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Abstract. The evolution of the fireball in heavy ion collisions is an isentropic process, meaning
that it follows a trajectory of constant entropy per baryon in the phase diagram of the strong
interaction. The collective acceleration of the system is determined by the speed of sound, while
fluctuations of conserved charges are encoded in quark-number susceptibilities: together, they
leave their imprint in final observables. Here, this isentropic evolution will be analysed within
chiral effective models that account for both chiral and center symmetry breaking, two central
aspects of QCD. Our discussion focusses on the impact on the isentropic trajectories of the
treatment of high-momentum modes, of the meson contribution to thermodynamics and of the
number of quark flavours.

1. Introduction
Chiral effective models allow one to study two important properties of QCD, namely the
confinement of constituent quarks with large effective masses at low temperature/density and
their deconfinement to light quarks in the hot/dense partonic phase. Generation of constituent
quark masses mf can be described by dynamical breaking of chiral symmetry and deconfinement
by spontaneous breaking of center symmetry. The interaction between constituent quarks can
be described either as a point-like interaction or by the exchange of a meson. The former leads
to what is called the Nambu–Jona-Lasinio (NJL) model [1, 2] and the latter to the Quark-
Meson (QM) model [3]. The order parameter of center symmetry breaking, the Polyakov loop
Φ can be coupled to these models. This allows to explore phenomenologically with them the
phase diagram of strongly-interacting matter [4, 5]. Their Lagrangian can be written as a part
describing the spontaneous breaking of chiral symmetry, a kinetic contribution of the quarks
that contains a minimal coupling to the gauge field Aµ and the Polyakov-loop potential U

LPNJL/PQM = Lchiral + q̄
[
iγµ

(
Dµ + µ̂f δ

µ0
)]
q − U

(
Φ[Aµ] , Φ̄[Aµ] ;T

)
. (1)

While the first part differs in the NJL and QM models, the other two contributions are common
to both [6, 7]. This structure is conserved for the grand canonical potential in mean-field
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Figure 1. Isentropic lines in the Nf=2 Quark-Meson model (left panel) and NJL model (right
panel) as in Fig. 9 of Ref. [12].

approximation,

Ω
(
mf ,Φ, Φ̄; T, µf

)
= Uchiral (mf ) + Ωq̄q

(
mf ,Φ, Φ̄; T, µf

)
+ U

(
Φ, Φ̄; T

)
. (2)

All thermodynamic quantities can be derived from Eq. (2) ensuring the Gibbs-Duhem relation,

p = −Ω , s =
∂p

∂T

∣∣∣∣
µf=const

, nf =
∂p

∂µf

∣∣∣∣
T=const

and ϵ = Ts− p+
∑
Nf

µf nf . (3)

Here, several results for the trajectories with constant s/nq ratio, corresponding to the isentropic
evolution of the matter produced in relativistic heavy-ion collisions, will be discussed1. An in-
depth analysis together with the evaluation along these trajectories of thermodynamic quantities
like the speed of sound – responsible for the collective acceleration of the fireball – and generalised
quark-number susceptibilities – connected to the fluctuations of conserved charges – will be given
in Refs. [7, 11].

2. Impact of the UV cutoff
Figure 1 shows isentropic lines in the QM model (left panel) and NJL model (right panel), as
presented in Ref. [12] and similarly in Ref. [13]. Isentropic trajectories look quite different in
the two models: we wish to analyse such an issue more deeply.

The quark contribution to the grand canonical potential (2) can be written as the sum of two
contributions. One is a vacuum-like term that does not depend explicitly on medium properties
like temperature or chemical potential,

Ωvac
q̄q (mℓ,ms) = −2Nc

∑
f

Λ∫
d3k

(2π)3
Ef

QM
= − Nc

8π2

∑
f

m4
f ln

(mf

Λ

)
. (4)

In the above the integral over the three-momentum is divergent and requires an ultra-violet
cutoff Λ. However, the divergence can be renormalised in the QM model [14].2 The other
1 Indeed, for AGS, SPS, and RHIC, the values of s/nB are, respectively, 30, 45, and 300 [8]. At these values,
lattice results for the isentropic (2+1)-flavour equation of state were obtained in Refs. [9, 10].
2 The formal dependence of Eq. (4) on the cutoff is cancelled in the renormalised QM model by a formal
dependence of the parameters of UQM

chiral on the cutoff such that Eq. (2) and derived equations are cutoff
independent.
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Figure 2. Impact of the UV cutoff on the
isentropic trajectories in the NJL model. The
dashed curves are the ones shown in the right
panel of Fig. 1 and are obtained applying the
UV cutoff to all momentum integrals. The
solid curves are obtained applying the UV cutoff
only to the divergent integral over the vacuum
fluctuations. In this case, the shape of the lines
of constant entropy per quark is closer to those
of the Quark-Meson model, shown in the left
panel of Fig. 1.

Figure 3. Impact of the cutoff scale in (4)
on the isentropic trajectories in a Quark-Meson
model calculation. The blue lines are the ones
shown in the left panel of Fig. 1. sMF stands
for standard mean-field model (Λ = 0), eMF for
extended mean-field model (Λ ∈ ] 0,∞ [) and
rMF for renormalised mean-field model (=̂ Λ →
∞).

contribution contains the quark and anti-quark distribution functions that are defined e.g. in [6]

Ωth
q̄q

(
mf ,Φ, Φ̄; T, µf

)
= −2T

∑
f

Λ,∞∫
d3k

(2π)3
[
zf
(
mf ,Φ, Φ̄; T, µf

)
+ zf̄

(
mf ,Φ, Φ̄; T, µf

)]
. (5)

It is therefore a convergent integral and in the QM model there is no reason to apply a UV cutoff.
In the NJL model the situation is different. One can either define the whole theory with a UV
cutoff and apply the one of (4) also to (5) as is done for the NJL result in Fig. 1. Otherwise,
in order not to loose a relevant contribution from high-momentum modes to thermodynamics,
one can apply the UV cutoff only to the divergent integral (4). Figure 2 shows the impact of
applying the cutoff Λ to the non-divergent integrals: the shape of the lines of constant entropy
per particle in the NJL model is closer to the one of the QM model when integrating up to
infinity in all convergent thermal integrals. A detailed discussion can be found in Ref. [15].

Furthermore, the cutoff in Eq. (4) should be chosen large enough to have little quantitative
impact on the results. The QM model allows one to study how the results converge when
increasing the UV cutoff scale from zero (considered as the standard mean-field (sMF) analysis
in the QM model, applied in Ref. [12] to obtain the results in the left panel of Fig. 1) towards
the renormalised mean-field (rMF) model, see Fig. 3.

3. Impact of contribution of mesons to thermodynamics
In the common mean-field approximation of (P)QM/(P)NJL models only thermal fluctuations
of quarks contribute to the thermodynamic potential, while any thermal contribution from the
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Figure 4. Impact of the contribution of mesons
to the isentropic trajectories. The solid lines are
those in the left panel of Fig. 1 and with quarks
only, the dashed lines are with an additional
contribution of a pion gas to thermodynamics
and the dotted line with a pion and σ-meson
gas contribution.

mesons is neglected.
To achieve a better description of thermodynamics in the phase where mesons are the dominant
degrees of freedom, the thermodynamics can be augmented by the contribution of a gas of
thermal mesons [16, 17]. The contribution to the pressure of each meson species ϕi is

pϕi
=

1

(2π)3

∫ ∞

0
d3k

k2

3Eϕi

1

e(Eϕi
−µϕi

)/T − 1
with Eϕi

=
√
k2 +m2

ϕi
. (6)

The total contribution of the mesons to the pressure pϕ is accordingly pϕ =
∑

i pϕi
and overall

p = −Ω+pϕ. The meson masses that enter into the dispersion relations of the mesons in Eq. (6)
are medium dependent. This medium dependence of the meson masses makes the pressure
of the mesons pϕ strictly speaking a field(ψi)-dependent correction to the thermodynamical
potential that contributes as well to the equations of motion, ∂Ω/∂ψi− ∂pϕ/∂ψi and the meson
masses themselves. In a lowest order approximation this correction could be neglected, assuming
that the dynamics of the system is governed by the grand canonical potential Ω alone which
determines the meson masses as well. An uncoupled meson gas with these meson masses is then
added to thermodynamics via p = −Ω + pϕ. All thermodynamic quantities are derived from
this equation ensuring the Gibbs-Duhem relation. All contributions stemming from ∂pϕ/∂ψi are
neglected there consistently as well.

The considerable impact on the isentropic trajectories when including the meson contribution
to thermodynamics is shown in Fig. 4 in a QM model calculation, see also Refs. [18, 19] for
calculations using the Functional Renormalization Group.

4. Impact of the number of quark flavours
Isentropic lines in the PNJL model when strangeness is included were obtained in [20, 21, 22]
for different scenarios. Interestingly enough, the impact of including the strange quark in the
calculation on the isentropic trajectories shown in Fig. 5 for the QM model is quite mild, less
relevant than including the contribution of light mesons to thermodynamics, as shown in Fig. 4.

5. Outlook
A complete discussion of isentropic trajectories and of their potential to experimentally identify
the presence of a critical end-point thanks to quantities like the speed of sound – responsible for
the collective acceleration of the fireball – and quark-number susceptibilities – connected to the
fluctuations of conserved charges – will be given in Ref. [11]. They will be also addressed within
a systematic comparison between the (P)NJL and (P)QM frameworks in Ref. [7] and the impact
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Figure 5. Impact of the number of quark
flavours on the isentropic lines. The solid lines
are those in the left panel of Fig. 1 and the
dashed ones the corresponding ones in a Nf =
2+1 –flavour calculation.

of an improvement of the Polyakov-loop potential [23] will be analysed. The importance of lines
of constant entropy to analyse the low-temperature/high-density phase within the Functional
Renormalization Group approach will be discussed in Ref. [24]. A discussion on finite size effects
on isentropic trajectories can be found in Ref. [25].
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