-graded Lie-Rinehart IF-algebra L (see Definition 1.6). Let us
recall that A admits a group graduation as

A=ho (@ 4)

8eh¢

being Agc ={g € G\ {1} : Ag # 0}. Let us note also that we will continue considering the sets =, AjcE as in the previous
section.

Definition 3.1. Let g, g’ € Ag. g is said to be Ag-connected to g’ if there exists {ki,ka, ..., kn} C A§ u 2% such that

i k1 =g.
ii. ki, kika, ..., kiky -+ kn_1) C AZ USE.
iii. kiky---kn € g, (€)1}

It is said that {kq,...,ks} is a Ag-connection from g to g’.

Similarly to Section 2 we can prove the next results.
Proposition 3.2. The relation ~ in Ag, defined by g ~ g’ if and only if g is Ag-connected to g', is an equivalence relation.
Remark 3.3. Let g, g’ € Ag such that g~ g’. If g’h € Ag, for h € Ag, then g~ g'h.

By means of Proposition 3.2 we can consider the quotient set

Ac/~={[g]: g€ Ac},

becoming [g] the set of elements of A; which are Ag-connected to g. Thus, our purpose now in this section is to associate
an (adequate) ideal Afg) of the algebra A to any [g] € Ag/ ~. Once having fixed g € A¢, we start by defining the sets

Agai=( Y g tg)+ (X AgriAg) c Al

g'elglnXc g'elgl

and

A[gJ = @ Ag/.

g'elgl

Note that we denote by Az the direct sum of the two graded subspaces above, i.e.
Algl = Algl.1 © Ajg)-
Proposition 3.4. For any [g] € A/~ we have A[g|Ajg] C Apg).

Proof. Since the algebra A is commutative we have

Alg1Alg) = (A[g],l ® A[g]) (A[gm ® A[g])C Algl1Aigl + Agl1Aig) + Arg Alg)- (19)

Let us consider the second summand in Equation (19). Thus, given g’ € [g] we have Ag) 1Ay C A1Ay C Ay, and there-
fore

Agl1Ag C Apg). (20)

Taking into account now the third summand in (19), let be g’, g” € [g] such that 0# Ag Agr C Aggr. If g’g” =1 we have
! !

Ag)y-1Ay C A1, and so Agy-1Agy C Afgl1. Suppose g'g” € Ag, then by Remark 3.3 we have g'g” € [g] and so AgAgr C
Aggr C Arg). Hence AjgAjg) = (Bgreig) Ag) (Dygrerg) Agr) C Algl1 © Afgy, ie.

Arg1Arg1 C Aggl- (21)
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Finally we consider the first summand Ag1Ajg),1 in (19) and suppose there exist g’, g” € [g] N X¢ such that

(P(L<g’>-1 )(Ag) + Aggn-1 Ag’) (P(L<g”>-1 )(Agr) 4 Agry-1 Ag”) #0,
SO
P(Ligy-1)(Ag)p(Lign-1)(Agn) + p(Lgy1)(Ag)(Agr1Agr)
+(Agy-1Ag)P(Ligry 1) (Agn) + (A1 Ag)(Agry 1 Agr) # 0 (22)

For the latter summand in Equation (22), in the case of g” # (g’)~!, the commutativity and associativity of A allow us to
assert

(A(g/)fl Ag/)(A(g//)fl Ag//) = (A(g/)71 A(g//)71)(Ag/Ag//) C A(g/g//)q Ag/g// C A[g],l
because by Remark 3.3 we get g’g” € [g]. In the case of g” = (g’)~!, it follows
(A(g’)—1 Ag’)(Ag’A(g/)—l) = A(g/)—l (Ag’Ag/A(g/)—l) C A(gr)—l Ag’ C A[g]’] .
For the second summand in Equation (22) using Equation (5) we get
(Pl (Ag1Ag ) C A1(Agr1Ag) C Ay Ag C A,

Analogously, it can be checked the third summand in Equation (22).
Finally, for the first summand in (22), as with the second summand, by Equation (5) we have

(P(Lg)1(Ag))(P(Ligry-1)(Agn) C A1(p(Lgry-1)(Ag) C Apgp1-

That is, by considering Equation (22) we have shown

Algl1A1g11 C Afgl1- (23)
From Equations (19)-(21) and (23) we get Ag1Ajg] C Ag. O

Proposition 3.5. For any [g], [h] € Ag/ =~ such that [g] # [h] we have A1 Ay = 0.

Proof. We have

(A[gm ® A[g]) (A[h1,1 ® A[h]) C Agl1Am1 + Agl1Am + Agi A1 + AglApn).- (24)

Consider the fourth summand Az A and suppose there exist g’ € [g], h’ € [h] such that Ag Ay #0, so Agy #0.
Observe that necessarily h’ # (g')~!, then g’h’ € A¢. By Remark 3.3 we obtain g’ ~ g’h’, meaning that g’h’ € [g]. Similarly,
g'h’ € [h], so [g] = [h], a contradiction. Hence Ag'Ajy =0 and so

ArgAin =0. (25)
Consider now the second summand Ag) 1A} in Equation (24). We take g’ €[g]N X and I’ € [h] such that
(P(Lgy-)(Ag) + Agy1 Ag ) Aw #0.

Suppose (Agy-1Ag) A # 0. By using associativity of A we get Ayy-1(AgAp) #0, o Ag # 0 and then g'h € Ag.
Arguing as above g ~ h, a contradiction. If the another summand p(Lg)-1)(Ag)Aw # 0, since p(L(g)-1) is a derivation then
P(Lgy-1)(Ag Ap) or Ag p(Lgn-1)(Ap) is non-zero, but in any case we argue similarly as above to get g ~ h, a contradiction.
From here

Aigl,1Am =0. (26)

By commutativity, for the third summand also AjgAfp,1 =0.
Finally, let us prove Agj 1An),1 = 0. Suppose there exist g’ € [g] N X, h' € [h] N Z¢ such that

P(Ligy-1) (Ag) P Ly (A) + p(Ligy-)(Ag ) (Agy-1 A)
+(A(g/)—] Ag/)p(L(h/)—l)(Ah’) + (A(g/)—] Ag/)(A(h/)—] Ah/) # 0 (27)

If the last summand in Equation (27) is non-zero, by the commutativity and associativity of A, since h’ # (g’)~!, we have
(A(g/)—l Ag/)(A(h/)—l Ah/) = (A(g/)—l A(hr)—l )(Ag/Ah’) C A(g’h’)‘l Ag’h’

10
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and by Remark 3.3 we get g’h’ € [g] as well g’h’ € [h], a contradiction.
If for the second summand in Equation (27) there exist g’ € [g] N X¢, h’ € [h], since p(L(g-1) is a derivation we get

(P-4 (A1 A ) € (PLigy-1)(Ag)Ag1 ) An
C P“(g’)*l)(Ag’A(h’rl)Ah’ + (Ag’P(L<g’)*1)(A(h'rl))"‘h’

If the first summand or the second one is nonzero we get as in the previous cases that [g] = [h], a contradiction. Similarly,
can be proven the third summand in Equation (27).
Finally, if for the first summand in (27) there exist g’ € [g] N g, h’ € [h] N g we have

(P (PLary AR  pLigy-n((Ag)P Ly (A))
+ Ag p(Ligy) (L) (An) )
< oL gy (P ULiry-1) (Ag Ar) + Ly (Ag)(An) )
+ Ag Ly (PLgy-) (A ) + Agp Lyt Ligy-11) A
and if some summand is non-zero arguing as above we obtain again the contradiction [g] = [h].
Since Equation (27) vanishes we assert
Alg,1Am,1 =0, (28)
and from (24)-(26) and (28) we conclude A1 A =0. O
We recall that a subspace I of a commutative and associative algebra A is an ideal of A if AI C I. In the case of A

being a G-graded algebra, we say that an ideal I C A is graded if it splits as I = @geclg, where Iz :=1N Ag, and satisfies
Iglg Clgg, for g, g’ € G. We say that A is gr-simple if AA # 0 and it contains no proper graded ideals.

Theorem 3.6. Let A be a commutative and associative IF -algebra associated with a G-graded Lie-Rinehart [ -algebra L. Then the
following assertions hold.

i) Forany [g] € Ag/ =, the linear space

Apg1 = Afg1,1 ® Afg)

is a graded ideal of A.
ii) If A is gr-simple then all elements of A are A¢-connected. Furthermore,

A=) pllg)(Ag+ Y AgiAg

geAcNZ¢ geAg
Proof. i) Since Ag1A1 C Afg, Propositions 3.4 and 3.5 allow us to assert
AiglA = A (Al o (P Ao (P Ah)) C Apg.

g'elgl h¢lgl

We conclude Arg is an ideal of A and, since by construction is G-graded, is a graded ideal.

ii) The gr-simplicity of A implies Ag) = A, for g € Ag. From here, it is clear that [g] = Ag and A{ = ) pLg-1)(Ag)
geAgNiZc

+ 2 Ag1Ag O
geA¢

Theorem 3.7. Let A be a commutative and associative IF -algebra associated with a G-graded Lie-Rinehart IF -algebra L. Then

A=V+ Y Ag,
[gleAc/~
where V is a linear complement in A1 of ZgEAcﬂEc pPLg-1)(Ag) + deAc Ag-1Aq and any Alg) is one of the graded ideals of A
described in Theorem 3.6-i). Furthermore, A[g). Ay = 0 when [g] # [h].

11
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Proof. We know that Ajfg is well-defined and, by Theorem 3.6-i), a graded ideal of A, being clear that

A=A o(PAg=V+ >  Ag.

g€A¢ [gleAc/~

Finally, Proposition 3.5 gives Ag A =0 if [g] #[h]. O
Let us denote by .Ann(A) := {a € A : aA = 0} the annihilator of the commutative and associative algebra A.

Corollary 3.8. Let A be a commutative and associative IF -algebra associated with a G-graded Lie-Rinehart IF -algebra L. If Ann(A) =0
and

A=Y pllg)(A)+ Y AgiAg,
geAgNXg geAg
then A is the direct sum of the graded ideals given in Theorem 3.6-i),

A= @ Alg.-

[gleZa/~

Furthermore, Ag).Afny = 0 provided that [g] # [h].

Proof. Since A1 =} p(Lg-1)(Ag)+ > Ag1Ag weobtain A=}, /~ A In order to verify the direct character
geAcNZg gelg
of the sum, take some

aeAg N ( Z A[h]).
[hleAc/~,[h]#[8]

Since a € Apg, the fact that Az A = 0 provided that [g] # [h] gives us

a( Z A[h]) =0.

[hleAc/~,[h]#[g]
In a similar way, since a € } e, /~ (n121g) A1 We get aAjg) =0. That is, a € Ann(A) =0. O
4. Relating the decompositions of L and A
The aim of this section is to show that the decompositions of L and A as direct sum of ideals, given in Sections 2 and 3
respectively, are closely related.

Thus, given a graded Lie-Rinehart algebra (L, A) we call the annihilator of A in L (that is, using the structure of L as
A-module) the set

Annp(A):={vel:Av=0}.

Obviously, Anny (A) is an ideal of L. In fact, A Ann;(A) =0, also [L, Ann;(A)] C Anng(A) since

A[L, Annp(A)]=I[L, AAnn;(A)] + p(L)(A)Ann;(A) =0.

Also, it verifies Equation (3)
A(p(Anng(A)(A)L) = (Ap(Anni(A))(A))L = p(AAnn;(A))(A)L = p(0)(A)L =0.

Definition 4.1. A G-graded Lie-Rinehart algebra (L, A) is tight if Z(L) = Ann;(A) = Ann(A) ={0}, AA=A, AL=1L and

L=( Y Agilg)+ (D g L),

geXcNAg gelg
M= Y plg@Ap)+( D Agag).
geAgNTg gehc

12
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If (L, A) is tight then Corollary 2.8 and Corollary 3.8 say that
L= @ Ig and A= D Ag.
[gleXg/~ [gleAg/~
with any Ijg a graded ideal of L verifying [Ifg, Ijn;] = 0 if [g] # [h], and any A[¢) a graded ideal of A satisfying Ajg;. A =0
if [g] # [h].

Proposition 4.2. Let (L, A) be a tight G-graded Lie-Rinehart algebra. Then for [g] € X/ ~ there exists a unique [h] € Ag/ ~ such
that Applig # 0.

Proof. First we prove the existence. Given [g] € X/ ~, let us suppose that Aljg) = 0. Since I[g is a graded ideal it follows

Urg. ALl = [I[g]’ D Al[h]] = lig), Alig)] =0.
hEEG/’\'

By hypothesis AL =L, then Ijg) C Z(L) = {0}, which constitutes a contradiction. Since A = @[g]eAG/% Ag), there exists
[h] € Ag/ = such that Ay le) #0.

Now we prove that [h] is unique. Suppose that m is another element of G which satisfies Apml[g) # 0. From Ay lig #0
and Ajmlig) # 0 we can take h’ € [h],m’ € [m] and g’, g” € [g] such that ALy #0 and Ay Ly # 0. Since g’, g” € [g], we
can fix a ¥g-connection

{g. 82,8} CTEUAL

from g’ to g”.
We have to distinguish four cases:

e If h'g'#£1 and m'g” # 1, then h'g’, m'g” € ¥¢, and so k' ~m'. Indeed, in the case g'g--- g, = g”, the Ag-connection
from b’ to m’ is

W, g ()" g, g, (€))7,
and in the case g'gy---g. = (g")"'is
{h/’ g/’ (h,)717 gZ» cet gTh (m,)717 g”}'

From here [h] = [m].
e If Wg'=1and m'g” #1, we get h' = (g)~!, m'g” € ¢ and then

(@ gt g m) g
is a Ag-connection from h’ to m’ in the case g'gq---gn = g”, while
(e gt ...gtm, gHh ™

is a Ag-connection in the case g’g---gn = (g”)~!. From here, [h] = [m].
e Suppose h'g’ #1 and m’g” = 1. We can argue as in the previous item to get [h] = [m].
e Finally, we consider h'g’ =m’g” = 1. Hence ' = (g))~',m’ = (g”)~'. Then

(@ el e
is a Ag-connection between h’ and m’ which implies [h] = [m].
We conclude [h] is the unique element in Ag/ = such that Ayl # 0 for the given [g] € ¢/ ~. O

Observe that the above proposition shows that Ijg is an Aj-module. Hence we can assert the following result.

Theorem 4.3. Let (L, A) be a tight graded Lie-Rinehart IF -algebra over an associative and commutative IF -algebra A. Then

L:@Ii and A:@A]’

iel jel
where any I; is a non-zero graded ideal of L satisfying [I;, In] = 0 when i # h, and any Aj is a non-zero graded ideal of A such that
AjAi =0 when j # k. Moreover, both decompositions satisfy that for any r € I there exists a unique ¥ € | such that

Ail #0.

Furthermore, any I, is a graded Lie-Rinehart algebra over Aj.

13
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5. Graded Lie-Rinehart algebras of maximal length

In this last section we are going to show that for Lie-Rinehart algebras of maximal length the decomposition of a graded
Lie-Rinehart algebra (L, A) given in Theorem 4.3 can be obtained by means of the families of the indecomposable (graded)
ideals of L and of indecomposable (graded) ideals of A. Also, we will characterize the (graded) simplicity of the ideals in the
decompositions of L and A given in Theorem 4.3. At following we suppose that ¢ is symmetrical, meaning that, if g € X¢
then g~ ! € 3¢, and also that A¢ is symmetrical in the same sense.

Next we introduce the concepts of indecomposable and maximal length in the framework of graded Lie-Rinehart algebras
in a similar way to the ones for other classes of graded Lie algebras and graded Leibniz algebras (see [10,11] for these
notions and examples).

Definition 5.1. Let A = ®g4ccAg be a G-graded algebra. It is said that A is (graded)-decomposable if A= ] @ K with J, K two
(G-graded)-ideals of A. Otherwise, A is called (graded)-indecomposable or just indecomposable for short.

Definition 5.2. A graded Lie-Rinehart algebra (L, A) is of maximal length if dimLg =1 for g € Xg, as well, dimA; =1 for
ke Ag.

Theorem 5.3. Let (L, A) be a tight graded Lie-Rinehart IF -algebra of maximal length over an associative and commutative IF -algebra
A.If ¢, Ag are symmetrical then

L= @ I; and A= @ Aj
iel jel
where any I; is a non-zero (graded)-indecomposible ideal of L satisfying [I;, In] = 0 when i # h, and any Aj is a non-zero (graded)-
indecomposible ideal of A such that AjA, = 0 when j # k. Moreover, both decompositions satisfy that for any r € I there exists a
unique 7 € J such that

Ail #0.

Furthermore, any I, is a graded Lie-Rinehart algebra over Aj;.

Proof. We just have to prove the indecomposability of any I; and any A; in Theorem 4.3. Consider some I; = Ijg for [g] €
¢/ ~. Suppose Ijg) = ] ® K with J, K C L ideals of L satisfying | = ®jc[gingLj, K = @kefginicLr being J U K =[g]. Given
jelglNg and k € [g]NK, since j ~k, and using maximal length of L there exists a X¢-connection {g1, ..., g} C Eg UAZ
being g1 = j such that

{{ o {{Ljv ng}, Kg3}» e }! Kgn} = Lka

where K is either Ly or Ag, depending if either g 22 or g € AL, respectively, and {-,-} may represent either the
product [-,-] in L or the A-module structure, depending the considered factors. Then Ly € J, a contradiction. Therefore L is
indecomposable.

In a similar way we conclude A is indecomposable. Consider some Aj = I for [g] € Ag/ ~. Suppose I = ] @ K with
J, K C A ideals of A satisfying | = ®jc[gingAj» K = ®re[ginic Ak being J UK = [g]. Given j e [g]NJT and k € [g]N K, since
j ~k, and using maximal length of A there exists a Ag-connection {g1,..., gn} C ZZ U Ag being g1 = j such that

{{ o {{A]a ng}, I<g3}a o '}7 Kgn} = Ak»

where K, is either Lg or Ag, depending if either g € 22 or g € A}, respectively, and {-, -} may represent either the product
[,-] in L or the juxtaposition product in A or the A-module structure or the anchor p, depending the considered factors.
Then Ay € J, a contradiction. Therefore, A is indecomposable. O

We recall that an element x of an arbitrary algebra 2l is said an element of division if for any y € 2 such that 0 £xy =s
(resp. 0 # yx =t) there exist v, w € 2 satisfying y =sv and x = ws (resp. y = vw and x = sw). The algebra 2 is called of
division if all non-zero element of 2( is an element of division.

Given a graded algebra 2 = @42, for each homogenous component 2, we denote by I(2(,) to the minimal graded
ideal that contains 2.

Following the previous ideas we introduce the next definition.

Definition 5.4. Let 2 = @gcx g be a graded algebra. We say X¢ is of weak division if for any g, h € X¢ such that A2, #0
we get 2AgAp C I(RAgn).

14
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Theorem 5.5. Let (L, A) be a tight graded Lie-Rinehart IF -algebra of maximal length over an associative and commutative IF -algebra
A. If X, Ag are symmetrical then

L= ad A=@EA;
iel jej

where any I; (resp. Aj) is a non-zero gr-simple ideal if and only if X (resp. Ac) is of weak division.

Proof. Suppose any I; is gr-simple. Given g,h € X¢ such that [Lg, Ly] # 0, by maximal length is [Lg, Ly] = Lgp. If we
consider I(Lgp) = Ijg) then Lg, Ly C I(Lgp). Analogously, suppose Aj is gr-simple. Given g,h € A¢ such that AgAp # 0, by
maximal length is AgAp = Agp. If we consider I(Agp) = A[g) then Ag, Ay C I(Agp).

To prove the another implication, if X is of weak division, let us consider a non-zero graded ideal I of I;g). By maximal
length I = ®pz Ly with Z C X¢. Given any h € [g] we get h ~ g, so there exists a X¢-connection {g1,..., g} with gy =h
satisfying by maximal length that

([[Lh, Lg, . L), -+, Lgy] = Lg.

Then Lg C I, so we conclude I = Ijg). That is, Ijg is a gr-simple.

Similarly, we can prove that any Ag is gr-simple. If A¢ is of weak division, let us consider a non-zero graded ideal
I of Afgy. By maximal length I = @pczAp with Z C Ag. Given any h € [g] we get h ~ g, so there exists a Ag-connection
{g1,..., g} with g =h satisfying by maximal length that

(((ApAgy)Ags) -+ Ag,) = Ag.

Then Ag C I, so we conclude I = Ag). That is, Ag) is a gr-simple. O
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