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ABSTRACT. The Compact Tension Shear (CTS) specimen is used to study
fracture and fatigue under mixed mode I/II loading conditions. The K
solution available in literature was developed for fracture studies and does not
consider the effect of crack deflection. The aim of present work is to develop
K and Ky empirical solutions for cracks with different crack lengths, loading
angles and crack orientations. A total number of 1120 cracked geometries
were studied numerically with the finite element method and analytical
solutions were fitted to the numerical predictions. An average difference of
0.53 % was found between numerical predictions and the analytical solution
proposed for Ki For Ky the difference is higher, but the equivalent stress
intensity factor showed a difference of only 1% because Ky is lower than K.
Experimental work was developed to study fatigue crack growth in CTS
specimens. The cracks always adopted a direction approximately normal to
loading direction, i.e., tend to propagate under mode I.
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INTRODUCTION

he majority of studies on fracture toughness and fatigue crack propagation are performed for mode I loading.
However, there are situations where the cracks are not normal to maximum principal stress direction.
Furthermore, at microscale level, depending on microstructural details, deviations in crack direction may occur
even under mode I loading. Macroscopic crack deflection occurs due to asymmetry in stresses near the crack tip, resulting
from multi-axial far field loading or from non-uniformity in mechanical properties near the crack tip.
Since mixed mode loading tests are not standardized, several specimens have been developed. A geometry widely used to

study mixed mode I/II loading, named compact tension shear (CTS), was developed by Richard [1]. It is a rectangular
specimen with through crack and three holes for fixing on each side. This geometry was used to study fracture toughness

and fatigue crack growth of metallic materials [2,3], laminated composites [4], adhesive joints [5,6], Ce-TZP/alumina

composite [7], etc. Banks-Sills e a/ [8] modified the CTS specimen considering a lower width at the center of the
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specimen, where the crack is positioned. Recently, Lo ez a/ [9] suggested a third version similar to the original one but
with a different positioning of the holes. Other geometties have been used to study mixed mode I/II loading namely the
compact mixed-mode specimen, CMM [10], the asymmetric three-point single edge notch bend specimen, aSENB3, and
the asymmetric four-point single edge notch bend specimen, aSSENB4 [11]. For mixed mode I/IIT loading a modified
compact tension specimen (MCT) was developed [12]. For materials submitted to compressive loads (like glass)
alternative specimens were developed, namely the cracked brazilian disc specimen, CBD [13] and the double clivage
drilled compression, DCDC [14].

Richard ez /. [15] obtained K; and Ky solutions for the original CTS geometry, presented in Appendix A, considering that
the crack was plane and normal to lateral faces. These solutions are adequate for fracture studies, since pre-cracks are
obtained under mode I loading therefore do not suffer crack deflection. However, cracks submitted to mixed mode
fatigue loading change orientation searching mode I loading and Richard’s solutions can be inadequate since they have
been developed for straight cracks.

Therefore, the objective of the present work is the development of Ky, Ky solutions for the CTS mixed mode specimen
which include the influences of crack length, loading angle and crack orientation. This way, literature solution is extended
for fatigue studies under mixed mode loading. Several crack geometries were studied numerically by the finite element
method in order to obtain Kj, K, and analytical solutions were fitted to the numerical predictions.

NUMERICAL PROCEDURE

a total height of 148 mm, and a thickness of 3 mm, and is identical to Richard’s specimen [1], except in the
thickness. The thickness affects the shape of crack front, but a reduced effect on crack orientation may be
expected. A pre-crack submitted to cyclic loading changes its direction approaching direction normal to remote loading,

I | ig. 1 presents the geometry of the Compact Tension Shear (CTS) specimen studied here. It has a width of 90 mm,

i.e., approaching mode I. A main geometrical parameter is therefore the slope at the crack tip, B. The specimens used in
the experimental work had an initial notch depth a;=42.5 mm, however cracks with less extent were studied numerically
to enable the reduction of initial notch depth in posterior studies.

This specimen geometry was tested with the loading device shown in Fig. 2. This apparatus was based on the mixed-mode
fracture testing technique originally developed by Richard [16]. The loading device allows to apply pure mode-1, putre
mode-II, as well as mixed-mode loading to the CTS specimen just by changing the loading angle o between the
longitudinal axis of the specimen and the load direction applied by a uniaxial tension testing machine.

Fig. 3 defines load direction, a, and boundary conditions. The specimen has circular holes but the loading device has
elongated holes. The holes 1, 3, 4, 6 are elongated in the direction parallel to the crack so that forces I, s, F4 and Fe are
normal to the crack plane. On the other hand, holes 2 and 5 are elongated perpendicular to the crack so that only the
forces F> and Fs parallel to the crack can be transmitted from the load device to the specimen. The uniaxial load F is

related with punctual loads according [16]:
F =, = F.(-coss + Ssina)
=F, =F.(—cosx +—sin
1776 2 b
F, =F, =F.sin«

1
F, = F, =F.(cos —%sina) (1)

The material studied was the AlMgSil (6082) aluminium alloy with a T6 heat treatment. The T6 heat treatment
corresponds to a conversion of heat-treatable material to the age-hardened condition by solution treatment, quenching
and artificial age-hardening. The chemical composition and the mechanical properties of the alloy are shown in Tabs. 1
and 2, respectively.

Si Mg Mn Fe Cr Cu 7Zn Ti Other
1.05 0.80 0.68 0.26 0.01 0.04 0.02 0.01 0.05

Table 1: Chemical composition of 6082-T6 aluminium alloy (wt. %).
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Figure 1: Geometry and loading of CTS specimen. Figure 2: Mixed-mode loading device (@=60°).

A 2D analysis was developed numerically, assuming a plane strain state. Due to lack of symmetry in terms of loading and
geometry of the crack, the whole specimen was analyzed. The boundary conditions considered are presented in Fig. 3, and
intend to avoid rigid body movement without affecting the global rigidity of the specimen. The material was assumed to
be homogeneous, isotropic with linear elastic behaviour. The elastic properties considered were E=74000 MPa and
v=0.33.

The physical model was analyzed using CosmosM 2.0, a commercial finite element package. Quadrilateral isoparametric
elements with 8 nodes were considered. Singular elements with nodes at quarter-point positions were considered at the
crack tip. Fig. 4 presents the finite element mesh considered for x=52.5 mm, y=0 and B=20°. The crack kinks at x=0,
however the crack slope relevant is that at the crack tip. Location of (x, y) Cartesian coordinates and slope at the crack tip
(B) are defined in Fig. 1. The meshes had 4804 elements and 15075 nodes. The geometry of crack remote from its tp does
not influence K values.

Si Other
Tensile strength, curs [MPa] 300£2.5
Yield strength, 6ys [MPa] 245227
Elongation, &; [%] 9
Cyclic hardening exponent, n' 0.064
Cyclic hardening coefficient, K' [MPa] 443
Fatigue strength exponent, b -0.0695
Fatigue strength coefficient, ¢'r [MPa] 485
Fatigue ductility exponent, ¢ -0.827
Fatigue ductility coefficient, €'t 0.773

Table 2: Mechanical properties of the 6082-T6 aluminium alloy [3].

The accuracy of numerical predictions was checked by comparing with literature solution presented in Appendix A for
B=0° [16]. Differences lower than 2% were obtained for Ki and K which is a good indication for the accuracy of the

results. A numerical analysis was also done using MARC-Mentat 2000 considering square elements with 8x8 pum at the
crack tip for a total number of 6700 elements and 20727 nodes. Mode I predictions were similar to CosmosM results.
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Figure 3: Loading and boundary conditions of the CTS Figure 4: Typical finite element mesh (x=52.5; y=0; B=20°).
specimen.
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PRESENTATION AND ANALYSIS OF NUMERICAL RESULTS

he stress intensity factors (Ki, Kir) depend on:
- the geometry of the specimen, characterized by its width, W;
- the geometry of the crack, characterized by the Cartesian coordinates of its tip (xp, yp) and by the slope at its tip

(B in Fig. 1);
- the magnitude and direction of the load, which can be chatactetized by ¢ (=F/(wxt), being t the thickness of the

specimen) and a (Figs. 2 and 3), respectively:

KI’Kllzj?(a’W’XP’yP’a’ﬂ) (2)

The number of independent vatiables can be reduced using Buckingham’s theorem of non dimensional analysis [17].

Considering 6 and x the primary variables, the following non-dimensional relations can be obtained:

YI = I<I :F( . > ’ ’0(_5’@ (3)
oA T.X W W
Kp _zx

= =f(—,—,ax— 4

1 oA TX (W’W’ %P @

This approach reduces the number of independent variables, and Y1, Y1 are independent of unit system and can be used
to specimens similar to present one, which is interesting since CTS specimen is not a standard geometry.

To obtain relations 3 and 4 several numerical analyses were performed in order to obtain Y1 and Yn for the different
independent parameters. The values considered for x were 32.5, 37.5, 42.5, 47.5, 52.5, 57.5, 62.5 and 67.5 mm, and for y
were 0, 5, 10 and 15 mm. Only zero and positive values were considered for y because crack deflects always towards mode
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I loading. Different values of a and B were considered for each of these 24 crack tip positions. The values considered for
o were 0, 10, 20, 30, 40, 50 and 60°, while for B were 0, 10, 20, 30, 40, therefore a total number of 1120 numerical analysis
were performed. | integral values (J1 and Jir) were obtained for each analysis, from which K; and Ky were calculated
according:

EJ| EJy
1-v 1-v

Finally, Y1 and Y were obtained using relations 3 and 4. Tabs. B1 and B2 in Appendix B present results obtained for Yi
and Y, respectively, with CosmosM software.

Typical variations of geomettic factor, Yi, with (a-f), B, y and (W/(W-x))1% can be seen in Figs. 5a, 5b, 5¢ and 5d,
respectively. Maximum values can be observed in Fig. 5a for (a-f) close to zero, which could be expected as zero
correspond to pure mode I loading. However, the maximum value is not always zero, which indicates that there are others
aspects influencing the geometric factors apart from loading direction. A good fitting is obtained with second order
polynomial or sinusoidal function. A second order polynomial also fits well to results in Fig. 5b. It can be seen that the
increase of slope at crack tip (), keeping all the others parameters fixed, reduces Y1. The typical results presented in Fig.
5c show a linear variation with y. Finally, Fig. 5d shows a lineat variation of Y1 with (W/(W-x))!5. This vatiation is related
with the asymmetric geometry of the specimen, which imposes flexure to non-cracked section. The increase of crack
length decreases the height of rectangular non-cracked section, and increases flexure moment. The comparison between
Figs. 5 indicates that highest vatiation of Yt occurs with x and then with (a-f3).
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Figure 5: Variation of Y1 with (a) (a—P) (for x=52.5 mm; y=0). (b) crack tp slope, (B) (for x=52.5 mm; y=0). (¢) y (for x=37.5 mm;
B=0%). (d) (W/(W-x)'5 (for y=0; B=10°).

A numerical solution with 39 constants was fitted to the numerical results presented in Tab. 4 (Appendix B) and
illustrated in Figs. 5:

Yi= m. (W / (W =)' +b ©)
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m = an.(0-B)2+bm.(A-B) +cm
am = Mam.(y/W)+bam
Mym = 8.4471x109.32 - 4.6826x10-8.3 -1.5894x10-4
bam = 1.2076 x10-832 - 1.9219 x10-7.3 -1.3955 x10-4

bm = Mbm.(y/W)+bbm
Mpm = -2.3457 x10-6B2 - 2.9335x10-4B + 4.1625 x10-2
bbm = 9.6990 x10-7B2 - 2.4575x10-4p - 2.8677 x10-4

Cm = Mem.(7/W)+bem
Mem = -2.7508 x10-4B2 + 4.3628x10-2f - 3.7856 x10-2
bem = -1.5507x10-4p2 - 9.5592 x10-4B + 1.0744

b = ap.(a-P)2+by.(a-) +cp

ab = aab.3 2+bab.f +cap
2 = 4.9864 x105.(y/W)+1.4723x105
bab = -2.9412 x10%.(y/W) - 1.9886x10
cb = -2.6726 x10-.(y/W)+ 3.0499x10

bb = apb.3 2+bbb. +cob
auy = -4.3391x105.(y/W)2+2.1155 x10°.(y/W)-5.3868 x106
by =2.1858 x10°.(y/W)=9.6565x10-.(y/W)+5.8686 x10*
cn = 5.7786 x102.(y/W)-2.6952E-03

b = ach. 2tben.f +eob
ach =-6.9194 x104, (y/W) + 2.68465-04
bev=7.8256 x102.(y/W) + 5.9363E-04
cob == 2.0543.(y/W)2-6.2440 x10°.(y/W)-1.5349x10-

The units of B and a are degrees. The parametric region where this solution is valid is: ace [0, 60°]; x/W € [0.4, 0.75
mm]; y/W € [0, 0.167]. This solution has an average difference of 0.53 % relative to numetical values, with maximum and
minimum differences of +2.2 ¢ -3.01, respectively. The average difference was obtained from the absolute values of the
differences.

Typical variations of geometric factor, Y, with (a.-B), B, y and x can be seen in Figs. 6a, 6b, 6¢ and 6d, respectively. Y
has a complex variation with (a-f3) as can be seen in Fig. 6a. Minimum values, close to zero were obtained for a-=0, as
could be expected. As for Yi, minimum values do not coincide exactly with a—p=0, which is a consequence of the
complexity of the situation. Yt increase with crack length, x (Fig. 6d). A good fitting to results in Figs. 6b (B), 6¢ (y) and
0d (x) was obtained with second order polynomials. The comparison between Figs. 6 indicates that the highest variation
of Yu occut with (a-f), followed by x. The magnitudes of the variations of Yy with x and B ate similar. The complex
variations of Yri, namely with o—f3, complicated significantly the development of a regression function.

Since similar values of Ky are expected for symmetrical values of (0—f), this parameter was replaced by | o—PB ’ . Besides
since minimum values occur in general for o—B#0, Y was studied as a function of |(OL—B)—’L' | , being T the angle for
minimum Y. Considering this change of independent variable and adequate values for T, the results of Fig. 6a modify to
results in Fig. 7. All the results fall on the same trend, which indicates that the parameter proposed is adequate. An
empirical expression with 54 constants was fitted to the numerical values of Yi:

Yi=asin(| o-p | -t G
a = 2,.(x/W)2+b,.(x/W)+c,

2, = 0.2+ buBtca
2=-1709.472357 .(y/W)?+519.545852 (y/W )+ 21.384622
bw=959.716917.(y/W)2-249.236159 (y/W )+ 6.561228
Ca=-98.482311.(y/W)2+4.234582(y/W )+ 1.006272

ba = aba.2+bba.Ptcna
an:=1953.567396.(y/W)2-541.35909 (y/W )-19.747265
bbe= -1101.79278.(y/W)2+255.808188(y/W )-7.044048
n=113.285142.(y/W)?-3.803387 (y/W )+ 0.704463
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Ca = 2ca.P?+beaftce
2c=-529.091514.(y/W)2+143.768493(y/ W)+ 4.296419
bea=299.064879.(y/W)2-71.861075 (y/W)+ 1.74509
Cea=-27.688878.(y/W)2+1.127385.(y/ W)+ 0.773005

t = a..(x/w)2tbe.(x/w)+c

2 = 2. P2 baftca
a= -31.328451.(y/W)2 - 189.201651(y/W) - 13.342750
ba= -75.128472.(y/W)2 + 152.527046(y/W) + 11.48976
Ca= 32.715576.(y/W)2 - 17.576125(y/W) - 0.138782

b = abt-B2+bbt~B+cbt
an=-15.361974.(y/W)2 + 209.112802(y/W) + 11.726069
b= 116.101593.(y/W)2 - 166.317934(y/W) - 9.360830
cn= -41.982624.(y/W)? + 19.603112(y/W) + 0.083306

€t = 2. p2Hbeeftce
2= 31.329018.(y/W)2 - 53.553350(y/W) - 2.292627
be,= -50.034429.(y/W)2 + 44.725843(y/W) + 1.819130
cee= 12.967452.(y/W)? - 5.665219(y/W) - 0.011360

The units of B, a and T are radians. The parametric region where this solution is valid is: ae [0, 60°]; x/W € [0.4, 0.75

mm]; y/W € [0, 0.167]. This solution has an average difference of 10.8 % relatively to the numerical values. This average
was once again calculated using the absolute values of the differences. This difference is relatively high, however it is
mainly a consequence of odd results obtained for a reduced number of the predictions.
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Figure 6: Vatiation of Yy with (a) (a-f) (for x=52.5 mm; y=0). (b) crack tip slope (B) (for x=32.5 mm; y=0). (c) yp. (d) xp (for y=5
mm; B=10°).
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Figure 7: Variation of Yy with | (a—B)—t | (x=52.5 mm, y=0).

Furthermore, to evaluate the characteristics of mixed mode fatigue crack, it is necessary to introduce the comparative
stress intensity factor K, considering mode I and mode II simultaneously. The exact relation between Ky, K and Ky

depends on the critetion employed. The ctitetion of Richard/Henn [18] proposes:

AK 1
1 [ A1 2 2
AI{V = T + E AI(I +6 AI{II (8)

The values of Ky are in general much lower than the ones obtained for Kj, therefore its influence on K defined by eq. (8)
is relatively low.

The solutions presented here for Yy and Yu were used to obtain K and this was compared with K, obtained directly from
CosmosM results. Maximum and minimum differences were found to be +10.63 and -4.5% respectively, but the average
difference is 1.01 %, which is excellent.

EXPERIMENTAL FATIGUE RESULTS

loading in 6082-T6 aluminium alloy. The specimens were obtained in the transverse longitudinal (TL) direction

from a laminated plate. The initial notch depth was 42.5 mm. Before testing the specimen surfaces were polished
mechanically. The experiments were performed in a servo-hydraulic, closed-loop mechanical test machine with 100 kN
load capacity, interfaced to a computer for machine control and data acquisition. All tests were conducted in air and at
room temperature. The tests were performed under load control mode and the load ratio for all loading angles was kept
constant at 0.05. The loads were applied with a sinusoidal waveform at a frequency of 20 Hz. Fatigue pre-cracking was
introduced under mode-I loading to an a/W ratio of 0.51, whetre a and W are the crack length and width of the specimen,

ﬁ n experimental work was developed to study fatigue crack growth and fatigue crack closure under mixed mode

respectively. The crack length was measured in both x and y directions using a travelling microscope (45x) with a
resolution of 10 um. The specimen was painted ahead of the crack tip (Fig. 2) to enhance optical measurement of crack
length.

Thf maximum and minimum loads applied for each loading angle were chosen in order to have after fatigue pre-crack a
comparative stress intensity factor, AKy, defined by eq. (8) of approximately 6 MPa.m!/2, where the mode-I and mode-I1
stress intensity factor ranges were calculated by the solutions presented in Appendix A. Tab. 3 summarizes the parameters
of the experimental testes. Further details can be found elsewhere [3]. The K solutions developed here were applied to the
treatment of the experimental results.

The crack tip coordinates (x,y) and slope, B, were measured directly on specimen’s sutface using Profilometer Rodenstok
RM 6003D. Howevet, 3 could have been obtained from (x,y) values using a procedure similar to the calculation of da/dN
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from (a,N) experimental results. Fig. 8 presents experimental crack shapes for different loading directions, which are
indicated for each case. The cracks adopted a direction approximately normal to loading direction, i.c., tend to propagate

under mode I loading. However, (a—B) is not exactly zero and increases with o and with crack length.

Test al[’]  AF[N] R
1 30 1539 0.05
2 45 1900 0.05
3 60 2043 0.05
4 76 2394 0.05

Table 3: Experimental parameters used in the tests.
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Figure 8: Experimental crack shapes.
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Figure 9: Comparison of present solution with Richard’s solution (=60°).
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The values of x, y, o, B were applied in solutions 6 and 7 to obtain Yrand Y1, respectively. Then considering experimental
loads presented in Tab. 3, Ky and Kir were calculated. Finally, effective stress intensity factor was obtained using Eqn. 8.
Fig. 9 compares the values of K, for a.=60° obtained with solutions 6 and 7, and with Richard’s solution. Two different
approaches were considered when applying Richard’s solution: consider x and consider crack length, a. Significant
differences were found, with maximum values of -6% and -31%, as indicated in Fig. 9. Differences are significantly
reduced if total crack length, a, is used in Richard’s solution instead of coordinate x. Therefore, the present solution
represents a significant improvement relatively to Richard’s solution. Notice that Richard’s solution was obtained for y=0

and B=0°.

NUMERICAL PREDICTION OF CRACK PATH

ropagation directions were also studied numerically using the solutions developed here for Yi and Y. Qian ef al.

[19] reviewed the critetia used to predict crack growth direction under mixed mode loading, which can be divided

into two categories [20]. The first includes the methodologies which consider the stress, the strain or the
displacement as the driving parameters, namely the Maximum Tangential Stress criterion (MTS criterion), and the vector
crack tip displacement criterion (CTD criterion). The second category contains the methodologies considering the total or
the dilatational elastic strain as the driving parameters, namely the minimum strain energy density criteria (S- criterion), the
dilatational strain energy density criterion (T-Criterion), the minimum accumulated elastic strain energy (P-criterion) and
the J-criterion. The MTS and S criteria are widely used. According S-criterion [21] the crack is assumed to grow along a
direction that minimizes the strain energy density factor, S:

2 2 2
S:allkl +2a12k1k2 +3.22k2 +a33k3 (9)

where aj are coefficients relating polar angle (0), E and v, and k; =K,/ Jr . S includes the dilatational and the

distortional strain energy. The J-criterion uses the line integral with the same name and states that crack extends along
direction of vector:

J=J1i+ 19 (10)
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Figure 10: (a) Crack direction predictions considering different criteria (=60°). (b) Crack tip slopes (B) for different crack propagation
criteria (0=60°).

Notice that since K solutions were defined in terms of (0—[), crack propagation increments must consider a rotation of
Cartesian coordinate system. In fact, Ju=0 corresponds to a propagation along a direction normal to loading direction.
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The P-criterion [20] considers the accumulated elastic strain energy (P) within a circular core with radius 1o around the
crack tip as the driving parameter. P-factor is given by:

2 2

being 21=0.0000191419 and A3=0.0000300746, as indicated by Pavlou e a/. [20]. The crack is assumed to propagate along
direction of minimum P-factor. Another two criteria were used here: the maximum value of K; (Ki-criterion) and the
minimum value of energy release rate (G-criterion), being G obtained from effective stress intensity factor defined in Eqn.
8. Fig. 10a presents the results obtained for o=60° considering different criteria and crack propagation increments of 0.5
mm. Loading direction is also presented. It can be seen that all criteria, except J-criterion, predict crack slopes lower than
experimentally observed. Best predictions were obtained with P-criterion and G criterion, which gave similar results.
Finally, Fig. 10b presents the variation of crack tip slope (B) with crack propagation. It can be seen that B reduces with
crack propagation. The rate of variation of B with crack growth predicted numerically is similar to that measured
experimentally.

CONCLUSIONS

T he main conclusions of the present work are:

- Ky, Ky stress intensity factor solutions were obtained numerically for CTS (Compact Tension Shear) specimen.
These solutions are valid for a wide range of x, y, a (load direction) and P (crack tip angle): ae [0, 60°]; x/W €
[0.4, 0.75 mm]; y/W € [0, 0.167].

- The average accuracy of Ky is expected to be 1.01 %;

- The solution developed was applied to crack profiles obtained experimentally in 6082-T6 aluminium alloy. As expected,
significant differences were found between present solution and Richard’s solution when a is different from zero. The
differences reduce significantly when the whole crack length is used in Richard’s solution;

- Experimental work was developed to study fatigue crack growth in CTS specimens. The cracks always adopted a
direction approximately normal to loading direction, i.e., tend to propagate under mode I loading;

- The solution developed here was used to predict crack growth direction considering different criteria. Best predictions
were obtained with P-criterion and G-criterion.

By request the authors will send by e-mail the solution developed here, implemented in an Excel file.
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APPENDIX A: LITERATURE SOLUTION [15]

) I { he stress intensity factors for different loading angles considering 3=0° are:

a

0.26 + 2.65

F : _
Ky =—ra —> W —a A1)
W 1=a/ WAl 0552 0082
W —a W—a
a
. . ~0.23+1.40
Ky =—+ra -2 (A2)
Wee o 1=/ WAL g7t o082
W —a W —a
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where F is the applied force, W is the width of the specimen, t is the thickness, a is the crack length, a is the angle of
loading direction with respect to the crack plane. The degree of the mode-mixity is given by:

M= E.a.tan(K—I) (A3)

T 11
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APPENDIX B: NUMERICAL RESULTS

x= 32.5 x= 375
0 10 20 30 40 50 60 0 10 20 30 40 50 60
B
0 1.97 191 1.8 1.63 141 1.15 0.86 227 222 21 1.91 1.67 137 1.04
10 194 194 187 175 158 135 1.09 224 224 218 2.04 185 1.6 1.3
y=0 120 1.87 191 1.9 1.82 1.7 152 129|216 222 22 212 198 177 1.51
30 1.76 184 1.87 185 1.76 1.62 1.44 204 214 217 214 205 189 1.68
40 1.6 172 179 181 176 1.67 152|187 2.01 2.09 2.1 206 195 1.78
0 197 199 194 184 168 146 121|228 23 225 213 195 1.71 1.42
10 1.95 202 202 196 184 1.67 1.44|225 233 234 227 213 194 1.68
y=5 120 1.89 2 204 203 196 182 1.63|218 231 236 235 226 21 1.88
30 1.78 193 202 205 201 192 1.77 206 223 233 236 232 221 203
40 1.63 181 1.93 2 2 195 183 1.9 21 224 232 232 225 211
0 1.98 207 209 205 194 178 1561229 239 241 237 225 206 1.81
10 197 21 217 218 211 199 1.8 |228 243 251 251 243 229 2.07
y=10 |20 191 209 22 225 223 214 198|221 241 254 259 256 245 227
30 1.81 202 218 226 228 223 211 21 237 251 2.6 2.62 2.55 241
40 1.66 191 209 221 226 224 216|194 221 242 255 2.6 257 247
0 201 216 225 227 223 211 193|232 249 259 262 256 242 222
10 2 22 234 241 24 232 217|231 254 269 277 275 2.66 248
y=15 120 195 22 238 248 252 247 235|225 253 273 285 288 282 2.68
30 1.85 213 235 25 256 256 247|214 246 27 286 293 292 281
40 1.71 202 226 243 253 256 25 (199 234 2061 28 291 293 2386
x= 425 x= 475
0 10 20 30 40 50 60 0 10 20 30 40 50 60
B
0 2.64 259 246 225 198 1.64 1.26]|3.14 3.09 294 2.7 238 1.98 1.53
10 | 2.61 262 255 239 217 188 1.53|3.11 3.11 3.03 285 258 224 1.83
y=0 (20 |252 259 257 247 23 207 176| 3 3.07 3.04 293 272 243 207
30 [ 238 249 253 249 237 219 193|283 296 299 293 278 255 224
40 | 219 234 243 244 237 224 203|261 278 286 286 277 259 234
0 265 2.68 263 25 229 201 167|315 318 312 297 272 24 199
10 | 2.63 271 272 2.64 248 225 195|312 322 322 312 293 265 229
y=5 (20 |254 268 274 272 262 243 217 ]3.02 318 324 32 3.07 284 253
30 24 259 27 273 268 254 233|286 3.07 318 32 312 295 2.68
40 222 245 26 2.67 2.66 257 241]265 289 305 312 3.09 297 276
0 2.67 278 281 275 261 239 21 |316 329 332 325 308 282 247
10 [ 2.65 282 291 291 282 264 238|315 334 343 342 33 308 277
y=10 |20 257 28 294 299 295 282 2.6 |3.06 331 345 3.5 344 327 3
30 | 244 271 29 299 3 292 274129 32 34 349 348 337 3.15
40 | 226 256 279 293 298 293 28 |2.69 3.03 327 341 344 338 3.21
0 27 29 301 303 296 28 255| 32 342 355 356 347 327 297
10 | 2.69 295 312 319 317 3.05 284|319 348 366 374 37 355 329
y=15 ({20 |2.62 293 315 328 331 323 3.06|311 345 37 383 384 374 3.52
30 25 285 312 329 336 333 319|296 335 3.64 3.82 389 3.83 3.66
40 | 233 271 3.01 321 332 333 324|276 318 351 373 384 3.83 3.7
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X= 52.5 X= 57.5
0 10 20 30 40 50 60 0 10 20 30 40 50 60
B
0 3.81 3.75 3,57 329 29 243 188|476 4.69 451 412 3.64 3.05 237
10 | 3.77 378 3.67 345 312 27 22 |471 471 456 428 387 333 27
y=0 |20 |3.65 3.72 3.67 352 326 29 245|456 4.63 456 434 4 353 296
30 [ 345 358 3.6 351 331 3.01 2063|433 446 445 431 4.04 3.64 3.13
40 32 337 344 341 328 3.04 272|402 42 425 418 397 3.65 3.22
0 382 3.86 379 3.6 33 29 241|477 482 472 448 411 3.6 299
10 | 3.78 3.89 3.89 376 352 317 273|472 485 482 4.65 433 389 3.32
y=5 120 |3.67 384 39 383 3.65 336 297|458 477 481 471 446 4.08 3.57
30 | 348 371 3.82 382 37 347 313|436 46 47 4.67 449 417 3.73
40 | 323 35 3.66 371 3.65 348 32 |405 434 45 452 441 416 3.78
0 3.83 398 4.01 392 371 338 296|478 496 498 486 458 417 3.63
10 | 3.81 4.03 412 4.09 393 3.66 327|475 499 509 503 482 446 3.96
y=10 |20 3.7 398 414 417 4.07 3.85 351|462 493 509 509 494 465 4.21
30 | 352 3.85 4.06 415 411 395 3.66| 44 476 498 5.05 496 473 435
40 |3.28 3.65 39 404 405 394 3.71| 41 45 477 489 487 4.69 4.38
0 3.86 4.12 426 426 414 3.89 352|481 511 526 525 507 475 4.28
10 | 3.85 418 438 445 438 418 385|479 516 538 543 532 5.05 4.62
y=15 120 |3.76 414 44 453 452 437 409|467 51 539 551 546 524 421
30 | 359 4.02 433 452 456 447 424|446 495 528 546 547 532 5
40 | 3.35 3.82 418 44 45 445 427|417 47 508 531 537 528 5.02
X= 62.5 X= 67.5
0 10 20 30 40 50 60 0 10 20 30 40 50 60
B
0 618 6.08 5.8 535 473 397 3.09|844 831 793 731 646 542 422
10 [ 612 6.1 589 551 496 426 343|835 831 801 747 6.7 573 4.58
y=0 (20 |593 599 586 556 508 446 3.69|811 814 793 748 68 591 4.84
30 | 563 576 571 548 509 455 386|783 783 7.7 734 675 596 4.99
40 | 524 542 544 529 498 452 392|719 736 732 7.05 6.56 5.88 5.02
0 618 624 611 579 53 465 385|844 851 832 788 72 63 521
10 [ 612 626 62 596 553 494 42 |836 851 84 804 744 6.6 5.57
y=5 (20 |594 6.15 6.17 6 5.65 5.12 444|812 835 832 804 752 6.77 5.81
30 | 565 592 6.01 591 5064 519 459|773 8.03 8.08 7.88 7.45 6.79 5.93
40 | 527 5,58 573 5.7 55 514 4061|721 7,56 7.68 757 723 6.67 5.9
0 619 64 642 624 588 533 462|844 871 872 846 794 7.18 06.21
10 | 6.14 6.43 6.52 6.42 611 5.63 497|837 872 881 8.62 818 749 6.57
y=10 {20 | 597 633 649 0646 0622 58 521|814 856 872 8.62 825 7.64 6.79
30 |569 61 633 636 62 586 533|776 824 847 845 816 7.63 06.87
40 |531 577 6.04 614 6.05 578 533|725 7.77 806 811 791 7.47 6.8
0 6.22 6.58 6.75 671 647 6.03 541|846 893 9.12 9.04 8.69 8.07 7.21
10 | 6.18 6.62 6.86 6.89 6.72 634 576|839 894 922 922 893 838 7.57
y=15 120 | 6.02 6.53 6.84 0694 06.83 06.51 6 |817 879 914 9.21 9 852 7.78
30 | 575 631 6.68 685 68 655 611| 7.8 847 889 9.03 89 85 7.84
40 |538 598 6.4 662 0664 646 6.08| 731 801 848 8.68 863 831 7.73

Table B1: Numerical values obtained for Yi.
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x= 325 x= 375
0 10 20 30 40 50 60 |0 10 20 30 40 50 60
B
0 [002 0.19 038 056 072 086 0.97| 0 021 042 062 0.79 0.94 1.07
10 [0.19 0 019 038 056 0.72 0.85]0.21 0.02 022 042 061 0.78 0.93
y=0 |20 [036 018 0 018 0.37 054 069|041 021 005 02 04 058 0.75
30 1052 036 0.19 0.04 0.17 034 05 |0.58 041 023 005 0.17 0.35 0.53
40 |0.64 051 037 021 0 009 026|072 058 043 026 0.08 0.1 028
0 003 022 04 058 0.74 087 0.98/0.38 024 045 0.64 0.81 0.96 1.08
10 [0.16 0 021 039 056 0.71 0.84|0.18 0.03 023 042 061 0.77 0.91
y=5 |20 [034 017 0 017 034 05 065038 02 005 0.19 038 055 0.7
30 | 05 036 021 006 0.13 028 0.43/056 0.4 024 008 0.13 0.29 0.46
40 10.63 052 039 025 01 0 016/0.71 059 045 03 0.14 0.05 0.19
0 006 025 043 061 076 089 1 |0.05 027 048 0.7 0.84 098 1.1
10 |0.14 0.04 022 04 056 0.71 0.83]0.15 0.05 025 044 061 0.77 0.91
y=10{20 [031 015 0 017 0.33 048 0.61]0.36 0.18 0.05 0.19 036 0.52 0.67
30 1048 035 021 008 0.1 024 037]053 039 024 01 01 025 04
40 |0.61 051 041 029 0.15 0 007]0.69 059 047 034 02 006 0.11
0 |008 028 047 064 08 093 1.03/0.09 03 051 071 0.88 1.02 1.14
10 |0.11 0.07 025 042 058 0.72 0.84]0.13 0.08 027 046 0.63 0.79 0.92
y=15/20 [029 013 0 017 0.32 047 0.59[0.33 017 006 02 036 051 0.65
30 |0.45 034 021 0.09 009 021 033|051 038 024 0.1 006 0.2 0.35
40 1059 051 042 031 0.19 003 0 |0.66 058 048 036 023 0.09 0
x= 425 x= 475
0 10 20 30 40 50 60| 0O 10 20 30 40 50 60
B
0 0 023 046 0.67 086 1.02 1.16] 0 025 049 072 092 1.1 1.4
10 024 0.02 022 044 065 0.84 1 |027 0.01 022 046 0.8 0.89 1.06
y=0 [20 |0.46 025 005 02 041 0.61 08[053 03 005 017 041 0.63 0.83
30 |0.66 048 028 011 0.17 037 0.56|0.77 0.57 035 0.13 0.13 0.35 0.56
40 |0.83 0.68 051 032 0.14 012 0.29/096 0.8 0.61 04 0.19 0.08 028
0 003 026 048 069 088 1.04 1.17/0.03 028 052 0.74 0.95 1.12 1.26
10 021 0.02 024 045 065 0.83 099024 0 023 046 068 0.88 1.05
y=5 |20 [043 0.23 005 019 039 058 0.75| 0.5 028 0.05 0.16 038 0.59 0.78
30 |0.64 047 03 0413 0.14 031 049|074 056 036 0.16 0.1 029 0.49
40 |0.81 0.68 053 037 02 009 0.21]094 0.8 0.63 045 026 0.08 0.18
0 005 029 052 073 091 1.07 1.2 [0.06 032 056 0.78 0.99 1.16 1.29
10 |0.16 0.05 026 047 0.66 0.83 098021 0 026 048 0.7 0.89 1.05
y=1020 [036 0.22 0.05 019 0.38 056 0.72]047 026 0.02 0.16 037 0.57 0.75
30 |0.55 046 03 015 0.13 027 0.43/0.71 054 036 0.18 0.08 0.24 0.43
40 |0.71 0.68 055 041 026 013 0.15]091 0.79 0.65 049 031 0.14 0.11
0 |01 034 056 078 096 1.12 1.25| 0.1 036 0.61 084 1.05 1.22 1.35
10 |0.14 0.08 029 05 069 0.86 1 |017 006 03 052 0.73 0.92 1.08
y=15[20 [0.37 0.19 0.05 02 038 0.55 071043 023 0 017 038 0.57 0.75
30 1058 045 03 017 0.13 025 0.39/0.68 052 036 0.18 0.08 0.22 0.39
40 1076 0.67 0.56 044 03 0.18 0.12/0.88 0.78 0.66 051 0.35 0.19 0.09
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x= 525 x= 57.5
0 10 20 30 40 50 60 | O 10 20 30 40 50 60
B
0 0.31 026 0.52 0.76 098 1.17 1.32] 0 028 0.56 081 1.05 1.25 1.41
10 (032 0.06 0.2 046 0.7 092 1.12]0.39 0.11 0.17 045 0.71 0.96 1.17
y=0 120 |[0.63 0.38 0.13 0.13 0.39 0.63 0.86|0.76 0.5 0.22 0.07 0.35 0.62 0.87
30 [ 09 069 045 0.2 0.05 031 0.56| 1.1 087 0.6 032 0.04 026 0.54
40 |1.14 096 0.75 052 027 0 0.24(1.39 1.19 096 0.69 041 0.12 0.2
0 0.03 03 0.55 079 1.01 1.19 1.34|0.03 0.31 0.59 0.84 1.07 1.27 1.43
10 10.29 0.03 022 047 0.7 092 1.1 {036 0.09 0.19 045 0.71 094 1.15
y=5 120 | 0.6 0.37 0.12 0.12 0.36 0.59 0.81]| 0.7 0.49 0.21 0.05 0.32 0.57 0.81
30 10.87 0.68 0.46 0.23 0 0.24 0.48|1.07 0.86 0.62 0.36 0.1 0.18 0.45
40 [1.11 096 0.77 057 034 0.1 012136 1.2 099 0.75 05 0.23 0.07
0 0.07 0.33 0.59 0.84 1.05 1.23 1.38|0.06 0.35 0.63 0.88 1.11 1.31 1.47
10 (026 0O 025 049 0.72 093 1.11]0.33 0.06 0.21 047 0.72 0.95 1.15
y=10120 |[0.56 0.34 0.11 0.12 035 0.57 0.78| 0.7 0.46 021 0.05 0.3 054 0.77
30 10.84 0.66 0.46 0.25 0 019 0.41]1.04 0.85 0.63 0.39 0.14 0.12 0.37
40 |1.08 0.95 0.79 0.6 04 018 0 |1.33 1.19 1.01 0.8 0.57 0.32 0.07
0 0.11 0.39 0.65 09 1.12 13 1.45|0.11 0.4 0.68 094 1.18 1.37 1.53
10 [0.21 0.03 053 0.53 0.76 096 1.14]0.28 0.02 0.25 0.51 0.76 0.98 1.17
y=15120 |[0.52 0.31 0.08 0.14 0.37 0.58 0.77]|0.65 0.43 0.19 0.07 0.31 0.54 0.77
30 | 0.8 0.64 0.45 0.25 0 0.16 0.37]0.99 0.82 0.61 0.39 0.16 0.09 0.32
40 |1.05 093 0.79 0.63 0.44 024 0 |1.29 1.17 1.01 0.83 0.62 0.39 0.15
x= 0625 x= 67.5
0 10 20 30 40 50 60 | O 10 20 30 40 50 60
B
0 0 03 059 087 112 133 15| 0 0.33 0.64 094 121 1.44 1.63
10 (049 0.19 0.12 0.42 0.71 098 1.22]0.65 0.33 0.03 0.35 0.68 0.98 1.26
y=0 120 [0.96 0.68 0.37 0.06 0.27 0.58 0.87|1.28 0.96 0.62 0.26 0.13 0.49 0.84
30 |1.39 1.13 0.84 0.52 0.19 0.16 0.49|1.86 1.56 1.23 0.85 0.45 0.08 0.39
40 |1.77 1.54 1.27 096 0.63 0.27 0.11(236 2.1 178 1.41 0.99 0.55 0.11
0 0.02 033 0.62 09 1.14 1.35 1.52]10.01 0.35 0.66 096 1.23 1.46 1.64
10 (047 0.18 0.13 0.42 0.7 096 1.19]0.63 0.32 0.05 0.34 0.65 0.94 1.21
y=5 120 [0.94 0.67 039 0.11 0.23 0.52 0.8 |1.26 0.97 0.65 031 0.08 04 0.73
30 |1.37 1.14 0.87 0.58 0.27 0.08 0.37|1.83 1.58 1.28 0.94 057 0.2 0.23
40 |1.74 1.55 1.32 1.04 0.74 041 0.09(2.34 213 1.85 1.52 1.15 0.74 0.31
0 0.06 0.36 0.66 093 1.18 1.39 1.56|0.04 0.37 0.69 0.99 1.25 1.48 1.66
10 10.43 0.15 0.15 043 0.7 095 1.17|0.61 0.31 0.07 0.33 0.63 092 1.17
y=10120 | 09 0.65 039 0.12 0.2 047 0.73|1.23 0.96 0.67 0.36 0.09 0.32 0.63
30 |1.33 1.13 0.89 0.62 0.34 0.06 0.27| 1.8 1.58 1.32 1.01 0.68 0.33 0.12
40 |1.71 1.55 1.35 1.11 0.84 0.54 0.22| 23 214 191 1.63 129 092 0.52
0 0.1 041 0.71 098 1.23 1.44 1.61(0.08 041 0.73 1.03 1.3 152 1.71
10 (039 0.1 017 045 0.72 096 1.18]0.57 0.28 0.09 0.35 0.64 091 1.16
y=15120 |[0.86 0.62 0.36 0.08 0.17 0.44 0.69|1.19 094 0.67 0.38 0.13 0.28 0.57
30 1.1 1.1 088 0.63 0.37 0.07 0.17|1.75 1.57 1.33 1.06 0.75 0.43 0.15
40 |1.66 1.53 1.36 1.15 0.9 0.62 033|225 2.13 195 1.7 141 1.07 0.7

Table B2: Numerical values obtained for Yii.
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