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Abstract. It is shown that there exists a possibility of spontaneous spin polarization in
high density symmetric quark matter under the tensor-type four-point interaction between
quarks in the Nambu-Jona-Lasinio model. Further, the spontaneous magnetization is
simply estimated by taking into account only the lowest Landau level.

1 Introduction

One of recent interests about the study of hadronic matter and/or quark-gluon plasma governed by
the quantum chromodynamics (QCD) is to understand the phase structure on the plane depicted by
the temperature and the baryon chemical potential. In the region of low temperature and high baryon
chemical potential in quark matter, rich phase structures are expected such as color superconduct-
ing phase including two-flavor color superconducting (2SC) phase, color-flavor locked phase and
so on, quarkyonic phase, etc. Especially, by the use of the Nambu-Jona-Lasinio (NJL) model with a
pseudovector-type four-point interaction between quarks, a possibility of the spin polarized phase was
indicated [1]. However, it was shown that the quark spin polarization disappears at quark mass being
zero [2]. Thus, at high baryon density where chiral symmetry is restored and the chiral symmetric
phase is realized, the quark spin polarization does not occur because quark masses are zero.

In this paper, another possibility of the existence of spin polarized phase at zero temperature and
high baryon density is investigated by using the NJL model with a tensor-type four-point interaction
between quarks [3, 4]. The effective potential for the spin polarization, which corresponds to the
expectation value of spin matrix, is considered and the realized phase, namely usual quark phase or
the spin polarized phase, is determined by comparing a pressure of one side with another one. The
quark spin alignment may lead to the quark ferromagnetization. The spontaneous magnetization is
estimated by taking into account the lowest Landau level only.

2 Effective potential for quark spin polarization

The NJL type Lagrangian density with a tensor-type four point interaction is introduced to describe
the symmetric quark matter as a model Lagrangian density. By considering the high baryon density,
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the chiral condensate has no finite value because chiral symmetry is restored. Thus, keeping the mean
field approximation in mind, let us start with the following Lagrangian density:

L = iψ̄γµ∂µψ −
G
4

(ψ̄γµγντ⃗ψ)(ψ̄γµγντ⃗ψ) , (1)

whereτ⃗ represents the isospin matrix. In the Dirac representation for the Dirac gamma matricesγµ,
we get

γ1γ2 = −iΣ3 = −i

(
σ3 0
0 σ3

)
, (2)

whereσ3 is the third component of the Pauli spin matrix. Thus, if the vacuum expectation value of
ψ̄γ1γ2ψ has non-zero value, the spin of quarks is aligned along the third axis which leads to the quark
spin polarization. Hereafter, it is enough to investigate a possibility of spin alignment along the third
axis. The generating functional of the Green function is expressed as

Z ∝
∫
Dψ̄Dψ exp

(
i
∫

d4x
(
ψ̄iγµ∂µψ +

G
2

(ψ̄Σ3τkψ)(ψ̄Σ3τkψ)
))
. (3)

Inserting the relation of unity

1 =
∫
DFk exp

(
− i

2

∫
d4x(Fk +G(ψ̄Σ3τkψ))G−1(Fk +G(ψ̄Σ3τkψ))

)
(4)

into (3), integrating out̄ψ andψ, introducing the effective actionΓ[F] asZ = exp(iΓ[F]) and defining
the effective potentialV[F] asV[F] = −Γ[F]/

∫
d4x, we obtain

V[F] =
F2

2G
− 4Nc

∫ F

dF
∫

d4p
i(2π)4


F −

√
p2

1 + p2
2

−p2
0 + ϵ

(−)2
p

+
F +

√
p2

1 + p2
2

−p2
0 + ϵ

(+)2
p

 , (5)

whereNc represents the number of color andFkτk is replacedFετ with ετ = ±1 being the eigenvalue
of τ3. Here,

ϵ(±)
p =

√(
F ±

√
p2

1 + p2
2

)2

+ p2
3 (6)

correspond to the single particle energies of quarks. The quark chemical potentialµ is introduced in
order to treat the finite density system asL → L + µψ†ψ = L + ψ̄µγ0ψ. Thus, we replacep0 into
p0 + µ. Under this replacement, integrating outp0 in Eq.(5), we finally obtain the effective potential
for quark spin polarizationF as

V[F] =
F2

2G
+ 2Nc

∫ F

dF
∫

d3p
(2π)3


F −

√
p2

1 + p2
2

ϵ(−)
p

θ(µ − ϵ(−)
p ) +

F +
√

p2
1 + p2

2

ϵ(+)
p

θ(µ − ϵ(+)
p )

 , (7)

whereθ(µ − ϵ(±)
p ) represents the Heaviside step function.

Next, let us investigate the spontaneous magnetization by considering a response of the exter-
nal magnetic fieldB. The derivative∂µ should be replaced toDµ = ∂µ + iQAµ where Aµ =

(0, By/2,−Bx/2,0). After tedious calculation, we obtain the effective potential with external mag-
netic fieldB, in which the single particle energyϵ(±)

p and the momentum integration
∫

dp1dp2/(2π)2
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Figure 1. The effective potential is shown as a function ofF.

are replaced toE(±) =

√
(F ±

√
2QBν)2 + p2

3 and the summation
∑νmax

ν=νmin(≥0). The spontaneous mag-
netizationM is derived by the thermodynamic relation as

M = − ∂V
∂B

∣∣∣∣∣
B=0

. (8)

The lowest Landau level here means the level which gives the lowest single particle energyE(±).
Thus, the lowest Landau level isν = [F2/(2QB)] for E(−) andν = 0 for E(+), where [· · ·] represents
the Gauss symbol.

3 Numerical results and summary

First, we numerically give the effective potentialV[F] in Eq.(7) as a function of quark spin polarization
F for various values of chemical potentialµ. The model parameter is taken asG = 20 GeV−2. Figure
1 shows the effective potential. Up toµ = µcr = 0.406 GeV, the minimum of the effective potential is
located atF = 0. Thus, the normal quark matter phase is realized. However, in the range ofµ > µcr,
the spin polarizationF has non-vanishing value which gives the potential minimum. Figure 2 shows
the pressures as a function of (a) the quark chemical potential and (b) the baryon number density
divided by the normal nuclear densityρ0 = 0.17 fm−3. For quark chemical potentialµ < µcr, the
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Figure 2. The pressures as a function of (a) the quark chemical potential and (b) the baryon number density
divided by the normal nuclear densityρ0 = 0.17 fm−3 are shown.
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branch withFmin = 0 is realized, which leads to the normal quark matter phase. Forµ > µcr the
branch withFmin , 0 is realized, which leads to the spin polarized phase. Here, forµcr < µ < 0.565
GeV, the partial spin polarization is realized. Forµ > 0.565 GeV, the full spin polarization occurs,
in which the Fermi surface is close for the states with the single particle energyϵ(+)

p . Thus, the spin
alignment fully occurs. These situations are depicted in Fig.3 schematically. Thus, the quark spin
polarization occurs spontaneously forµ > µcr and the spin polarized phase is realized.

Next, let us estimate the spontaneous magnetization in Eq.(8) numerically by taking into account
only the lowest Landau level. Figure 4 (a) shows the spontaneous magnetizationMwhere the horizon-
tal axis represents the quark chemical potentialµ. Also,µ0M, whereµ0 is the magnetic permeability
of vacuum, is shown in Fig.4 (b). It is expected that the magnitude of magnetic field induced by the
spontaneous magnetization is of order of 1016 Gauss.

As a conclusion, the quark spin polarized phase is realized at high baryon density against the
normal quark matter.

0 0.2 0.4 0.6 0.8

2

4

6

8

S
p

a
n

ta
n

eo
u

s 
M

a
g
n

et
iz

a
ti

on

M

1018[ A/m ]

[GeV]
0 0.2 0.4 0.6 0.8

[GeV]

2

4

6

8

10[
16

]G

M0

(a) (b)

Figure 4. (a) The spontaneous magnetization and (b) the field strength obtained by multiplying the magnetic
permeability of vacuum are depicted as a function of the quark chemical potential.
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