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Abstract: This work analyses the prediction capabilities of a recently developed critical plane model,
called the SKS method. The study uses multiaxial fatigue data for S355-J2G3 steel, with in-phase
and 90◦ out-of-phase sinusoidal axial-torsional straining in both the low cycle fatigue and high cycle
fatigue ranges. The SKS damage parameter includes the effect of hardening, mean shear stress and
the interaction between shear and normal stress on the critical plane. The collapse and the prediction
capabilities of the SKS critical plane damage parameter are compared to well-established critical plane
models, namely Wang-Brown, Fatemi-Socie, Liu I and Liu II models. The differences between models
are discussed in detail from the basis of the methodology and the life results. The collapse capacity
of the SKS damage parameter presents the best results. The SKS model produced the second-best
results for the different types of multiaxial loads studied.

Keywords: critical plane model; multiaxial fatigue; non-proportional; S355-J2G3

1. Introduction

Performing accurate fatigue design is crucial for making a difference between the efficient use of
a material with a reliable security factor and a catastrophic failure that could endanger human lives.
Since most mechanical systems are subjected to complex multiaxial loadings, it seems appropriate to
apply specific theories, instead of uniaxial-based theories.

When a system is subjected to multiple loads, it is necessary to consider not only the stress
state but also the response of the material, the interaction between the loads, and their effect on the
nucleation and growth of cracks. Effects of mean stresses and strains on multiaxial fatigue were
investigated by Socie and Kurath [1], observing the sensible detrimental effect over fatigue life of the
mean stress. Studies about the material hardening for different loading paths in 304 stainless steel
were carried out by Itoh et al. [2]. Interactions between sub-cycles of the loads were investigated by
Erickson in order to develop a suitable damage parameter which includes such effects [3]. Fatigue
life and crack growth planes predictions around notched specimens were also studied by Branco [4]
under multiaxial conditions. Multiaxial fatigue theories try to encapsulate such information in a
damage parameter that describes what happens throughout the load cycle. Instead of developing a
single theory to cover all materials, load configurations and external factors, various theories have
been postulated aimed at improving the predictions for a range of scenarios. Multiaxial fatigue
theories can be classified into three main groups: (i) extended static yield criteria to fatigue [5–8];
(ii) cycle energy parameters [9–12]; and (iii) critical plane models [13–16]. Previous studies and
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observations have shown better results when applying critical plane models [13]. Critical plane models
evaluate the damage in each cycle with a parameter, normally as combination of several stress-strain
values, in the plane where the crack nucleates and grows. Critical plane models have shown positive
results for various materials and industrial applications [17–19] and are already implemented in some
recognised computer aided engineering tools widely used across structural, offshore and mechanical
industries. For example, Fatemi-Socie and Wang-Brown models are included in MSC Fatigue and
Comsol numerical software [20,21]. As in uniaxial fatigue, models with damage parameters based
on stress data are more suited to high cycle fatigue and those methods based on strain data present
better results for low cycle fatigue, as they account for plastic strain and other low cycle life effects [22].
Depending on the dominant cracking mode for the material, some models are more suitable for mode
I [16] and other for mode II or III [13].

In this work, a recently introduced critical plane model is evaluated. It is a stress based model
that was introduced previously by Sandip, Kallmayer and Smith [23]. We will refer to this recently
introduced model as the SKS model. The SKS damage parameter is able to account for the material
hardening/softening, the mean shear stress effect and the interaction between shear and normal
stresses [23]. The SKS damage parameter includes two material parameters to be fitted with fatigue
experimental data. Life is also estimated using other previously introduced critical plane models,
namely Fatemi-Socie [13]; Wang-Brown [15]; Liu I and Liu II [14]. The fitness of the SKS critical plane
model is assessed by comparing the results with the other well-established critical plane models on
S355-J2G3 steel subjected to both in-phase and out-of-phase loadings.

2. Materials and Methods

The material utilised in this investigation is a low carbon steel S355-J2G3, commonly used in
industry for both structural and offshore applications. This material exhibits good fatigue resistance
and has environmental impacts for applications where no energy is consumed during the use phase of
the component [24]. Its typical chemical composition is shown in Table 1.

Table 1. Chemical composition (%).

C Mn Si P S Al Cr Ni Mo

0.17 1.235 0.225 0.01 0.0006 0.032 0.072 0.058 0.016

The monotonic properties of the material are shown in Table 2 and were obtained from experimental
testing, including tension, compression and torsion. Plane specimens were used to characterise tension
properties and tubular specimens were used to characterise torsion/compression properties.

Table 2. Monotonic properties of S355-J2G3 steel.

Property Value

Yield strength, σy 386 MPa
Ultimate strength, σu 639 MPa
Young’s Modulus, E 206 GPa
Shear Modulus, G 78 GPa

Critical buckling stress, σcr 348 MPa

The cyclic uniaxial properties (Tables 3 and 4) were obtained following the ASTM
recommendations [25]; for ε-N curves, fifteen samples were tested with five different strain levels (i.e.,
three samples for each strain level), and for γ-N curves, twelve samples were tested with four different
strain levels (i.e., three samples for each strain level). In both series of tests, the criterion to stop the
test was a 20% drop from the maximum load.
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Table 3. Uniaxial properties of S355-J2G3 steel.

Property Value

Cyclic strength coefficient, K′ 630.6 MPa
Cyclic hardening exponent, n′ 0.10850

Cyclic yield strength, σ′y 321.3 MPa
Fatigue strength coefficient, σ′f 564.4 MPa

Fatigue strength exponent, b −0.0576
Fatigue ductility coefficient, ε′f 0.1554

Fatigue ductility exponent, c −0.4658

Table 4. Torsional properties of S355-J2G3 steel.

Property Value

Cyclic torsional strength coefficient, K′γ 593.8 MPa
Cyclic torsional hardening exponent, n′γ 0.1553

Cyclic torsional yield strength, τ′γ 594.2 MPa
Fatigue torsional strength coefficient, τ′f 486.9 MPa
Fatigue torsional strength exponent, bγ −0.0668

Fatigue torsional ductility coefficient, γ′f 0.0662
Fatigue torsional ductility exponent, cγ −0.3191

Multiaxial fatigue tests were conducted under strain control with total inversion with tubular
specimens (Figure 1) [26]. The use of strain control rather than load control is more appropriate in
order to define the stabilised stress-strain hysteresis loop, especially in the low cycle fatigue (LCF)
regime when yield stress is exceeded and cross section reduction could be important [27]. A way to
reduce the test time is to obtain the load stabilised values, and finish the test under load control with a
higher frequency [28].
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3. Critical Plane Models

Critical plane models are based on observations of crack nucleation and growth during loading.
Therefore, depending on the material and service conditions, fatigue life will be calculated using
parameters at planes dominated by shear loading parameters, axial loading parameters or a
combination of both types of parameters [29,30]. The general procedure for implementing a critical
plane model consists of three steps: (i) finding the critical plane ϕ*, along the cycle; (ii) quantifying
the damage by the so-called damage parameter; and (iii) estimating the fatigue life with function
depending on the damage parameter.

The critical plane is defined as the plane where a certain variable or the model damage parameter
reaches its maximum value. Some implementations of the critical plane models assume that the critical
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plane is where one stress or strain component is at its maximum. Such a component can be the shear
strain range [13,31], the shear stress range [32,33], the normal stress range [34] or the normal strain
range [16]. Nevertheless, recent works tend to consider the plane where the maximum value of a
damage combination is achieved [18,35,36]. The damage parameter often includes two of the above
components. In this work, we have used the critical plane as it was defined by its authors.

3.1. Sandip-Kallmeyer-Smith Model (SKS)

The SKS critical plane damage parameter was initially proposed by Suman, Kallmeyer and
Smith [23]. The SKS damage parameter is defined on the critical plane using the maximum shear strain
range ∆γ as:

DPexp = (G∆γ)wτ
(1−w)
max

(
1 + k

(στ)max
σ2

o

)
(1)

where G is the shear modulus, ∆γ is the shear strain range, τmax is the maximum shear stress, (στ)max

is the maximum shear and tensile stress product value, σo is a factor used to maintain unit consistency,
w and k are material fitting parameters.

The strain hardening effect that takes place in the LCF regime is taken into account by ∆γ and
τmax. The mean shear stress effect in the high cycle fatigue (HCF) regime is also taken into account by
the shear ratio τmin/τmax. At the HCF regime, plastic strain is reduced, thereby the damage parameter
could be rearranged as is shown in Equation (2). The parameter w weights the hardening and mean
shear stress effect. The product (στ)max introduces the detrimental effect over fatigue life observed
when sub-cycle load peaks are applied simultaneously. The parameter k gauges the interaction effect
between the shear and the normal stresses.

DPexp =

(
1− τmin

τmax

)w
τmax

(
1 + k

(στ)max
σ2

o

)
(2)

Although some experiments have shown that mean shear stresses have a limited damaging effect
for values of τmax below the shear yield stress [7], it really depends on the material under study [37].
Nevertheless, its effect is lower than the effect of mean normal stress. For mild-steels such as the
S355-J2G3 studied in the present work, Sines observed a low effect of the mean shear stress [7]. The SKS
critical plane was developed for assessing the multiaxial fatigue crack behaviour. No information was
found regarding the usefulness of the SKS model for notched geometries.

An effective damage parameter should be able to collapse into a single curve all the experimental
data with minimum scatter. The following expression used a double exponential law to relate the
damage parameter with fatigue life Nf [3,23]:

DPcalc = ANb
f + CNd

f (3)

where A, b, C, and d are material dependent parameters and Nf is the fatigue life in cycles. In order to
analyse the effectiveness of the SKS damage parameter, it is compared to other well-established models,
relating them with the same type of curve (Equation (3)), obtaining all the material parameter for the
best fitting. The parameters are evaluated with an optimisation process based on a least square error
minimisation [3] (Equation (4)). This reduces the error between the experimental damage parameter
(DPexp), which defines the stress state on the critical plane and the calculated damage parameter
(DPcalc) based on the mean life curve (Equation (3)). The initial values for the parameters are set to be
close to the material properties defined on each model. For SKS, DPcalc exponent parameters are set to
keep the negative exponential curve growth.

error =

[(
DPexp −DPcalc

)
DPexp

]2

(4)
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The SKS damage parameter is assessed based on the fatigue life prediction capacity, by fitting
the 6 parameters required to fully define a model with Equations (1) and (3). The model works by
predicting the fatigue life based on experimental fatigue data obtained under multiaxial conditions.
If the experimental data employed for fitting the variables are not enough and/or have poor quality,
the predictions are expected to be poor.

The material parameters are fitted using the information provided by different experiments
conducted both in-phase and 90◦ out-of-phase (Table 5). Two different loading paths were used,
and these are illustrated in Figure 2. The parameters of the SKS model were fitted using the tests
shown in Table 5. Since the number of parameters required in the SKS model is six, a total of six
multiaxial tests were used to obtain their values. Tests combine three different levels of normal strain
for a constant shear strain and three levels of shear strain for a constant normal strain, between LCF
and HCF regime [38]. The same number of tests with proportional and non-proportional loadings was
used in order to avoid a polarised fit of the model. The parameters are fitted to minimise the fatigue
life error rather than the error in the damage parameter.
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The following values were obtained for the parameters: w = −0.35, k = 3.25, σo = 500, A = 193.1,
b = −0.0687, c = 205.04 and d = −0.0682. The negative value of w increases the weight of τmax over
∆γ. This is also in accordance with the material hardening behaviour, i.e., for a fixed shear stress
amplitude, the shear strains decrease and for a fixed shear strain amplitude, the shear stresses will
increase. Both cases will produce an increase in the damage. The positive value for k produces a
negative effect over the fatigue life as this product increases and the magnitude is related to the value
defined by σo.

Table 5. Summary of the six experimental data used to fit the six parameters included in the SKS model.

Path ID εa γa σa τa Nf

a F-1 0.0015 0.0026 238 148 162119
F-2 0.0011 0.0026 185 154 662706
F-3 0.0009 0.0026 152 162 870886

b F-4 0.0009 0.0032 189 203 65674
F-5 0.0009 0.0028 190 192 158248
F-6 0.0009 0.0026 189 182 248540

3.2. Wang-Brown Model (WB)

The Wang-Brown model (Equation (5)) is a strain-type model. The damage parameter is defined
on the plane ϕ* with the maximum shear strain range ∆γ [15]. Both shear and normal strains in
the critical plane ϕ* are taken into account in the damage parameter. Wang and Brown argued
that the cyclic shear strain promotes crack nucleation and that the crack growth is a consequence of
normal strain.

∆γmax
2 + S∆εn = [(1 + νe) + S(1− νe)]

(σ′f−2σn,mean)
E (2Nf)

b +
[(

1 + νp
)
+ S
(
1− νp

)]
ε′f(2Nf)

c (5)
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where ∆γmax/2 is the maximum shear strain amplitude, ∆εn is the range of normal strain, νe and νp

are the Poisson’s ratios in the elastic and plastic regimes, respectively, E is the Young modulus, σ′f is the
fatigue strength coefficient, b is the fatigue strength exponent, ε′f is the fatigue ductility coefficient and
c is the fatigue ductility exponent, σn,mean is the mean normal stress at half fatigue life. S parameter
defines the material sensitivity to the normal strain in the crack growth and can be estimated from the
fatigue life, Nf, (Equation (6)).

S =

τ′f
G (2Nf)

bγ + γ′f(2Nf)
cγ − (1 + νe)

σ′f
E (2Nf)

b −
(
1 + νp

)
ε′f(2Nf)

c

(1− νe)
σ′f
E (2Nf)

b +
(
1− νp

)
ε′f(2Nf)

c
(6)

where G is the shear modulus and τ′f is the shear fatigue strength coefficient, bγ is the shear
fatigue strength exponent, γ′f is the shear fatigue ductility coefficient and cγ is the shear fatigue
ductility exponent.

3.3. Fatemi-Socie Model (FS)

The Fatemi-Socie model (Equation (7)) is a strain type model [13], based on the model proposed
by Brown and Miller [39]. They suggested substituting the normal strain component by a normal
stress component. The damage parameter is defined on the plane ϕ* that maximises the shear strain
range, ∆γ.

∆γmax
2

(
1 + K

σn,max

σy

)
=
τ′f
G

(2Nf)
bγ + γ′f(2Nf)

cγ (7)

where ∆γmax/2 is the maximum shear strain amplitude, σn,max is the maximum tensile stress at ϕ*,
σy is the yield stress, G is the shear modulus, τ′f is the shear fatigue strength coefficient, bγ is the
shear fatigue strength exponent, γ′f is the shear fatigue ductility coefficient and cγ is the shear fatigue
ductility exponent. K parameter can be estimated from the fatigue life, Nf, (Equation (8)).

K =

 τ′f
G (2Nf)

bγ + γ′f(2Nf)
cγ

(1 + νe)
σ′f
E (2Nf)

b +
(
1 + νp

)
ε′f(2Nf)

c
− 1

 σ′y

σ′f(2Nf)
b (8)

where νe and νp are the Poisson’s ration in the elastic and plastic regimes, respectively, E is the Young
modulus, σ′f is the fatigue strength coefficient, b is the fatigue strength exponent, ε′f is the fatigue
ductility coefficient, c is the fatigue ductility exponent and σ′y is the cyclic yield stress.

3.4. Liu I and Liu II Models

Liu I (Equations (9) and (10)) and Liu II (Equations (11) and (12)) are energy type models [14].
Depending on the failure mode, Liu presents two parameters, one for a normal tension failure, ∆WI,
and another one for shear tension failure, ∆WII. In this way, Liu models can also take into account
whether the failure is ductile or brittle. Shear stresses and strains will normally show a higher weight
for ductile materiales and normal stresses and strains will normally show a higher weight for brittle
materials [14,40]. For normal tension failure, the plane ϕ* will be the one that maximises the axial
work, ∆WI (Equation (9)). For shear tension failure, the plane ϕ* will be the one that maximises the
shear work, ∆WII (Equation (11)). Once ϕ* is determined, the damage parameter is obtained as the
sum of both the axial work and the shear work. The relation between the Liu damage parameters and
the fatigue life, Nf, is given by Equations (10) and (12), respectively.

∆WI = (∆σn∆εn)max + (∆τ∆γ) (9)
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where ∆σn is the normal stress range, ∆εn is the normal strain range, ∆τ is the shear stress range and
∆γ is the shear strain range.

∆WI = 4σ′fε
′
f(2Nf)

b+c +
4σ
′2
f

E
(2Nf)

2b (10)

where σ′f is the fatigue strength coefficient, b is the fatigue strength exponent, ε′f is the fatigue ductility
coefficient, c is the fatigue ductility exponent and E is the Young modulus.

∆WII = (∆σn∆εn) + (∆τ∆γ)max (11)

∆WII = 4τ′fγ
′
f(2Nf)

bγ+cγ +
4τ
′2
f

G
(2Nf)

2bγ (12)

where τ′f is the shear fatigue strength coefficient, bγ is the shear fatigue strength exponent γ′f is the
shear fatigue ductility coefficient, cγ is the shear fatigue ductility exponent and G is the shear modulus.

4. Results and Discussion

Seventeen multiaxial tests were used in order to assess the SKS model. The key parameters of
these tests are summarised in Table 6, with increasing fatigue life. The tests are classified into sinusoidal
normal-shear strain with total in-phase inversion (Figure 2a), and 90◦ out-of-phase (Figure 2b). Strain
amplitudes εa and γa were chosen based on previous results to obtain a number of cycles to failure
in the range 104 to 106, so that both LCF and HCF regimes are evaluated. All tests employed in the
evaluation are described in Table 6. Table 6 includes the following information of each test: axial εa and
shear γa amplitudes; stress amplitudes σa and τa calculated from the axial and torsion load measured
at half-life; and the total life obtained, Nexp, in number of cycles. A clear hardening effect can be
observed between the tests with the same amplitude strains when the loads are applied out-of-phase
(tests 10 to 17).

Table 6. S355-J2G3 Fatigue experimental data.

Path ID εa γa σa τa Nexp

a 1 0.0011 0.0032 180 185 72011
2 0.0015 0.0028 234 151 103138
3 0.0015 0.0028 238 151 141938
4 0.0011 0.0028 183 165 179446
5 0.0011 0.0032 177 176 179628
6 0.0009 0.0032 143 183 188219
7 0.0009 0.0032 146 184 248009
8 0.0011 0.0028 178 163 268051
9 0.0009 0.0028 151 172 624521

b 10 0.0015 0.0032 291 200 9838
11 0.0015 0.0032 305 213 19078
12 0.0009 0.0032 195 204 38376
13 0.0011 0.0028 229 196 44319
14 0.0011 0.0028 229 193 44800
15 0.0015 0.0026 298 192 46196
16 0.0015 0.0026 298 193 47996
17 0.0011 0.0026 226 182 249996

Figure 3 shows the correlation obtained for each damage parameter with the curve defined in
Equation (3) for DPcalc. The experimental data obtained under proportional load appear as green
triangles and the data obtained under non-proportional load appear in Figure 3 as blue asterisks.
Each point is defined with the experimental fatigue life Nexp and the experimental damage parameter
DPexp obtain from the experimental stresses and strain for each model. The experimental data that
fall above the calculated damage parameter curve are considered conservative. The collapse ability
is studied with the sum of relative error, as defined in Equation (4). Table 7 summarises the relative
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error obtained for each model. Table 7 indicates that the best correlation is obtained by SKS and FS
models, followed by Liu II. It is worth noting that the damage parameter defined in Equation (11)
does not include any material dependent parameter. Figure 3b shows that one of the non-proportional
tests shifts the WB curve upwards, thus increasing the total error. Finally, Liu I (Figure 3c) shows the
worst result, with a larger deviation in the LFC regime. The better collapse capacity of the SKS damage
parameter is probably due to the additional number of material parameters that improve the model’s
adaptability to different loading conditions.
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Table 7. Summary of the relative error between DPexp and DPcalc for each model.

Model FS WB Liu I Liu II SKS

In-phase test error 0.01469 0.05385 0.07246 0.02077 0.00475
Out-of-phase test error 0.01817 0.09774 0.39104 0.06065 0.00824

Total error 0.03287 0.15159 0.46351 0.08142 0.01300

Figure 4 shows the life estimation for each model under in-phase (a) and out-of-phase (b) loading.
The points falling right on the solid line have a perfect coincidence between the experimental fatigue life
(Nexp) and the calculated fatigue life by each model (Nmod). The dashed lines indicate the twice (100%)
and half (−50%) deviation from the calculated life with respect to the experimental life. The estimation
of SKS is shown with purple triangles, FS with green circles, WB with blue asterisks, Liu I with red
squares, and Liu II with black crosses. Figure 5 shows the sum of the relative fatigue life deviation for
each model, for in phase (a) and out-of-phase (b) loading.
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For in-phase loading, Figure 4a, SKS gives a good estimation, with values on the non-conservative
side for most tests. This is probably caused by an underestimation of k value, because k parameter
controls the shear and normal stress interaction. FS returns better predictions than SKS as can be seen
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on the sum of deviation shown on Figure 5a, with a conservative tendency with increasing fatigue life.
Both WB and Liu I show similar results, mostly on the conservative side. Equations (5) and (9) indicate
that WB and Liu I models increase the weight of ∆ε on the damage parameter. Equation (11) indicates
the opposite behaviour in Liu II model, where the influence of the normal energy is smaller than for
the Liu I model.

A comparison between Figure 4a,b indicate that out-of-phase loading shifts upwards the majority
of the predictions given by all the models, thus making the predictions more on the non-conservative
side. Figure 5 shows that the deviation results get worst for non-proportional loading (Figure 5b) as
compared to proportional loading (Figure 5a) for all models with the exception of WB. A comparison
between Figure 4a,b shows that the scatter increases for SKS model as a consequence of the
non-proportionality of the loads. This is numerically confirmed by the 19% increment in the deviation,
from Figure 5a to Figure 5b in the SKS values. Nevertheless, this increment is very similar to the
increment exhibited by the Liu I model (17%), and much smaller than the increment displayed by
the FS and Liu II models. It was found that the FS model yields better results by using a constant
k value of 1, as recommended by Socie [22] instead of evaluating k according to Equation (8). WB
results remain in the conservative side and predicted life present the lower sum of life deviation. Liu I
shows a higher scatter with low fatigue life deviation. FS shows a better collapse capacity for some of
the results compared to the SKS model (see Table 6, experiments 13 to 16). Table 6 shows that small
variations are introduced in τa, unlike in γa. For the SKS fitted parameter, the compensation of ∆γ
effect over the damage parameter is accounted for by (στ)max factor only, and not (στ)max or τmax.
Taking into account that the 90◦ shift between torsional and axial loads induces a very high level
of hardening [41], if the shift between loads was smaller, the fatigue predictions would most likely
improve. Hence, the results show that SKS model could be competitive both for proportional and
non-proportional by fitting good quality experimental data. The results also indicate that the SKS
model produces better estimations under in-phase loading than under out-of-phase loading, where a
larger scattering of the data was observed.

5. Conclusions

The SKS critical plane damage parameter has been assessed on a S355 steel for in-phase and
out-of-phase loadings. The SKS damage parameter has been compared to other established models,
namely Fatemi-Socie, Wang-Brown, Liu I and Liu II. The results indicate that overall the collapse
capacity of the SKS damage parameter appears to be better than that of the other models for the cases
studied. The SKS damage parameter produces overall good predictions both under proportional
and under non-proportional combinations of tension, compression and torsion loads. Among the
different critical plane models evaluated, SKS produced the second-best results for both types of biaxial
loads. The SKS model also showed good consistency in being able to adapt to different load scenarios.
In a similar way to the other models, the quality of the data used for fitting the model parameters is
crucial. One of the strengths of the SKS models is the simplicity of data fitting for evaluating the model
parameters. The authors are currently working on testing the SKS model on other metals and different
loading conditions.
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